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Prediction of post-buckling strength of stiffened laminated c0mposite 
panels based on the criterion of mixed-mode stress intensity factors 

W. T. Chow, S. N. Atluri 

Abstract An analytical investigation is conducted to predict 
the post-buckling strength of laminated composite stiffened 
panels under compressive loads. When a stiffened composite 
panel buckles, the skin would deform into a sinusoidal mode 
shape, and hence induces additional moments and forces near 
the skin-stiffener interface region. These induced loads would 
cause the existing small edge delamination cracks to propagate 
along the skin-stiffener interface, and this in turn would 
lead to the global failure of the stiffened panel. To reduce the 
cost of the analytical investigation, the failure of the stiffened 
panel under post-buckling loads is modeled in two stages: 
a global analysis to model the post-buckling behavior of the 
stiffened panel; and a local analysis to model the onset of 
propagation of the edge delamination crack at the skin-stiffener 
interface. The results from this study are compared with an 
experimental investigation conducted by Starnes, Knight, and 
Rouse (1987). It is found that for the eight different specimens 
that are considered in this study, the calculated critical energy 
release rate for the propagation of the edge delamination 
crack in each specimen differs substantially from those for the 
others; hence it may be concluded that the total energy release 
rate would not be a suitable fracture parameter for predicting 
the post-buckling strength of the stiffened panels. On the 
other hand, using the fracture criterion based on the critical 
mixed-mode stress intensity factors, the predicted 
post-buckling strength of the stiffened panels compares quite 
favorably with the experimental results and the standard 
deviation of the error of prediction is less than 10%. 
Furthermore, by applying the criterion of critical mixed-mode 
stress intensity factors on a simple damage model, the present 
analysis is able to predict the significant reduction in the 
post-buckling strength of stiffened panels with a damage due 
to a low-speed impact at the skin-stiffener interface region. 

1 
Introduction 
Laminated composites made of graphite epoxy are known to 
have a higher stiffness modulus than aluminum, as well as other 
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prefered material properties, which make them highly attractive 
for use in aircraft structures. As a result, the use of laminated 
composites in military aircraft has been steadily increasing 
in the past decades. However, to increase the use of composite 
materials in the design of civilian aircraft, where reliability is 
a critical issue, there is still a need for more research to 
enhance the capability to predict the strength of structural 
components made of composite materials. Among the various 
failure mechanisms for laminated composites, the propagation 
of a delamination crack is offen the leading cause of global 
failure for a structural component. The fracture criterion to  

predict the onset of propagation of a delamination crack in 
a laminated composite is offen based on the total energy release 
rate of the delamination crack. However, various recent 
experiments have pointed out that the critical energy release 
rate of a delamination crack is dependent on the combination 
of individual modes of failure; mode I (opening), mode Il 
(shearing), and mode III (tearing). For example, in a T300-5208 
unidirectional laminate, the critical energy release rate for 
a mode I fracture is an order of magnitude less than the critical 
energy release rate for a mode III fracture. Hence, the critical 
total energy release rate for any two delamination cracks 
would be quite different unless the ratio ofmixity of the fracture 
modes is similar. 

Therefore, some researchers have suggested the use of the 
components of mixed-mode energy release rates as the fracture 
criteria for a delamination crack between two dissimilar lamina. 
However, Sun and Jih (1987) and O'Brien (1982) have found 
from numerical (finite element) computations, that the 
individual components, in mode I and mode II, of the energy 
release rates for an interfacial crack are strongly dependent on 
the mesh refinement of the finite element model. Further 
analysis by Raju, Crews and Aminpour (1988) has 
mathematicallyshown that the mixed-mode energy release rates 
of an interfacial crack are non-convergent upon mesh 
refinement, using crack-closure integrals in the context of an 
analysis based on finite element method. In addition, Chow and 
Atluri (1995) have shown that the three individual mixed-mode 
energy release rates, (G�87 G w Gin), are insufficient to characterize 
the stresses and displacements near the interfacial crack 
tip. To fully describe the asymptotic stresses and displacements 
near an interfacial crack tip, Chow and Atluri (1995) have shown 
that three additional terms are required; these three terms were 
introduced as the mixed-mode coupled energy release rates, 

( GtI_Ilp Gt_IIP GI_II). 
Unlike the mixed-mode energy release rate components, the 

mixed-mode stress intensity factors of an interfacial crack are 
not dependent on the numerical model. As a result, in the area 
of interfacial fracture mechanics for isotropic bimaterials, 
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the mixe&mode stress intensity factors are preferred by many 
researchers as the fracture parameters to define the toughness 
function of an interfacial crack. The mixe&mode stress 
intensity factors for an interfacial crack between dissimilar 
isotropic media were first defined by Williams (1959), and Rice 
and Sih (1965). They have found that, when the 
linear-elastic-fracture-mechanics (LEFM) theory is employed, 
the stress oscillates and the crack surface overlaps near the 
interfacial crack tip. Rice (1988), however, has justified that this 
solution still makes engineering sense for small scale nonlinear 
material behavior and a small scale contact zone at the crack 
tip. On the other hand, the acceptance of stress intensity 
factors for laminated composites has been slow, due to the lack 
ofa  mathematical understanding of an interfacial crack between 
dissimilar anisotropic media. However, recently, Wu (1989), 
Qu and Li (1991) and Qu and Bassani (1993) have proposed 
a clear mathematical definition of stress intensity factors for 
an interfacial crack in an anisotropic bimaterial continuum. 
This definition of stress intensity factors would reduce to the 
classical stress intensity factor definition when the bimaterial 
continuum degenerates to a homogeneous one. Furthermore, 
using this definition, Chow, Beom and Atluri (1995) and Chow 
and Atluri (1995) have developed three different numerical 
methods: based on (i) the hybrid element method, (il) the 
mutual integral method, and (iii) the virtual crack closure 
method, to compute these mixed-mode stress intensity factors 
efficiently and accurately for anisotropic bimaterial interfacial 
cracks. In addition, Chow and Atluri (1996) have also 
demonstrated that a fracture criterion based on th e mixed-mode 
stress intensity factors can accurately predict the onset of 
delamination crack growth in laminated composites under 
tensile load. 

This paper reflects a continued effort on the prediction of 
the strength and reliability of laminated structural components, 
with the fracture criterion based on the mixe&mode stress 
intensity factors for bimaterial anisotropic interfacial cracks. 
The objective of this paper is to determine if the stress intensity 
factors can be used to predict the failure of stiffened laminated 
panels under post-buckling compressive loads. This analytical 
study is meant to complement the experimental study by 
Starnes, Knight, and Rouse (1985). Once the stiffened panel 
buckles, the panel will deform into a sinusoidal mode shape. 
This sinusoidal &format ion of the panel due to the 
post-buckled load will induce additional moments and forces 
near the edge of the interface between the skin and stiffener. It 
is assumed in the current analysis that there exists a small initial 
delamination crack along the edge of the skin-stiffener interface. 
This small initial flaw could initiate during the manufacturing 
process or as a result of the high stress concentration along 

Table 1. Experimental data for the critical energy release rate and their 

the edge of the skin-stiffener interface when the panel buckles. 
Based on the observation from the experimental study, the 
analysis assumes that once the delamination crack propagates, 
the propagation will not stop and will lead to the global failure 
of the stiffened laminated panel. Hence, the post-buckling 
strength of the stiffened panel is determined from the onset of 
propagation of the edge delamination crack. The current 
research uses the mixed-mode stress intensity factors as the 
fracture criterion for the delamination crack to determine when 
these induced loads would reach criticality. In addition, a study 
is also performed to model the stiffened panel with damage due 
to low-velocity impact, and determine if a simple damage 
model can be used to predict the strength of this panel after 
impact. 

2 
Fracture criterion based on mixed-mode stress intensity factors 
Chow and Atluri (1996) have suggested that the fracture 
criticality of a ddamination crack between two dissimilar 
lamina can be determined by the singular stress fields near 
a critical damage radius. This damage radius defines a region 
with considerable fiber/matrix damage as well as nonlinear 
material behavior. The damage radii for a mode I and mode II 
crack can be approximated with 

FI - -  - -  ult (1) 

27~ \ a  L r /  
(2) 

where a u~~ is the ultimate stress, K c is the critical stress intensity 
factor of a delamination crack when the normal to the crack 
front in crack plane is parallel to the fiber's direction, and 
subscripts L and T represent the longitutidal and transverse 
direction to the fibers in a unidirectional laminate. 

Rice (1988) has shown that by introducing a characteristic 
length in the definition of stress intensity factors for an 
interfacial crack, the value of stress intensity factors, I~0, would 
be unique and invariant of different measuring units. In 
addition, Chow and Atluri (1996) have shown that by 
introducing the damage radius as the characteristic length of 
the interfacial crack, the singular stress fields along the interface 
eren between two dissimilar anisotropic media decouple into 
three individual modes near the damage zone. Using Eqs. (1)-(2) 
and applying the experimental data from Table 1, the damage 
radii of an interfacial crack in a T300-5208 graphite-epoxy 
laminate for mode I and II are r~ = 0.05 mm and ri~ = 0.24 mm 

equivalent stress intensity factor of T300-5208 

ult ult 
KIC Ki ic  Ki i ic  0-22 0-i2 

(MPax/m) ( M P a B )  (MPa,~-m) (MPa) (MPa) 

Ramkumar, Whitcomb 0.91 2.7-3.8 - 
Wilkins et al. (1982) 0.84 2.0 - 
Donaldson, Mall (1989) �87 - - 2.3 
TELAC - - 5O 75 
Average 0.88 2.9 2.3 50 75 

* Experimental value for AS4/3501-6 graphite epoxy, 



respectively. Since the magnitude of these two damage radii are 
close to the magnitude of the ply thickness, tp~y = 0.127 mm, the 
present study would define this ply thickness, tp~y, as the 
characteristic length to be used in the definition of the stress 
intensity factor, k. As a result of this definition, the singular 
stress fields near Xl ~ tpzy along the interface between the two 
dissimilar media have definitions similar to those of a crack 
in a homogeneous material: 

o-2;(x~) ~ 2 x / ~ ;  

o-a2(x~) ~ 2 x ~ ,  for [x I -- tp~y I < [2; .(-2~0 

0"23 (X1) ~ ~ (3) 

Here subscripts 1 and 2 represent the directions parellel and 
normal to the crack respectively. 

Consider an example of a delamination crack between the 
[0/90] laminate as shown in Fig. 1. The 0 ~ lamina denotes that 
the fiber direction is along the out-of-plane direction, while the 
90 ~ lamina denotes that the fiber direction lies parallel to 
the crack. Since all of the experimental fracture data for the 
critical stress intensity factor, K o is based on a delamination 
crack in a unidirectional laminate, a question arises on whether 
the fracture data for [0/0] or [90/90] laminate could be used 
to predict the onset of delamination crack in the [0/90] laminate. 
Fig. 2a shows the stress distribution along the interace between 
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Fig. 2. Stress distribution near the (a) interracial and (b) homogeneous 
crack tip with Zone 1 being the damage zone (or nonlinear 
region) and Zone 2 being the region where the stress concentration 
influences the onset of crack propagation. Since the stress 
concentration at Zone 2 are the same for both laminates, the fracture 
criterion for both laminates should be similar 
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Fig. la-c. The critical stress intensity factor for an edge delamination 
crack between (a) [0/90] laminate, (b) [90/90] laminate, and (c) 
[0/0] laminate 

the [0/90] laminate near the crack tip; and Fig. 2b shows the 
stress singularity near a crack in a homogeneous laminate ([0/0] 
or [90/90]) with the stress intensity factor ofK/Kic  = 1. These 
figures show that the stress distributions for both the cracks 
(bimaterial and homogeneous) are very similar except for 
a small region where there is considerable material nonlinearity 
and damage (defined as Zone i in the figures). Since the fracture 
of the delamination crack is assumed to be based on the stress 
concentration near the damage radius and the stress field 
near this damage radius for the interracial crack is very similar 
to the homogeneous crack, the critical stress intensity factor 
for [0/90] laminate,/([0/90jc, should be the related to the value 
of either KL0/0]c or K[90/90]c. In addition, Lucas (1992) has 
performed some experiments on the fracture of a delamination 
crack in unidirectional laminates of different ply angle and 
found that the fracture toughness of a [90190] laminate is less 
than a [0/0] laminate, K[9o/9o]c < KEo/olc. Since a delamination 
crack between two dissimilar lamina can fracture at either the 
upper or lower lamina, it is reasonable to assume that the 
delamination crack would fracture at the material of lower 
fracture toughness. Hence, using this assumption, the critical 
stress intensity factor for [0/90] laminate,/(I0/90]c, would be 
postulated as K[90/~0]c. 

The nature of the stress field near a bimaterial interfacial 
crack is often defined by mixed-mode stress intensity factors. 
To deal with this, Chow and Atluri (1996) have suggested 
a mixed-mode fracture criterion based on the quadratic mixture 



z18 

of the mixed-mode stress intensity factors: 

o.8sK, j + ~ +,k~,,y 

/(0 > / ( c  -* interfacial crack failure (4) 

where Ofty is a non-dimensional constant dependent on the angle 
between the crack front and the fiber's direction. From the 
experiments performedby Lucas (1992), Ofty for [90/90] laminate 
is 1.00, 0jay for [45/45] is 1.15, and Ofy for [0/0] laminate is 1.61. 
This experimental result indicates that the [90/90].laminate has 
the lowest fracture toughness followed by the [45/45] laminate 
and then the [0/0] laminate. Using the assumptions discussed 
above, in which the bimaterial interfacial crack would fail 
at the material with a lower fracture toughness, the constant 
0fy for [45/90] and [45/0] would have the same values as [90/90] 
and [45/45] respectively. Therefore, Oia ~ for [45/90] and [45/0] 
would have the values of 1.00 and 1.15 respectively. These 
two values would be used in the post-buckling analysis 
discussed in the next section. Since the normalized stress 
intensity factor, K0 is composed for mixed-mode stress intensity 
factors normalized with their respective critical stress intensity 
factors,/(o is a non-dimensional value. In the examples of 
composite laminates under uniaxial tension, Chow and Atluri 
(1996) have demonstrated that the critical stress intensity factor, 
K. c, has the value ofone when the delamination crack propagates 
in a 2-D fashion in which crack front remain straight. 
However, in the post-buckling failure of a stiffened laminated 
composite panel, the delamination crack propagates in an 
elliptical shape rather than in 2-D fashion. As a result, the critical 
stress intensity factor,/s to be used in the post-buckling 
analysis would have to be determined from the experimental 
data. 

Chow and Atluri (1995) have studied the effect of 
characteristic length on the normalized stress intensity factor, 
/~0- In the few examples they have considered, the value of/(0 
changes by only a few percent when the characteristic length 
changes by an order of magnitude. The relationship of 
mixe&mode stress intensity factors for different characteristic 
lengths is given by Qu and Bassani (1993) as 

(% = y (rdro) f% (5) 

where Y is a bimaterlal matrix for the interfacial crack and 
~: = {/(r~,/(p/(,y. Consider a delamination crack between two 
angle-ply lamina, 0 and ~b, and the stress intensity factors, fBo, 
are varied in a unit sphere: 

/(i = sin(~) cos (fi) 

/~x~ = sin(~) sin(fl) 

/ ( m = c o s ( ~ )  (6) 

where - 180 ~ < Gfi < 180 ~ By varying the stress intensity 
factors, f{r0, in the unit sphere defined in Eq. 6, a contour plot 
of the maximum change in the normalized stress inensity factor, 
/(0, for various ply layups - 9 0  ~ < 0,qb < 90 ~ when the choice 
of characteristic length is reduced by an order of amagnitude 

90 \ ' , b  \ \ b -~ \ "~ I I I '  / 

\ \ \ \ "---. ) 4 ' , ' y  

\ \  \ \  \ \ - - /  - , / / '  / ,/ . " 

�9 , \ . \ , \  / , ' ( ( [ I  y 
/ ' , \ \  \ / ~ \ ' ~ \ ,  " ,  .... 
y \ \ \ \  ~, l \ \ \ \ 

--: I l / ) , , ,  ,,, ',, ":,',, ",,,, 
-3o -,J ~,~- ...< //;/ ...- ..... , ,  , , "- "-,,, ',, 

_ ~ ~ ~  . / ~ / "  / / "  ..... . '\ , .. ..". 
- , "  nr  0 - % . % " / -  - . " / ' . f " -  . . . .  --.. " ' ' - . .  "-. " - .  " , - .  "lsitt  
' ~ . . " . - ' ~ /  / / /  7 - . .  " ...... , ' .  -.. -.~ 

. . . .  t /  / /  / / /  " ~ . . .  "-.., \ \ .  " . . .  t , ,  1 - 6 0 -  _ -  , / ;  / / / ---~..  "----. \ % . " .  - 
u r)v- / .q" / ~~ / " ~  \ -  \ .  c' , "' " 

/ , -~ ' Jd " f  ........ " ' \ , \  ", " 
�9 i I l  i y  'i', ',,'~, h ':,' 

-90 -60 -30 0 30 60 90 

o 

Fig. 3. A contour plot of maximum change in the value of/s 0 for various 
ply lay-ups [0,r when the stress intensity factors, Lo, are 
varied in the unit sphere with the characteristic length reduced by an 
order of a magnitude 

is shown in Fig. 3. Except for the region near [0/90] interface, 
the effect of the characteristic length is quite small. Eren for the 
[0/90] interface, the maximum changes in/(0 is less than 13%. 
To put things in perspective, a few percent change in/s is 
really not very significant from an engineering point of view 
given the fact that most of the experimental data for 
delamination fracture would vary by 10%-20%. Moreover, the 
number of combinations of {K�9 K~.rAm} r and [0/~b] which gives 
significant change in the value of K 0 is quite small; for 90% of 
the possible combinations of {/~~~,/s187 I~m~ r and [O/Œ the 
value of/(0 would change by no more 5% as shown in Fig. 4. 
Only 0.5% of the possible combinations would cause the value of 
K 0 to differ by more than 10%. 
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which would result in the value of K o to be changed by a certain factor 
when the definition of the characteristic length is reduced by 
an order of a magnitude 



3 
Model description and analysis 
The design of the stiffened laminated panels in this analytical 
study is based on the test specimens used in the experimental 
study by Starnes, Knight, and Rouse (1985). The panels are 
either 16-ply or 24-ply quasi-isotropic T300-5208 laminates 
supported by four evenly spaced stiffeners with the panel 
geometry and stiffener details shown in Fig. 5. Panel length L, 

3.8 cm -~1 ~ --4N b I~- ~ I~-  3.8 cm 
_L J_ .J_ _L 

d~ 
t-  
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"0 
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0 
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Free -~ -a r 

w=0--- k 
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a Panel geometry and analytical boundary conditions 
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~~8 ~ “  -~~ 
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I I 

ly 4.32 I~l ~ -  Skin 
b Stiffener geometry 

Add one 90 ply at tNs pomt 
for 16-ply skin specimens 

'~ 1.52 ~I 

1176~ 

LUnidirecti0nal tape filler 

c Stlffener attachment flange details 

/ 
r 

Skin 

Fig. 5. Panel geometry, stiffener details, and analytical boundary 
conditions. (All dimensions in centimeters) 

panel width W, and stiffener spacing b are shown schematically 
in Fig. 5a; stiffener geometry is shown in Fig. Sb; and the details 
of the tapered flange are shown in Fig. 5c. Stacking sequences 
of the skins, stiffener webs, and stiffener caps are listed 
in Table 2 with panel geometry and stiffener spacing listed 
in Table 3. The parameters that are varied in these different 
configurations include stiffener spacing, skin thickness, and 
thickness of the stiffener cap. 

The present analysis is composed of two stages; the global 
analysis to model the post-buckling behavior of the stiffened 
panel and the local analysis to model the fracture criticality 
of the edge delamination crack at the skin-stiffener interface. 
In the global analysis, the stiffened panel is discretized 
with 8-noded shell elements as shown in Fig. 6a, using the 
ABAQUS finite element package (version 5.3). Due to the 

Table 3. The geometry dimensions of the laminated stiffened paneI for 
the undarnaged specimens 

Specimen Width (cm) Length (cm) Stiffener 
spacing (cm) 

24-ply skins 
U1 38.1 50.8 10.2 
U2 49.5 66.0 14.0 
U3 61.0 81.3 17.8 

16-ply skins 
U4 ~ 38.1 50.8 10.2 
U5 a 49.5 66.0 14.0 
U6 a 61.0 81.3 17.8 
U7 b 61.0 81.3 17.8 
U8 c 61.0 81.3 17.8 

a 50-ply stiffener cap (design 2), 
b 38-ply stiffener cap 
c 30-ply stiffener cap (design 4). 

Table 4. The geometrydimensions ofthelaminatedstiffenedpanel for 
the damaged specimens 

Specimen Width (cm) Length (cm) Stiffener Projectile 
spacing (cm) Speed (m/s) 

24-ply skins 
D1 38.1 50.8 10.2 67 
D2 38.1 50.8 10.2 101 
D3 49.5 66.0 14.0 60 
D4 49.5 66.0 14.0 94 
D5 61.0 81.3 17.8 68 
D6 61.0 81.3 17.8 94 

16-ply skins 
D7 38.1 50.8 10.2 68 
D8 61.0 81.3 17,8 66 

219 

Table 2. Skin and stiffener laminates 

Design Skin Stiffener web Stiffener cap 

1 ( • 45/02/-T- 45/90_0/• 45/0/90)s 
2 ( • 4 5 / 0 2 / - T -  45/902)s 
3 ( • 4510z/-T- 45/902) s 
4 ( • 45/02 / -T- 45/902)s 

(90/0/• 45/T 45/02/+ 45/0/90)s 
(0/• 45/T- 45/02/• 45/02)s 
(0/_+ 45/-T- 45/02/• 45/0is 
(0/• 45I T- 45/02/• 45102 )s 

(90/0/• 45/-T- 45/02/• 45/0/90/031 • 45106/+ 45103)s 
(0/4- 45/-T- 45/02 / • 45/02/90/0�87 
(0/• 45/7b 45/02/• 45/03/90/03/90/02)s 
(0/•  45/-T- 45/02/• 45/03/90/02)s 
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Fig. 6a-b. Half model of the laminated stiffened panel (specimen U6) 
for (a) undeform mesh and (b) deformed mesh 

Eren though the actual initial flaw and the delamination 
propagation are probably in an elliptical shape, in which case 
a full 3-D analysis is required, the modeling of the skin and 
stiffener flange (with at least 28 plies of lamina) would 
require at least 28 layers of 20 noded brick elements, and the 
cost of computing for this 3-D model would be too expensive 
eren for a small region of delamination damage. Hence, the 
local analysis in the current study only models a 2-D 
cross section of the skin-stiffener interface with quasi 3-D 
deformation as shown in Fig. 7. The boundary conditions used 
in the local analysis are obtained from the displacement fields 
of the global analysis near the skin-stiffener section where 
the largest induced loads is suspected. An initial flaw size, 
a = 4tpty, at the edge of the skin-stiffener interface is assumed 
in the local model. Previous studies by Chow and Atluri (1996) 
have shown that the values of the stress intensity factors for 
an edge delamination crack remain relatively unchanged 
when the crack tip is away from the free edge and the 
delamination crack size is larger than a = 2tp~y. Since the size of 
the initial flaw is relatively small compared to the size of the 
stiffener, this initial flaw would not be modeled in the 
global model. In the local model, the cross section of the skin 
and the stiffener flange near the edge delamination crack is 
modeled using 8-noded quasi 3-D quadratic finite elements 
with the standard quarter-point singular elements surrounding 
the interfacial crack tip as shown in Fig. 7. The displacement 
functions for the quasi 3-D elements has the form of 

ul=Vl(xl,x2) 

u2=V2(xl,x2) 

symmetry of the problem, only one-half of the stiffened panel 
is modeled. The global analysis of the stiffened panel includes 
both buckling and nonlinear post-buckling analysis. In the 
buckling analysis, the buckling load as well as the buckling 
mode shape are obtained from an eigenvalue analysis. 
Then, the post-buckling analysis is performed using the 
geometrically nonlinear option. Some imperfection in the 
geometry of the stiffened panel is required in order for the 
stiffened panel to deform into the buckling mode shape after 
the external load exceeds the computed buckling load. In this 
analysis, the imperfection is taken to be the generated buckling 
mode shape from the ABAQUS solution with a scale 
factor of 0.0001. Once the external load exceeds the buckling 
load, the panel would deform into a sinusoidal mode shape as 
shown in Fig. 6b. As the panel deforms into the sinusoidal 
shape, a sharp increase of moments and forces will be induced 
on the skin panel especially in the region near the skin-stiffener 
bonding. This increase in the induced loads near the 
skin-stiffener interface is often the leading cause for the skin 
to debond from the stiffener, which in turn will led to the global 
failure of the stiffened panel. 

Since the skin-stiffener debonding begins from the edge 
of the interface between the skin and the flange stiffener, a local 
analysis of the cross section near the edge of the skin-stiffener 
bonding is modeled in greater detail. In the current 
model, an initial edge delamination crack is assumed to exist 
along the edge of the skin-stiffener interface. This initial flaw 
could have initiated either from the manufacturing process 
or the stress concentration due to the induced loads. 

u3 = V3(xpx2) + 8�87 3 (7) 

From the finite element result of the local analysis, the 
mixed-mode stress intensity factors can then be calculated 
using the mutual integral method with the particular solution 
developed by Chow and Atluri (1996). The " m u t u a l  in tegraI"  
for the two independent states can be defined using 

/ 1 

Fig. 7. The finite element mesh for the local analysis near the edge 
delamination crack on the skin-stiffener interface (16-ply skin 
specimen) 
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The stress intensity factors k are related to the mutual integral 
M b y  

ki = 2 Y/j(ro) UjmM {U, li(~)} (10) 

Here, Y and U are the bimaterial matrices and r 0 is the 
characteristic length of the interfacial crack as described by 
Qu and Li (]991). 

In the experiment performed by Starnes, Knight and Rouse 
(1985), they have shown that the damage due to a low-speed 
impact on the skin-stiffener interface region can significantly 
reduce the post-buckling strength of a stiffened panel. 
The modeling of an impact damage in a laminated composite 
can be a very complex process. There is fiber breakage, matrix 
cracking, and fiber/matrix debonding at the location of impact. 
And more importantly, for low-speed impact, the impact 
tends to cause a large area of delamination cracks within the 
laminate. For the present analysis, a simple damage model is 
used. This damage analysis would ignore all the local damages 
right at the impact site except for the delamination crack 
on the skin-stiffener interface. From the 2-D analytical solution 
by Suo and Hutchinson (1990) or finite element calculations, 
it can be shown that with moments and forces applied on the 
skin section, the magnitude of mixed-mode stress intensity 
factors of an edge crack at the skin-stiffener interface 
would increase as the thickness of the stiffener increases. Hence, 
for the stepped stiffener flange as shown in Fig. 5c, the 
magnitude of mixed-mode stress intensity factors for the edge 
delamination crack would increase as the size of the initial 
delamination increases. In the current model, the impact 
damage is modeled as an initial edge delamination crack with 
the size ofa = 1.52 cm, in which the left hand side of the stiffener 
flange is almost completely debonded from the skin as 
illustrated in Fig. 5c. Since the size of the delamination crack 
in the impact damaged stiffened panel is no longer 
insignificantly small as the delamination crack in the 
undamaged stiffened panel, this skin-stiffener debond is 
modeled in the global model. 

5 
Results and discussions 
The analytically predicted buckling load in comparison with 
the experimentally determined buckling load for each 
undamaged specimen is shown in Fig. 8. The figure shows 
that the difference of the analytical buckling load from the 
experimental result is reasonably small (mean # = 11%, 
standard deviation ~ = 6.7%). This modeling error could have 
come from two sources. Firstly, both the ends of the stiffened 
panels in the experiment were constrained by the potting 
material (epoxy resin) encased in steel flames, but in the 

Specimen 

Fig. 8. The predicted buckling load (for undamaged specimens) in 
comparison with the experimental result 

analytical model, both ends are under clamped conditions as 
shown in Fig. 5a. Secondly, in the analytical model, the entire 
stiffener is modeled with plate elements, hence not all the 
details of the stiffener web separating into two 90 ~ joints as 
shown in Fig. 5c are modeled properly. Having performed the 
buckling analysis, the post-buckling behavior of the stiffened 
panel is calculated. 

Using the displacement fields from the global analysis of 
the stiffened panel, a local analysis of an edge delamination 
crack on the skin-stiffener interface is performed. Both the total 
energy release rate and the mixed-mode stress intensity 
factors of the delamination crack are calculated as functions 
of the applied load. Figure 9 shows the calculated total energy 
release rate of the edge delamination crack on the skin-stiffener 
interface for each undamaged specimen at failure load. 
This figure shows that the critical energy release rates for each 
specimen differ substantially. The critical energy release rate 
for specimen U3 is an order of magnitude greater than 
specimens U4 and U8. Therefore, the total energy release rate 
is not suitable to be used as the fracture criterion in this analysis. 
This result agrees with the observation from other experiments 
(Donaldson and Mall, 1989; Ramkumar and Whitcomb; 
Wilkin et al., 1982) which indicated that the critical energy 
release rate of a delamination crack is strongly dependent on 
the ratio mixity of the fracture mode. 

In the present study, the mode of fracture for the 
delamination crack is separated with mixed-mode stress 
intensity factors. Each individual mode of stress intensity 
factor corresponds to a singular-stress component near 
a damage radius as defined in Eq. 3. In Fig. 10, the stress 

4000, 

3000 

E 
2000 

v 

1000 

0 
u1 u2 u3 u4 U5 U6 U7 U8 

Specimen 

Fig. 9. Critical total energy release rate for (undamaged) stiffened 
composite panels 
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Fig. 12. The effect ofstiffener spacing on the distribution of normalized 
stress intensity factor 

intensity factor for each individual fracture mode of the 
delamination crack in speciment U6 is plotted against the 
applied load. The figure shows that the magnitude of stress 
intensity factors is quite small before the panel buckles, but once 
the applied load exceeds the buckling load, the magnitude of 
the stress intensity factors for mode I and II increases 
dramatically. This is probably the reason why laminated 
stiffened panels tend to fall at a post-buckling load. Figure 11 
shows the normalized stress intensity factor,/~0, as a function 
of the applied load for specimens U3 (24-ply skin) and U6 
(16-ply skin) to show the effect of skin thickness on the fracture 
parameter. Both specimens have similar quasi-isotropic lay-up 
for the skin panel, and similar configuration and spacing for 
the stiffener. The figure shows that the rate of increase at 
a post-buckling load is similar for both specimens but the 
rate ofincrease for specimen U6 begins earlier with a lower 
buckling load. Since both the specimens have a very similar 
post-buckling behavior, it is interesting to note that the 
difference in the failure load between these two specimens is 
very close to the difference in the buckling load. This would 
indicate that the normalized stress intensity factor,/~~, coutd be 
used to predict the post-buckling strength of laminated 
stiffened panels. The effect of stiffener spacing on/~0 is 
demonstrated based on the calculated result for specimens 
U4 (w = 10.2 cm), U5 (w = 14.0 cm), and U6(w = 17.8 cm) as 
shown in Fig. 12. In order to make a proper comparison, the 
applied load is normalized with the factor wtpty. The 
figure shows that as the stiffener spacing increases, the 
normalized buckling load would decrease but the rate of/(0 
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Fig. 11. The effect of skin thickness on the distribution of normalized 
stress intensity factor 

would only increase slightly. In Fig. 13, the normalized stress 
intensity factor,/(0, is plotted against the applied load for 
specimens U6 (50-ply cap), U7 (38-ply cap), and U8 (30-ply 
cap) to show the effect of the thickness of the stiffener cap. The 
figure shows that even though all three specimens have almost 
the same buckling load, the rate of/(0 decreases with 
thicker stiffener cap. This complements the experimental 
result which indicates that the stiffened panel with a thicker 
stiffener cap would have a higher post-buckling strength. 

Having calculated the distribution of the normalized stress 
intensity factor,/~0, as a function of the applied load for each 
specimen, a study is performed to determine if this/(0 of an 
edge delamination crack on the skin-stiffener interface 
can be used to predict the post-buckling strength of the 
laminated stiffened panels. This study is conducted by trying to 
obtain the best critical value,/~c, used in the fracture criterion 
defined in Eq. 4 to predict the onset of the debonding between 
the skin and stiffener which in turn would immediately 
lead to the global failure of the stiffened panel. Using the least 
square approach to minimize the quadratic error of the 
analytical prediction from the experimental failure load, the 
non-dimensional value for the optimal/(c is found to be 5.5. 
Figure 14 shows that the predicted post-buckling strength for 
the stiffened panels compares quite favorably with the 
experimental result and the standard deviation of the predicted 
error is less than 10%. It is to be noted here that the source 
of error in the predicted strength as compared to the 
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Fig, 13. The effect of stiffener cap thickness on the distribution of 
normalized stress intensity factor 
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experimental result does not only come from the 
modeling of the delamination fracture but also from the 
modeling of the laminated stiffened panel itself (such as 
the clamping condition at both ends of the stiffened panel 
as discussed earlier). 

The experimental study performed by Starnes et al. (1985) 
has shown that the impact damage on the skin-stiffener interface 
region can significantly reduce the post-buckling strength of 
the stiffened panel. Using the damage model defined in 
the previous section, a study is carried out to determine the 
residual strength of the stiffened panel with low-speed impact 
damage on the skin-stiffener interface. Since some of the 
specimens in the experiment failed before the panel buckled 
and some failed after the panel buckled, two fracture criteria 
have to be used. In this analysis, it is assumed that ifthe stiffened 
panel fails before it buckles, the fracture mode of the 
edge delamination crack on the skin-stiffener interface is similar 
to the fracture mode of an edge delamination crack in a laminate 
under uniaxial tensile load in which the crack front propagates 
in a 2-D fashion (Chow and Atluri [1996]). Hence, the 
fracture criterion to be used, when skin panel has yet to buckle, 
will be based on/(c = 1. However, if the normalized stress 
intensity factor,/(0, is still less than one when the applied load 
reaches the buckling load, a different fracture criterion would 
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Fig. 15. The predicted failure load for specimens with impact-damaged 
on the skin-stiffener region in comparison with the experimental data 

be used. It is assumed here that once the stiffened panel bnckles, 
the fracture mode of the edge delamination crack in the 
impacted skin-stiffener interface has a similar nature to the 
fracture mode of the edge delamination crack in the undamaged 
skin-stiffener interface. Hence, the fracture criterion to be 
used after the stiffened panel buckles will be based on/(c = 5.5. 
Figure 15 shows the predicted failure load for impact-damaged 
specimen in comparison with the experimental data. The figure 
shows the simple damage model is able to predict the 
significant reduction in strength when there is impact damage 
on the region near the skin-stiffener interface. The average 
absolute-error of the predicted failure load from the 
experimental data is 16%. This error could come from the 
fact that the damage details at the local impact site such as fiber 
breakage and matrix cracking are not accounted for in the 
damage model. Nonetheless, just the modeling of a larger 
delamination crack size caused by the impact (in the damage 
model) seems to be sufficient in predicting the significant 
reduction in strength after impact. 

6 
Concluding remarks 
An analytical investigation to predict the post-buckling strength 
of laminated composite panels has been carried out. An edge 
delamination crack is assumed to be along the skin-stiffener 
interface region. Once the stiffened panel buckles, additional 
moments and forces wonld be induced on the skin-stiffener 
region and hence cause the onset of delamination propagation 
along the skin-stiffener interface. This investigation has 
calculated the distribution of the total energy release rate as 
weil as the mixed-mode stress intensity factors for the edge 
delamination crack as a function of the applied load for eight 
different specimen configurations. Once these stiffened 
panels buckle, the additional induced loads would cause a large 
increase in the magnitude of the energy release rate and the 
stress intensity factors for the delamination crack. However, 
it was found that the critical energy release rate for some 
specimen configurations calculated at failure load can be an 
order of magnitude Iess than those for other configurations. 
Therefore, the total energy release rate cannot be used as the 
fractnre parameter to predict the failure of laminated 
composite panels under post-buckling load. On the other hand, 
using the fracture criterion based on the mixed-mode stress 
intensity factors, the predicted post-buckling strength of 
the stiffened panels compares quite favorably with the 
experimental result and the standard deviation of the 
predicted error is less than 10%. An analytical investigation 
to predict the post-buckling strength of laminated composite 
panels with low-speed impact damage on the skin-stiffener 
interface region has a]so been carried out. The damage 
model used in the investigation would ignore all the local 
damage at the impact site except for the large region of 
delamination crack resulting from the impact. Using this 
simple damage model and the fracture criterion based 
on the mixed-mode stress intensity factors, the analysis is 
successful in predicting the significant reduction in the 
post-buckling strength of stiffened panels. The average 
absolute-error of the predicted failure load as compared to 
the experimental data is 16%. A more detailed damage model of 
the local impact site is recommended to improve the accuracy 
of the prediction. 
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