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Abstract In this paper, a new analytical technique to study 
the effect of wide-spread fatigue damage in ductile panels is 
presented. The main purpose of the study is to develop an 
efficient methodology to predict the maximum load carrying 
capacity of panels with cracks. The problem arises especially 
in the fuselage skin of aging airplanes, in which cracks initiate 
from a row of rivet holes. This problem is known as Multi 
Site Damage (MSD) in aging aircraft. It is very important to 
estimate the load carrying capacity. Usually, the approach 
based on elastic fracture mechanics may overestimate the 
load capacity. It is very important for the aircraft structure 
with MSD to estimate the load carrying capacity of such 
damaged structures. Approaches based on elastic fracture 
mechanics often lead to a considerable error. In this paper, the 
Elastic Finite Element Alternating Method (EFEAM) has been 
extended to the case of elastic-plastic fracture of panels with 
MSD cracks. In EFEAM, analytical solutions to crack problems 
in an infinite plate are employed. In this study, we adopted 
an analytical solution for a row of cracks in an infinite 
panel. Furthermore, the plastic deformation is accounted for, 
by using the initial stress algorithm. The T* integral is employed 
for the fracture criterion. The methodology developed in the 
present study can be called as Elastic-Plastic Finite Element 
Alternating Method (EPFEAM) for MSD problems. A series 
of studies on the maximum load capacity of panels with a row 
of cracks has been conducted. 

1 
Introduction 
Structural integrity evaluation of aging aircraft is extremely 
important to guarantee the economic and safe operation of 
such aircraft. In an airliner fuselage, widespread fatigue damage 
that develops at several adjacent locations, is of a great concern, 
because the residual strength of a structure with a single 
dominant crack may be significantly reduced by the existence 
of adjacent smaller cracks (Multiple Site Damage; MSD). Tests 
on panels with long lead cracks and Multiple Site Damage 
(MSD) (see Atluri et al. (1991, 1992)) have shown that the 
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residual strength is very severely degraded (Broek (1993)). 
Approaches based on a linear elastic fracture mechanics, for 
structural integrity evaluation, may lead to a considerable 
error and overestimate the load carrying capacity of the 
structure. It is thus necessary to determine the structural 
integrity by using an elastic-plastic fracture mechanics concept. 
In this paper, a simple and efficient computational method 
to study MSD cracks in aircraft panels with elastic-plastic 
material behavior is presented. 

In the present approach, only the uncracked structural 
detail is modeled by finite elements, and the cracks are 
accounted for by using the linear-elastic analytical solution 
for an infinite plate with a row of cracks, being subject to 
arbitrary crack face tractions. Such methodology is known 
as finite element alternating method (FEAM; Nishioka and 
Afluri (1983)). In FEAM, stresses at the location of the cracks, 
computed by the finite element method for the problem without 
cracks, are erased by subjecting the crack faces to tractions 
of equal magnitude but an opposite sign. It is required that 
we set such crack face traction distributions to be arbitrary. 
Such analytical solutions have been obtained earlier, by 
Vii ayakumar and Atluri (1981) for three-dimensional 
problems; and by Park and Atluri (1993) for two-dimensional 
problems. 

In the present study, the finite element alternating method 
is extended to efficiently account for a row of cracks, and for 
the plastic zone developing near each crack tip. It is expected 
that the presently developed method will lead to an efficient 
analytical technology to study the MSD crack problems in 
the aging aircraft structures. The MSD cracks are modeled 
by an analytical solution for a row of cracks whose faces are 
subject to arbitrary traction. The plastic deformation is 
accounted for by coupling the finite element alternating method 
with the initial stress algorithm (Nikishokov and Atluri (1994)). 
The descent from the elastic stress state obtained in the elastic 
finite element alternating method (Park et al. (1992, 1993)), 
on to the yield surface for an elastic-plastic material, is 
accomplished by such an algorithm. We call this new 
computational technique as the "Elastic Plastic Finite Element 
Alternating Method (EPFEAM)". 

The procedures of the Elastic-Plastic Finite Element 
Alternating Method (EPFEAM) are described in this paper 
for stationary MSD cracks. Some numerical examples are 
presented, illustrating the comparison of the present EPFEAM 
results with the traditional FEM(where in each crack tip is 
modeled by a fine mesh of crack-tip elements) results for the 
residual strength estimations for a panel with MSD. It is shown 
that the present method is an efficient and accurate technique 
for analyzing the MSD problem. In an accompanying paper, 



we will extend the method to analyze stable crack propagation 
problem in a panel with MSD cracks. 

2 
Elastic Plastic Finite Element Alternating Method (EPFEAM) 
The concept of the Finite Element Alternating Method (FEAM) 
is described in this section. First, the procedure of FEAM for 
the problems of cracks in a finite elastic body is considered. 
The analytical crack solutions for an infinite body, and then 
the extension of the FEAM to elastic-plastic crack problems, 
(Elastic-Plastic Finite Element Alternating Method: EPFEAM), 
are described. 

The finite element alternating method utilizes two kinds of 
solutions: 

1. An analytical solution to the problem of an infinite sheet 
with a row of cracks of arbitrary lengths with their crack 
faces being subjected to arbitrary tractions. 

2. Finite element solution of the panel without cracks (called 
as solution to "uncracked body"). 

Consider a finite-sized cracked elastic body being subject to 
given far-field tractions. First, a finite element analysis of the 
finite-body, with the given stress boundary conditions and 
without the cracks, is carried out. 

{q} = [KI-~{P} (1) 

{~} = [DI [BI {q} 

Here {q} is the displacement vector for the uncracked body; 
{rr} are stresses for the uncracked body; [K] is the linear global 
stiffness matrix; {P } is the external load; [D] is the elasticity 
matrix and [B ] is the matrix of displacement-displacement 
derivatives relationships. In this step the cracks are not 
considered yet. 

Since the crack is not modeled in the finite element solution, 
there are some tractions {to} at the crack location. They can 
be written in terms of the stresses and the normal vector at 
the crack face. 

{~} = [ , j{~}  

where [nc] is a matrix of direction cosines. 
Then, the tractions at the crack location, computed by 

using the finite element method without modeling the 
cracks, are released. The elastic analytical solution for 
arbitrary number of cracks embedded in an infinite body, 
subject to crack face tractions alone, is utilized in this 
process. Then the crack solution is superposed on the result 
of the finite element analysis. The process characterizes the 
advantage of the FEAM over the conventional finite element 
method. That is, the singular part of the solution is taken care 
of by the analytical solution. Thus, the finite element mesh 
does not have to deal with the singular nature of the crack 
solutions. 

The problem is now converted to that with cracks. It is, 
however, noted here that up to this step, the stress boundary 
conditions at the edge of the finite body are not satisfied due 
to the use of the analytical solution for an infinite body. The 
difference between the boundary-tractions generated by the 
infinite-body solution and those that are actually prescribed 

at the boundary, are called the "residual stresses" at the 
boundary, in this paper. Thus, the residual tractions at the 
boundaries of the finite body need to be erased. Once again, 
the finite element method for the finite-body without cracks 
is used in this process. Then, the tractions at the crack face 
produced by this finite element solution need to be erased again. 
The analytical solutions are utilized once again. 

These procedures can be seen to lead to an iterative 
algorithm. It is repeated, until the stress boundary 
conditions at the edge of the finite body are satisfied. 
It is equivalent to requiring that the residual tractions at 
the edges of the finite body become zero. The convergence 
of the FEAM is guaranteed in terms of the Schwartz-Newmann 
alternating method. 

The elastic plastic finite element alternating algorithm uses 
the elastic finite element alternating technique in conjunction 
with the initial stress method. An analytical solution for an 
elastic crack, with arbitrary crack face loading, is used inside 
an initial stress iterative procedure as an addition to the finite 
element solution for the uncracked body. Iterative processes 
of the alternating method and of the initial stress method are 
performed simultaneously. The details of an elastic analytical 
solution for collinear multiple cracks in an infinite body, and 
elastic plastic finite element alternating method, are described 
below. 

Analytical solution for collinear multiple cracks in a Linear, 
(2) Plane, Infinite Body Consider the problem when collinear 

multiple cracks exist, in an infinite isotropic elastic plate, 
along the x axis; and arbitrary normal and shear tractions are 
applied on the crack surfaces. Each crack is of an arbitrary 
length. This problem can be solved if the fundamental solution 
to the problem shown in Fig. 1 is known. In Fig. 1, a normal 
point force of magnitude P and a shear point force of magnitude 
Q are applied at a point x = c on the upper surface of the kth 
crack, and two point force - P, - Q are applied at the point 
x = c on the lower surface of the same crack. By using this 
solution as a Green function, the stress fields can be obtained 
for any arbitrary tractions that exist on the crack faces. In 
order to solve this fundamental problem, the results given in 

(3) Muskhelisvili (1953) are used. Let ay +, a+xy be stresses applied 
on the upper crack surface, G-' o-~ be stresses applied on the 
lower surfaces. Then the complex functions for this problem 
can be obtained as follows: 

L(z)  
r  = eo (z )  + X(z)-  - ~ (4) 

e.(z) 
# ( z )  = #o(Z) + . ~ , ,  + 

Atz)  
(5) 

I I I 

r 1 s 1 r2 

e Q 

;2 k ;o s0 x 
,p  

Fig. 1. Collinear multiple cracks in an infinite body, subject to 
arbitrary crack face tractions 
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where 

1 f X + p ( t )  1 ~ q(t)  _ 
fb~ =27zi-X(z) ~ t - -  z dt  +--J--at27ri ~ t -  z 

1 ~ X + p ( t ) d t  - 1 ~q( t )  dt  
O~ t - z  2 - ~ i z t - ~ z  

and 

k=l 

P,(z)  = CoZ" + q z  "-~ + ... + c, 

i 
p( t )  = �89 [ay+ (t) + a ;  (t)] - ~ [a~( t )  + a~(t)]  

i + 
q(t)  = �89 [a;  (t) - a ;  (t)] - ~ (a~y(t) - o~(t)]  

sought as the summations of the respective elastic solutions 
due to artificial volume loads. Since the initial stress method 

(6) requires only elastic solutions in the calculation procedure 
for an elastic plastic problem, it is possible to develop an elastic 
plastic alternating method using the usual alternating method, 
which provides an elastic solution at each iteration. (7) 

The algorithm of elastic plastic alternating method based 
on the initial stress can be summarized, as: 

(8) 
Initial conditions; 

{r  = { 0 )  

(9) {~(o)} = {p} 

(10) 

(11) 

[b (~ = [o] 

Iterative procedure (i = 1, 2 , . . .  ); 

(Aq~/)} : [Ko] --1 {@(i--1)} 

In Eqs. (6) and (7), the integration path L consists of n segments 
L~, L 2 . . . . .  Lk,.. and L~. The segment L k is from r k to s k along 
the x-axis, r k and s k being the end points of kth crack. The 
complex constant ct in Eqs. (4) and (5), and c o in Eq. (9) are 
related to the stresses and rigid body rotation at infinity. If 
there is no stress and no rigid body rotation at infinity, a and Co 
must be zero. The coefficients in the polynomial of Eq. (9) 
can be determined from the condition of the single valuedness 
of displacements as follows: 

tr ~ ( z ) d z -  ~12( i )d2=O,  i =  1,2 . . . .  n (12) 
r, 5 

Here~  is the contour which surrounds the ith crack in 
a counterclockwise direction, and ~: = 3 - 4v for plane strain 
condition and ~ = (3 - v)/(1 + v) for plane stress condition, 
where v is the Poisson's ratio. 

Once the complex stress functions in Eqs. (4) and (5) are 
determined, the stresses and displacements can be obtained 
from: 

Elastic Solution for the Uncracked Body 

{q~/)} = {q~i 1)} AV {Aq~i)} 

" (i)1 {a~ i)} = [Dl[B]{qo j 

Erasing crack face Traction by Using the Analytic Solution 

{t  (i)c} = - [ , c l  

{t (~)~ = - [b (~ {U }: Approximation 

{@} = {ac([b(i)])}: Analyticalsolution 

Elastic Plastic Stress 

{a (0} = [OePl[D l- l({a~ O} + {a~i)}dv) 

Unbalanced Force in the Body 

axx + azz = 2 [ q~(z) + ~0(z)] (13) {t) Ci)} = {P} -- ~ [B ]r{a(i)} dv (16) 
v 

% - iaxy = q)(z) + ~ ( 2 )  + (z  - 2)  qS'(z) 

2#(u +iv)  = ~ccp(z) -- (o(Y,) -- (z -- 2,) ~ ( z )  

(14) Convergence criterion (if the convergence criterion is not 
met, then the analysis goes back to Iterative procedure with 

(15) i = i + 1); 

Here ~(z) = q)' (z), g2(z) = co' (z) and # is the shear modulus. 
By using the solutions of this problem as Green functions, we 

can obtain the stress and displacement fields for collinear 
multiple cracks, each of arbitrary length, and each being subject 
to arbitrary crack surface tractions. The details of this solutions 
are presented in Park and Atluri (1993). 

3 
Algorithm for Elastic Plastic Finite Element Alternating Method 
(EPFEAM) 
The initial stress method (Nayak and Zienkiewicz (1972)) for 
the solution of elastic plastic problems is an iterative scheme, 
in which the elastic-plastic displacement and stress fields are 

IIAq~i)ll ~ e Ilqll 

Here subscripts 'o' and 'c' are used to denote quantities 
related to an uncracked finite element model, and to the 
analytical solution for the infinite plate with the crack, 
respectively; {Aq) is displacement increment; {0} is the 
finite residual vector; [D ep ] is elastic plastic constitutive 
matrix; [b] is complex coefficient of the approximation; 
{U} are the polynomials and V is a volume of finite element 
discrete model. This single step algorithm can be divided 
into one with several load steps. In this case, the 
displacement vector {q} should be treated as an increment 
for the current  load step. In the present method,  stresses 



{G} in an infinite cracked body are computed directly from 
an analytical solution at finite element integration points, 
and are used to calculate the incremental stresses. For 
computing the elastic-plastic stress increment with sufficient 
accuracy, it is necessary to divide the strain increment into 
small sub-increments and apply a stress correction at the 
end of each sub-increment. The details of the algorithm ~ 30. 
of elastic-plastic alternating technique for a single crack "~" 
are presented in Nikishkov and Atluri (1994). The schematic 20- 
of EPFEAM procedure that is presently developed for 
multiple cracks is shown in Fig. 2. In the analytical model, 10. 
the material is presumed to obey the plastic flow theory 
with a Von Mises yield surface, o. 

0 

4 
Numerical analysis for panels with MSD cracks using EPFEAM 
Preliminary results (Validation of the EPFEAM) First, the 
newly developed EPFEAM for MSD cracks is examined for its 
accuracy by comparing the results with those obtained from well 
established finite element methods. We used a commercial 
program (ABAQUS) for this purpose. The ABAQUS results 
are used as the references. 

In order to examine the HRR type singular stress-strain 
field near the crack tip, are approximated the one dimensional 
stress-strain relationship of Aluminum alloy 2024-T3 by 
a Ramberg-Osgood power law relationship. The stress-strain 
relationship is given in Fig. 3. The reference data in the figure 
was taken from Newman et al. (1993). The constants for the 

~ ; ; t a ;  ~ ~  ~---~Eva/uatestressesat 
, . , I . I  I crack locations 
I " "  I Solve the uncracked~ I ~ a l  
I . ,  I bodyunder ~ i ~ i 
I . ' "  I external ~ \ 

I l oad  ~ 

/ "  Alternating technique by using elastic solutions 
Presidual / Infinite domain Infinite domain 

t Are residual load I 
vectors zero ? 

Accumulate the stress effect of other cracks 

Evaluate elastic stress 
distributions by using 
analytical solution. 

' ~  ~ '~1~1 Intitial stress method I 

Change Elastic stresses 
into elastic-plastic stres- 
ses by using initial stress 
method. 

Fig. 2. Schematic of the elastic plastic alternating method for multiple 
cracks 

70 S -- 
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5O 
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o Reference data (2024-T3 Alclad) 
Ramberg-Osgood approximation 
(n = 8.0, o~= 0.2) 

o11 012 03 
S ~  

Fig.3. Ramberg-Osgood approximation for reference data (2024-T3 
Alclad) 

Ramberg-Osgood approximation are: c~ = 0.2 and n = 8. The 
stress strain relationship is written to he: 

a (__a~" (17) 

where a, e, ay and ey are the one dimensional values for uniaxial 
stress, strain, yield stress and strain at yielding, respectively. 
For the material considered here, rTy and cy are 230 ksi and 
0.00314, respectively. 

The configuration of the plate is shown along with the results 
in (Fig. 4 and 5). There is one main crack (a large crack) whose 
half length is 3.75 in. with (in Fig. 5) and without (in Fig. 4) 
two small cracks at both the side of the main crack. The half 
length of the small cracks is 0.25 in. and the distance between 
the crack tips is 1.0 in. It is noted here that these plate 
configurations are also analyzed for the prediction of residual 
strength, along with other configurations. The mesh 
discretization is shown in Fig. 6. Eight-noded serendipity 
elements are employed. For comparison purposes, ABAQUS 
finite element analyses have also been carried out. These 
solutions were obtained using a finer mesh pattern to ensure 
the convergence. The total number of elements used in the 
EPFEAM analysis was 1120 with a 0.125 in. crack tip mesh 
size; whereas 11200 elements with a 0.0125 in mesh size were 
used in the usual finite element analysis. This is because the 
FEM solutions are used as references in the following 
comparisons. 

First, the stresses near the crack tip obtained by the EPFEAM 
are compared with the FEM solutions. Here, assuming the 
existence of a HRR type singular stress field, all the stress 
components are multiplied by r mn+l~ (n = 8, r is distance from 
the crack tip). The stresses (or,, cry0 , ~r,~) are written in a polar 
coordinate system (r, 0) and their variations along angle 0 are 
compared. 

It is seen in Fig. 4 that the solutions of EPFEAM for the 
single crack case are almost identical to the ABAQUS FEM 
results, except for Go. The variation of arO out of the FEM 
analysis did not converge to zero at 0 = 0 ~ which is the line 
of symmetry in the mode I crack problem. Thus the shear 
stress has to be zero at 0 = 0 ~ On the other hand, those by 
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l ql (No MSD) 

o  7.s 2 

20 in 

120 
Crack.tip stress field for ql 

100 
0.4 in < r < 0.6 in 

80 ~ n=8.0 

40 ~'~e~"--J~l:3. V ~ I ~ - .  Results -202~176  AQUS/ 
-40 O ~rr (FEAM) 

[] gee (FEAM) 
-60 A ~re (FEAM) 

-80 
I I I 

1.0 2.0 3.0 4.0 

0 (rad) 

Fig. 4. Crack-tip stress fields for configuration q~ obtained by FEAM 
and ABAQUS 

EPFEAM converged to zero. Therefore, at 0 = 0 ~ EPFEAM 
solutions converged to the right ones, but FEM results did 
not. Furthermore, the magnitude of the shear stress is small 
compared to the other stress components. Thus, this small 
discrepancy can be justified to be disregarded. 

The same comparisons are made for the solutions for the 
case with two MSD cracks, and is shown in Fig. 5. It is observed 
that, in this case also, the solutions of the EPFEAM are also 
identical to the FEM reference solutions, except for 0% near 
0 -- 0 ~ 

The nature of singularities in stresses is investigated for the 
solutions of EPFEAM, to ascertain if, indeed, the HRR type 
singularity exists near the crack tip, This equation is raised 
because of the use of elastic analytical crack solution, which 
has a l / r  ~149 singularity in stresses, as the starting point in the 
present EPFEAM iterative procedure. It is interesting to see 
if the magnitude of the singularity is altered in the EPFEAM 
computation�9 The results are shown in Fig. 6. It is clearly seen 
that the HRR type singularity does exist and that the behavior 
of the stress solutions near the crack tip is altered from l i t  ~ 

to l l r  m~+~l singularity. This verifies that the EPFEAM analysis 
can capture the correct singular behavior in the stresses not 
only for the case of elastic materials but also for elastic-plastic 
solids. 

5 
Application of EPFEAM to MSD crack problems 
The EPFEAM is now employed in the residual strength 
prediction for panels with MSD cracks. The configurations 

[ q2 (2 MSD) 

1.0 in 

i l  0 in 

20 in 

120 4 
" 1  Crack-tip stress field for q2 

100 ~ , ~  0.4 in < r < 0.6 in 
"N o_- 0 

I 6o-  
�9 - "~ - -  " ~  ~ Results 

40 - ~ (ABAQUS) 

- 2 o  - - = - -  

-40- O grr (FEAM) 
[] gee (FEAM) 

-60 - Z~ gre (FEAM) 

-80 - 
I ! I 

0 1.0 2.0 3.0 4.0 

e (rad) 

Fig. 5. Crack-tip stress fields for configuration q2 obtained by FEAM 
and ABAQUS 
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Fig. 6. Finite element mesh pattern used in FEAM 

of the plates are indicated in Fig. 8. The residual strength of 
the panels with MSD is defined to be the ultimate hoop stress 
in a pressurized fuselage. EPFEAM is used as an effective and 
appropriate analytical method. An appropriate failure criterion 
should be employed. The T~* (see Atluri (1986)) integral is 
used in this study and its predictions are discussed in this 
section�9 

The T~ * integral is defined on a small contour around the 
crack tip, as depicted in Fig. 9. This integral parameter is known 
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Fig. 7. Crack-tip elastic-plastic singular field for ql obtained by FEAM 
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Fig. 8. Crack configuration analyzed to study the single crack and 
MSD cracks 

to be effective not only for the stationary crack problems but 
also for fast propagating and stably propagating cracks in 
a nonlinear solid (see Atluri (1986)). The T~ ~ integral in the 
case of quasi-static problem, can be defined, as: 

T2 ~ (Wn, au~ : -ti-s-~l)d c r,\ 
(18) 

In the case of propagating crack, the integral contour F~ moves 
along with the crack tip. Then, the T~ ~ can be interpreted, for 
a suitably small value of s, as a scalar parameter that quantifies 
the severity of the crack-tip fields. Also, the T,7 integral depends 

F~: Near tip contour 
F : Far field contour 
A - Ar Area between the near 

tip and far field contours 
AE: Area inside the near tip contour 
S(x): 0 on the far field contour, 

1 on the near tip contour 

Fig. 9. The definition of T~ integral 

on only the near tip deformation field, so that, in the case of 
self-similar stable crack propagation, the T~* should become 
a constant value. For the current context of stationary cracks 
in a panel that is subject to monotonic loading, T, ~ is identical 
to the ] integral (Rice (1968)). 

In order to evaluate the T~ integral numerically, the contour 
integral is converted to an area integral (equivalent domain 
integral [see Nikishkov and Atluri (1987)]). This is to make 
use of the far field quantities to evaluate the near tip contour 
integral, due to the fact that the quantities near the crack tip 
may contain a large magnitude of numerical error, which may 
deteriorate the integral evaluation. The far field quantities are 
expected to be more accurate than the near tip variables. 
A function S(x) is introduced in this process. By letting S(x) 
be 1 on the F~ contour and be 0 on a far field contour F, the 
near tip contour integral can be converted to an area integral, as: 

Tj r= ~ ( W nl ~Ui~ r~ - t i~xJ dc 

= ~(S(x) Wnx- (19) 

The failure of the panel is assumed to occur when the T~*integral 
at the tip of main crack reaches its critical value 
T~S[critical" T~*[cr~t~ce is set to be 710 lb/in for the radius of the 
contour ~ ~ 0.125 in. This value is the saturation value of the 
T* for the stable crack growth in a single cracked panel, 
presented in the accompanying paper (Pyo et al.) 1. The 
T~* integral value should not exceed this saturation value during 
a large length of crack propagation. Therefore, the ultimate 
carrying load capacity of a plate can be predicted by employing 
such T~*[criticaJ criterion. 

A number of analyses for the plates with MSD cracks have 
been performed. The interest in terms of the damage tolerance 
design or of assessment of the structural integrity of aging 
aricraft, lies in the influence of a number  of MSD cracks ahead 
of a lead crack on the ultimate load carrying capacity of such 
damaged panels. Therefore, a number of cases as indicated 
in Fig. 8 have been analyzed. 

The results indicate that the reduction of the residual 
strength occurs with the number  of the MSD cracks, as depicted 
in Fig. 10. These result have been obtained by analyzing the 
cases ql, q2, q3 and q4, as indicated in Fig. 8. The reduction of 
the strength is very significant from 0 to 2 ~ 6 MSD cracks. 
Then, it exhibits a saturation type behavior. To perform such 
analysis with an ordinary finite element method, the boundary 
conditions (such as traction-free crack faces) must explicitly 
be altered for each one of the cases, taking much computer 
time as well as human-resources. However, in the case of 

l In the accompanying paper (Pyo et al. (1994)), the value of the 
~* integral is chosen as a function of crack extension such that the 
EPFEAM results agree with experimental data (Broek (1993)). It has 
been found that the value of the T~* integralincreases from the initiation 
to its saturation (maximum) value. 
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EPFEAM, there is no need to give the b o u n d a r y  condi t ions  
explicitly, since only the uncracked panel  is analyzed by  finite 
elements,  irrespective of the n u m b e r  of  cracks. Only a part  
of input  data specifying the posi t ion of width of cracks are 
required to be altered, because of the use of analytic crack 
solutions. This is one of the advantages of EPFEAM which 
facilitate a rapid repetitive parametr ic  s tudy on  the different 
configurat ions of MSD cracks. 

In  Fig. 11, the influence of the ma in  crack length on the 
residual strength is shown. It indicates that the reduct ion of 
the residual strength is very significant with respect to the 
size of ma in  crack. This d iagram is obta ined by analyzing the 
cases q2, qS and  q6 (as shown in  Fig. 8). 

6 
Conclusion 
An elastic-plastic finite e lement  al ternat ing method  has been 
developed and  applied to evaluate the crack-tip singular field 

and  the residual strength of flat panels with mult iple cracks. 
This al ternating technique is used to incorporate the 
combina t ion  of the finite e lement  solution for an uncracked 
panel, and  the analytical solution for the multiple cracks in 
an infinite elastic body, in conjuct ion with the initial stress 
method  for elastic-plastic i terat ion procedure. Advantages of 
the present  method  are that it leads to a reduct ion of h u m a n -  
resource costs as well as computer  costs, since very fine mesh 
is unnecessary  near  the crack-tip, and  it allows to consider 
several crack sizes without  changing the finite element  
mesh. It is shown from the presented results that the present  
method is a very accurate and  efficient technique for MSD crack 
problems. 
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