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Abstract 

The finite element alternating method is an attractive and efficient method for calculating the stress intensity factor of 
cracks emanating from fastener holes such as the problem of multiple site damage (MSD) at the fuselage skin of aging 
aircraft. While the alternating method has been used to solve various engineering problems in assessing the structural 
integrity of aging aircraft, this method does have some limitations on the modeling of MSD cracks. This alternating 
method can only model cracks with mode-1 fracture behavior and requires the cracks to be straight and propagate in 
a self-similar fashion. As a result, there is some concern if the alternating method can be applied for the case when some of 
the cracks enamating from the fastener holes are slightly kinked. In the present research, cracks from fastener holes with 
the initial kink angles of + 30” and - 30” are studied. It is found that the fracture and fatigue life for slightly kinked 
cracks near the fastener holes can be very well approximated using the stress intensity factor for pure mode-1 behavior 
obtained by replacing the slightly kinked cracks with simple straight cracks. Henceforth, the alternating method can be 
used to model slightly kinked cracks with straight cracks, thereby simplifying various fracture and fatigue analyses. 

1. Introduction 

Due to increased competition in the airline industry, many of the aircrafts in the commercial 
airline fleet are operating beyond their design life. As a result, the safety and reliability of these 
aging aircraft is a serious issue particularly for the problem of crack formation and growth. One of 
the growing concern in the area of assessing the structural integrity of aging aircraft is the 
phenomenon of multiple site damage (MSD), where multiple cracks of arbitrary lengths emanate 
from rows of fastener holes in a riveted lap joint of a pressurized fuselage. However, the sitidation 
of fatigue growth in MSD using the classical finite element method is highly expensive since the 
finite element mesh hasa to be recreated for each step of crack extension. To overcome this 
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difficulty. atluri and his colleagues [l, 21 have developed innovative computational methods to 
study the fracture and fatigue growth of MSD cracks based on the Schwartz-Neumann alternating 
method [3] that offer significant saving in time without sacrificing any accuracy. 

The Schwartz-Neumann alternating method used to calculate the stress intensity factors of these 
cracks is based on the alternating of two solutions: a general analytical solution for a straight crack 
in an infinite body subject to arbitrary crack face traction and the finite element solution of an 
untracked finite body. As a result of separating the analysis into two alternating steps, the cracks 
emanating from the fastener holes would not be meshed in the finite element model. This would 
offer two significant advantages over the classical finite element method. Firstly, the number of 
degrees of freedom in the model is reduced considerably as the fine mesh near a crack tip is no 
longer required. Secondly, the finite element mesh does not need to be recreated for each step in the 
fatigue analysis since the crack growth is modeled in the analytical solution. However, there are 
some drawbacks in the alternating method. First of all, the alternating methods that have been 
developed are confined to loading which produce only mode-1 fracture. Mode-II crack behavior is 
assumed to be negligible in comparison with mode-1 component, hence, the crack propagation is 
self-similar. In addition, the alternating method cannot model a curved crack since the general 
analytical solution required by the alternating method is only available for a straight crack. Even 
though these drawbacks are not considered to be critical for the fracture and fatigue analysis of 
MSD in fuselage when the cracks emanating from the fastener holes are straight, there are some 
concerns about the drawbacks for the problem where the cracks near the fastener holes are 
moderately curved. 

Cracks emanating from fastener holds in a rivet lap joints of a fuselage do not always grow in 
a straight trajectory but sometimes do deviate and become moderately curved. Possible reasons for 
these cracks to kink out of a straight trajectory include material irregularity, unexpected 
impact-type loading, and in particular the misfit between the rivets in the fastener holes. The 
objective of this effort is to study the fracture and fatigue growth of moderately curved cracks 
emnating from fastener holes in a pressurized fuselage. Realistic geometric dimension and loading 
will be applied on the lap joints as well as the fastener holes. The study will determine how well 
a straight crack can be used to approximate a moderately curved crack in an MSD analysis. This 
determination is important since it will decide if the alternating method which only models straight 
cracks and mode-1 fracture can be used in modeling an MSD problem with moderately curved 
cracks. 

2. Analysis 

The fracture and fatigue analysis in this study is based on the stress intensity factors calculated 
using the virtual crack closure method. This method is attractive for many researchers and 
engineers because of its simplicity and effectiveness in calculating the individual components of the 
mixed-mode stress intensity factors and the energy release rates. The Irwin’s virtual crack closure 
method was first applied by Rybicki and Kanninen [4] with 4-noded isoparametric finite elements 
to compute the mixed-mode energy release rates of a crack lying in a homogeneous isotropic 
domain. To improve on the accuracy of the computed fracture parameters, Raju [S] has further 
extended this method for the standard quarter-point singular elements. For quarter-point singular 
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Fig. 1. Quarter-point singular elements surrounding the crack tip. 

elements (using the coordinate convention shown in Fig. l), the energy release rate for mode I and 
II can be obtained from the nodal forces and displacements near the delamination crack tip with 
the virtual crack closure technique as 

+ FY’{ t21(uY& - l&$2) + t22(4)#1 - 4),2)}1 

GII = - & [F’,“{t,,(u\“kl - ~$3~) + t&f),~ - d&2)) 

+ Fy){t21(U(lm#)l - L&22) + t22(4!)#1 - uP#z)}l, 

where the constants 

(1) 

(2) 

tli = 6 - 37~12; tlz = 671. - 20; 

(3) 
t 21 =4; t22 = 1. 

d is the size of the crack tip element as shown in Fig. 1. The subscript # 1 represents the material 
above the crack surface and subscript #2 represents the material below the crack surface. The 
nodal force F(‘) and F(j) are computed from the singular elements in material # 1. For plane stress 
condition, the stress intensity factors can be related to the energy release rates as follow: 

K: = EGI (4) 

K:, = EGII (5) 

where E is the elastic modulus of the plate. The signs for the stress intensity factors, K, and KI,, can 
be ascertained from the crack opening displacements. 

Consider a central crack in an infinite body in which the normal of the crack makes a small angle 
with the direction of remote tensile loading as shown in Fig. 2. Since the crack is not perpendicular 
to the tensile loading, the asymptotic stress fields near the crack tip would demonstrate both 
mode-1 and mode-II behavior. As a result of this mixed-mode behavior, there is a tendency for the 
crack not to propagate tangent to the crack tip but with a kink angle from the crack direction. In 
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Fig. 2. A central crack in an infinite body in which the normal of the crack makes a small angle with the remote tensile 
loading and the kinking of the crack by an angle fI as a result of the mixed-mode loading. 

the present research, the criterion used to predict the kink angle is based on the investigation by 
Erdogan and Sih [6]. This criterion assumes that the crack will grow in the direction where the 
singular circumferential stress near the crack tip is maximum. The relation between the kink angle, 
8, and the stress intensity factors, K, and Ku, is given as 

Ki(sin38 + sir+) + Kr, (cos 3 19 + 3 cos 3 19) = 0, (6) 

This criterion also assumes that the crack will fracture when the maximum circumferential stress of 
the mixed-mode fracture matches the equivalent circumferential stress of a pure mode-1 fracture. 
As a result, the equivalent stress intensity factor used in the fracture and fatigue analysis 
becomes 

Kfq = K,(%cos$8 + $cos40) - Kir(~sin~0 + asin$8). (7) 

This equation would satisfy the condition that if the crack propagation is self-similar, that is, the 
kink angle 13 = 0, Kfq = KI. 

Having obtained the equivalent stress intensity factor, the fatigue growth of the curvilinear 
cracks emanating from the fasterner holes can be calculated as a function of loading cycles. To take 
into account the effect of stress ratio, the Forman’s crack growth equation [7] is used. This 
equation is given by 

da C(AK) -= 
dN (l-R)Kc-AK’ 

Here a is the crack length, N is the number loading cycles, AK is the range of the equivalent stress 
intensity factor, and R is the stress ratio in the cyclic loading. For 2024-T3 aluminium alloy, the 
values of Kc = 83 000 psi,/& C = 3 x lo-l3 psii2 and n = 3 are used as given in Forman et al. 
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Fig. 3. Multiple Site Damage problem in a lap-splice joint in which some of the cracks are moderately kinked. 

3. Numerical examples 

Consider a lap joint in a pressurized fuselage which holds two overlapping skins together with 
three rows of fasteners as illustrated in Fig. 3. As a result of fatigue growth due to the pressurized 
cycle, multiple cracks would emanate from these fastener holes and is often found that some of 
these cracks are slightly kinked. Singh et al. [Z] have performed a global, intermediate and local 
analysis to obtain the load distribution near the fastener holes and found that the maximum cyclic 
hoop stress on the skin for a typical aircraft fuselage due to the pressure cycle would vary from 0 to 
13.5 ksi. In the load-transfer analysis between the two skins, they have found that the top row of the 
fasteners would carry the most load (35% of the total load) in comparison with the middle and 
bottom rows. Using this load data, the present study would model a single fastener hole with two 
cracks of equal length under periodic boundary conditions as illustrated in Fig. 4. At the maximum 
applied loading state, the fastener accounts for 35% of the total load and the contact normal stress 
due to the fastener is approximated with 

where W is half of the distance between the holes, and R is the radius of the holes. In this problem, 
the geometric dimensions of the model are as follows: 2W = 1.2 in., 2R = 0.1875 in., the height of 
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Fig. 4. Two cracks of equal length enamating from the fastener hole. 

the model is 2H = 1.5 in., and the crack length emanating from the hole is 2a = 0.2625 in. Three 
sets of initial cracks are considered; the first set of initial cracks are straight, the second set of initial 
cracks kinked upward with the initial kink angle being + 30” and the third set of initial cracks 
kinked downward with the initial kink angle being - 30” as illustrated in Fig. 5. Due to the 
symmetry condition that exist in the specimen as well as the loads, only half of the specimen is 
modeled with finite element method. The half model of the 30” kinked cracks under plane stress 
condition is discretized with isoparameteric quadratic elements as shown in Fig. 6. 

Using Eqs. (l)-(5) and (7), the mixed-mode stress intensity factors as well as the equivalent stress 
intensity factor of the crack tip are calculated and listed in Table 1. The result shows that even 
when the crack enamating from the fastener hole is straight, mode-II behavior is not negligible as 
the ratio &/Ku = - 0.04. However, the calculated result also shows that the equivalent stress 
intensity factor and the stress intensity factor for mode I of the straight crack have the same value. 
This would mean that the prediction of fracture for the case of initial kink angle = 0” can be solely 
based on the value of Kr. Therefore, the alternating method can be effectively used in the fracture 
analysis of straight cracks for MSD problem even though it can only calculate the value of Ki and 
not Kii. Furthermore, the result from Table 1 also shows that the equivalent stress intensity factors, 
Kfq, for the initial kink angle of + 30” and - 30” are within 2% of K, for the initial kink angle of 
0”. Hence, the alternating method can still be effectively used to perform the fracture analysis for 
moderately curved cracks by using the fracture solution which assumes the cracks to be straight. 

In addition to the fracture analysis, this study also indludes the fatigue analysis of these 
moderately kinked cracks. The crack’s trajectory is computed using Eq. (6) and the crack growth 
propagation for the initial kink angle of + 30” is shown in Fig. 7. The figure shows that as the 
crack propagates, the crack tends to straighten out and resembles a straight crack. As the crack 
grows, the stress intensity factors of the crack tip are calculated. Fig. 8 shows that the calculated 
equivalent stress intensity factors, KFq, for the initial kink angle + 30” and - 30” are very close to 
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Fig. 5. Cracks enamating from the fastener hole with the initial kink angle of 0, + 30, and - 30 degree. 
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Fig. 6. Half model of the + 30 degree kinked crack discretized with 8 noded isoparameteric elements. 
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Table 1 
The calculated mixed-mode stress intensity factors and its equivalent 
stress intensity factor of the crack enamating from the fastener hole 

Initial kink angle Kt(ksi&) Ktt (ksi&) K;s(ksi&) 

0" 15.8 - 0.6 15.8 
+ 30” 13.2 5.7 16.1 
- 30” 12.2 - 6.2 15.8 

Fig. 7. Crack growth analysis of the 30 degree kinked crack. 
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Fig. 8. The equivalent stress intensity factor of the initial kinked angles of + 30” and - 30” in comparison to a straight 
crack with initial kinked angle of 0”. 
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the mode-1 stress intensity factor, K,, for initial kink angle 0”. Based on the calculated stress 
intensity factor and the Forman’s crack propagation equation, Eq. (8), the fatigue life of each 
specimen is calculated. Since the equivalent stress intensity factors of all three specimens are very 
close to each other, it is expected that the fatigue life of the specimens with kinked cracks is very 
close to the fatigue life of the specimen with straight crack; N+30/N+0 = 0.984 and 
N-xJN+o = 0.991. As a result, it can be argued that the alternating method can be used to 
perform the fatigue analysis for moderately curved cracks by using the solution which assumes 
straight cracks. 
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Fig. 9. Fatigue crack growth near two fastener holes under uniaxial load with the initial kink angle of the cracks 
emanating from the left and right holes being + 30 and - 30 degrees respectively. 
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Fig. 10. Fatigue crack growth near two fastener holes under biaxial load with the initial kink angle of the cracks 
emanating from the left and right holes being + 30 and - 30 degrees respectively. 
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The present study also includes the example of two fasteners holes in which the kink angle of the 
cracks emanating from the left and right holes are + 30” and - 30”, respectively, as shown in 
Fig. 9. The loading and boundary conditions of this specimen is similar to the specimens of a single 
hole described earlier. It is found that the fatigue life of this specimen with kinked cracks are very 
close to the fatigue life of a specimen with straight cracks; NKINK/iVsTRAIoHT = 0.976. The study also 
includes another similar example of two fastener holes with kinked cracks but loaded in both 
directions as shown in Fig. 10. Using the approximation of a pressurized tube, the applied 
longitudinal stress is assumed to be a quarter of the applied hope stress. Again, it is found that the 
fatigue life of this specimen with kinked cracks is very close to the fatigue life of a specimen with 
straight cracks; NKINK/NSTRAIGHT = 0.973. 

4. Conclusion 

The present analysis has shown that the fracture and fatigue life for a slightly kinked crack near 
a fastener hole can be very well approximated using the stress intensity factor for pure mode-1 
behavior obtained by replacing the slightly kinked cracks with simple straight cracks. Henceforth, 
the alternating method can be applied in modeling moderately curved cracks that often exist in the 
MSD problem, and therefore significantly reduce and simplify the fracture and fatigue analysis of 
such problem. 
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