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A methodology for computing nonlinear fracture 
parameters for a bulging crack in a pressurised 
aircraft fuselage 

V. B. Shenoy, D. O. Potyondy, S. N. Atluri 

Abstract A computational methodology for obtaining nonlinear fracture parameters which account 
for the effects of plasticity at the tips of a bulging crack in a pressurised aircraft fuselage is developed. 
The methodologyinvolves a hierarchicalthree stage analysis (global, intermediate, and local) of the cracked 
fuselage, with the crack incorporated into the model at each stage. The global analysis is performed 
using a linear elastic shell finite element model in which the stiffeners are treated as beam elements. 
The geometrically nonlinear nature of the bulging phenomenon is emulated in the intermediate analysis 
using a geometrically nonlinear shell finite element model. The local analysis is a three-dimensional 
solid finite element model of the cracked skin using a hypoelastic-plastic rate formulation. Kinematic 
boundary conditions for each stage are obtained from the preceding stage in the hierarchy using a general 
mesh independent mechanism. The T* integral, which accounts for both large deformations and plasticity, 
is taken to be the fracture parameter characterising the severity of the conditions at the crack tip, 
and is evaluated from the local analysis using the Equivalent Domain Integral (EDI) method. 
The implementation of the EDI technique for finite deformations in shell space is also outlined. The 
methodology is applied to a number of example problems for which correction factors relating the 
nonlinear T* values to those obtained from a linear elastic stiffened shell analysis are computed. The 
issue of flapping is addressed by investigating the behaviour of the longitudinal stress parallel to the crack 
for various cases. 

1 
Introduction 
Aircraft structures experience fatigue loading which may lead to Widespread Fatigue Damage (WFD). 
The aircraft must be tolerant to the cracks thus formed. Assessment of damage tolerance may be 
achieved by full-scale testing combined with computational analyses. Full-scale testing is expensive, 
cumbersome, and dangerous (due to the possibility of explosive decompression). It is thus imperative that 
computational methods are developed so that the required number of experiments can be reduced. 

Large longitudinal cracks in fuselage skins are often formed by the coalescence of many smaller 
cracks as in the case of Multiple Site Damage (MSD). The crack growth is driven by the fatigue loading 
arising from internal pressurisation of the fuselage shell during each flight. Such cracks may control 
the residual strength of the structure. Analysis of such cracks is complicated by the bulging deformation 
of the crack edges. (A large deformation analysis is required to obtain the correct displacements.) For 
a crack of sufficient length, the longitudinal stress in the immediate vicinity of the crack tip may 
equal or exceed a certain critical value. As a consequence, the crack may change its growth direction 
from longitudinal to circumferential, a phenomenon known as flapping. Flapping is a favorable 
phenomenon in that it prevents the explosive decompression of the aircraft by relieving the internal 
pressure and thereby stopping the crack growth. Thus, a knowledge of the stress field around the tip of such 
a crack is essential for the economic design of new aircraft and the structural integrity evaluation of 
aging aircraft. Computational tools are needed to achieve this goal. The computational problems associated 
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with large longitudinal cracks in pressurised fuselages are thus twofold: (1) obtain the values of a suitable 
fracture parameter that quantifies the severity of the conditions near the crack tip; and, (2) obtain 
a quantitative criteria for flapping (cf. Atluri and Tong 1991). 

The stress field near the crack tip is affected by various factors viz. the large deformation, presence 
of stiffeners and other structural elements, and plasticity near the crack tip. Previous work has ignored the 
plasticity effects and utilized the stress intensity factor as the fracture parameter. The bulging of the 
crack edges leads to an increase in the mode-! stress intensity factor from that of an equivalent flat 
sheet and can be expressed in terms of a "bulge factor". Swift (1987) obtained an empirical formula for 
the bulge factor by comparison of fatigue test results of full-scale DC-lo fuselage panels with those of 
fiat panels. Swifts factor was found to be valid for cracks that were sufficiently far away from the stiffeners. 
Lemaitre et al. (1977) were the first to perform large deformation analysis of these problems and obtained 
the energy release rate. Riks (1987) performed a geometrically nonlinear analysis to obtain energy 
release rates which were used to determine bulge factors. In addition, he found that the bulging 
displacement at the center of the crack is a nonlinear function of the pressure and that the bulge factor 
decreases with increasing internal pressure, thereby demonstrating the importance of a geometrically 
nonlinear analysis. ~nsell (1988) performed a geometrically nonlinear analysis and reported deformation 
patterns similar to those reported by Riks. He also performed a large number of experiments, and 
parametric studies, and proposed an empirical formula for the bulge factor. Chen (199o) and Chen and 
Schijve (1991) have also developed empirical formulae for bulge factors. Their analysis was performed 
on a simplified model of the zone of bulge, using an energy balance approach and an expression for the 
out-of-plane displacement based on experimental observations. Rankin et al. (1993) have developed 
a computational procedure to evaluate the energy release rates of cracks in pressurised fuselages based on 
geometrically nonlinear shell finite elements. They used a "crack-closure integral" approach to determine 
the energy release rates. 

Other workers have computed stress intensity factors or energy release rates directly for particular 
configurations. Miller et al. (5992) computed stress intensity factors for cracks in narrow-body and 
wide-body configurations using a geometrically nonlinear finite element analysis and found good 
comparison of fatigue life predictions made using these stress intensity factors with results of full-scale 
pressurised panel tests. Potyondy (1993) developed a methodology for simulating curvilinear crack growth 
in thin, stiffened, pressurised shells and a modified crack closure integral for computing various 
components of the energy release rate from the results of a geometrically nonlinear shell finite element 
analysis. He obtained good comparison of crack trajectory and fatigue life with results of a full-scale 
pressurised panel test. 

It is worth noting again that the plasticity at the crack tip has been ignored completely in all previous 
work. The present work describes a computational methodology which incorporates the plasticity effects 
and allows one to compute a suitable nonlinear fracture parameter, the T*-integral, that is valid in the 
presence of the large deformations and plasticity occurring near the crack tip. The methodology consists 
of a hierarchical modeling of the cracked fuselage involving three stages of analysis. The first (global) 
is a linear shell finite element analysis of a large portion of the fuselage; the second (intermediate) 
is a geometrically nonlinear shell finite element analysis of a smaller portion (the section in which bulge 
effects are predominant); and, the third (local) is a hypoelastic-plastic three-dimensional solid finite 
element analysis of the fuselage skin. In Sect. 2, we describe the theoretical formulation of each stage 
and the software framework that links together all of the stages. A critical evaluation of the fracture 
parameters is presented in Sect. 3, where it is pointed out that conventional LEFM fracture parameters are 
not theoretically valid for this class of problems, and the use of certain nonlinear fracture parameters 
(Atluri 1982) is suggested. The T*-integral is evaluated from the equilibrium state using the 
Equivalent Domain Integral (EDI) method. Section 4 contains the results of example problems that 
demonstrate the effectiveness of the methodology. 

2 
Computational methodology 
The present methodologyinvolves a hierarchical modeling of the cracked fuselage. The software framework 
is presented along with the theoretical formulations of the various stages of the analysis. We begin with 
a description of the hierarchical modeling strategy. 

2.1 
Hierarchical modeling strategy 
The problem of crack bulging is a localised nonlinear phenomenon restricted to a few bays adjacent to 
the crack. A hierarchical strategy allows the accurate computation of the nonlinear fracture parameters 
without requiring an excessive computational effort. The hierarchical strategy is designed so that the 
factors affecting pertinent behaviour are well approximated at an appropriate stage in the analysis. For the 
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modeling of the bulging phenomenon, we propose the use of a three-stage (gobal, intermediate, and 
local) modeling strategy. Each succeeding stage in the hierarchy accounts for more complex behaviour 
occurring over a smaller portion of the fuselage structure. In this hierarchical strategy, the global analysis 
models the general behaviour of the cracked fuselage, the intermediate model captures the geometrically 
nonlinear aspect of the bulging deformation, and the local analysis accounts for both the geometrically 
and materially nonlinear behaviour. Cracks are incorporated into all three models. Each model is loaded 
by the internal pressure and gets its kinematic boundary conditions from the preceding model in the 
hierarchy. 

The three models in the hierarchical strategy are illustrated in Fig. 1. The first stage (global model) 
is a linear elastic shell finite element analysis in which the stiffeners are modeled using beam 
elements. A linear model suffices, since global buckling and related instability phenomena are not 
investigated. Symmetry boundary conditions approximating a closed cylinder are imposed on the global 
model. The portion of the fuselage containing the crack, where the nonlinear bulging is prominent, is 
contained within the geometrically nonlinear shell finite element model which forms the second 
stage (intermediate model) of the analysis. Stiffeners are modeled using shell elements. Displacements 
and rotations from the global model are imposed on the panel boundary. The third stage (local model) is 
a 3D solid finite element analysis of a portion of the cracked skin. The portion is chosen so that the 
plastic zone is contained well within its boundary. Displacements and rotations from the intermediate 
model are imposed on the portion's boundary after transformation from the shell space to 3D. 
A hypoelastic-plastic constitutive model is used with an objective stress update. The nonlinear fracture 
parameters are evaluated from the local model. 

2.2 
Global analysis 
The global analysis models the general behaviour of the cracked fuselage accounting for stress 
redistribution caused by the presence of the crack and the stiffeners. It is performed in shell space, 
invoking the Kirchhoff-Love kinematic assumptions and the theory of linear elasticity. The principle 
of minimum potential energy is used to obtain the following equation of equilibrium: 

H(u)=~W(g)dV- j" t.udS 
V g W 

~ / / =  0 (1) 

where H is the potential energy, Wis the strain energy density, e is the strain tensor, t are the prescribed 
tractions, and u are the displacements which must satisfy the essential (kinematic) boundary conditions. 
On invoking the Kirchhoff-Love assumptions, one obtains a linear variation of the strain tensor c, 
through the thickness in terms of the in-plane strains G~, and the bending strains G~" The strain energy 
density W, may be written as 

W(~) = h C ~ G # s ~ - t  12 C ~ c ~ c T ~  ' 
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where 

C ~ is the elasticity tensor, a ~ is the metric tensor of the middle surface, h is the shell thickness, E is 
the Young's modulus, and v is the Poisson's ratio. 

A finite element version of the above variational principle is used to obtain the equilibrium solution. 
A four-noded cylindrical shell element with five degrees of freedom per node (three displacements and 
two rotations), developed by Ashwell and Sabir (1972), is used for the fuselage shell discretisation. This 
is a quasi-conforming type of element in which an independent variation of strains is assumed. A general 
rigid motion involving six undetermined parameters is obtained upon solving the differential equations 
resulting from equating the strains to zero. Fourteen other parameters are used to discretise the strains, 
which are made to satisfy some simplified versions of the compatibility conditions. These expressions 
for strains are now integrated to obtain the displacements, and the rigid motion is added. The twenty 
undetermined parameters are now expressed in terms of the twenty undetermined nodal degrees of 
freedom. The strains, expressed in terms of these twenty quantities, are used in Eq. (1). 

In the global analysis, stiffeners are modeled as beam elements (the variational principle of Eq. (1) 
is used mutatis mutandis). Compatibility of stiffener and shell displacements is ensured by developing the 
stiffener elements by degenerating the shell element. Cracks are incorporated into the global analysis 
model as unconnected nodes belonging to the elements adjacent to the crack. The crack tip 
singularity is not modeled explicitly, since the plasticity occurring near the crack tip will be modeled 
in the local analysis. Also, the size of the global model is chosen so that the effects of the crack are not felt 
at the boundary. As noted above, a linear global analysis suffices if one is not interested in modeling 
global buckling and related instability phenomena. 

2.3 
Intermediate analysis 
The intermediate analysis models the geometrically nonlinear behaviour of the cracked fuselage in the 
region where the bulging phenomenon occurs. The principle of virtual work is used to obtain the following 
equation of equilibrium: 

~(C:E):E(c~u)dV-- ~ IF ~t.~udS=0 
V ~V* 

(2) 

where C is the elasticity tensor, E is the Green-Lagrange strain tensor, F is the gradient of deformation with 

1 (FT. F _ I)  

J =  det (J), (3) 

t are the prescribed tractions in the deformed configuration, and 3u must satisfy the essential kinematic 
boundary conditions. The integration in Eq. (2) is performed upon the undeformed configuration (Total 
Lagrangian type formulation). In the bulging problem, the principle of virtual work (Eq. (2)) does 
not reduce to a minimum potential energy principle because of the non-conservative nature of the pressure 
loading. Under the Kirchhoff-Love assumptions, a linear through-thickness variation of the Green- 
Lagrange strain is obtained in terms of the in-plane strains and the bending strains of the middle surface 
(cf. Koiter 1966). (Equation (2)), after integrating through the thickness and expressing all quantities 
in shell variables, is used as the basis of the finite element formulation. 

In the intermediate analysis, both stiffeners and skin are modeled using a four-noded quadrilateral 
shell element with drilling degrees of freedom (cf. Rankin and Brogan 1991). This element formulation 
employs an incompatible displacement field with a cubic variation of the bending field and a linear/ 
cubic variation of the inplane field, resulting in six degrees of freedom per node (three displacements 
and three rotations). The rigid motion is removed from the total displacement field using an element level 
co-rotational procedure (Nour-Omid and Rankin 1991, and references therein). The solution of the 
resulting nonlinear finite element equations is achieved through the Riks arc-length control algorithm 
(Riks 1984, 1987a). Convergence is checked using the norms of the residual load and displacement vectors, 
and the energy norm. 
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2.4 
Local analysis 
The local analysis models the plastic behaviour as well as finite deformation of the skin near the crack 
tip to enable the computation of the nonlinear fracture parameters. A finite-deformation hypoelastic- 
plastic 3D solid finite element formulation is adopted to model a small portion of the cracked skin. 
Nonlinear boundary value problems of this type are solved using incremental procedures. Various forms 
of incremental methods have been proposed, with the Total Lagrangian (TL) and Updated Lagrangian 
(UL) being prominent. Atluri (198o) has derived several general variational principles for classical finite 
strain elasto-plasticity in both TL and UL forms. An Updated Lagrangian scheme with an objective stress 
update algorithm is used for the present analysis. For the sake of clarity, we describe the formulation 
from first principles. 

The basic difficulty associatedwith finite deformation problems is that the final deformed configuration 
is not known a priori .  Various stress and strain measures which express the dynamical state and 
deformation, respectively, have been developed in both the reference configuration (usually the 
undeformed configuration) and the deformed configuration. For a succinct summary of various stresses, 
strain measures, equilibrium equations, etc., cf. Atluri (1984). The Updated Lagrangian strategy uses 
the incremental motion to update the configuration, i.e., the incremental displacement solution obtained 
in the current step is added to the current coordinates, and the reference configuration for the next 
step is chosen to be the new configuration thus obtained. 

The equilibrium equation of the deformed configuration with respect to any reference configuration 
may be written in terms of the first Piola-Kirchhoff stress tensor T, as 

Vx.T = O, (4) 

where V is the gradient operator, X denotes the reference coordinates, and body forces are taken to be 
zero. The constitutive model is a hypoelastic-plastic model that is a generalisation of the classical 
rate independent plasticity (viscous behaviour of all orders are imagined to be absent, cf. Hill 1968). 
A rate formulation is thus a natural platform for posing the boundary value problem. The rate is 
understood to be with respect to a monotonic pseudo-time parameter or a load parameter. (For the 
class of problems discussed herein, the internal pressure of the fuselage is a natural candidate for this 
parameter.) Noting that the body in question is in equilibrium at every instant, we may write an equilibrium 
equation for the rates (cf. Hill 1968) as 

Vx'T = O, (5) 

where (') is the material time derivative. Assuming bv to be a velocity field that satisfies the essential 
velocity boundary conditions, the following equation can be obtained from Eq. (5) 
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y (Vx.J~).bv dV= 0. (6) 
V 

Integrating Eq. (6) by parts (Gauss divergence theorem) leaves 

y t : V x |  y t . ~ v d S = 0 ,  (7) 
V ~V ~ 

where i is the prescribed traction rate. Equation (7) is the rate analog of the principle of virtual work 
and forms the basis for the incremental finite element formulation presented here. 

Equation (7) is a general expression for rate equilibrium that shall be specialised for the Updated 
Lagrangian strategy and the hypoelastic-plastic constitutive relation. Assume that the time parameter 
varies in the range [0, A ]. We seek equilibrium states corresponding to a finite number of instances 
(0, 21 . . . . .  2 . . . . . .  A }. Consider now a generic stage i, in the process, for which all stresses and internal 
variables are known. We wish to reach state i + 1. In the Updated Lagrangian strategy, the equilibrium 
configuration i, is used as the reference configuration for the step going from i to i + 1. Equation (7) 
may be rewritten as 

~T:Vx |  ~ b S v d S = 0 .  (8) 
v, ~v7 
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Noting that the current configuration is the reference configuration, we have the following identities 
(cf. Atluri 198o): 

L----- V@v,  D = sym(L),  W = asym(L),  

= er ~  v D - -  rL,  

where D is the rate of deformation tensor, W is the spin tensor, r is the Cauchy stress tensor, a is the 
Kirchhoffstress tensor, and a~ is the Jaumann rate of Kirchhoff stress 

a ~ = a -  W a  + aW. (9) 

Equation (8) now becomes 

~ ( a ~  + r D -  rL) :bLdV - ~ t .bvdS=O. 
v, ~v~ 

(lo) 

The material is assumed to obey a hypoelastic-plastic constitutive law of which we present a brief 
discussion. The development of this constitutive equation is an attempt to generalise the Prandtl-Reuss 
equations of the flow theory of classical plasticity. Since these rules are in terms of rates, an elastic 
constitutive equation for finite deformation involving rates is required. Truesdell (1955) developed 
a "rate-elasticity" (hypoelasticity) in his attempt to construct an elastic behaviour which did not have 
a natural state. Truesdell's formulation reads 

~ ( o ' )  = f ( D ) ,  

where ~ ( ) is an objective rate that renders the constitutive equation objective. All constitutive equations 
must satisfy the Principle of Objectivity (Truesdell and Noll 1965) which is felt like a can tus f i rmus  in 
all of continuum mechanics. Note that D depends only on the current state and is independent of 
any chosen reference configuration. Assuming f to be a linear homogeneous function, and taking the 
objective rate to be the Jaumann rate, linear hypoelasticity is obtained as 

tr ~ = C : D  

[ 2v 1 E bikC~d + bilbsk + 2) sbk l Cokl -- 1 + V ~ " (11) 

The Jaumann rate coincides with the Green-Nagdhi rate (given that the reference configuration is the 
current configuration), which is a special type of Lie-derivative in which the rotation tensor is 
used to perform the pull-back and push-forward operation on the stress. Physically, the Jaumann rate 
simply "checks for a change in the Mohr circle(s)', i.e., if the principal stresses at a material point do not 
change, the Jaumann rate vanishes at that point. For this formulation, linear hypoelasticity is assumed 
to represent the elastic behaviour. 

A generalisation of Eq. (11) to include a plastic flow rule is obtained as follows (Hill 1968). Assume 
an additive split of the rate of deformation tensor into elastic and plastic parts as 

D = D ~ + D v (12) 

where D e and D p represent the elastic and plastic parts, respectively. Assuming a yon Mises type yield 
condition, and a Prandtl-Reuss type flow rule one obtains (Wang and Atluri 1994) 

o "~ = ceP: D, 

3a 2 
C ep = C o-' (~) a ' ,  (13) 
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where h is the slope of the uniaxial stress strain curve, 7 is the effective plastic strain, rY is the effective 
stress, ~r' is the deviator, and 

y = d t ,  

d = ~/~ t~': 0", 

E 
a - -  (14)  

1 +1," 

On using Eq. (13) in Eq. (lo) 
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j" (ceP:D--Dr + rD--rL):3LdV--  j" t.c~vdS=O 
v, ,~v/ 

(15) 

is obtained. This equation is used to generate the incremental finite element equations, the 
solution of which give the incremental nodal displacements. We note here that for the bulging 
problem, Eq. (15) is not equivalent to the rate potential principle due to the non-conservative nature 
of the live pressure loading; thus, a computation with very large load steps may lead to an erroneous 
equilibirum state. 

Once the incremental displacements are available, the stresses corresponding to these displacement 
increments must be evaluated. A stress update algorithm is incrementally objective (Rubenstein and 
Atluri 1983) in that a rigid incremental motion of the body should produce zero incremental stresses. We 
use, here, the algorithm developed by (Rubenstein and Atluri 1983) which involves the computation of 
the rotation tensor R, from the computed spin tensor W, via 

sin (1 - cos(coAt)) 
R = e x p ( W A t )  = I  q ( c ~  W 2 (16) 

(]0 (O 2 

where co is the Euclidian norm of the rotation vector (angular velocity) corresponding to the spin tensor 
W. The present stress r and the rate of deformation D, are rotated using the rotation R, and the 
incremental stress corresponding to the incremental deformation is obtained. The total stress (the sum 
of the rotated stress and the computed stress increment) is rotated back using R, and the new stress 
state is obtained. The computation of the incremental stress corresponding to the incremental deformation 
is achieved by the Radial Return algorithm of which we do not present the details (cf. Nikishkov and 
Atluri 1994; Wang and Atluri 1994). 

In the local analysis, a small portion of the cracked skin is discretised using ao-noded brick elements, 
with a single layer of elements through the thickness. The computational procedure may be summarised 
as follows. The load vector corresponding to the step-increment is obtained. The stiffness matrix is 
computed, and the incremental displacements are obtained. The objective stress update algorithm is 
used to integrate the rate constitutive equation and obtain the incremental stresses corresponding to the 
incremental displacements. After an update of configuration, a residual load vector is evaluated, and 
the process is continued with the residual vector taken as the forcing vector until the residual load 
vector, in norm, is less than a prescribed tolerance. The process is continued until the desired load level 
is reached. 

2.5 
Software framework 
The hierarchical modeling strategy integrates the three computational models whose theoretical 
formulation was described above. The software implementation consists of three independent 
analysis codes linked via a general mechanism for mapping information between them. The analysis 
codes are executed sequentially (global, intermediate, then local) with each generating the generalized 
displacement field that serves as the kinematic boundary conditions along the boundaries of the 
succeeding model. 

The boundary conditions that must be transferred between the three models are described in the 
following with the aid of Fig. 2. In this figure, the shell surface and boundary of model-i are denoted 



Computational Mechanics 14 (1994) 

I So as1 
S~ 

as2 

as0 

) 
Fig. z. The shell surfaces S,, and the boundaries 3S,, of the three 
hierarchical models (not drawn to scale) 

536 by S, and 8S~, respectively, where the subscripts 0, 1, and 2 refer to the global, intermediate, and local 
models. In addition to the live pressure loading applied of the skin of each model, the kinematic boundary 
conditions for the intermediate and local models are described by 

U 1 = ~U0(X) ,  x@(~S 1 (17) 

u~ = u~(x, ~.), xe~S~ (18) 

where u, is the generalized displacement for model-i, and ~ is the load factor for the nonlinear analyses. 
Note that the generalized displacements of the intermediate model are functions of )~. 

2.5.1 
Mapping information between analysis models 
A mechanism for associating vector field information with arbitrary surfaces is described. It allows 
the boundary conditions of Eqs. (17-18) to be mapped between models in a mesh independent 
fashion, e.g., the mesh of the intermediate model in SI need not contain element edges that lie 
along ~$2. Each point on the surface is associated with a specific value of the vector field by providing 
a mapping function, whose input consists of the surface point (query point) and whose output consists of 
the value of the vector field at that point. (u0 in Eq. (17) is an example of such a mapping function in 
which x is the query point.) The mapping function is implemente&as a software object called 
a Mesh RePresentation (MRP) that employs a nonlinear search algorithm and contains all information 
necessary to support it. 

The MRP information consists of a surface mesh, of 2D and/or 1D elements, that describes 
both the field variation and the surface geometry. Determining the field value at d given query point is 
a two step process. First, the point on the mesh nearest (in Cartesian space) to the query point is found. 
Next, the element's shape functions are evaluated at the local element coordinates of this point, and 
are used to interpolate the field value from the element nodal values. Note that a search is made for 
the nearest point to a given query point, thereby allowing for the possibility that the query point may 
not lie exactly on the mesh. Such cases arise because of differing approximate representations of the 
underlying surface. 

Finding the point on the surface mesh nearest to a given query point is a geometric search requiring 
that the nearest point within each element of the mesh be found. The search for the nearest point within 
an element will, in general and depending upon the shape functions, require a nonlinear procedure. 
A Newton-Raphson iteration is used. The search proceeds by first finding the closest point on each 
element edge. For 1D elements, the search is now complete. For 2D elements, if the query point is above 
the element, the closest point that lies within the element surface (excluding its boundary) is found. 
The first step involves a one parameter Newton-Raphson search over each edge whereas the second 
step involves a two parameter Newton-Raphson search over the element's interior. Details of the search 
algorithm can be found in Potyondy (1993). 

The MRP-object supports a geometry based query of a static vector field. It can be extended to 
support a geometry based query of a time-varying vector field using a software object called a 
Temporal MRP (TMRP). The TMRP implements a mapping function, whose input consists of a 
query point and a time value and whose output consists of the value of the vector field at that point 
and time. (u 1 in Eq. (18) is an example of such a mapping function in which x is the query point 
and )~ is the temporal value.) 

The TMRP information consists of a collection of MRP-objects, each of which is associated with 
a unique value of 2. The two MRP-objects whose 2 values bracket the given )~ are found, and each is 
queried for the field value at the given query point x. The returned vector field value v, is linearly 
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interpolated by 

v (x, 2) = v (x, 2o) [1 -- s] + v (x, 21) [s] 

- -  2 o 
s = 09) 

21 - 20 

where v(x, 2,) comes from the MRP-object associated with 2,. 

2.5.2 
Software components and interaction 
The three independent analysis codes consist of SOFRAC (Singh et al. 1994) for the global analysis, STAGS 
(Almroth et al. 1986) for the intermediate analysis, and FPS (presently developed) for the local analysis. 
In addition, FRANC3D (Potyondy 1993; Gray et al. 1994) provides a geometry based modeling environment 
and interface to the STAGS code. Also, the MRP and TMRP software objects described in the preceding 
section provide the mechanism for transferring the boundary conditions of Eqs. (17-18) between the 
three analysis models. 

The steps required to obtain the final equilibrium state for the local model are now described. 
1) The SOFRAC model is constructed and analyzed to obtain the equilibrium state of the global model. 
The generalized displacements along 8 S 1 are extracted and placed into a MRP file containing 1 D elements. 
z) The STAGS model is constructed within FRANC3D using the information in the MRP file. The STAGS 
model is analyzed to obtain the equilibrium state of the intermediate model. The generalized 
displacements, within S1, for each load factor for which an equilibrium state was computed during the 
nonlinear analysis, are extracted and placed into a TMRP file containing 2D elements. 3) The FPS model 
is constructed and analyzed to obtain the final equilibrium state of the local model. During the analysis, 
the generalized displacements along 0S2 are obtained by querying the TMRP information and employing 
Kirchhoff assumptions to map the generalized displacements, that include rotation components, into 
applied displacements along the faces of the corresponding solid elements. 

3 
Fracture parameters 
Conventional fracture mechanics (small-strain, linear elastic) states the rather remarkable fact that the 
state of stress near a crack tip is governed by a single parameter (consisting of three components in 
the general case) which has come to be known as the stress intensity factor (SIF). Much of the fracture 
mechanics has evolved around these factors. The strength of the singularity near the crack tip in a linear 
elastic flat plate can be characterised by stress intensity factors with separate SIF's for inplane and bending 
stresses (Hui and Zehnder 1993, and references therein). For curved shells, in general there are no 
solutions available. The conventional approach in modeling long cracks in curved shells has been to 
perform a flat plate analysis of the crack in an osculating plane with the crack tip. The well known HRR 
(Hutchinson 1968; Rice and Rosengren 1968) solution insists that the stress field around an elasto-plastic 
crack (assuming deformation theory of plasticity) is governed by the celebrated ]-integral. 

All of the above parametes are based upon a small-strain assumption and the linear equations of 
equilibrium making their theoretical validity questionable when applied to the bulging problem which 
is a geometrically nonlinear phenomenon. The use of stress intensity factors (or the conventional l- 
integral) is clearly not theoretically justifiable (Lemaitre et al. 1977). Several other points may also be 
noted. The stress intensity factors of the linear theory are derived using the linear equations of equilibrium 
(in the linear theory, there exists the class of statically determinate problems), and it is not necessary 
that the same behaviour is obtained in the nonlinear regime (there are no statically determinate 
problems, all quantities of an equilibrium state depend on the material behaviour). Lemaitre et al. 
suggested the use of the energy release rate as a fracture parameter. Various components of the energy 
release rate were computed by Rankin et al. (1993). Riks (1987), Ansell (1988), and Potyondy (1993) also 
computed the energy release rate, or components thereof, and obtained stress intensity factors using 
relations derived from the linear theory. Note that all of these analyses were elastic. 

Atluri (1982, 1986) has obtained several parameters valid for finite deformations and plasticity. A valid 
fracture parameter for finite deformations and plasticity is the TT-integral defined as 

T~= ~ (WG--niTuuj,~)dA, ~=1,2.  (zo) 
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Fig. 3. Crack tip coordinate system 
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The "1" direction is the direction of the crack tip (longitudinal in the case of the cracks discussed here, 
cf. Fig. 3), the "2" direction is normal to the crack line (circumferential), F~ is a vanishingly small cylindrical 
contour surface or radius e around the crack tip, n, is a normal to the above contour, T u is the first 
Piola-Kirchhoff stress, uj is the displacement vector, and W is the stress work density 

t 

W =  ~ tr:D dt. (21) 
0 

The T*-integral is valid for a general 3D crack. It is evaluated using the Equivalent Domain 
Integral (EDI) method developed by Nikishkov and Atluri 0987), which has proven to be a robust 
method for obtaining energy-flux based fracture parameters. This procedure consists of rewriting T~*~ 
in Eq. (2o) using an arbitrary continuous function s, which vanishes on a far-field contour F and is unity 
o n / ~ :  

T~A -- ~ ( W n ~ -  n,T,juj,~) sdA - ~ (Wn~ --n, Tuuj,~) sdA 
F~ F 

c~ c~uj 
(22) 

where V -  V~ is the volume enclosed between/~ and/ '~,  and A depends on the s-function and the thickness 
of the domain (cf. Nikishkov and Atluri 1987). The advantage of this method is that the integration is 
carried out on a finite volume domain (not a vanishingly small surface), and this lends numerical 
stability to the computation. The integral in Eq. (22) is evaluated in the limit as e tends to zero at the 
equilibrium state obtained for the local model. 

4 
Example computations 
The present methodology was exercised on a number of example problems. The bulging of cracks is 
affected by many factors such as the presence of stiffeners, fastener flexibility, and skin thickness. In 
the present examples, fastener flexibility is not modeled; the skin is assumed to be attached rigidly to the 
stiffeners. (Note that fastener flexibility could be modeled by incorporating it into the global and 
intermediate models.) The example fuselage model is representative of the narrow-body fuselage 
configuration studied by Rankin et al. (1993) (cf. Fig. 4 and Table 1). The effects of stiffening elements, 
crack length, crack location, and skin thickness are examined for the eight cases shown in Table 2. The offset 

Fig. 4. Example fuselage model 
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In terna l  p ressure  
Radius 
Longitudinal stiffener (Stringer) 

Circumferential stiffener (Frame) 

Stringer spacing 
Frame spacing 

8.0 psi 
74.0 inches 
H e i g h t - -  1.0 inches 
Thickness- -0 .342 inches 
H e i g h t - -  2.0 inches 
Thickness - -  0.171 inches 
9.3 inches 
20.0 inches 

Table 1. Load and geometric properties of 
the fuselage model 

value in Table 2 is the distance by which the crack has been offset from the midbay towards the stringer 
(in the positive X 2 direction of Fig. 3). 

The Young's modulus of the skin and the stiffeners are 10,500 ksi and 10,700 ksi, respectively. The 
Poission's ratio for both skin and stiffeners is taken to be 0.33. For the local analysis of the skin, a piecewise 
approximation of the uni-axial stress strain curve of A12o24-T3, given in MIL-HDBK-5E (1987), is adopted 
for the flow rule (cf. Table 3). 

The global model consisted of 5 flame bays and 7 stringer bays with symmetry boundary conditions 
approximating a closed cylinder. Each of the eight finite element models contained approximately 12,000 
degrees of freedom. The intermediate model consisted of 2 flame bays and 3 stringer bays (a slightly 
larger intermediate model was required for Case 2 since the bulge out zone was considerably 
larger), with an average of approximately 15,000 degrees of freedom. The local analysis was performed 
on a rectangular portion of the skin with a side length of 5-6 inches with approximately 8,000 degrees of 
freedom. For the computation of the T*-integral, the s-function was chosen to be constant through the 
thickness (type (d) function of Nikishkov and Mluri 1987), with sixteen elements about the crack tip 
used in the computation. The total analysis time did not exceed eight hours (global: 0.4-0.5 hours; 
intermediate: 1.5-2.0 hours; local: 3-5 hours) on a HP-735 workstation. Deformed meshes of the various 
stages of the analysis for Case 6 are shown in Figs. 5-7. As expected, the global model significantly 
overestimates the bulging deformation which is modeled more accurately in the intermediate and local 
models. 

The computed values of T* are presented in Figs. 8-11. In most cases, plasticity began to develop 
after a load factor of 0.25, and at large load factors (greater than 0.5) the variation of T* is nearly linear. 
Stiffening produces a large reduction in T~* (cf. Fig. 8). Offsetting the crack by one quarter of bay length 
has no singificant effect on T~* (cf. Fig. 9). Doubling the skin thickness while maintaining the same 
loading, reduces T* by more than half (cf. Fig. lo). The computed value of T~ is negligible for the cases 
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Name Stiffened Cracked length Offset Skirl thickness 
(inches) (inches) (inches) 

Case 1 No 10.0 - -  0.036 
Case 2 No 15.0 - -  0.036 
Case 3 Yes 10.0 0.0 0.036 
Case 4 Yes 15.0 0.0 0.036 
Case 5 Yes 10.0 2.08 0.036 
Case 6 Yes 15.0 2.08 0.036 
Case 7 Yes 10.0 0.0 0.072 
Case 8 Yes 10.0 2.08 0.072 

Table 2. Example problems 

Stress (ksi) Plastic strain 

47.0 0.0 
50.0 0.001538 
53.0 0.006952 
60.0 0.034286 
65.8 0.073733 

Table 3. Piecewise linear approximation 
of the A12024-T3 flow curve 
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7 

Figs. 5-7. 5 Deformed global model, Case 
6 (magnification 5.0). 6 Deformed intermediate model, 
Case 6 (magnification 5.0). 7 Deformed local model, 
Case 6 (magnification 5.0) 

in which the crack is centered between the stringers and becomes nearly 40% of the TI* value for the 
offset crack (cf. Fig. 11). 

In an industrial setting, a nonlinear analysis may not be feasible, and often only a linear 
stiffened shell analysis is performed. The present methodology can be used to develop correction 
factors which account for both the geometric nonlinearity and the plasticity. The correction factors are 
defined as 

Correction Factor = Tf  - - 7  

r~ (23) 

where T~ denotes the values of T~- obtained from a linear elastic analysis. Note that T~ is identical to 
the energy release rate Gz, and is related to the various stress intensity factors via well-known 
relations (cf. Hui and Zehnder 1993). 

The computed correction factors are presented in Figs. 12 and 13. They were obtained by performing 
a geometrically linear elastic analysis of the intermediate model and computing G z using the extension 
of the modified crack closure technique described in Potyondy (1993). The correction factors decrease 
as the load is increased because of the growing discrepancy between the bulging displacements of the 
linear and nonlinear models. As the nonlinear effects increase with increasing load factor, the correction 
factor decreases. The trend in the correction factors for the thicker shell differs from that of the thinner 
cases (cf. Fig. 13). The nonlinear effects do not develop as rapidly for the thicker and thus stiffer shell 
causing these correction factors to remain near unity for small load levels. 
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As stated previously, the present work is the first attempt to evaluate quantitatively the effect of 
plasticity occurring at the tips of a bulging crack. In the presence of plasticity, the stress intensity factors 
are no longer theoretically valid fracture parameters, and the T*-integral may be used. For a monotonically 
loaded elastic-plastic structure, T* has the meaning of an energy-flux to the crack tip. For an elastic-plastic 
structure with growing cracks, T~* has the meaning of an energy flux to the process-zone of size 'F 
near the crack tip. It is valid for the behaviour occurring in all three hierarchical models (global: linear 
elastic; intermediate: geometrically nonlinear elastic; and local: both geometrically and materially 
nonlinear). The effect of both the geometric nonlinearity and the plasticity is quantified in Figs. 12 and 
13 by the correction factor of Eq. (23). The effect of the plasticity alone upon T* is quantified in Fig. 14 
by plotting the ratio of T1 ~ to TI~, where T~* is computed both with and without plasticity. The plot in Fig. 
14 demonstrates that the plasticity results in a reduction of T~. (Geometric nonlinearity is present for 
both cases. The cases with no plasticity were computed using the energy release rate of the 
geometrically nonlinear solution using the technique described in Potyondy (1993). This approach was 
verified for Case 1 where the energy release rate computed using this method (1.090 kips/inch) was 
compared to the value of TI* (1.010 kips/inch) computed by turning off the plasticity in the local model 
and using the EDI method. An additional verification was obtained by comparing the energy release 
rates for Cases 3 and 4 to energy release rates obtained by Rankin et al. (1993). For case 3, the energy 
release rate was 2.7% less than Rankin's value, and for Case 4, it was 7.9% less.) 

Additional qualitative information about the plasticity occurring at the crack tip is presented in 
Figs. x5 and 16 where the size and shape of the plastic zone at the shell midsurface under the full applied 
loading is shown. The plastic strains at the eight Gauss points of the 20-noded brick elements were 
averaged through the thickness to obtain a value on the midsurface which was then depicted as a color 
contoured image such that a positive plastic strain indicates the presence of plasticity. For all eight 
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example cases, the plastic zone shape is that expected for a plane stress crack, and the diameter is between 
0.7 and 0.9 inches (approximately 14 and 12 percent of the half crack length). The effect of offsetting 
the crack toward the stringer causes the plastic zone to become skewed in the direction away from 
the nearest stringer (cf. Fig. i6). The longitudinal and hoop stresses on the shell midsurface (defined 
in terms of the deformed shell coordinates) are presented in Figs. 17 and 18 for the offset crack of 
Case 6. Offsetting the crack significantly effects the symmetry of the longitudinal stress but has little effect 
on the symmetry of the hoop stress. The longitudinal stress is skewed in the same way as the plastic 
zone (compare Figs. 16 and i7). 

The phenomenon of flapping is an important issue in the design and structural evaluation of aircraft. 
A survey of various crack path stability criteria and their application to flapping is provided by Zaal 
0992). None of the existing criteria account for plasticity directly. We do not develop an explicit criteria 
for flapping here; rather, the following discussion will suggest a possible mechanism for flapping and 
explore its application to the example cases. 

Flapping results from the large nonlinear deformation which causes an increase in the longitudinal 
stress parallel to the crack. It is postulated that for a crack of sufficient length, the longitudinal stress 
acting on a plane perpendicular to the crack and straight above the tip will reach a critical value causing 
the material on this plane to separate and thereby allowing the crack to flap. The variation of the 
longitudinal stress (normalised by the yield stress, ay = 47.0 ksi) acting on the line where this plane 
intersects the shell midsurface is presented in Figs. i9-22. These values were obtained by transforming 
the Gauss point stresses from the global coordinates to the deformed shell coordinates, then extrapolating 
and averaging these values at the row of nodes directly above and below the crack tip. As one would 
expect, the longer crack has higher values (cf. Fig. 19). Although the values of the stiffened cases are 
smaller than those of the unstiffened cases away from the crack, they grow faster as the crack tip is 
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approached (cf. Figs. 2o and 21). Offsetting the crack causes the distribution of values to become 
unsymmetric, with greater values on the side away from the nearest stringer (cf. Fig. 22). An examination 
of the longitudinal stress contour in Fig. 17 indicates that the longitudinal stress does not attain a maximum 
directly above the crack tip but rather at some finite distance away from the crack tip. 
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Figs. 15-18. 15 Plastic zone, Case 4 (drawn on deformed shape with magnification 5.0). 16 Plastic zone, Case 6 (drawn on 
deformed shape with magnification 5.0). 17 Longitudinal stress contour, values in ksi, Case 6 (drawn on deformed shape with 
magnification 1.0). 18 Hoop stress contour, values in ksi, Case 6 (drawn on deformed shape with magnification 1.0) 

5 
Limitations of the methodology and discussion 
One of the main drawbacks of the present methodology is that a crack which is very close to a stiffener 
cannot be modeled easily at the local level. Also the analysis of long cracks in lap joints (formed due 
to the coalescence of MSD) is not feasible with this methodology. A possible remedy is to cast the 
equations of hypoelastic-plasticity into shell space, and also develop a formulation of the Equivalent 
Domain Integral method for shell space analysis (cf. Appendix). 

A few comments on the hierarchical strategy are in order. The hierarchical strategy involves a transfer 
of kinematic boundary conditions between models of differing idealisation (shell/solid). An added 
complication is that two of these models are nonlinear. An estimate of the errors accumulated in this 
process is not available. Also, the transfer of traction boundary conditions has not been investigated. 
A transfer of kinematic boundary conditions results in a stress mismatch along the boundary, while 
a transfer of traction boundary conditions results in a displacement mismatch. It is not clear how these 
mismatches affect the computed values of the T*-integral. Theoretical and numerical study of the errors 
that develop in hierarchical modeling are required to determine the quality of a general hierarchical 
strategy. 

It should be noted that the elastic constitutive equations of the intermediate model are different 
from those of the local model. The intermediate model is based on a hyperelastic equation 

~W 
S - -  

~E 

1 
W = - E: C: E (24) 

2 
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where S is the second Piola-Kirchhoff stress tensor. The elastic behaviour in the local model is governed 
by a linear hypoelastic equation (Eq. (11)). It has been shown that these two formulations are not equivalent 
(Noll 1955; Bernstein 196o). The consequence of this difference has not been investigated. 

6 
Concluding remarks 
A computational methodology for obtaining the nonlinear fracture parameters which account for the 
plasticity and large deformation occurring at the tip of a bulging crack in a pressurised fuselage has been 
presented. The methodology employs a hierarchical modeling of the fuselage with three stages. The 
first stage (global) is a linear shell analysis, the second stage (intermediate) is a geometrically nonlinear 
shell analysis, and the final stage (local) is 3D finite deformation elastoplastic analysis of the cracked 
skin. The T*-integral, which accounts for the large deformation and plasticity, is evaluated from the 
equilibrium state of the local model using the Equivalent Domain Integral method which has proven to be 
a powerful technique for evaluating energy-flux based integral fracture parameters. The effectiveness 
of the methodology was demonstrated through several example problems. Correction factors, 
which account for the effect of plasticity and large deformation, relating the nonlinear T * values to 
those obtained from a linear elastic stiffened shell analysis, were computed. The issue of flapping was 
addressed by investigating the behaviour of the longitudinal stress parallel to the crack. 

Appendix 
The EDI method for shell space analysis 
The Equivalent Domain Integral (Nikishkov and Atluri 1987) method is a convenient and accurate method 
for the evaluation of the energy-flux based integral fracture parameters. The method presented in 
Nikishkov and Atluri (1987) is for arbitrary three-dimensional cracks. We describe here a generalisation 
of this method for finite deformation such that the fracture parameters may be evaluated from the 
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equilibrium state obtained from a (possibly geometrically nonlinear ) shell space finite element 
analysis. 

Using the equations of equilibrium (Eq. (4)), under the absence of body forces, the volume integral 
in (Eq. (z2)) may be split as 

V - v ~  

I Ss 8s( 8uj\q 
(25) 

The evaluation of the two integrals in Eq. (25) is described in Nikishkov and Atluri (]987). It requires 
knowledge of the stresses and strain energy density (work density, in the case of elasto-plastic 
materials) at the Gauss integration points of the elements (2 • 2, for bricks). 

For the evaluation of the T*-integral using the solution obtained in a shell analysis, we propose the 
following method. We present the description for four noded quadrilateral (Q4) shell elements with 2 • 2 
integration. First, construct a brick element (8-noded, B8) such that the 0.4 forms the midsurface (cf. 
Fig. 23) using the normals at the nodes of the Q4. It is clear that the Gauss points of the B8 
projected onto the midsurface will be the Gauss points of the Q4 (for example, the projection of the 
point A is the point B, cf. Fig. 23). The displacements at the nodes of the B8 element are obtained using the 
Kirchhoff-Love assumptions 

u~=u~ 

U3=W(X,y ) (26) 
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A-GausspdmtofB8 ~ I / Q / ~ ~  B -Gauss point of Q/, N/ Fig. 23. EDI method for shell space 

where u ~ is the in-plane displacement of the mid-surface, ~b~ are the rotations, w is the out-of-plane 
displacement, and z is the thickness coordinate. The second Piola-Kirchhoff stress may be obtained at 
the Gauss points using 

1 ]- 12z  

[_ + -U M,e J 

(27) 

where N~  are the stress resultants, M ~  are the moment  resultants, and Q~ are the shear resultants at 
the Gauss points of the Q4 element. The gradient of deformation tensor F, may be evaluated at the 
Gauss point  of the B8 from the nodal displacements and B8 shape functions. The first Piola-Kirchhoff 
tensor may now be evaluated using 

T = SF v. (28) 

The elastic strain energy density at the Gauss points may be evaluated using the elastic constitutive 
equations as 

1 
W 2 S'jE'a (z9) 

where E are the Green-Lagrange strains (these are easily obtained if F is available (Eq. (3)). For the 
elasto-plastic case, the Gauss point  may be chosen as an integration station, and the work density may 
be stored. Thus, all the quantities for the computat ion of the two integrals in Eq. (25) are available at 
the Gauss points of the B8, and integration may be carried out as described in Nikishkov and Atluri (1987). 
We suggest the use of an s-function which is constant  through the thickness (type(d) function of Nikishkov 
and Atluri 1987) for the B8 element. (It has been shown (Nikishkov and Atluri 1987) that the 
computed values of the integral are not  sensitive to the choice of the s-function.) 
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