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Abstract--The finite element alternating method, which has proved to be an extremely efficient scheme 
for the accurate calculation of stress intensity factors, is augmented here by an algorithm to calculate the 
fatigue life, under cyclic loading, of three-dimensional structural components. The alternating method 
involves the combination of an analytical infinite body solution with a numerical solution for the 
uncracked physical structure. The advantage here is that mesh generation and computational time are 
considerably reduced since this finite element approach only entails an analysis of the uncracked body. 
These simplifications make it possible to implement a three-dimensional fatigue crack growth algorithm 
into the alternating method. This approach has been applied here to various fatigue problems in complex 
aircraft components. Solutions were initially developed for constant amplitude loading and then extended 
to the more difficult case of variable amplitude loading. 

1. INTRODUCTION 

THE PRESENCE o f  cracks in complex three-dimensional components is always a cause of concern to 
engineers. This is primarily due to the fact that accurate calculation of stress intensity factors, using 
the finite element method or some other numerical technique, has been a non-trivial task. 
Conventional three-dimensional finite element fracture mechanics techniques require the construc- 
tion of an extremely fine mesh in the vicinity of the curved crack front with a large number of 
elements in this region. This is likely to be very time consuming both from a mesh generation 
stand-point and also with regard to the computational time. Analysis difficulties are compounded 
in many instances due to the sub-critical crack growth that can take place under conditions of cyclic 
loading. The effort required to integrate a fatigue analysis directly with conventional finite element 
stress intensity factor calculations is prohibitive due to difficulties inherent in ensuring that the mesh 
must coincide with the crack front during the growth process. 

The finite element alternating method (FEAM), which has been developed by Atluri and 
co-workers [I-3], is an innovative computational scheme for stress intensity factor calculation that 
offers significant savings in time without sacrificing any accuracy. The major advantage of the 
alternating method is that it overcomes many of the limitations inherent in other numerical 
techniques. The FEAM has been implemented into a software package called SAFEFLAW. Both 
two-dimensional and three-dimensional versions of SAFEFLAW have been developed. This paper 
is exclusively confined to three-dimensional applications. Previously, the alternating method has 
been successfully exploited to analyze a wide variety of engineering components including 
semi-elliptical surface cracks in pressure vessels and off-shore structures, and quarter-elliptical 
corner cracks in aircraft components. Motivated by a number of practical problems in the aircraft 
industry, several enhancements have recently been made to the FEAM. These applications involve 
part-elliptical cracks emanating from countersunk rivet holes and quarter-elliptical cracks emanat- 
ing from holes in wing components. In addition, a fatigue crack growth algorithm has now been 
integrated with the FEAM and provision is made to consider both constant and variable amplitude 
loading. These enhancements are described in this paper. 

The aging of the commercial airline fleet is increasing the anxiety in all segments of the 
industry, particularly as there is a desire to operate the aircraft beyond their original design lives. 
Crack formation and growth in the vicinity of rivet holes in the fuselage has been identified as a 
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Fig. 1. Schematic of countersunk rivet configuration. 

serious problem. Figure 1 schematically illustrates plan and elevation views of the fuselage skin 
in the vicinity of a countersunk rivet. The elevation section X-X shows that cracks can form in 
three possible initiation sites around the rivet hole, labeled A-C. Due to the cyclic loading on the 
aircraft fuselage, one or more of these cracks can grow over a period of time until the crack extends 
through the skin. This crack can then grow, again under cyclic loading, along the fuselage in the 
direction of the adjoining rivet. In some instances, this phenomenon has been observed to occur 
at several locations along a row of rivets and is referred to as multiple site damage. The subsequent 
link up of these cracks can lead to catastrophic consequences [4]. 
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Fig. 2. Schematic of weep hole configuration. 
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Clearly it is important to examine the fatigue crack growth of flaws emanating from the 
countersunk rivet hole. One of the primary objectives of this paper is to investigate the early stages 
of this crack growth, i.e. prior to the crack propagating through the wall of the fuselage. Thus, 
stress intensity factor computations and estimates of the fatigue life must be made for the cracks 
shown in Fig. 1. The crack surfaces in this instance can be assumed to be fiat and have part-elliptical 
shapes. For example, the crack at location A in Fig. 1 is a quarter-elliptical corner crack. The sizes 
of the cracks at locations B and C will depend on the countersunk rivet angle, ~. Typically, this 
angle is 40c'-50 °. 

A second application motivating the present work stems from the presence of cracks in the 
vicinity of weep holes in the wing region of the USAF C-141B aircraft. The relevant geometry is 
illustrated in Fig. 2. The cross-section here is essentially an inverted T-shape consisting of the lower 
wing skin and a riser. In some instances under flight loads, quarter-elliptical cracks were found to 
emanate from a small hole (called a weep hole) in the riser. The cracks were either on the top or 
bottom of the hole as indicated by locations D and E of Fig. 2 and are subject to cyclic loading. 
Prior to the crack breaking through the wall of the riser, the crack growth can be viewed as 
three-dimensional. However, soon after breakthrough, the crack front becomes relatively straight 
and can be idealized using a two-dimensional approach. The analysis work described here is focused 
on the three-dimensional phase of the growth. Test specimens, consisting of the Fig. 2 geometry 
with appropriate end connections, were subjected to variable amplitude loading normal to the crack 
front. Comparisons between these experimental data and the numerical analysis model are 
presented in this paper. 

2. FINITE ELEMENT ALTERNATING METHOD 

The Schwartz-Neumann alternating method is used to obtain the stress intensity factor 
solutions for a crack in a finite body [1-3]. In the alternating method, two solutions are required. 

Solution l: a general analytical solution for an embedded elliptical crack in an infinite body 
subject to arbitrary crack face tractions. 

Solution 2: a numerical scheme (the finite element method in this instance) to solve for the 
stresses in an uncracked body. 

The analytical solution is valid for a crack of elliptical shape which has an arbitrary 
distribution of tractions on the crack face. The details of this solution are not presented here as 
they have been given in earlier publications [2, 3]. In this solution, a potential function approach 
is adopted for the problem of an elliptical crack in an infinite elastic medium and this is based on 
the well-known Trefftz formulation [5]. This solution procedure considers an arbitrary polynomial 
stress distribution on an elliptical crack surface. The stress intensity factor distribution along the 
entire crack front can then be related directly to the coefficients of this polynomial distribution. 
In addition, the stresses at all points in the infinite body can be calculated. While the work described 
in this paper is confined to loadings that produce mode I fracture, the formulation developed in 
refs [2, 3] is for the more general solution that also includes modes II and III. 

The finite element solution involves the analysis of the uncracked solid. Thus, non-zero stresses 
are calculated at the location of the actual crack. These stresses must be removed in order to create 
a traction-free crack surface as in the actual problem that contains a crack. As explained below, 
the solution requires a number of iterations until convergence is achieved. The detailed steps 
involved in the finite element alternating method for an embedded crack in a finite body now follow 
with steps 2-8 representing the iterative loop. 

(1) Solve the uncracked finite body under the given external loads using the finite element 
method. The uncracked body has the same geometry as in the given problem except for the 
crack. 

(2) Using the finite element solution, a polynomial fit is made for the residual stresses at the crack 
surface location. 

(3) These residual stresses, calculated in step 2, are then compared with a permissible stress 
magnitude. If the residual stresses are less, then it is assumed that convergence has been 
achieved and the analysis is complete. 



54 P.E. O'DONOGHUE et al. 

(4) The residual stresses at the crack location, as computed in step 2, are reversed to create the 
traction-free crack faces as in the given problem. 

(5) The analytical solution to the infinite body problem with the crack subject to the polynomial 
loading, calculated in step 4, is now utilized. This allows calculation of the stresses at all 
points of the infinite body including the external surfaces of the physical component. 

(6) The stress intensity factors for the current iteration using the above polynomial solution are 
then calculated. 

(7) The residual stresses on the external surfaces of the body due to the applied loads on the 
crack faces, as in step 4, are now computed. Since these stresses are generally non-zero, it 
is necessary to iterate until convergence is obtained. To satisfy the given traction boundary 
conditions at the external boundaries, the residual stresses on the external surfaces of the 
body are reversed and this allows calculation of the equivalent nodal forces. 

(8) Consider the nodal forces in step 7 as externally applied loads acting on the uncracked body, 
then proceed to step 2 and repeat the above procedure. 

All the steps in the iteration process are repeated until the residual stresses on the crack surface 
become negligible. It has been observed that this iteration process typically takes four or five steps. 
The overall stress intensity factor solution is obtained by adding the stress intensity factor solutions 
for all iterations. Note that the iteration process is not very intensive from the computational point 
of view. This is because resolution procedures can be used when obtaining the uncracked finite 
element solution at each iteration. Thus, only one reduction of the element stiffness matrix is 
required. 

The most significant feature that contributes to the simplicity and efficiency of the FEAM 
approach is that the finite element analysis is for the uncracked component. Thus, a relatively 
coarse mesh will suffice since the crack is not modeled explicitly and there is no need to have special 
crack tip elements. The only requirement for the mesh in this region is that an accurate 
representation of the uncracked stress distribution is obtained at the location of the crack. In 
addition, it is not necessary for the edges of the elements to conform to the curved surface of the 
crack front. Straight-sided elements can therefore be used in this region, greatly simplifying the 
mesh generation effort. As a result of  this, the same mesh can frequently be used for cracks of 
different size (a big advantage in fatigue simulations) and even for cracks at different locations in 
a given component. These factors greatly reduce pre-processing and computational time when 
compared with other numerical techniques. For example, comparable accuracy was achieved for 
a rivet hole crack problem between a 90-element FEAM solution and an analysis with conventional 
elements containing 1430 elements [6]. 

3. CRACKS E M A N A T I N G  F R O M  RIVET H O L E S  

Figure 1 illustrates the geometrical complexities associated with cracks of arbitrary shape 
emanating from countersunk rivet holes. This section describes the modifications to the alternating 
method that were necessary to analyze part-elliptical cracks of arbitrary shape. 

3.1. Implementa t ion  

The analytical solution for an elliptical crack in an infinite solid requires the residual stresses 
to be defined over a complete ellipse. The crack configurations in Fig. 1 are only part-ellipses. 
Consequently, to utilize the infinite body solution, it is necessary to establish a stress distribution 
over the entire ellipse, including the fictitious portion that lies outside the physical component. The 
validity of such an approach has already been established for semi-elliptical and quarter-elliptical 
cracks [3]. The approach for a part-elliptical crack, e.g. at location B or C, is now described. With 
reference to Fig. 3, the stress distribution along the line O-P  is extended into the fictitious portion 
of the second quadrant such that it remained constant in the x-direction. This is illustrated by the 
stress distribution in the section Z-Z (Fig. 3). In the fictitious region - c < y < 0, the distribution 
remained constant in the y-direction and varied in the x-direction, in accordance with the 
distribution on y = 0, Finally, in the region - a < x < 0, - c < y < 0, the stress is constant having 
the value at the origin and this is consistent with the extensions into the other fictitious regions. 
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Fig. 4. Rivet geometry detail in vicinity of crack location. 

The rivet hole configuration of  Fig. 1 was analyzed here under the action of  remote tensile 
loading (unit loading unless otherwise stated). Both the X-X and Y-Y axes were planes of  
symmetry. Although not illustrated in Fig. 1, this implies that there are diametrically opposed 
cracks in the component. As a result of the two planes of  symmetry, it is only necessary to analyze 
one-quarter of the structure. A detail of  the crack plane geometry is shown in Fig. 4 and this 
indicates the relative dimensions that were used in the analysis. The half-width of the plate is 6.5 
times the hole radius, R, and the half-length is 13 times the hole radius. In each analysis just a 
single crack was considered to exist, at location A, B or C. Thus, no multiple flaws and interaction 
effects between the cracks arise in the present analysis. The finite element models consisted of 
conventional 20-node isoparametric three-dimensional elements. All results reported in this section 
are plotted as a normalized stress intensity factor variation along the crack front. The crack front 
position is given as a function of the elliptical angle, 0, and the sign convention for this is given 
in Fig. 4. The normalizing factor in these analyses is given by 

Ko = a° x / / ~  (1 + 1.464(a/c)165) °5; a/c ~< 1 (la) 

tr°v/-~ • a/c > 1 (la) 
K° = (1 + 1.464(c/a)l6s) °'5' 

where ao is the remote tension, c the major axis and a the minor axis. 
The first study investigated the convergence of the numerical solution. The results in Fig. 5 

clearly illustrate the excellent convergence that was obtained with the FEAM. Here, a/t = 0.2 and 
a/c= 0.4, and the crack is at location A. Three analyses have been conducted using 216, 372 and 
496 elements (1265, 2047 and 2655 nodes, respectively). The maximum variation between the three 
solutions is just a few percent at most. This demonstrates that accurate solutions can be obtained 
with the FEAM using relatively few elements. 

A number of studies illustrating typical parametric results (normalized stress intensity factor 
as a function of  elliptical angle, 0) for cracked countersunk rivets are shown in Figs 6-8. Note the 
sign convention for the elliptical angle in Fig. 4 differs for each crack location. The results for a 
crack at location B with a/t = 0.2 and four different crack aspect ratios are given in Fig. 6. The 
corresponding result for a/t = 0.4 is given in Fig. 7. Figure 8 illustrates the normalized stress 
intensity factor variation for a crack at location C with a/t = 0.2 and four different crack aspect 
ratios. 
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Fig. 5. Illustration of good convergence of normalized stress intensity factor computation for crack at 
location A near rivet hole; a/t = 0.2; a/c = 0.4; R/t = 2.0. 

4. F A T I G U E  C R A C K  G R O W T H  

This  sect ion descr ibes  the in tegra t ion  o f  a fat igue crack  growth  mode l  into S A F E F L A W  to 
be used in con junc t ion  with the F E A M .  This  is used here to analyze the coun te r sunk  rivet 
conf igura t ion  under  cons tan t  ampl i t ude  loading.  

4.1. Implementation 

A general  form for fat igue c rack  g rowth  is as follows: 

da  A (1 - R ) " ( A K ) " { A K  - (AK)th }P 

d---N = {(1 - R ) K , -  AK}q ' (2) 

where  a is the crack  length,  N is the number  o f  cycles for  crack growth,  R is the stress intensi ty 
fac tor  ra t io  and  AK is the stress intensi ty  fac tor  difference. The  f racture  toughness  o f  the mater ia l  
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Fig. 6. Normalized stress intensity factor variation along crack front for different aspect ratios; crack at 
location B near rivet hole; a/t = 0.2; R/t = 2.0. 
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location B near rivet hole; a/t = 0.4; R/t = 2.0. 

is Kc, the threshold stress intensity factor is AKth, and A, n, m, p and q are constants in the fatigue 
relation. Some of the more common fatigue relations e.g. Paris and co-workers [7, 8], Forman 
et al. [9] and Walker [10] are special cases ofeq. (2). For example, the Paris relation can be obtained 
by setting p = q = rn = 0. In the case of a part-elliptical crack, the distance from the origin to the 
crack front varies from point to point. Here, the definition of crack length is very important. When 
performing a fatigue calculation, e.g. to determine the number of cycles for crack growth, it is best 
to take the crack length as the major or minor axis. 

As a part-elliptical crack begins to grow, it will generally have different growth rates in the 
different directions. This is to be anticipated since the stress intensity factor (AK) will vary along 
the crack front• Therefore, the shape of the crack will change during the growth process. It is 
appropriate to assume that the crack will always maintain an elliptical or part-elliptical shape. In 
this case, the shape change of the ellipse will be completely described by the major and minor axis 
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Fig. 8. Normalized stress intensity factor variation along crack front for different aspect ratios; crack at 
location C near rivet hole; a/t = 0.2; R/t = 2.0. 
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lengths. Therefore, eq. (2) can be viewed as an equation that describes the change of length of the 
major and minor axes. 

A fatigue calculation generally involves either the calculation of the number of cycles for a 
crack to grow to a specified length or else the amount of crack growth in a given number of cycles. 
To calculate the number of cycles during crack extension, it is necessary to integrate eq. (2) for 
N. The limits for this integration will represent the starting and ending crack lengths. Generally, 
these will be the initial and final minor axis lengths. This integration is performed numerically by 
subdividing into a number of crack growth intervals (20 or less is usually sufficient). This sets the 
minor axis growth increment for each step. The stress intensity factor distribution is calculated at 
each interval. Using an integrated form of eq. (2), the number of cycles for this increment is 
calculated. Substituting this into eq. (2), the major axis growth increment is calculated for this step. 
While the minor axis increment is constant for each step, the major axis increment is generally 
different for each step. It is in this manner that changes in the crack aspect ratio during crack 
growth can be considered. The total number of cycles is obtained by summing the values from each 
step. This computational approach is valid for constant amplitude loading, but is not directly 
applicable to variable amplitude loadings. An approach that considers the latter is presented in the 
next section. A somewhat similar procedure can be used to calculate the amount of crack growth 
when the number of load cycles is known. 

Fatigue analyses using conventional finite element techniques can be very laborious since a 
separate mesh must be generated for each crack configuration and the changing aspect ratio will 
then add to the complexity of this analysis. Fortunately, the FEAM overcomes this difficulty. Since 
the finite element mesh does not have to explicitly model the crack front, it is sufficient to use just 
a single mesh for the entire fatigue simulation even though the crack size increases during the 
growth process. The only requirement is that the finite element mesh has sufficient resolution for 
the uncracked stress distributions in the vicinity of the crack location. In addition to eliminating 
the manual effort in recreating the finite element mesh, resolution procedures can be used at the 
calculation stage, necessitating just a single reduction of the element stiffness matrix. Therefore, 
the alternating method offers several distinct advantages to efficiently carry out fatigue crack 
growth calculations for complex three-dimensional components. 

4.2. Resu l t s  

To illustrate these constant amplitude fatigue crack growth concepts, the countersunk rivet 
configuration of Fig. 1 was subjected to a remote tensile cyclic load with a single crack at location 
A. The maximum load was 69 MPa and the minimum value was zero. The half-width of the plate 
is 43.4 mm and the half-height of the plate is 7.06 mm. The plate thickness, t, was 1.73 mm with 
the hole radius being 5.18 mm. The initial minor axis length was 0.173 mm and a/c  = 2 (Fig. 4). 
The crack was allowed to grow such that the minor axis doubled in length to 0.346 mm. The Paris 
growth relation was used in this case (i.e. m = p  = q = 0) and this is given by 

da 
- A (AK) n. (3) 

dN 

The constants in the Paris relation were n = 4 and A = 1.8 x 10 -8 mm/cycle (MPa m~/2) -4. These 
values are typical for the 2024-T3 aluminum used for aircraft fuselages. Figure 9 shows the stress 
intensity factor variation (not normalized) along the crack front as a function of the elliptical angle 
at three values of the major and minor axis lengths during crack growth. In the actual calculations, 
the stress intensity factors were calculated at nine aspect ratios during the growth process. The 
fatigue life calculation then gave 25,110 as the number of cycles for the crack minor axis to double 
in length. In this period, the major axis increased to 0.450 mm. Thus, the crack shape changed from 
an initial aspect ratio of 2 to a final aspect ratio of 1.3. 

5. VARIABLE AMPLITUDE LOADING 

In many practical applications, engineering components are subjected to variable amplitude 
loading. A computational strategy to calculate the fatigue behavior under this loading category is 
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Fig. 9. Stress intensity factor variation with elliptical angle with increasing crack size during fatigue for 
crack at location A near rivet hole. 

now outlined here for the C-141B weep hole configuration of Fig. 2. However, this approach can 
also be used for any other cracked component subject to variable amplitude loading. 

5.1. Implementation 

The complexities associated with fatigue analyses under variable amplitude loading have not 
been included in SAFEFLAW. Consequently, it was necessary to link this code with NASA-  
F L A G R O  [11] to facilitate the calculation of the fatigue life under this loading category. NASA-  
F L A G R O  has many advanced fatigue features that are ideally suited to variable amplitude loading. 
However, while F L A G R O  contains built-in solutions to a number of commonly occurring fracture 
configurations, it does not include complex configurations such as the weep hole. Thus, it is necess- 
ary to integrate the capabilities of  N A S A - F L A G R O  and SAFEFLAW to obtain the solution. 

Figure 10 illustrates the various elements involved in the analysis for variable amplitude 
loading. The steps in this analysis are as follows: 

(1) F L A G R O  is used to calculate the constants in the fatigue crack growth relation. 
(2) Stress intensity factors are calculated for a wide range of crack sizes using SAFEFLAW. 
(3) Spectrum loading data are prepared. 
(4) The results from the first three steps serve as input to FLAGRO in the computation of the 

fatigue life. 

These steps are now explained in detail. This scheme is valid for variable amplitude loading 
acting on an arbitrary component. However, the discussion here focuses on the application to a 
corner crack emanating from a weep hole in a C-141B aircraft. 

Firstly, experimental fatigue crack growth data for the C-141B aircraft aluminum (7075 T65 l) 
were available [D. Register, private communication] and these were used to determine the constants 
in the fatigue crack growth relation. The Forman model for fatigue was used here and crack closure 
was allowed. Since there was very little load reversal (negative end levels) for the flight load data 
in this example, crack closure effects were not very significant in this instance. The Forman relation 
is obtained from eq. (2) by setting m = p = 0 and q = 1. The Forman relation is given by: 

da A (AK)" 
dN = {(1 - R ) K , -  AK}" (4) 
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The material constants were calculated using FLAGRO. The (da/dN) vs AK data used to 
determine these constants are given in Fig. 11 [D. Register, private communication]. The yield stress 
was taken as 448 MPa, the plane strain fracture toughness as 29.7 MPa m 1/2 and the wall thickness 
in the riser was 4.57mm. These data resulted in a critical stress intensity for fracture of 
63.3 M P a m  ~/2. This quantity is, of course, thickness dependent. The constants A and n were 
determined to be 4.31 x 10 -5 mm/cycle (MPam~/2) -z53t and 2.531, respectively• 

In step 2, these constants were then input into SAFEFLAW and the weep hole fracture test 
configuration [A. Ruffin, private communication] was analyzed• The purpose of these analyses is 
to obtain the stress intensity factor distribution for the range of crack sizes that are likely to be 
encountered during fatigue crack growth• Curve fits for these data will then be used in step 4 to 
calculate the fatigue life under variable amplitude loading. As a result of symmetry about the crack 
plane, only one-half of the test configuration needs to be analyzed. The geometrical dimensions 
for the specimen are given in Fig. 2. A uniform load of 100 MPa was applied at both ends of the 
specimen• In reality, this is just a reference value as the actual flight spectrum loads will be applied 
in the step 4 analyses. A quarter-elliptical crack was assumed to be located on the top of the hole 
and this would subsequently grow along the bore and up along the riser• The initial crack 
dimensions were 1.78 mm along the bore and 1.27 mm in the radial direction (up the riser), which 
is typical of the component under test [A. Ruffin, private communication]. A detail of this crack 
configuration is shown in Fig. 12. A further set of analyses was conducted for a crack on the lower 
end of the hole and growing down the riser towards the wing skin. This analysis is also described 
in the Results section• Comparisons are made between the latter and some test data. 
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Fig. 12. Detail of crack emanating from weep hole vertically up the riser. 
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For the crack on the top of the weep hole, two separate finite element meshes were used in 
the analysis, having 596 and 868 20-node block elements, respectively, Fig. 13 indicates that 
convergence, has been obtained in view of the very good agreement between the two sets of results 
with the maximum discrepancy being 4% at most. Here, the stress intensity factor is given as a 
function of the elliptical angle, where this angle is measured from the bore of the weep hole. With 
good agreement between the two meshes, it was decided to use the smaller mesh in all subsequent 
calculations. A typical stress intensity factor computation with this model took 11 min on a HP 
workstation. 

The analysis focused on the growth of the crack along the bore and the three-dimensional 
phase was considered to be complete when the crack reached the end of the bore and broke through 
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Fig. 13. Illustration of good convergence of stress intensity factor computation for weep hole crack. 
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Table 1. Computed stress intensity factors and the major 
and minor axis locations during fatigue crack growth of 

constant amplitude 100 MPa load 

Major axis K Minor axis K 
(mm) (MPa m ~¢~) (mm) (MPa m L'2) Equivalent Major axis Minor axis 
1.93 11.78 1.35 9.37 flight hours (mm) (mm) 
2.38 12.50 1.61 10.20 0 1.78 1.27 
2.81 13.55 1.86 10.58 504.5 2.40 1.65 
3.25 13.93 2.12 11.27 1009 3.19 2.14 
3.67 14.64 2.37 11.94 1513.5 4. l 8 2.79 

2018 Breakthrough 

Table 2. Computed major and minor crack 
lengths during fatigue crack growth as a function 
of equivalent flight hours (C- 141B spectrum load- 

ing) 

the riser. The loading in the SAFEFLAW computational simulation was limited to constant 
amplitude with a maximum value of 100 MPa and R = 0. This fatigue load was applied until the 
crack grew along the bore through the riser. Clearly this was different from the spectrum loading 
in the actual tests. The important point, however, is that the change of shape of the quarter-ellip- 
tical crack during the growth process is relatively independent of the type of loading (constant 
amplitude or spectrum). Thus, the analysis calculates the correct change in crack shape and the 
correct stress intensity factors during growth but makes no attempt to calculate the number of 
cycles for growth. It is necessary to use FLAGRO to perform the latter computation. Specifically, 
the stress intensity factors at the tips of the major and minor axes have been computed for different 
crack sizes. These data are given in Table 1 for the crack emanating from the top of the weep hole. 

Step 3 involves preparation of the flight load spectrum. The loading spectrum was used for 
both the test and numerical simulation. These data are comprised of peak-valley pairs representing 
six 504.5 equivalent flight hours passes or 3027 total flight hours. In the tests, this spectrum is 
repeated on a number of occasions resulting in through-wall crack growth up the riser or growth 
into the wing skin depending on the initial crack location. The number of peak-valley pairs is 
somewhat different for each pass in order to account for cycles that occur as little as once in 3027 
flight hours and for an accumulation of fractional occurrences in the correct sequence. The data 
have been filtered such that stress differences of less than 14 MPa were filtered out. In the data, 
the highest peak was 123.3 MPa. The Forman relation for fatigue crack growth is likely to give 
better results than the Paris relation for this spectrum as the R ratio is relatively large for many 
of the cycles. The Paris relation will generally over-predict the fatigue life in this instance. 

5.2. Results 

In step 4, FLAGRO uses the major and minor axes stress intensity factor results from 
SAFEFLAW to calculate the number of cycles for the crack growth process under variable 
amplitude loading. Cubic spline curve fits of these two sets of data are developed and these are 
input into FLAGRO. The loading in this instance is the flight load spectrum that was also used 
in the experimental work. The constants in the Forman relation, as described above, are also used 
here. The number of cycles for crack growth under the spectrum loading can then be calculated. 
This relatively simple and straightforward approach for spectrum loads is valid since, as expected, 
the predicted crack shape change is relatively independent of the loading. The results are presented 

Table 3. Computed stress intensity factors and the major 
and minor axis locations during fatigue crack growth of 

constant amplitude 100 MPa load 
Table 4. Computed major and minor crack Major axis K Minor axis K 

(ram) (MPa m ~'2) (ram) (MPa m 1'2) lengths during fatigue crack growth as a function 
of equivalent flight hours (C-141B spectrum 

1.73 12.23 1.45 8.44 loading) 
2.08 12.30 1.62 9.15 
2.39 12.68 1.76 9.50 Equivalent Major axis Minor axis 
2.69 13.29 1.92 9.67 flight hours (mm) (mm) 
3.03 13.48 2.06 10.18 0 1.73 1.45 
3.33 13.86 2.21 10.28 504.5 2.38 1.75 
3.64 14.26 2.35 10.69 1009 3.19 2.13 
3.95 14.58 2.50 10.90 1513.5 4,14 2,61 
4.25 15.32 2.65 11.18 2018 Breakthrough 
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in Table 2 where major and minor crack lengths are given as a function of equivalent flight hours. 
Between 1513 and 2018 hours, the crack (major axis) grows to the end of the bore and through 
the riser. This marks the end of the three-dimensional stage of the crack growth. The subsequent 
analysis of through-wall crack growth up the riser is essentially two-dimensional. This was not 
considered in the present effort, but would allow a more extensive comparison with the 
experimental data. 

A similar coupled SAFEFLAW/FLAGRO analysis was carried out for a crack emanating 
from the bottom of the weep hole and propagating down the riser towards the wing skin. Limited 
comparison was possible between these data and a weep hole test specimen referred to as RN0001. 
In this case, the initial major axis along the bore is 1.73 mm while the initial minor axis into the 
riser is 1.45 mm as in test RN0001. Table 3 gives the SAFEFLAW computed stress intensity factors 
(596 elements) at the tips of the major and minor axes of this crack as a function of crack lengths 
for a nominal maximum load of 100 MPa. These data, along with the flight spectrum loading and 
constants in the Forman relation, are input to FLAGRO and the number of cycles taken for the 
crack to propagate along the bore of the hole is calculated. Table 4 gives the relevant crack lengths 
as a function of flight hours. Thus, breakthrough of the riser is predicted to occur between 1513 
and 2018 hours. The experimental data from test RN0001, however, predicted breakthrough 
between 3027 and 6054 hours; about twice the length of the computed lifetime. A more precise test 
measurement was not available. It must be noted, however, that direct comparison is not possible 
as some details of the test configuration, and relevant material and geometric parameters were not 
fully known. 

Several reasons are likely to contribute to the discrepancies which exist between the 
computational model and test data. A difficulty with the data used to establish the growth rate 
constants is that it was generated for the case of R = 0. Much of the actual spectrum loading is 
for much higher values of R, e.g. R = 1/2. Further, the constants in the fatigue crack growth 
relation came from a planar test specimen where properties such as the fracture toughness are 
thickness dependent. The applicability of these data to a three-dimensional configuration may not 
be strictly correct. In addition, there appeared to be some difficulty in obtaining a uniform load 
over the specimen cross-section in the experimental work. Thus, the actual load experienced by the 
specimen in the crack region may be different to that applied in the computational model. 

In a further effort to check the accuracy of the numerical approach, an analysis was carried 
out using the FLAGRO directly for a corner crack emanating from a hole in a rectangular plate. 
This geometry, particularly in the vicinity of the crack front, is similar to the weep hole 
configuration for a crack emanating from the top of the hole. In this analysis, the spectrum loading 
and fracture properties are identical to that described earlier. However, the stress intensity factors 
in this instance come from a well-validated pre-existing solution that is already contained in 
FLAGRO. This analysis gave stress intensity factors that were typically 5% different from 
SAFEFLAW and the number of cycles for crack growth differed by less than 20% from the coupled 
SAFEFLAW/FLAGRO analysis presented above. This agreement is highly encouraging in view 
of the fact that the geometries are slightly different and lends further credibility to the combined 
SAFEFLAW/FLAGRO approach that has been used. 

6. DISCUSSION 

The finite element alternating method has been applied here to calculate stress intensity factors 
for cracks emanating from rivet holes in aircraft fuselages. Fatigue calculations have also been 
carried out. The FEAM is ideally suited to performing these calculations and offers significant 
advantages when compared to other analysis techniques. This is primarily due to the fact that the 
finite element model is for the uncracked component and it is not necessary to explicitly model the 
crack front. Therefore, a large number of elements is not required, reducing both the pre- and 
post-processing effort, in addition to the computation time. Another major advantage is that the 
same mesh can be used to analyze cracks of different size, clearly beneficial in the case of fatigue. 

The methodology described here can be easily used for three-dimensional fatigue crack growth 
under spectrum loading in components of complex shape. FLAGRO and SAFEFLAW are 
combined to obtain the solution to problems that are beyond the individual scope of either code; 
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F L A G R O  is limited to a set o f  pre-defined three-dimensional configurations, while S A F E F L A W  
is restricted to constant  ampli tude loading. Therefore, the methodology exploits the principal 
features of  the two packages; superior fatigue crack growth capabilities in F L A G R O  and efficient 
stress intensity factor  calculation for complex three-dimensional structures with S A F E F L A W .  
These developments now make three-dimensional fatigue calculations a relatively simple task. 

The F E A M  also addresses other aspects relating to crack growth in aircraft components .  The 
schematic of  Fig. 1 indicates a number  o f  possible crack initiation locations. In each of  the analyses 
reported earlier, it was assumed that  only one crack existed in the initiation region. It is plausible, 
however, that  cracks might  co-exist, e.g. at locations A and B. In this instance, the interaction 
effects can become impor tant  resulting in stress intensity factor  amplification. The technology for 
this has already been included in the alternating method  [12]. Remote  tensile loads were assumed 
to act on the fuselage in the cases presented here. Addit ional  loads can result f rom rivet bearing 
pressure acting on the edges o f  the hole. These loads can have a significant influence on the stress 
intensity factors. An  approach  that  considers rivet bearing pressure has been developed for 
S A F E F L A W ,  but the results have not  been reported here. 
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