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Abstract In this paper, a new analytical method for solving 
stable crack propagation problems in a ductile panel with 
a row of cracks, is presented. The main purpose of the present 
study is to estimate the maximum load carrying capacity of 
such panels accurately. The so called Elastic Plastic Finite 
Element Alternating Method (Pyo et al. (1994)) was extended 
to account for the propagating cracks. The crack propagation 
algorithm utilizes the analytic crack solution to release the 
stresses ahead the crack tip. The T~ integral is employed as 
the crack extension criterion. This integral parameter accounts 
for the near tip stress-strain singularity and its critical values 
for crack propagation can be extracted from the P-Aa curve 
of single cracked specimen case. The present method can be 
applied to the problems of the fuselage skin of aging airplanes, 
in which a row of cracks develop (MSD; Multiple Site Damage) 
from rivet holes. The load carrying capacity of such damaged 
structure reduces by a considerable amount. In order to predict 
the behavior near the critical load, one must account for plastic 
deformation, if the material is ductile. Furthermore, the 
maximum load carried by the structure is often reached after 
some amount of crack propagation. In this paper, a series of 
analyses have been conducted and their results compare with 
the available experimental data. 

1 
Introduction 
Structural integrity evaluation of aging transport aircraft 
structures is extremely important to insure their economic 
and safe operation. In an airliner fuselage, pressurization 
causes stresses in the shell structure. The stiffening elements, 
such as stringers, frames and tear strips, take a part of the 
load but the major fraction is taken by the skin, for a typical 
fuselage structure shown in Fig. 1. A typical situation of Multiple 
Site Damage (MSD) is the existence of multiple cracks of 
arbitrary lengths emanating from a row of fastener holes in 
a bonded, riveted joint in a pressurized fuselage. This problem 
has been the subject of a number of studies in assessing the 
structural integrity of aging airplanes (Atluri et al. ( 1991, 1992)) 
because the residual strength of a structure with a single crack 
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may significantly be reduced by the existence of adjacent smaller 
cracks (Broek (1993)). The results of Broek (1993) suggest 
that the prediction of such degradation of load carrying capacity 
of the damaged panels can be very important. As seen in the 
accompanying paper (Pyo et al. (1994)), such predictions can 
be accomplished by analyzing stationary crack problems and 
employing an appropriate crack tip parameter. However, for 
a more accurate estimation, of the ultimate load carrying 
capacity, an analysis of stable crack growth and the link up 
of cracks, is necessary. Studies of stable crack growth problems 
have been conducted by many investigators using an elastic 
plastic finite element method (for instance Newmann et al. 
(1993)). In this paper, an efficient computational technique 
to simulate crack extension, based on the Elastic Plastic Finite 
Element Alternating Method (EPFEAM) for MSD problems 
(Pyo et al. (1994)) and T y integral (Atluri (1986)), is proposed 
to evaluate the residual strength of panels with MSD. 

The alternating method is based on an analytical modeling 
of cracks and on an iterative procedure to satisfy the required 
boundary conditions for the body under consideration 
(Nishioka and Atluri (1983); Park, Ogiso and Atluri (1992) 
and Park and Atluri (1993); Pyo, Okada and Atluri (1994)). 
A finite element solution is required only for the problem 
without cracks. This greatly reduces the human resource cost 
in generating the required mesh because a very fine mesh 
pattern, used in the usual FEM, is not necessary. The EPFEAM 
that uses the elastic alternating method in conjunction with 
the initial stress method (Nayak and Zienkiewicz 1972)) as 
an elastic plastic algorithm, is extended in this paper to analyze 
stably propagating MSD cracks and their link up. The crack 
extension is modeled by releasing the cohesive traction ahead 
of the crack-tip, based on an analytical solution. Thus, unlike 
the more common finite element nodal release technique, the 
amount of crack growth at any time is independent of the 
finite element mesh discretization. Among the various fracture 
criteria to model the crack growth, the T ~ integral, based on 
the equivalent domain integral (EDI) (Nikishkov and Alturi 
(1987)), is employed. 

The procedures of the elastic-plastic finite element 
alternating method (EP-FEAM) are described in this paper 
for stably propagating MSD cracks. Some numerical examples 
are presented, illustrating the residual strength estimations 
for a panel with MSD. 

2 
Elastic-Plastic Finite Element Alternating Method (EPFEAM) 
for stable crack propagation analysis 
The elastic-plastic alternating technique for the MSD cracks 
(see the accompanying paper Pyo, Okada and Atluri (1994)) 
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Fig. 1. Fuselage shell panel configuration and multiple site damage 

has been extended to analyze stably propagating MSD cracks 
and their link up. The T* integral (Atluri (1986)) is employed 
as the crack propagation criterion. More detailed discussion 
of the physical significance of the T* integral will be given 
later along with the analyses of panels with MSD cracks. 

In the present stable crack propagation algorithm, the crack 
is thought to extend by an incremental length Aa when the 
T* integral reaches a critical value. After the crack extension, 
the external load is adjusted so that the T* integral again 
reaches its preassigned critical value. The crack extension is 
modeled by releasing the cohesive traction ahead of the crack 
tip. Hence, the analysis is carried out in an incremental fashion, 
extending the crack tip for a length Aa during each crack 
propagation step. 

The present algorithm consists of two parts. The first one 
is the elastic-plastic finite element alternating method for 
a stationary crack problem. This first part is used while the 
panel is subjected to the external load until the T* integral 
reaches a critical value, and also while the load is being adjusted 
during subsequent crack-growth so that the T~* integral value 
comes back to its critical value again at any given crack length. 
The second part is for incremental crack extension, wherein 
the cohesive tractions ahead of the crack tip over the length 
of incremental crack growth (i.e., Aa) are released. Thus, the 
algorithm utilizes two kinds of analytical solutions. One is 
for a row of cracks of arbitrary lengths in an infinite panel 
that is subjected to arbitrary tractions over the crack faces. 
The detailed discussion of this analytical solution is given in the 
accompanying paper (Pyo, Okada and Atluri (1994)). The 
other solution is for the case wherein the crack face traction 
is applied at both the ends of the lead crack, over a length 
Aa, the inteded crack-growth increment. This analytical 
solution is used to release the cohesive traction ahead of the 
current crack tip. However, the mathematical formulations 
for both the solutions are essentially the same. The difference 
lies in only the locations of crack face tractions (entire crack 
face or just the edges of the main crack). More detailed 
discussion of this analytical solution is given in the 
accompanying paper (Pyo, Okada and Atluri (1994)). 

The algorithm for initially loading the panel, and for 
adjusting the load at any point during the subsequent 
crack-growth, is illustrated below and in Fig. 2. 
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Fig. 2. Schematic of the elastic plastic alternating method for multiple 
cracks 

1. Initialization; 

{q~0)} = {0}: Initialize the displacements for the FE mesh 
of the uncracked panel to be zero 

{O(0)} = {p}: Initialize the unbalanced nodal forces to 
be zero 

2. Iterating Procedure; 

{Aq~i)} = [Kol-1 {O(i-1)}: Calculate the displacement 
increments due to the 
unbalanced forces for the 
uncracked body. 

{q~i)} = {q~i-1)} + {Aq~i)}: Update the displacements for 
the uncracked body. 

{o-~ ~ = [D] [B ] {q~)}: Stresses due to the displacement 
for the uncracked body, if the 
material were elastic. 

{~0} = _ [n]{r Crack face cohesive tractions to be 
reversed. 

{~i)} = -- [b (i)] {U}: Approximation 
{r = {crc([b(i)])}: Analytical Solution 
{o -(i)} = [D eP] [D]-I({a~ ~ + {~0}): Return to the yield 

surface 

{q(~)} = {P} - y [B] ~ {a (~ dV: Calculate the unbalanced 
v nodal forces (1) 

191 



1 9 2  

3. Convergence; 

][Aq (~ II < e II q I1: Convergence criterion 

Until the convergence is achieved, "the Iterating procedure" 
in Step 2 above is repeated for i = 1, 2 . . . .  

In this algorithm, as in the case of the elastic alternating 
technique, the singular stress field is obtained through the 
analytical solutions for the cracked infinite medium, thus 
eliminating the need for a very fine mesh discretization around 
the crack tip. 

The algorithm for releasing the cohesive traction during 
the crack propagation by an amount Aa is described below, 
and also its concept is illustrated in Fig. 3. 

2.1 
Algorithm to release the cohesive traction 
1. Computat ion of stresses ahead of the crack tip for the 

given crack length. 

{o-~ ~ = [D] [B] {q~0}: Stresses due to the displacement 
for the uncracked body, if the 
material were elastic. 

{t~ ~ = - In] {a~~ Crack face cohesive tractions to be 
reversed. 

{t~ i)} = - -  [b (i)] {U}: Approximation 
= {a~([b ])}: AnalyticaISolution 

{a (~ = [D eP] [D]-l({a~~ + {a~~ Return to the yield 
surface (2) 

Convergence and T: : T~ ~ {no} = {a (~'} 

2. Releasing cohesive traction for Aa 

{t~} = -- [n] {no}: Crack face cohesive tractions for Aa 
{t~} = - [ b ] { U } :  Approximation 
{a~} = {a~([b])}: Analytical Solution 
{a} = [D ~p] [D] -  ~({ao} + {a~}): Return to the yield surface 

Stress distribution 
for given crack length 

~ - - a o . - ~  

---J~'~'~ Analytical solution 
for incremental crack length 

TTT~.__ New stress distribution 
a~ for total crack length 

Fig. 3. Schematic of the crack propagation algorithm based on an 
analytical solution 

3 
Elastic-plastic analysis of flat panels with MSD and 
discussion 
The results of stable crack propagation analyses, based on 
the above presented EPFEAM with the T~* crack propagation 
criterion, are presented in this section. The cases analyzed 
here are shown in Fig. 4. In Broek (1993) these panels are 
tested for their fracture stresses. There are 6 cases pl-p6 (single 
crack cases pl-p3, two MSD cracks p4-p5 and four MSD crack 
case p6). In this section, the validity of the proposed algorithm, 
based on the EPFEAM with T* criterion, is first confirmed 
by studying the problem of crack propagation problem in 
a linear elastic solid. And then the elastic plastic crack 
propagation analyses are presented. 

The same mesh discretization is used for all the analysis 
presented in this paper. It is one of the significant advantages 
of the present EPFEAM - only the uncracked panel is 
modeled by the finite element mesh which remains the same, 
irrespective of the number of cracks in the panel; furthermore, 
no fine mesh near each crack-tip, as in the traditional finite 
element analysis, is needed. It is shown in Fig. 5 the mesh 
size at the crack tip is 0.125 in. The mesh in Fig. 5 of course, 
much coarser than that required to perform similar analyses 
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Fig. 4. Crack configurations of flat panels analyzed 



Fig. 5. Mesh pattern used in EPFEAM 
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using the CTOA crack propagation criterion 1 (Newmann et al. 
(1993)). 

3.1 
Material properties 
In order to predict the residual strength of panels, with MSD, 
made of Aluminum alloy 2024-T3, which has an elastic modulus 
of 10, 470 ksi and Poisson's ratio of 0.3, we use the one 
dimensional stress-strain relation as approximated by 
a Ramberg-Osgood power law relationship (Pyo, Okada and 
Atluri (1994)). The constants for the Ramberg-Osgood 
approximation are: c~ = 0.2 and n = 8. The stress strain 
relationship is written to be: 

- = c~ ( 3 )  
8g 

where or, ~, dr and Sr are one dimensional uniaxial stress, strain, 
yield stress and strain at yielding. For the material considered 
here, cry and % are 33.4 ksi and 0.00314, respectively. 

3.2 
Preliminary Results for the Validation of the crack 
propagation algorithm 
To validate the newly developed crack propagation algorithm, 
based on the finite element alternating method, we first solve 
a problem of crack propagation in a linear elastic solid. The 
T [  integral is set to be a constant (in a linear solid this is 
equivalent to setting the stress intensity factor K I and the ] to 
be constant). Solutions for the linear crack problems are 
sometimes known and are given in popular stress intensity 
factor handbooks (for instance, Murakami et al. (1987)). 

A centre cracked panel problem (CCT) was chosen for the 
present comparison. The far-field stress drops as the crack 
length increases, when the stress-intensity factor is required 
to be a constant. The results of the finite element alternating 
method match excellently with the exact solution, as depicted 
in Fig. 6. Furthermore, it was confirmed that the stress 
distribution completely agrees with that of exact solution, as 

1 In Newmann et al. (1993) crack propagation analyses with the CTOA 
criterion was presented. The crack tip mesh size was 0.01 in. 
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Fig. 7. Comparisonofresultsbasedon EPFEAMand analyticalsolution 
for stress (y-direction) distribution in front of crack-tip 

shown in Fig. 7. Therefore, it can be concluded that the 
algorithm for the T2 controlled crack propagation is quite 
effective. 

3.3 
Stable crack propagation in panels with multiple site 
damage (MSD) using the ~ crack propagation criterion 
Stable crack growth in the Panels with MSD is analyzed, using 
the elastic-plastic finite element alternating method (EPFEAM). 
The T* is used as the crack propagation criterion. The 
T [ integral is defined on a small contour around the crack 
tip, as indicated in Fig. 8. And this small contour moves along 
with the propagating crack tip. Therefore the integral parameter 
quantifies the severity of stresses and strains near the crack 
tip. Thus, for steady crack propagation, this integral parameter 
is considered to take a constant value. The T~* integral is defined 
to be (Atluri (1986)): 

r*= y(Wn 1 c~ui\ 
o (4) 
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Fig. 9. Comparison between the results of tests (Broek (1993)) and of 
EPFEAM for P1, P2 and P3 

When the integral contour F~ is very close to the crack tip, 
the numerical evaluation of the T~* integral based on the Eq. (4) 
may become erroneous due to the numerical noise in the near 
field stress and strain data. Thus, a method was proposed 
that the integral be evaluated in a large domain, by converting 
Eq. (4) to a domain integral (so called Equivalent Domain 
Integral (EDI) Method, see Nikishkov and Atluri (1987)). In 
the EDI method, a function S (x) whose value is 1 on/ '~ and 
is 0 on a far field contour, was introduced. Then, the contour 
integral is converted to a domain integral by Gauss divergence 
theorem. And it is written to be: 

T* = ~ ( W n  I 3ui\ 

~c~(WS(x)) O / c~u~ \ )  
(5) 

where A and A t indicate a large area surrounding the crack 
tip and area inside F~, respectively. 

During stable crack propagation, the T~* value changes 
from its value at the initiation of crack-growth to that during 
the steady state, as the stress and strain distributions around 
the crack tip change. It is necessary, first, to determine the 
variation of the T integral as the crack extends. Therefore, 
we need three pieces of information on the T~* values during 
the stable crack propagation: the first one is the value at the 
crack-growth initiation; the second, is its value for steady 
state; then, we connect these two by some transient behavior. 

To determine the critical T* integral values, we used the 
experimental load crack extension (P-Aa) data for panels with 
a single crack. The T~* integral values [for ~ = 0.125 in] were 
determined by simulating the P-Aa curves computationaly, 
for each of the cases P1-P3, by running the EPFEAM code in 
its "generation phase". An appropriate set of the T* integral 
values for the initiation, transition and the steady state have 
been determined to be: T* (initiation) = 2001b/in; T~* (steady- 
state) = 7101b/in. The P-Aa curve obtained using such T~*, 
and running the EPFEAM code in its "application phase" 
compares very well with the experimental data, for each of 

the 3 cases, P1-P3, as shown in Fig. 9. In Fig. 9, three center 
cracked panels with different initial crack length were analyzed 
using the EPFEAM. Since the T* integral characterizes the 
severity of the stress-strain field in the vicinity of the crack 
tip, the same criterion can be used for the cases with different 
crack configurations. Thus, the same crack propagation 
criterion was applied to the panels with MSD cracks. 

First, a panel with two MSD cracks at both the sides of the 
main crack was analyzed. A stable crack propagation analysis 
was carried out in its "application phase". The results of 
EPFEAM were compared with the experimental result (Broek 
(1993)), as shown in Fig. 10. The experiment was carried out 
under a load control condition. Thus, an unstable fracture 
occurred when the maximum load was reached. We shall 
compare the maximum load predicted by the elastic plastic 
finite element alternating method and the result of the 
experiment. In this case (p4), the analysis and the experimental 
study perfectly match with each other. It is mentioned here 
that, for this particular crack configuration, the maximum 
load was reached after a small length of crack propagation. 
Then the load kept dropping as the crack extends. Then, the 
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Fig. 10. Comparison between the results of tests (Broek (1993)) and of 
EPFEAM for P4 



main and MSD cracks link up. After the link up, the load 
increases slightly. However, in Fig. 10, the link up load and 
the fracture load in the experiment are indicated to be identical 
to each other. This is because the link up occurred as a part 
of the unstable fracture process at the maximum load. 

For the case P5 with large lead crack, with the same size 
MSD crack, as in P4, the results are shown in Fig. 11. Again, the 
fracture load of the experiment and the maximum load 
predicted by the elastic plastic finite element alternating method 
are almost identical to each other. In this case, the results of 
EPFEAM indicate that the loads carried by the coupon before 
and after the link up are almost the same. The load drops at 
the link up slightly. 

For the case of 4 MSD cracks (p6), the results of the elastic 
plastic finite element alternating method are shown in Fig. 12. 
The maximum load predicted by the EPFEAM was obtained 
between the first and second link up. The experimentally 
observed maximum was also between the first and second 
link up. Thus, in the experiment, unstable fracture occurred 
before the second link up, making loads at the fracture and 
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Fig. 11. Comparison between the results of tests (Broek (1993)) and of 
EPFEAM for P5 
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Fig. 12. Comparison between the results of tests (Broek (1993)) and of 
EPFEAM for P6 

at the second link up identical to each other. The discrepancy 
between the fracture load predicted by the EPFEAM and the 
experimental data was within 10%. 

It should be pointed out that the reduction of the fracture 
load from pl (smallest single crack case among presented) 
to p6 (with four MSD cracks) was about 50% (of that for pl). 
The magnitude of the reduction of the fracture load was, in 
fact, predicted with reasonably good precision (within about 
10% of error throughout the cases analyzed). Therefore, the 
results presented in this paper confirm that the EPFEAM with 
T~ criterion can predict the overall behavior of panels with 
MSD cracks. Also, the procedures developed in the present 
research are shown to be effective; 1) to determine the critical 
T* values by correlating the analysis and experiment in a single 
crack case (or some other available simple cases), and 2) then 
use the same criterion to treat more complicated cases (such 
as with MSD cracks). 

4 
Conclusion 
The elastic-plastic alternating technique has been further 
extended to predict the stable tearing behavior of large lead 
cracks in the presence of MSD. The present method used 
T* integral based on the equivalent domain integral (EDI), 
as the fracture criterion. The alternating technique is used to 
incorporate a combination of the finite element solution for 
the uncracked panel, and the analytical solution for the multiple 
cracks in an infinite elastic body. Thus, a single finite element 
mesh is used irrespective of the number of cracks. By using 
these efficient numerical techniques, it allows one easily to 
conduct parametric analyses for several crack sizes without 
changing the finite element mesh. The results using the present 
method agree well with the experimental ones. Thus, the 
application of elastic plastic finite element alternating method 
with T~ fracture criterion, which is illustrated in this paper, 
would be a very efficient methodology to study the residual 
strength reduction in the presence of MSD. 
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