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Dependence of stress on elastic constants in an anisotropic bimaterial 
under plane deformation; and the interfacial crack 

H. G. geom, S. N. Atluri 

lo6 
Abstract Nondimensional parameters that are needed to 
describe the stress field in an anisotropic bimaterial with 
tractions prescribed on its boundary are investigated. 
Two real matrices, which play an important rote 
in representing the stress field, are proposed. They are 
shown to be an extension of the Dundurs parameters to the 
anisotropic bimaterial. A general solution of the stress and 
displacement fields in an anisotropic bimaterial with a straight 
interface is also obtained by using the complex function theory. 
In particular, a complete solution for the stress and 
displacement fields in the vicinity of the tip of an interfacial 
crack, between two dissimilar anisotropic elastic media, is 
also derived. 

1 
Introduction 
Dundurs (1969) parameters have been generally very useful 
in gaining a better understanding of the dependence of 
stress on elastic constants in an isotropic bimaterial 
composite. They permit the application of a limited set 
of experimental results to solids with different elastic 
constants, and the use of these parameters also makes it 
possible to present experimental and numerical results in 
a compact form that is applicable to all analogous situations. 
A limited set of studies on nondimensional parameters 
involving elastic constants for an anisotropic bimaterial have 
been reported by Suo (1990a); Qu and Bassani (1993). 
Apparently a general and complete extension of the Dundurs 
(1969) parameters to the anisotropic bimaterial case is yet to 
be made. 

Basic formulations of a representation for displace- 
ment and stress fields in an anisotropic medium under 
plane deformation have been developed in two entirely 
different ways by Lekhnitskii (1963) and Eshelby et al. 
(1953). Lekhnitskii (1963) introduced the complex potentials 
for stress to treat generalized plane deformation problems. 
Using the compatibility equations, he ultimately derived 
a set of coupled elliptic partial differential equations for 
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the complex potentials, and relied upon the complex 
characteristics for the elliptic partial differential equations to 
obtain the general representation for solutions. On the other 
hand, Eshelby et al. (1953) presented a more elegant formalism, 
based on the Navier-Cauchy equations. Subsequently, 
a significant advancement to their formalism has been made 
by Stroh (1958, 1962). Recently, Suo (1990a) showed that these 
two formulations derived in very different ways are equivalent 
to each other. 

It is the purpose of this study to investigate the effect of 
elastic constants on stress fields in an anisotropic bimaterial 
solid, with tractions prescribed on its boundaries, undergoing 
a plane deformation. General representations for displacement 
and stress field in anisotropic elasticity derived by Lekhnitskii 
(1963), Eshe!by et al. (1953) and Stroh (1958, 1962), which 
will be referred to as the LES representation, are used to 
formulate the anisotropic problem in terms of two analytic 
functions. Dimensionless parameters needed to describe the 
stress fields in an anisotropic bimaterial are proposed here, 
by using the LES representation for stress fields. The present 
procedures follow those of Dundurs (1967) in deriving the 
dimensionless parameters for an isotropic bimaterial 
composite. It is found that two real matrices, which can be 
considered as extensions of the Dundurs parameters to the 
anisotropic bimaterial solid, are the only bimaterial parameters 
needed to describe the stress fields for "traction-prescribed" 
problems. Analytic continuation techniques proposed by Suo 
(1990a) are also employed here to obtain general solutions 
of the stress and displacement fields in an anisotropic bimaterial 
with a straight interface, as well as to obtain a complete form 
of the near tip field for an interface crack between dissimilar 
anisotropic materials. 

2 
Formulation 
Consider a two-dimensional deformation of an anisotropic 
solid in which the Cartesian components of displacement 
depend only on the in-plane Cartesian coordinates, x 1 and x 2. 
The material is assumed to have a plane of elastic symmetry, 
normal to the x3-axis. The in-plane and anti-plane deformations 
for the material with such a symmetry are decoupled. We 
restrict our attention to an in-plane deformation, for which 
a state of plane strain or plane stress is assumed. The Hooke's 
law relating the stresses aij and strains eij for a linear elastic 
homogeneous anisotropic material can be written in one of 
the following forms: 

3 3 

aij= ~ Cijkl~kl' ~ij = ~ Sijkl(~kl' 
k,l=l k,l=l 



or, 
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j=l  j=l  
(2.1) 

Here c~y and s~jkz are the stiffness and compliance tensors, 
respectively, and Cq and Sij are the conventional compliance 
and stiffness matrices, respectively. {ai} = [an ~22 a33 a23 a31 a~2] r 
and {el} = [gn ~22 a33 2e23 2sn 2~12] r, where superscript T denotes 
the transpose. In this paper, no summation over repeated 
indices is assumed implicitly, unless indicated otherwise; and 
boldfaced symbols represent vectors or matrices. 

A general solution for the in-plane displacement field that 
satisfies the Navier's equations of equilibrium for 
a homogeneous anisotropic linear elastic solid, and the 
corresponding stress components, may be written in terms 
of two analytic functions as (Lekhnitskii 1963; Eshelby et al. 
1953; Stroh 1962): 

(2.2a) 

(2.2b) 

a u = 2Re u ' (2.2c) 

1 j=l  
(2.2d) 

Here u~ is the displacement, and r~ is the resultant force acting 
on an arc of the material, to the "left" of the arc. Re denotes 
the real part, prime ( ')  implies the derivative with respect to 
the associated arguments, and fj(zj) are analytic in their 
arguments, zj = x 1 + pjx2; and pj are two distinct complex 
numbers, with positive imaginary parts, which can be solved 
as the roots of a fourth-order polynomial: 

this case can be found in Ting and Hwu (1988). The elements 
of the matrices A and B for the anisotropic material may be 
written as (Lekhnitskii 1963; Suo 1990a) 

2 -- $11P2 - -  S16P2 -Jr- S12 A = F S n p  1 ~'i6Pl _t_ g 1 2 - 2 -  ~ 
[_S~2Pl $26 q- S = p l  1 $12P2 - S~6 -}- S ~ 2 p 2 1 ~  ' ( 2 , 5 a )  

B=[ -p~l lP2]" (2.5b) 

We define two real 2 x 2 matrices L and M, which will 
appear subsequently in this paper, as: 

L = - -  [ Im(AB-1)]  1, (2.6) 

M = - - [Re(AB-~)] .  

The matrix L is symmetric and positive-definite, and the matrix 
M is antisymmetric (Barnett and Lothe 1973; Ting 1986). The 
matrices A and B as they appear in (2.2a) - (2.2d) are not unique, 
in the sense that any arbitrary constant can be multiplied to 
the eigenvectors (the column vectors of A and B); while the 
two real matrices L and M are unique (i.e., they are independent 
of the normalizing factors for A). Moreover, the two matrices 
L and M have smooth limits even if A and B become singular. 
If a final result involves only the matrices L and M, but not 
A or B, it is also valid for any degenerate cases (Qu and Li 1991 ). 

3 
Effect of elastic constants on stress 

3.1 
Homogeneous anisotropic material 
Consider a simply connected domain of an anisotropic medium, 
with tractions prescribed on its boundary. The LES 
representation in (2.2a)- (2.2d) enables us to formulate stress 
boundary value problems in terms of the complex potentials. 
The boundary condition for specified tractions t o involves 
the integral 

z o 7  

SltP 4 - 2S'16P 3 + (2S'12 q- $66)P  2 - -  2S26 p Jr $22 = 0, (2.3) 

where S'ij = Sij for plane stress and Sij = Sij - S i 3 S j 3 / 8 3 3  for plane 
strain. (2.3) has been originally derived by Lekhnitskii (1963) 
based on two Airy-type stress functions. Eshelby et al. (1953) 
also derived another polynomial, with its roots as pj, based 
on their elegant formalism, from the equation 

IIQ + P ( R  + R r) +p2TII = 0. (2.4) 

s 

5t~  = r~ (3.1) 
0 

where s is the arc-coordinate measured from an arbitrary 
point on the boundary and z0 is the resultant force over the 
arc, acting on material. The specified resultant forces r ~ are 
assumed to be independent of elastic constants in the 
anisotropic material. In terms of this contraction, the boundary 
condition is 

Here [[. [[ denotes the determinant of a matrix, and the three 
matrices Q, R and T are the 2 x 2 matrices defined by Oik = CiikI, 
iik = Ci lk2  and T~k = ci2k2 (i, k = 1,2), where Cij, which are 
associated with c~jkl, are given by Cij = Gj for plane strain and 
Cij = G j -  C ,  Qg/G3 for plane stress. The characteristic 
equations (2.3) and (2.4) were derived in two entirely different 
ways. Suo (1990a), however, showed that these two formulations 
derived by Lekhnitskii (1963) and Eshelby et al. (1953) are 
equivalent to each other. When the eigenvalues pj degenerate, 
the solutions (2.2a)- (2.2d) need to be modified. Details of 

- -  2Re Bij --= "C~ (S).  (3.2) 

Thus the traction boundary value problem reduces to the 
determination of the complex potential f subject to the 
condition (3.2) on the boundary. 

We see from (2.5b) and (3.2) that the potentials f depend 
on only four real parameters, involving the elastic constants, 
such as Re(pj) and Im(pj) (j = 1, 2). It is apparent from (2.2c) 
and (2.2d) that for any simply connected domain of an 
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anisotropic medium with tractions prescribed on its boundary, 
the stresses depend on only four nondimensional elastic 
parameters which are functions of Re (p)  and Im (pj) (j  -- 1, 2). 
The choice of these four parameters, to be formed from the 
elastic constants, is not unique. The four nondimensional 
elastic parameters may be defined as 

21 = Su/S22, 

_ _  --112 2 ~  ~ 22 -- 21 ( Sl2 -~- S66)1(2S22),  

43 = 213/4S'16/S22 , 
(3.3) 

44 = ,~- 1/4 826/S22, 

The above four parameters, 2j (j  = 1, 2, 3, 4), have been 
originally introduced, in a different way, by Suo (1990b). The 
positive definiteness of the strain energy density requires that 
2~ > 0 and - 1 < 22 < oo (Suo 1990a). 

Next, we consider the special case of  an orthotropic material. 
The principal axes of the material are taken to be the x v x2 
and x 3 axes. The characteristic roots pj (j = 1, 2) for the 
orthotropic material are given in terms of two nondimensional 
paramete r s  21 and 2 z as (Suo 1990a) 

p i 2 - 1 " r  ~-~(22 -- 1)), = a ~ x / ~  + 2 2 ) +  

for 1 < 4 2  < 00, 
(3.4) 

p2 = 2 -1'41 + 22) - for  - 1 < 2 2 _ <  1. 

It is apparent from (2.2c)- (2.2d), (2.5b) and (3.4) that for an 
orthotropic material, the in-plane stresses induced by 
prescribed tractions depend on only two in-plane parameters 
21 and 2v 

3.2 
Anisotropic bimaterial composite 
Consider a bimaterial solid, consisting of two dissimilar 
anisotropic materials, with material 1 above and material 
2 below, as shown in Fig, 1. Tractions, which are assumed to 
be independent of the elastic constants of the anisotropic 

materials, are applied on its outer boundary. The boundary 
conditions on each outer boundary can be written as 

(49(1) .4_ (1~(1) ~- -- TO(1)(S), 

@2) 4- ~3 (2) = -- TO(2)(S), 

on/ ' (~),  

on 1 -'(z), 
(3.5a) 

where an overbar (-) denotes the complex conjugate;/-(1) and 
/-(z) are the outer boundaries of the materials 1 and 2, 
respectively; superscripts 1 and 2 in parentheses indicate that 
the quantities are for the materials 1 and 2, respectively; and 

2 
q)l m) = ~ n('~) ((m)(z(mh (m = 1,2). (3.5b) ~i j  J j  \ j J' j=l 

When the interface between the two anisotropic materials 
is perfectly intact, it is natural to require in the formulation 
of the problem that the displacements be continuous and the 
tractions be reciprocated at the interface,/-(i/. The boundary 
conditions at the interface are thus written as: 

@(1) -4- (~(1) = ~0(2) _[_ (~(2) on  /~(i) 

A(1)B(1)-aq)(I) + ~(1)~(1)-1q~(1) = A(2)B(2)-I(p(2) (3.6) 

_~ A(Z)B(2)-I(~(2), on F (i), 

An adjustment in sign in the first line of (3.6) has been made, 
since an interface arc-coordinate s for the material 2 is now 
opposite to what is required for (2.2b) to hold. It can be shown 
that the boundary conditions for the bonded interface, 
equivalent to (3.6), are 

(~(1) _~ (~(1) = (p(2) _[_ (~(2), 

( I  - -  c~ - -  ifi) (p(~) - -  ( I  - -  a 4-  ifi) (p(~) (3.7) 

= (I + a + ifi) @2) _ (I + a - ifi) (0 (21, 

where I is the identity matrix, and 

c~---- (L (n --L(z))(L(~)+ L (2)) ~, 

fl = (L(,) -~ + L ( 2 ) - I ) - I ( M  (1) _ M(Z)). 
(3.8) 

D2) 

Fig. 1. Bimaterial consisting of two dissimilar anisotropic materials 

Details required for the derivation of (3.7) are presented in 
Appendix A. 

The conditions on the potentials in the two materials, when 
tractions are prescribed on the outer boundary of the bimaterial 
solid, involve the four nondimensional parameters; and the 
conditions at the interface, under the assumption that the 
interface is bonded perfectly, introduce only the two bimaterial 
matrices ~ and ft. At a glance, we see from (3.5a) and (3.7) 
that the complex potentials depend only on two bimaterial 
matrices, in addition to the four nondimensional parameters 
for each anisotropic material. Under such conditions, the 
stress fields also depend on only the two bimaterial matrices 

and fl, in addition to the four nondimensional parameters 
2j (j = 1, 2, 3, 4) for each anisotropic material. However, the 
components of the matrices ~ and fl, and the parameters 



2! ~) (j = 1, 2, 3, 4; m = 1, 2) are not entirely independent, as 
J 

will be explored in the next section. For cases of the interface 
with frictionless contact or no-slip zones, the effect of elastic 
constants on stress fields is briefly discussed in Appendix B. 

4 
Bimaterial matrices e and II 
For a composite of two aligned anisotropic materials, ~ and 
fl are the only bimaterial matrices needed for solving the traction 
prescribed problems as shown in the previous section. 
Introducing two bimaterial parameters, ao and rio, for the 
anisotropic bimaterial defined by 

~o 

flo- 

~'(2) ,~'(1) 
11 - -  ~11  

s l)' 

1 S'121 ) - -  S'~I ) -+- S(122 ) - -  S~ ) 

2 S'(121 ) -{- ~11'~"(1) 

(4.1) 

it can be shown that all the components of c~ and fl are written 
in terms of G, rio and )4m) (j = 1, 2, 3, 4; m = 1, 2). (Appendix 
C) The stress fields in a bimaterial anisotropic solid, with 
tractions prescribed on its outer boundary, thus depend on 
only ten nondimensional parameters c~ o, flo and d~m) ( j  = I, 2, 3, 4; 
m = 1,2). 

To gain more physical insight, we consider the special case 
of orthotropic materials. The principal axes of each material 
are taken to be the x~, x 2 and x~ axes. The matrices cr and fl for 
the orthotropic bimaterial are given by 

0 

I; E 21 (4.2) 

in which 

= _ ~  )/(~} +q l ) ) ,  ( j = 1 , 2 ) ,  

(4.3) 

fi2~ _ ((~2) _ r o ) w r r ( 2 )  4 -  ;-(1)~ 

w h e r e  ( i  = (1 + "~2s "~1 \0110221 ' 2 1 ~" 11 22 / 

and (3 = 1/x~{(S'11S'=) la + S~2)" In obtaining (4.2) and (4.3), 
the matrices L (m) (m = 1, 2) and M ~ -- M (2)-~ obtained by 
Suo (1990a) have been used. The ~; and fiij given by (4.3) can 
be rewritten in terms of the conventional elastic stiffnesses as 

of these in-plane parameters can be considered as independent, 
and they may be chosen as G, flo and 2~ m/(j = 1, 2; m = 1, 2). 
The in-plane stress fields for the bimaterial orthotropic solid 
thus depend on only six nondimensional parameters: the two 
bimaterial parameters G and rio and the 2j (j = 1, 2) for each 
material. Since c~ o = 0 and flo -- 0 do not imply e = 0 and fl = 0, 
it may be more convenient to choose cq fi and 2~21 (j  = 1, 2) 
as the nondimensional parameters needed to describe 
the stress fields. 

For the isotropic bimaterial case, (4.2) reduces to 

0  :Io o :ol :I  0ol �9 (4.5) 

Here cq and flo are the well-known Dundurs parameters given by 

#~ + 1) -- #(:)(K ~ + 1) 
cG = #(1)(K(:) + 1) + #(2)(R7(1) -}- 1)' 

#0)(K(2) _ 1 )  - -  # ( 2 ) ( K 0 )  - -  1 )  

flo = ff0)(K(2) + 1) + ~(2)(K(1) 7 1)' 

(4.6) 

where ~c = 3 - 4 v  for plane strain and (3 - v)/(1 + v) for plane 
stress, v = Poisson ratio. 

The matrices ~ and fi can thus be interpreted as an extension 
of  the Dundurs parameters to the anisotropic bimaterial. 

5 
Anisotropic bimaterial with a straight interface 
Consider a bimaterial anisotropic solid with a straight interface 
between two homogeneous anisotropic linear elastic materials 
with material 1 above and material 2 below as shown in Fig. 2. 
This case is of some practical significance. The interface lies 
along the xl-axis and the interface is assumed to be bonded 
perfectly. We seek the form of the general solution in the region 
X ( = ,~(1) ~_ X(2)). Reciprocity of tractions across the interface 
in X requires that 

BO)fO)(Xl) + B ( 1 ) f ( 1 ) ( x l )  = B(2)f(2) (x~) + B(2)f(2)(xi) (5.1) 

Rearranging (5.1), we obtain 

B(~)fo) (xl) _ g(21[(2)(xl) = B(2)f(2)(x 0 _ g(i)~(i)(Xl) (5.2) 

The above equation holds along the entire x~-axis in X. 
Moreover the functions on the left hand side are analytic in 

109 

~jj ~-- ~.Uj(ll(2) - -  Fj")(I)'~//" q(2).,.,,Uj - - U j  ~ -  ,~o)~,, ( j  = 1,2), 

(4.4) 

fi21 = -- (p~2) _ p(1))1( ,~(2) + ,(11~ 3 t~'2 r'2 ]' 

where p, = [C21{(C,,C21) 1/z + C,2 ~-2C66}1{C66((CllC22) 112 -~ 
2 ~ ~ 1/2 ~ 112 ~ ~ 1/2 ~ ~ 1/2 Q2) ((CnC=) - Cn)}] , P2 = PI(Cn/C=) and P3 = [(CI~C=) + 

C12] -~. The fli2 and fl21 given in (4.4) have been originally 
obtained by Qu and Bassani (1993). In passing, it is worth 
mentioning that the eight in-plane parameters c~ z (j  = 1, 2), 
fi12, fl2i and 2J m/(j = 1, 2; m = 1, 2), needed to describe the 
in-plane stress fields are not entirely independent. Only six 

Material ! fl 

Material 

X 1 

Fig. 2. Bimaterial with a straight interface 
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the upper region 22 ~ whereas those at the right-hand side 
are analytic in the lower region S (2~. By the standard analytic 
continuation arguments, we see that: 

B~ O) (z) - B(2)f(2)(z) = B(2)f (2) (z) - -  B(1)f(1)(Z) = 2h (z), 
(5.3) 

where the argument has the generic form z = x~ + px  2 (Imp > 0) 
and h(z) is analytic throughout 22, including points along all 
the interface. The result also analytically continues the 
definition of B~ a) (z) -- g(2)~(:)(z) to 22 (2) and of B(2)f (2) ( Z )  - -  

B(~)f(~)(z) to S (1). With the same arguments, the continuity of 
the displacement across the bonded interface gives analytic 
continuation of different linear combinations of f(z) and f(z) 
across the interface, such that: 

AO)f ~ (z) - -  i ( 2 ) f  (2) ( Z )  = A(2)f (2) (z) -- i(1)f(1)(Z), (5.4) 

holds everywhere in 22. The traction on the interface, denoted 
by g(x~) can be written in the following form: 

B(1)f(a) (xl)  § g(1)[(n (xl)  = B(Z)f(2)(xl) + g(2)[(2)(xl) = 2 g ( x l )  ' 
(5.5) 

x 2 

X l  Xl 

b 

Fig. 3a, b. a Configuration of an infinite anisotropic bimaterial with 
a hole; b Configuration of an infinite homogeneous anisotropic material 
with a hole 

Next, we consider an infinite bimaterial body consisting 
of two anisotropic materials with material 1 above and material 
2 below, as shown in Fig. 3(a). An arbitrarily shaped hole is 
embedded in the material 2. A crack can be regarded as a special 
case of the arbitrarily shaped hole. Tractions t o are specified 
along the hole and all the stresses vanish at infinity. We restrict 
our attention to the special case in which a = 0 and fi = 0. For 
this case, (5.9) and (5.10) reduce to 

It is seen from (5.3) and (5.5) that 

g(z)=g(z), 

h(z) = - h ( z ) ,  
(5.6) 

We may  express the functions ~(~)~(1) (z), B(2)f (2) (z) and 
~(2~(2) (z) in terms of  B(~)f ~ (z) and h (z) f rom (5.3) and (5.4) 

]8~176 = (I + ifi) ~(I -- ifi)B(~)f~ 

- 2(I  + i f i ) - l ( I  + ~ ) h ( z ) ,  
(5.7a) 

B(a)f (2) (z)  = (I + ifi) 1 (I --  ifi) B(')f O) (z)  

- -2 ( I+ i f i )  ~ ( ~ - i f i ) h ( z ) ,  

(5.7b) 

where two bimaterial matrices e and fi are defined by (3.8). 
Substituting (5.7a) into (5.5), it is found that 

B(1)f (1) (xl) + (I + i/D-l(1 -- ifi)B~ ~ ( X l )  

= 2(I + ifl)-l(I + c0h(x,) + 2g(x 1) 
(5.8) 

It can be shown that the general solution of (5.8) for f(1) (z) 
is given by 

B(1)f(1)(z) = (I + i f l )g(z)  + (I + e)h(z) .  (5.9) 

Using (5.7b) and (5.9), we obtain for the other function f(2)(z): 

B(2)f(2)(z) = (I -- i f i )g(z)  + (I -- ~)h(z). (5.10) 

Since f(i)(z) and f(2)(z) are determined as above, the complete 
stress and displacement fields in the region 22 can be evaluated 
from (2.2a) - (2.2d) with a replacement of z by z 1 or z 2 for each 
component function. 

B~ (n (z) = (o (z), 

B(2)f (2) (z) = cp (z), 
(5.11) 

where ~o(z) = g(z) +h(z) .  Although (5.9) and (5.10) have 
been derived for the simply connected region (Fig. 2), (5.11) 
can be shown to be valid for the multiply connected region 
as shown in Fig. 3(a). Suppose we know the solution of the hole 
in the corresponding homogeneous anisotropic material 1 as 
shown in Fig. 3(b), designated as ~0~ The solutions of the 
hole in the anisotropic bimaterial are given by 

B(~)f ~ (z) = ~o ~ (z), 

B(Z)f (2) (z) = (o ~ (z). 
(5.12) 

It is seen from (5.12) that the displacement and stress fields 
in the material 2 are identical to those of the hole in the 
corresponding homogeneous anisotropic material 2 regardless 
of the material 1. The solutions corresponding homogeneous 
anisotropic material have been found in Lekhnitskii (1963). 

6 
Complete stress field near the tip of an interfacial crack 
Consider a crack lying along the interface between two 
homogeneous anisotropic linear elastic materials with material 
1 above and material 2 below as shown in Fig. 4. The crack 
tip lies on the plane x 2 = 0 at x 1 = 0 and tractions vanish 
on the crack surfaces. We seek the form of the solution in 
some region 22( = 221 + 222) surrounding the tip of a traction-flee 
interface crack. The solution procedure for the interracial 
crack problem is similar to the case of the anisotropic bimaterial 
with straight interface as discussed above, and is briefly 
described below. Reciprocity of tractions all across the interface, 
both the bonded and cracked portions, in 22 requires that 
(5.1) be valid along the entire xl-axis in 22. By the standard 
analytic continuation arguments, we have (5.3), in which h(z) is 



I /  I I / / / I  

X 1 

Fig. 4. Region near crack tip along bimateriat interface 

analytic throughout X, including points all along the 
interface. With the same arguments, the continuity of the 
displacement across the bonded interface gives (5.4), which 
holds everywhere in Xexcept on the crack line. The traction-free 
condition on the surface of the crack leads to a homogeneous 
Hilbert problem 

in terms of local Taylor series expansions, as: 

q ' ( z ) =  a~z, 
n=0 

h'(z) = ~ ib S ,  
t ~ O  

(6.6) 

where an and b~ are real vectors. Then a0 represents the strength 
of the crack tip singularity, which was defined as the stress 
intensity factor by Wu (1990) and Qu and Li (1991). The 
coefficient b 0 in (6.6) represents a stress acting parallel to the 
crack surface (i.e., al~), which is referred to as the T-stress in the 
case of homogeneous material (Rice 1988). The stress 
e~ induced by b0 is uniform but different in each of the two 
materials. 

Since f'II/(z) and f,(21(z) are determined as above, the 
complete stress and displacement fields in the vicinity of the 
crack tip can be evaluated from (2.2a)- (2.2d). The analytic 
functions generating the singular part of the interface stress 
can be expressed in terms of the interface stress intensity 
factors as 
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B(1)f '(1)+ (xl) + B0)f'[ 1)- (xl) = 0, x 1 < 0. (6.1) 

Substituting (5.7a) into (6.1), it is found that 

B(I)f  '(1)+ (Xl) ~- (I + ifi) 1(1 -- ifi)B~ '~  (x 0 

= 2 ( I + i f l )  ~(I+a)h ' (x~),  x~<0.  

(6.2) 

It can be shown that the general solution of (6.2) for f'(1)(z) 
is given by (Appendix D) 

1 
B~ - 2 2 x ~ ( I  + ifi)Y(ziOq'(z) + (I + c0h'(z).  

(6.3) 

Here q' (z) is analytic throughout X and g is an index of the 
oscillatory solution, given by ~ = 1/2nln{(1 + 1~)/(1 - fl)} and 

= { -  1/2tr(fi2)} m. Y(t/(z)) can be written explicitly in terms 
of the real bimaterial matrix fi as 

1 
B~ '(1) (z) = ~ (I + ifi) Y (ziO k, 

2~/ 2nz 

1 
B(2)f '(2) (z) : ~ (I -- ifi) Y (ziO k, 

2 ,/2~z 

(6.7) 

where k is the interface stress intensity factor proposed by 
Wu (1990) and Qu and Li (1991). The basic singular asymptotic 
crack-tip solution in (6.7) has been obtained by Ting (1986) 
and Wu (1990). It is noted that the matrix ~ does not enter 
the singular asymptotic crack-tip solution in the bimaterial 
anisotropic case, similar to the situation where ~o does not enter 
the singular asymptotic solution for an interfacial crack in 
an isotropic bimaterial. (6.7) is valid only asymptotically close 
to the crack-tip, while the zone of validity of the above complete 
solution generated through (6.6) becomes larger with the value 
of n. Thus, the complete eigenfunctions in (6.3) and (6.5) with 
(6.6) can be used as the Galerkin basis functions in special 
finite elements for numerical analysis of finite cracks in finite 
bodies. (Chow et al. 1994). 

�9 1 
Y (r/(z)) : I + ~ {t/(z) -- f/(z)} fi + -~ [1 -- �89 {r/(z) + q (z)}] f12, 

(6.4) 

where t/(z) is a function of z. The matrix function Y (ziO plays 
an important role in representing the oscillatory fields near 
the crack-tip. Using (5.7b) and (6.3), we obtain for the other 
function f,(2/(z): 

1 
B(2)f '(2) (z) = ~ (I -- ifi) Y (ziO q' (z) + (I -- ~) h'  (z). 

2,/2~z 
(6.5) 

A Williams type expansion of the near tip field is generated 
from (2.2a)-(2.2d), (6.3) and (6.5) by writing q'(z) and h'(z) 

7 
Concluding remarks 
The effect of elastic constants on stress fields in an anisotropic 
bimaterial composite is investigated�9 Two real matrices, denoted 
as ~. and fl in this paper, are the only bimaterial parameters 
needed to describe the stress fields for problems wherein 
tractions are prescribed at the outer boundary. Two convenient 
bimaterial matrices for the anisotropic bimaterial case are 
proposed, which are an extension of Dundurs parameters to 
the anisotropic bimaterial. A general solution for the stress 
and displacement fields in an anisotropic bimaterial with 
a straight interface is obtained by using the complex function 
theory. Also, complete stress fields near the tip of a crack 
between two dissimilar anisotropic linear elastic homogeneous 
media are given in terms of the generalized Dundurs parameters 
proposed in this paper. After the completion of this work in 



March 1994, Professor T.C.T. Ting has made available to us, 
his manuscript (Ting 1994) in July 1994, that deals with topics 
similar to those in the present paper and contains some results 
that are in agreement with ours. 

The boundary conditions at the interface with frictionless 
contact zone lead to 

~c(1) = -C(2), 

112 

Appendix A 
Derivation of (3.7) 
Reciprocity of tractions across the interface requires that 

(p(1) _~ (~(1) = q)(2) 2V (~(2) = 2g. (hl)  

The displacement jump across the interface, denoted by d is 
written as 

d = (A(~)B (~) top(I) + ~,(~)B(~)-lq5 (~)) 

_ (A(Z)B(2)-lq~(2) + A(2)B(2)-l(~(2)). 
(A2) 

Rearranging (A1), we obtain 

@(1) _ (~(2) = @(2) _ (~(1) = 2h. (A3) 

It is seen from (A1) and (A3) that 

g =  [J, 

h =  - h .  
(A4) 

We may express the functions g and h in terms of (p(1) (p(2) 
and d from (A1) and (A3) 

2(~ --  ifi)g = -- (I --  ct)(p (~) + ( I +  c0@ ~ + i D - M ,  

2(c~ - ifi)h = (I - ifi) (p(1) _ ( I +  ifl) @2) _ i D - ' d ,  
(AS) 

where D = L (1)-~ + L (2)-'. Solving (A4) and (A5) for d, it 
is obtained that 

d = �89 [ - (21 - ~ -- ifl) @(1) + (21 + ~ + ifi) go (2) 

- (a - ifi)((o(~)+ q5(2))]. 

(A6) 

Making use of (A1) and (A6), it can be shown that (A1) and 
(A2) are recast into the following equivalent equations: 

@i) + q3(i) = @2) + (~(2), 

d = �89  [ - -  ( I  - -  c~ - ifl) (p(~) + (I  - -  ~ + ifl) 0 (~) ( A 7 )  

+ (I + ct + ifi) (o (2) -- (I + ~ -- ifi) 0(2)]. 

Where the interface is bonded perfectly, d = 0. We finally get 
(3.7) from (A7). 

Appendix B 
Interface with frictionless contact or no-slip zone 
In this Appendix, we coonsider two types of interfaces classified 
as frictionless contact and no-slip models. For frictionless 
contact model, the normal displacement is continuous across 
the interface and the shear stresses vanish on the interface. 

n rd  = O, (B1) 

sTt (1) = 0, 

where n and s are unit normal vector and unit tangential vector 
on the interface, respectively, as shown in Fig. 1. (B1) can be 
rewritten in terms of the potentials as 

q)(1) _~ (~(1) = @(2) 2i - (~(2) 

nrD [ - -  (I  - -  ~ - ifi) (p(~) + (I  - ~ + ifl) (p(~) 

+ (I + ~ + ifi) @(2) _ (I + ~ - ifl) 0 (2)] = 0, 
(B2) 

ST~s [~0(1) At_ (~(1)] = 0, 

For no-slip model, the tangential displacements are continuous 
across the interface and the normal stress vanishes on the 
interface. In a similar way, the boundary conditions at the 
interface with no-slip zone lead to 

(~9(1) ~_ (~(1) = (p(2) 2V (~(2), 

srD[  - (I - - a  - -  ifi)q) (I) + (I  - - a  + i f i ) 0  (1> 

+ (I + 7 + ifl) q0 (2) -- (I + ~ -- ifl) (/5 (1)] = 0, 
(B3) 

r d 
n dss [@1)  + 0(1)]  = 0.  

The matrix L ~ for the material with an elastic symmetry 
plane normal to the x3-axis is given by (Suo 1990a) 

[Im(p~ +P2) Im(p~P2) 
L - ~ - - g ~ l _  Im(p~p2) Im(pllp21Z+p21pal2J" (B4) 

The boundary conditions for the two types of the interfaces 
introduce the two bimaterial matrices a and ]3. As can be seen 
from (B2)-(B4), the complex potentials depend on two 
bimaterial matrices, in addition to four in-plane parameters 
for each material. Under such conditions, the stress fields 
also depend on two bimaterial matrices, in addition to four 
in-plane parameters for each material. However, the 
components of ~ and fl, and )o~m/(j = 1, 2, 3, 4; m = 1, 2) are 
not entirely independent, which is discussed in section 4. 

Appendix C 
Bimaterial matrices ~ and p 
For the anisotropic bimaterial, a bimaterial matrix W, defined 
by W = M (1) - M/2) is given by (Suo 1990a) 

( e l )  



where 

W12 -- {S'12 - gl lRe (pLP2)} (2 / -  {512 - SuRe (PIP2)} (~). (C2) 

Making use of (3.8) together with (B4), (C1) and (C2), it can 
be shown that 

z ~(m) ~(m) n(m) n(m) 
O~ij=O~ij~,O~o, A1 , /-2 ,A3 ,A4 ;m=l,2), 

(C3) 
_ n . ,~ ~(m) ~(m) ~(m) 

t3~; - # i j t G ,  Po,/~ ,/~2 , ,% , 2~m); m = 1, 2). 

Appendix D 
Derivation of (6.3) 
Introducing a new function vector ~'(z) defined by 

0 '  (z) = i N -  1B(l)f'(1) (z), (D 1 ) 

(6.2) is rewritten as 

N O  '+ (xl) + N 0 ' -  (xl) = 2 i ( I  + i f i )  1(I + c0h ' (x l ) ,  xl < 0, 
(D2) 

where N -1 = i(A/~)B/~)-~ -- ~/2~B(2)-~). A homogeneous solution 
Z' (z) which satisfies the homogeneous Hilbert problem 

NZ'+(Xl) +~qZ'-(xi) = 0 ,  X 1 < 0 ,  (D3) 

can be written as (Wu 1990; Qu and Li 1991) 

)((Z) = ~ / ~  U 1y (Zie) q, (Z), (D4) 
2X/2nz 

where U = Re [N]. A particular solution of (D2) is also given by 

O'(z)  = i u  1(1 + i/3)-1(I + c0h ' (z) .  (D5) 

Thus the general solution of (D2) for t~' (z) is 
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i13 

~h'(z) - 2 . ~ U  1Y(z~)q'(z) + i U - I ( I  + if i )-a(I  + ~)h'(z) .  

(D6) 

Finally, we get (6.3) from (D1) and (D6). 


