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Analysis of edge stresses in composite laminates under combined 
thermo-mechanical loading, using a complementary energy approach 

T. Kim, S. N. Atluri 

Abstract An approximate method is presented to investigate Mgy 
the interlaminar stresses near the free edges of composite N 
laminate plates that are subjected to a combined NI~ 
thermo-mechanical loading. The method is based upon N~ 
admissible function representations of stresses which account Q!~) 
for the effects of both the global mismatches and the local ,~!k/ 
mismatches in two of the elastic properties, the Poisson's t(kl 
ratio and the coefficient of mutual influence. For this purpose, (x~, x 2, x3) 
new thermo-mechanical mismatch terms are defined to reflect 
an effective deformation under the combined (Xx, X2,Z) 
thermo-mechanical loading. Closed form solutions of all the 
stress components are sought by minimizing the z {k) 
complementary energy with respect to the unknown functions, 

mech in the stress representations, of the width coordinate. These eH 
unknown functions are determined by solving five ordinary ~]' 
differential equations along with a set of free edge boundary #o, 
conditions, which allow complex as well as real roots for their 
exponential decaying rates. The resulting solutions satisfy the ~~ 
stress equilibrium and all of the boundary conditions exactly, qt2.z 
but compatibility is met in a weak form. Numerical examples t]12,1{k) 
are given for several typical laminates, and are compared with .(k) 

'112,1E 
previous results obtained by finite element and other 
approximate methods. It is found that the present approximate Ir 
method yields interlaminar stress results in an efficient, fast /A.~,~ 
and yet reliable way. It is also concluded that unlike some 
previous approximate methods, the current method is (k/ //12,22,12,33 
numerically robust and stable. 
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Laminate stiffness matrices as defined by (27) 
Half laminate width 
Temperature difference at the top of the k-th ply 
Temperature difference in the k-th ply given as 
a function of through-thickness coordinate x 3 
Thermal strains of the k-th ply in the laminate axes 
Laminate thickness 
Applied uniform bending load (moment/unit length) 
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V12 
(k) 

VI2 
v(k) 

12E 

a~j 
6~j 

c 

Applied thermal moments (moment/unit length) 
Total number of plies 
Applied uniaxial load (force/unit length) 
Applied thermal loads (force/unit length) 

Ply stiffness for the k-th ply in the laminate axes 
Ply compliance for the k-th ply in the laminate axes 
Thickness of the k-th ply 
Local coordinate system with the out-of-plane 
coordinate x 3 defined at the bottom of each ply 
Global coordinate system with the out-of-plane 
coordinate z defined at the mid-plane of the laminate 
Global out-of-plane coordinate for the top of the 
k-th ply 
Applied mechanical axial strain 
Applied total (including thermal) axial strain 
Total in-plane strain vector at arbitrary plane as 
defined by (32) 
Total in-plane strain vector at the midplane 
Laminate coefficient of mutual influence 
Coefficient of mutual influence for the k-th ply 
Equivalent coefficient of mutual influence for the 
k-th ply as defined by (23) 
Total curvature vector 
Coefficients of thermal expansion for a uni-ply in 
its material principal axes 
Coefficients of thermal expansion for the k-th ply 
in the laminate axes 
Laminate Poisson's ratio 
Poisson's ratio for the k-th ply 
Equivalent Poisson's ratio for the k-th ply as defined 
by (22) 
Total stress components in tensor notation 
Far-field stress components 
Companion stress components 

1 
Introduction 
An accurate determination of interlaminar stresses near the 
free edges of layered composites is an important issue. On 
the theoretical side, it poses a serious challenge to any 
investigator due to the difficulty associated with the modeling 
of singular stresses near the edges. On the practical side, it 
suggests delaminations of otherwise unreinforced edges that 
may lead to catastrophic failure of the composite structures. 
In the past, therefore, there has been a great deal of research 
on the behavior of interlaminar stresses near free edges of 
composite laminates. The most frequently studied cases have 
been the behavior of interlaminar stresses near straight edges 
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under a uniaxial mechanical extension and/or uniform bending, 
and a uniform temperature gradient. 

Looking first at the interlaminar stresses under a mechanical 
loading, the methods of solution employed vary from finite 
differences (Pipes and Pagano 1970, Pagano 1978, Salamon 
1978, Altus et al. 1980), finite elements (Rybicki 1971, Wang 
and Crossman 1976, 1977a, Murthy and Chamis 1989), to 
eigenfunction expansions (Wang and Choi 1982). Another 
group of methods makes use of assumed equilibrated stress 
representations and the use of the principle of minimum 
complementary energy (Nishioka and Atluri 1982, Kassapoglou 
1990, Kim and Atluri 1994). Although these techniques can 
not fully capture the possible singular behavior of the stresses 
near the free edges, they lead to simple, efficient, and yet 
accurate tools for estimating the interlaminar stresses. Most 
recently, the method was generalized by accounting for the 
mismatches in the Poisson's ratio and the coefficient of mutual 
influences that may further exist between adjacent plies in 
the through-thickness direction (Rose and Herakovich 1993). 
Generally, it is known that the stresses under either type of 
loadings, uniaxial tension or pure bending, are known to share 
similar characteristics, with high magnitudes very near the 
edges that characterize their singular nature. 

On the other hand, investigations on thermally induced 
stresses in composite laminates have revealed that edge effects 
induced by a uniform temperature change can also result in 
interlaminar stresses of significant amounts that are comparable 
to the stresses caused by a mechanical loading. The major 
methods chosen in the literature were finite elements 
(Herakovich 1976, Wang and Crossman 1977b), but an assumed 
stress method was also applied to the thermal analysis (Webber 
and Morton 1993, Yin 1994). The method adopted by Webber 
and Morton (1993) is particularly efficient since it avoids a large 
amount of computation usually encountered in a finite element 
method. It is based upon the use of explicitly assumed stress 
functions with real exponents and coefficients which account 
for only the global equilibrium of the stress states. However, 
it is reported that the method does not yield real solutions 
for some combinations of mechanical and thermal loading. 
Furthermore, since it does not include the effects of the local 
mismatches as defined by Rose and Herakovich (1993), this 
method does not produce accurate results near interfaces 
where the local mismatches are present. Yin (1994) effectively 
resolves this problem by employing separate unknowns for 
different layers with multiple polynomial degrees of freedom 
in the through-thickness direction. However, this layer-wise 
approximate method becomes unduly complex and expensive 
for a laminate with a large number of layers. 

In the present analysis, the original work of Rose and 
I-Ierakovich (1993) for the mechanical loading case is extended 
to the case of a combined thermo-mechanical loading, including 
uniform extension, uniform bending, and an arbitrary 
through-thickness temperature distribution. For this purpose, 
two major modifications to the work of Rose and Herakovich 
(1993) are made. First, new global and local mismatch terms 
are derived based on the concepts of equivalent Poisson's 
ratio and equivalent coefficient of mutual influence. These 
new definitions are introduced to correctly reflect an effective 
deformation under the combined thermo-mechanical loading. 
Second, no explicit assumptions are made regarding the 
unknown functions in the assumed stress expressions. The 

unknowns remain completely arbitrary throughout the 
formulation, and are determined by an eigenvalue problem 
after the complementary energy is minimized. Thus, both 
complex and real roots are allowed for their solutions, avoiding 
the unwieldy and sometimes ill-conditioned iteration procedure 
used in Rose and Herakovich (1993), and any absence of real 
solutions reported in Webber and Morten (1993). It is shown 
that these modifications are in fact mandatory if one is to use 
an advanced assumed stress method, wherein both the global 
and local mismatch effects are included in the analysis of the 
thermo-mechanical interlaminar stresses. 

Numerical results are given for several laminates made of 
Graphite/Epoxy, and are compared to the results of the previous 
approximate method by Rose and Herakovich (1993), and 
the finite element method by Wang and Crossman (1977b). 
It is found that the present method provides a powerful tool 
for analyzing interlaminar stresses in general composite 
laminates subjected to combined thermo-mechanical loading. 
It is also concluded that unlike some previous approximate 
methods, the current method is extremely fast, numerically 
robust and stable. 

2 
Problem statement and basic equations 
Consider, a long, rectangular composite laminate that is 
subjected at both ends to an extensional load N~I (force/unit 
width) and/or out-of-plane bending load Mll (moment/unit 
width), and/or a layerwise temperature distribution AT (z) 
(see Fig. 1). Local coordinates (xl, x 2, x3) are established within 
each layer, where x ,  x2 are along the longitudinal and width 
direction, respectively, and the through-thickness coordinate 
x 3 is measured from the bottom of each layer. The global 
through-thickness coordinate z is also defined at the mid-plane 
of the laminate. The laminate consists fo N plies and can have 
a general symmetric or unsymmetric stacking sequence. It is 
assumed that the thickness (h) of the laminate is small compared 
to its length (L); that all the loads are uniformly distributed 
over the width; and that the local constraining effects in the 
vicinity of either ends where loads are applied can be ignored. 
Other important assumptions throughout the present analysis 
are: 

1. All variables are independent of the axial coordinate xl, 
but depend only on x2 and x3 (note that only uniaxial 
loads NI~ and MI~ are applied). 
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Fig. 1. Ply coordinate system 



2. Far away from the free edges, the classical laminate plate 
theory (CLPT) is recovered. 

3. Each ply of the laminate is homogeneous and orthotropic. 
4. Though-thickness temperature distribution is assumed 

to be piecewise linear within each lamina and continuous 
at all laminate interfaces 

5. The laminate property changes with temperature can 
be ignored. 

Although the last two assumptions are by no means generally 
valid, they should be reasonable within a practical range of 
application, while simplifying the formulation of the problem 
considerably. From the third assumption, the thermoelastic 
constitutive equation of the k-th layer can be written in the form 

811 (k) 

~22 

g33 

])23 

Y13 
~)12 

"811 

S12 

813 
0 

0 

$16 

S12 $13 0 0 516" 

$22 $23 0 0 $26 
523 $33 0 0 536 

0 0 $44 $45 0 
0 0 545 555 0 

$26 $36 0 0 $66 

"k) "0-11 "r F eox "](~) 
0"22 [eo2] 
0-33 eo3 I 

a23 + ] 0 
O-13 0 

_ 0 " I 2  .eo12J  

(1) 

Here, the components of the thermal strains with respect to 
the local x~ coordinates (or the global (xp x 2, z)) are the products 
of the thermal expansion coefficients in the i-th coordinates 
and the temperature changes: 

e(i) = #~i~ AT (i)(x3) 01 

(0-q,J = 0) for the k-th ply in the absence of body forces, ignoring 
the longitudinal dependence (see assumptions listed above), 
have the forms 

.~ _(k) 
1 ooi2' .j - a0"Ik3 ) vaa)2  (5) 

(70-22 ~v23 
~- ~ - ~ 2  q- ~7-x3 = 0 (6) 

G0-23 , t~u33 7 -x = 0 (7) 

where minus and plus signs are used for the positive and 
negative x 2, respectively. The traction boundary conditions 
on the free edges and at the top and bottom surfaces of the 
laminate are 

-(k) ('~2 = 0)  = 0 (j = 1, 2, 3, k = 1, 2 . . . . .  N) (8) 2j 

ffO)(x~ = t ~ = 0 (top surface) ( j  = 1, 2, 3) (9) 3j 

~(N) 
0-3j (x3 = 0) = 0 (bot tom surface) ( j  = 1,2, 3) (10) 

The traction reciprocity conditions at all layer interfaces imply 
that: 

~(k)(~. =0)  = _.-(k+l)/_ ,(k+l)x 0"3j \~3 03j tX3=t  ) ( j = 1 , 2 , 3  k = l , 2  ...... N - -  1) 
(11) 
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e(i) o2 = #~ A T  (i)(x3) 

e(i) = #~ AT (i)(x3) 03 

(i) (i) e012 = #12 AT (i)(X3) (2) 

The thermal expansion coefficients of the i-th ply ~li], #~, ~(1~, 
and p~'~ are 

/ff~ = #~ c~ Oi + #r sin2 Oi 

(i) sin2 @i "4- #fl COS 2 I//i 22 ~ #ct 

#(i) 
12 = 2 (#~ -- #8) sin ~i cos ~ 

(i) __ 
~33 - #~ (3) 

where 0i is the ply angle for the i-th ply. 
For convenience, the following transformations are 

introduced for the width coordinate xv 

b - X 2 for x 2 _-> 0. x 2 -  h 

b + x  z for x 2 < 0 .  (4) x 2 -  h 

Both the free edges at Xz = ___ b are then defined by )22 = 0. For 
a geometrically linear theory, the stress equilibrium equations 

At this point, it would be meaningful to observe from the 
above equilibrium equations and the boundary conditions 
how the interlaminar stresses arise and become singular with 
high magnitudes near the free edges. In a composite laminate, 
the far-field in-plane stresses ff~) and g~2 k/will develop because 
of the mismatches between the individual ply strains and the 
global laminate strains, or equivalently, because of the 
mismatches between the elastic properties of individual plies 
and those of the laminate as a whole. However, the traction-free 
boundary conditions (8) require that these in-plane stresses 
should decrease to zero as they approach the free edge. This 
necessitates the existence of nonzero in-plane gradients 
(80-1k2)/8)2z) and (80-~k2)lS~z). Since the boundary region in which 
these gradients exist is restricted to an order of the thickness 
of the laminate, they are very steep in their nature. By virtue 
of the equilibrium requirement, the out-of-plane stresses 0-~k], 
trek3 ) and 0.(ff will then arise due to these steep in-plane gradients 
in _(k) _(k) 022, o~2 near the free edges, approaching near infinity in 
their magnitudes. The magnitudes and signs of the out-of-plane 
stresses that are produced in this manner should be 
affected not only by the magnitude and sign of the applied 
load, but also by the laminate stacking sequence, since the 
in-plane stresses as well as their gradients in )22 themselves 
are influenced by the stacking sequence. 

In the remaining sections, all of the out-of-plane stress 
components 0-33, 0-2~, 0"I3 will be derived from the above 
equilibrium equations. The mathematical formulation of the 
solution for these stresses is based upon assumed stress function 
representations that account for the "global" mismatches that 
exist between the elastic properties of individual plies and 
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those of the laminate on the average on one hand, and the 
"local" mismatches in elastic properties between adjacent 
plies on the other hand. 

3 
Global and local mismatches in the elastic properties 
It is seen that large magnitude interlaminar stresses near 
straight free edges arise due to in-plane stress gradients that 
do not vanish near the edges. More specifically, these gradients 
occur due to mismatches in various material properties from 
lamina to lamina that exist within the laminate. In this section, 
we consider the layerwise mismatches in two of the elastic 
properties that are considered to be the major sources of 
interlaminar stresses. They are those between the Poisson's 
ratios, and those between the coefficients of mutual influences 
(Rose and Herakovich 1993). The Poisson's ratio mismatch 
is primarily responsible for the development of cr22, %3 and 
%~, while the mismatch in the coefficient of mutual influence is 
primarily responsible for the development of a~2 and cr13. To 
see these contributions clearly, let us consider a symmetric 
laminate under a uniform stretching, ~ h  and a symmetric 
layer-wise temperature distribution A T (0 (x~). It can be shown 
that by relating the global and local strains to the global and 
local Poisson's ratios and coefficients of mutual influence, 
respectively, the far-field stresses aIk) ~lk) can be written as ~22 ' ~12 

N §  
~(k) E [.,(k) CO(k) q_ ,,(k) c0(k) q_ ,,(k) (3 (k)] AT (i) 

22 ~ t ~ l l i  "<12 ~22i "<22 ~12i "<26 
i=1 

(k) - n(k)  ~ lpmech  
-}- t"<22[/'3(k) ','12(~'(k) _ _  V12) "-~ Q26 (~/12,1 -- ' ~ 1 2 , 1 ~ 1 1  (12) 

N+I  
~(k) = E [a(k) CO(k) 4-n (k) CO(k) 4- a(k) o(k)] AT (0 

12 L 11i'~r - -  *'22i "~-26 - -  *'12i "<66 1 
i= l  

-~- [ o ( k ) ( v  (k) - - ~ 1 2  ) ~ - o ( k ) ( ~  tl (k) ~ lp  ~ h  (13) 
t '~26 \ -12  "~66 w112,1 - - " ~ 1 2 , 1 ~ 1 1  

The coefficients a(k)ni, a(k)22i, a(l~i are defined in the Appendix A. 
The laminate averaged Poisson's ratio ~7a2 and the laminate 
averaged coefficient of mutual influence On,x are defined as 

A12A33 -- AI3A23 
- = ( 1 4 )  

vl~ A22A33 - A23 

A12A23 -- AI3A22 (15) 
t]12,1 = A22A33 -- A23 

where A 0 are the elements of the laminate constitutive stiffness 
matrix (see Eq. (27)), while q2 v(k) and ~(~ are defined as 

co(k)o(k)  __ o(k)CO (k) 
v(k) -- ~12 "~66 ~16 "~-26 (16) 
-12 {-)(k){o(k ) _ _  o(k)2 

"<22 "~-66 "~--26 

(-)(k) o(k)  __ o (k)  ()(k) 
,~(k) "~12 "~26 `<16 "<22 ( 1  7) 
'/12,1 = ('}(k) {')(k)20(k)2 

"~-22 "~'66 "~26 

The above expressions now show three distinctive sources of 
the in-plane stress components ~ )  and ~ ) :  the "global" 
mismatches in Poisson s ratio (~) . . . . . .  ' v12 - v~2; the global mmmatches 
in the coefficients of mutual influence f/12.~ - -,~2a,n(k). and the 
temperature gradients AT (~). As observed in the previous 
section, the interlaminar stresses will arise due to steep 

gradients of a~ ), 6(k112 in the x 2 direction near the free edges, 
whose free edge values are zero, and whose far-field values 
are given by (12) and (13) away from the edges. 

The thermo-mechanical Eqs. (12) and (13) can be 
transformed to equivalent mechanical forms as follows. 

= - -  tl(k) ~]'et~ (18) ~22~(k) LM22rn(k) (,,(k),q2e - -  V12~) + Q(k) (q12,,E26 "112 1E-'lVll, 

~(k) = [O(k)(v(k) _ V*2e) + Q(k)(.x n (k) ~1~ t~ (19) 
12 t"-26 ~-12E 66 tI12,1E - -  ' r l2,1EJa~lI 

where the new "equivalent global" and "equivalent local" 
Poisson's ratio and coefficients of mutual influence are defined 
in this paper, respectively, as x 

global: 

tot 
822 

v12E - (20) tot 
~11 

~12,1E = ~ (21) 

local: 

128 -- #(k) q_ t'22 IAT(k ) (X3)  (22) 
V12 / 

I (k) 
_ (k) 1 #12 ~ A r ( k ) r x  ~] (23) 

1 
'.2,1E "(~) -~h2,~ - ~ - 7 a o ~ 1 1 - 7 ~ - /  ' ~ ' /  

~11 \ U12,1 /  . J  

tot tot represent the total laminate in-plane normal where gl~, gn 
strains in the longitudinal and transverse direction, respectively, 
while 7~ot is the total laminate in-plane shear strain. Compared 12 
with the stresses in (12), (13), the expressions in (18) and (19) 
do not have explicit temperature dependencies and their form 
is identical to that of the mechanical parts in (12) and (13). 
It is recalled that Rose and Herakovich (1993) have derived these 
mechanical parts in (12) and (13), but did not have the thermal 
counterparts because their formulations did not include 
the thermal loading. With the present new definitions of the 
equivalent Poisson's ratio and the coefficient of mutual 
influence given by Eq. (20) through (23), it is now possible 
to incorporate both the mechanical and thermal loading. 

In estimating the interlaminar stresses near the free edges, 
one must also take into account any possible local mismatches 
that may further exist between adjacent plies. For the combined 
thermo-mechanical problem, the local mismatches in Poisson's 
ratio between the k-th ply and the layer above ( k - 1 )  
and the layer below (k + 1) can be defined as: 

6v12e(k, 1) = Vl2EV(k-1) _ V12E(k) 

av12~(k, 2) = q2~ v(k) - q2Ev(k+l) (24) 

with 6v~2s(1, 1) = bv~2~(N, 2) = 0. Similarly, the mismatches 
in the coefficients of mutual influence are defined as: 

(Srln,lE(k, 1) = .(k-l) _ .(k) 
'112,1E "112,1E 

( ~ / 1 2 1 E (  k, 2) = .(k) _ .(k+l) , "I12,1E "l12,1E (25) 

t The subscript "E" in these quantities denotes the "equivalent" 
quantity for the combined thermo-mechanical case 



with at/me(l,  1) = (5~12,1E(N , 2) = 0. These mismatches affect 
the interlaminar stresses near the free edge region, and do 
not appear in the far-field equations represented by (18) and 
(19). 

As shown subsequently, the global and local mismatches 
outlined so far, along with the laminate stacking sequence, 
affect the magnitudes and signs of the interlaminar stresses 
near the free edge region. 

4 
Far-field stress shapes 
In the present analysis, each stress component  is assumed to 
consist of two parts, namely the far-field stress 8~j and the 
companion stress cr~. 

c 
a 0 = o 0 + a~j 

By definition, only the far-field stresses should exist in the 
central region of the laminate away from the free edges. On 
the contrary, both components are expected to exist near the 
free edges, so as to meet the traction free boundary conditions 
(8). 

Classical laminate plate theory (CLPT) can be used to predict 
the stress field away from the free edges under combined 
thermo-mechanical loading. According to the classical laminate 
plate theory or the first-order shear deformation theory, the 
global force resultant-strain relations under a uniaxial loading 
vector N = [N n 0 0] r (force/unit length), flexural moment  vector 
M = [M n 0 Off (moment/unit  length), and a piecewise linear 
temperature distribution ATe(x3)(i= 1, 2 . . . . .  N) where i refers 
to the i-th layer from the top of the laminate (see Fig. 1), are 
(Jones 1975) 

N + N r  

where Aq, B~g, D o are the elements of the laminate stiffness 
matrix. The thermal load vector N T = IN T N T N ~ ]  r, and the 

T T T T thermal moment  vector M r = [M. Mz2 M~2] are obtained via 

N t (1) 

E S O(~176 
i = 1 0  

The stresses in the i-th layer are related to the total strains via 

o.(i) = Q (i) { ~ t o t _ _  e~,)} ( 3 1 )  

The total strain vector in Eq. (31) is defined at an arbitrary 
plane parallel to the mid-plane, and given as 

gtot  = g o  .~_ Z K (32) 

with ~~ and ~ obtained by inverting the force resultant-strain 
relation (27). Thus, under the assumption of the piecewise 
linear temperature distribution and the combined 
thermo-mechanical loading, the far-field in-plane stresses are 
at most linear in x3; 

(k) = a(k) +Alk) x3 11 **0 

- ,~/~) -(k)~ + (A~ko) */k) x ~ 0 0  ~-'/4-01 " AU /5"11 ) 3 (33) 
(26) 

~lk/= B~k/+ Blk~ + x3 22 

=-- txJ00 § ) + ~11 / 3 (34) 

~(k) _ c(k) 4- C~ k) x 3 
12 - -  ~ 0  

' /~ (k )  -"(k) _~ (C~o k) Av C / ~ ) ) x 3  --- t'~60 + t% ) (35) 

a35~(k) = ~23 a(k) = if(k) = 0 (36) 

In these expressions, the contributions from the thermal loading 
have been separated from those of the mechanical loading. 
The first group of the coefficients --00AIk/, --00RIk/, Co~0k/and A(0 k), nIk) ~10 ' 
C~ ~ are proportional to the mechanical loading Nzl, M1, and 
independent of temperature. The second group, A~k~ ), R Ik) --01 ' 
C0{~ ' and Alkl I, B~', Cff' are independent of the mechanical loading, 
but are linear functions of the temperature differences AT (0. 
The combined thermo-mechanical coefficients AI k}, BI k/, and 
Cff } are then simply sums of these two groups of the coefficients. 
For a detailed derivation and definitions of the coefficients, 

(27) see Kim and Atluri (1995). It is noted that in the case of 
a symmetric laminate under uniform extension and a symmetric 
thermal loading, (34) and (35) are equivalent to the expressions 
represented by (18) and (19). 

N t (i) 

M T =  ~ ~ Q(i)e~~ dx  3 
i=1 0 

(28) 

Based on the piecewise linear approximation, the 
temperature distribution in each layer can be given in the 
local x3 as 

AT( i ) (x3)  .= a(i)x3 -}- b (i) 

(29) 

where 

A T  (i) --  A T  (i+a) 
a (i) = b(i) = ~ T  (i+I) 

t(i) 

for O < x 3 < t  (i) ( i = 1 , 2  . . . . .  N) 

(30) 

5 
Companion stress modes 
The companion parts of the six stresses in the boundary region 
are assumed to be products of functions of the through- 
thickness coordinate x3, and of functions of the width coordinate 
2 2. First, the in-plane parts of the companion stresses rr c(k/and ~22 
a c(~) for the k-th ply are assumed as follows: 12 

~(k) x - (k) e~k)(22, x3) =f~(22)a= (3 )  + g l ( x 2 ) G i ( ~ ) ( x 3 )  

x "G (k) , x + g 2 ( - 2 )  2(&)(3) (37) 

~c/k/(&,x 3) x ~(k> =L(-2) 12(x3)+g3(&) (k> -12 G3(a,l (x3) (38) 

In the above expressions, f/(i = 1, 2) and gi(i  = 1, 2, 3) are 
unknown functions of the nondimensional coordinate 2 2 and 
will be determined from the principle of minimum 
complementary energy. It can be seen that the two unknowns 
fx , f .  which will determine the decaying behavior in the width 
direction, are associated with the global mismatches in the 
Poisson's ratio and the coefficient of mutual influence, 
respectively. In a similar fashion, g~, g2 are associated with 
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the local mismatches in the Poisson's ratio, while g~ is associated 
with the local mismatches in the coefficient of mutual influence. 
Note that there are two, rather than one, contributions to the 
stress state arising from mismatch in Poisson's ratio 
considerations. The first part, giGs, is to account for direct 
effect on the interlaminar shear stress rr ~(~> at an interface. --23 
But, the second part, g2G2, is to account for direct effect on 
the interlaminar normal stress rr ~(~ at an interface. Since the ~33 
far-field in-plane stresses ,~/~/and ~(~) satisfy global force and ~22 ~12 
moment equilibriums by themselves, g~(i = 1, 2, 3) and the 
through-thickness functions G(i = 1, 2, 3) must then be chosen 
such that they do not alter the global force and moment 
equilibriums. Rose and Herakovich (1993) postulated that f~ 
and g~ have exponentially decaying parameters, along with 
the restriction that the interlaminar stresses arising from the 
local mismatches should integrate to zero over x2. As for G, 
they should reflect the effects of the local mismatches, and 
hence must represent functions with explicit local mismatch 
terms that decay from the interface. By imposing all of the 
known requirements on the stress modes and equilibrium 
states, Rose and Herakovich (1993) derived polynomial 
functions of quadratic order for a~ ~ and o-~ ~/so that the G 
would become linear in %. It should be emphasized that with the 
limited amount of information given, the choices of quadratic 
functions are inevitable, to avoid any undetermined coefficients 
in the functions. Moreover, any such undetermined coefficients, 
once introduced, should be obtained by actually evaluating 
and minimizing the complementary energy in terms of the 
coefficients for a given set of decaying functions f~ and g~. 
Therefore, adopting any higher order through-thickness 
functions will result in higher accuracy only at the expense 
of introducing extra number of the unknowns and additional 
complex minimization procedure. Once the above in-plane 
companion parts are given, the out-of-plane companion stresses 
a~(k) ,,~(~1 and ,~(k) can be derived by integrating the 3-D stress 33 ' ~23 ' ~13 
equilibrium Eqs. (5-7) over x~ and applying the interfacial 
continuity. The remaining companion stress a~l ~/is obtained 
from one of the compatibility equations (see, for example, 
Rose and Herakovich 1993, Kim and Atluri 1994). 

In the present formulation, we adopt the same polynomial 
functions for G~, as introduced by Rose and Herakovich (1993) 
with a through-thickness decay length equal to the individual 
ply thickness t (~>. However, as indicated earlier, no explicit 
function representations with real exponential decay 
parameters are introduced in this paper for the five unknowns 
f~ and g~, and they will remain completely unknown in the 
energy formulation. Also, the local mechanical mismatch terms 
will be replaced by the equivalent mismatches given in Eqs. (24) 
and (25) to account for the combined thermo-mechanical 
loading effects. It should be emphasized again that these 
modifications are necessary requirements for the formulation 
of the thermo-mechanical edge stress problem. As will be 
seen in the following numerical examples, the combination 
of thermal and mechanical loading in most instances would 
not simply result in decay parameters that are purely real. 
This implies that if one forces the decaying rates to be 
exclusively real, the iteration will not converge well or may 
even diverge in certain instances. This was clearly indicated in 
Weber and Morten (1993), and in Rose (1992). Therefore, both 
real and complex eigenvalues must be present in the solution 
as shown in this paper. 

The final forms of the assumed companion stresses are 
given in the following equations: 

~7~k)=fl.[B~k) +B~k)x3] +gl.~V12~(k, 1)81k)( ~ 2 )  k \ t  t ~ 

t(kP 

6)1 

q-~-~" [~V12E ( k ,  l ) g l k ) . ( f j 2  - x ~  L \r" t (k}] 

+3v,2E(k ' 2)~k)(.t~ ~ 2x~ 

+ 2)4 + 1 

fro(k) .fl'__. rD(k). R(k)~ 4.!R(k).r2] 
~23 ~ - '  h k~o - ~o ~3 - -  2 ~ 1  " '3 a 

+ ~ . F  ,r[3x~ 2x3\ 
16vlz~(k, 1),g~ ) 1-7~.,~--7~] 

- h  L \ r "  t '"/ 

4, )1 -k (~v,2e(k, 2)s~ ) 1~5~ 1- 1 \t '  ' t (k) 

, , d ~ ) / _ 6 x ; .  6x3"~ 

(k) X3 __ t _~ / / j  (41) 

I 12 i [~, (k) .  c(k).,,. •  +~3. cSth2~(k, 1)81k)~ 

(42) 

GI~ k) = 

, J 

q'x3] + [t-~{&h~,,~(k, )~, 12 =f2"L~C(k)o + g3" 2x3 1 (k) o.c(k) 

2 k 2)~ k~] -1- (~]12,1E(k, 2 ) ~  k)} - -  t-~l~]12,1E( , 

1 c(k) = __ [s(k)(7 c(k) d-,q(k)rr c(k) 4- .q(k)tr c(k)] 
0"11 Sl(1 k) 12 2 2 - - ~ 1 3  ~33 - - ~ 1 6  ~12 J 

(39) 

(40) 

(44) 

(43) 



where the alternating signs 4- are for the positive and negative 
x 2, respectively. In the above expressions, (.)' denotes 
a derivative with respect to the nondimensional width 
coordinate x2, elk/,, and ~kl are the CLPT axial strains at the 
top and bot tom of the k-th layer, respectively. The ~v12~ are 
equal to the 6v~2 E for plies above the mid-plane and equal to 
their negative for plies below the mid-plane. These definitions 
follow from the assumed symmetric and antisymmetric 
r733 distributions for uniform stretching and bending. From 
the signs of the equations it is evident that the out-of-plane 
stress 0-33 is symmetric while 0-23 and (r13 are antisymmetric 
about the vertical mid-plane defined by x 2 = 0. The coefficients 
D~ k}, D{ ~, E0 (k~ are defined as follows: 

k 

D~ k/-- -- ~ [B~ 0 t(i)+ �89 i) t (i? ] (45) 
i = 1  

k 

D~ k)=- -- ~ [D~ i)t(i) 4-- ~-oIR(i) "t(O~ ~-- ~-11R(i).t (i)~ ] (46) 
i ~ 1  

k 

EO( k)= -- ~ [Co (') t (0 + �89 i) t (i)~] (47) 
i = l  

The coefficients, which originally represent unknown 
integration constants, have been defined such that they satisfy 
the traction free conditions on the top and bottom of the 
laminate (9), (10), and the interfacial traction continuity 
conditions at all interfaces (11). Associated boundary 
conditions for the five unknowns are obtained from the traction 
boundary conditions (8): 

f ~ ( 0 ) = f 2 ( 0 ) = - - i  

f?(o)=o 

gi(O)=&(O)=g~(O)=O 

g ; ( 0 ) = g ~ ( 0 ) = 0  (48) 

Hence, we have total of eight boundary conditions. Also, to 
ensure that the companion parts are zero far away from the 
free edges, one must enforce 

l i m f ( f f z ) = 0  ( i = 1 , 2 )  

l im &(Y~) = 0 (i = 1, 2, 3) (49) 

It follows that as a result of above boundary requirements on 
&, the self-equilibrating conditions that the interlaminar stress 
parts arising from the local mismatches should integrate to 
zero over x 2 are automatically satisfied. That is, 

a;3 dx2 = O, a23 dx2 = 0 
0 0 

co 

; r  = o, ~ ; ; x : & :  = o (50) 
0 0 

So far, all of the stress components have been found. The 
far-field components are given in (33) through (36), and the 
companion parts are given in (39) through (44). Total stress 
field including the far-field and companion parts are obtained 
by adding the two parts together. The results are not shown here. 

6 
Energy minimization and solution procedure 

6.1 
General energy formulation 
The five unknown funct ionsf ( i  = 1, 2) and g~(i = 1, 2, 3) of  
the variable ~2 are determined by minimizing the 
complementary energy H~ expressed as 

k = l  V A u 

(51) 

where A~ is the portion of the boundary surface over which 
displacements are prescribed, and ~ is the prescribed 
displacement vector on A~. The displacement boundary A~ 
in our case are the both ends of the laminate where extention 
load N n and/or unform bending M,  are applied. The S is the 
ply compliance matrix defined in (1), and T is the surface 
traction on A~. The first and the second integrals in the right 
hand side represent total strain energy expressed in terms of 
given stress field and thermal strains, and the third integral 
is the work done by the surface traction at the boundary. All 
of the integrals are evaluated for each ply and are summed 
over the entire laminate thickness. 

6.2 
Simplified energy formulation 
It wil l  turn out that only the first integral in (51) is necessary 
in the minimization procedure since the second and the third 
integrals contribute to the particular solutions of the unknowns 
which are not of concern here. Further, only the companion 
stress parts rr c will be needed in the formulation since the 
far-field stresses do not affect the unknown functions. To see 
these simplifications clearly, it is first noted that on A u the 
displacement vector ~/does not vary with x2, and hence can 
be given as a function of the far-field stresses. On the other 
hand, the traction T is the normal axial stress 0-11 which has both 
the far-field and the companion parts. Thus, decomposing 
into far-field parts and companion parts, one can rewrite the 
complementary energy formulation (51) as: 

H c = (OAr - G c ) T s  (#-Jr- O "c) Av (~'-~- •C)Tes} d V  
k=l [_ V 

- ~(~+ rcVuda] (k~ 
Au 

(52) 

However, in this new expression, &m the first and second 
integrals together with the far-field part of the traction T in 
the third integral form themselves an energy formulation that 
will yield the particular solution, i.e., the far-field solution of 
the total stress field which, in the case of the present analysis, 
are given by CLPT. Without loss of generality, one can drop 
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these constant terms that do not include the unknowns, leaving 

F/~= ~ [Y! j{(~'rS rr~ + ' k = ~  5o- cr S~r)+C a~reo}dV 

(53) 

In the above, the single underlined integrals contain terms 
involving only first orders of the five unknowns f ,  g~ and their 
derivatives, while the double underlined integral contains 
terms involving second order products and cross-products 
of these unknown functions, e.g., products like f~, f~ g2,f~"g'3, 
etc.. It follows that after performing an appropriate 
minimization which is described in the section below, the 
double underlined integral will yield terms involving first 
orders of the unknowns and their derivatives, hence 
contributing to the homogeneous parts of the resulting set of 
ordinary differential equations. However, the single underlined 
integrals will remain as extraneous constant terms which, 
when added to the homogeneous parts of the differential 
equations, will leave the far-field boundary conditions (49) 
unsatisfied. Thus, the new complementary energy to be 
minimized consists only of the strain energy involving the 
companion part of the total stress field: 

N l(k) 
H c_ ~' [[[[o.crSaCdg 

C - -  A.~ J J d  

k=l[V 

b/h 

= J F ( f ~ , f / , f / ' , L , L ' , g , , g ; , g ; , & , N ,  f f~,g~,~)dX ~ (54) 
0 

6.3 
Calculus of variation and general solutions 
Using standard arguments of calculus of variation with the 
boundary conditions given in (48), (49), the minimization of 
(54) in terms of the five unknowns leads to 

(56) 

d ( O F )  ~F 
(57) 

d d /eF5  aF 
(58) 

(59) 

dE 2 \ 0 ~ 2  + ~g3 -'- 0 (60) 

Note that as a result of the simplification in the energy 
formulation, the above five differential equations constitute 
an autonomous, homogeneous eigenvalue problem. After 
substituting the expressions for the companion stresses and 
performing the differentiations, one obtains a set of five 
ordinary differential equations in matrix form as follows: 

R . u = o  (61) 

where 

R -  

rx D4 + r2 D2 --}- r 3 r4 D2 + r5 r6 D4 + r7 D2 + r8 
r14 D2 + r~5 r16 D2 + r17 r18D 2 + r19 
r24 D4 q-r25D 2 q- r26 r27 D2 q- r28 r29D 4 q- r30 D2 q- r3x 

r37 D4 q-r38 D2 q- r39 r40 D2 ~- r41 r42 D4 q- r43 D2 q- r44 
r50 D2 + rs~ r52 D2 + r53 r54 D2 + rss 

where 

N t (k) 

v - y~ y ac~k~s ~k~ ac~k~ dx3 
k - 1  0 

(55) 

Note that the energy formulation defined by (54) includes 
only a half of the region of the laminate, either 0 < x 2 < b or 
- b < x2 =< 0. Also, the energy formulation does not include 
integration over the length of the laminate because variables 
do not change with xl. 

It should be emphasized that if an explicit form of the 
unknown functions are to be employed, then the above 
simplified version of energy formulation can not be used. In 
such a case, the full energy formulation (51) including the 
full stress expression a, the thermal strain energy, and the 
external work term, must be derived in terms of the unknown 
parameters. Therefore, the simplification in the complementary 
energy expression shown here is another advantage of using 
the implicit form for the unknown functions. 

r12D 2 -t- r~3" ] 
r9D4 +rl~ r22D2 +r23] 
r20 D2 + r21 r35D 2 + r36/ 
r32 D4 + r33 D2 -}- r34 r48D 2 + r49] 

r56 D2r45D 4 -+--t- r46 DzF57 ~- r47 r58 D2 -}-r59J 

(62) 

and 

l} L 
U ~ g l  

g2 
g3 

(63) 

with 

d ~  

D" -~ d)2~ (64) 

Here the coefficients r~ represent various through-thickness 
integrals defined in Appendix B. 

The general solutions to the above system of differential 
equations are sought by assuming u = fie m~2, and substituting 
them into (61). For a valid set of solutions, the five resulting 
expressions must vanish simultaneously, or the determinant 



of the above matrix must vanish. This leads to a sixteenth-order 
characteristic equation of the form 

ai6m ~6 + a14 m14 + "'" + a2 m2 + a  0 = 0 (65) 

which is of eighth-order in m 2. Out of the sixteen possible 
values for m, only those with real negative parts should be 
used for f and g/, since a positive real part implies growing 
exponentials with ~2. Hence, we can write the general solutions 
as: 

f l  = $1 emlx2 + 82 em2"~2 § "'" § $8 ernst2 

f2 = S1 em~x2 § $2 em2x2 § "'" § 88 emSx2 

gl = P1 em~x2 + P2 em2x2 + "'" + Ps ernst2 

g2 = Q em~'% + Q2 em~2 + "'" § Q8 emSx~ 

g3 "=- UI gml~2 § U2 e ~  + "'" + U3 em~ (66) 

For a general laminate case, we have forty unknown coefficients 
$i, &, Pi, Qi, and G(i = 1, 2 . . . . .  8). For a cross-ply laminate, 
the characteristic equation becomes sixth-order in m 2, and 
there exist eighteen coefficients Si, P~, Qz (i = 1, 2 . . . . .  6). To 
determine these coefficients, we need exactly as many 
conditions as the number of the coefficients. In the case of 
general laminates, the first eight conditions are obtained by 
substituting the above expressions (66) into the eight edge 
boundary conditions (48): 

--1 = S  1 + $2+ ... + S  8 

- 1 = S - 1 + $ 2 + . . . + S -  s 

0 "= Sire  I §  2 .4- "'" § Ssms 

O = PI + P2 +. ."  + P s 

0 = Q1 -1- Q2 §  + Q8 

0 = G + G + . . . + G  

0 = Plml  + P2m2 + ... + Psm8 

0 = Q , m  1 + Q2 rr/2 q- ... § Qsm8 (67) 

The remaining thirty two conditions can be obtained by 
substituting, for each m~ (i = 1, 2 . . . . .  8), the expressions (66) 
back to the set of original differential Eqs. (61) and requiring 
that determinant of any (4 • 4) submatrix of (61) should not 
vanish. If we take the first four equations, and express the 
first four coefficients in terms of the last U~, then it follows 

For each i, the equation (68) can be inverted and substituted 
into (67) to solve for the eight U~. This completes the set of 
forty conditions that are necessary for the forty unknown 
coefficients. 

6.3.1 
Special case I - Cross-ply laminate 
For a cross-ply laminate there is no-in-plane shear stress 0-12. 
As a result, f2 and g3 do not exist and 

Cff ) = C(k) = E~ k) = 0 (69) 

The new characteristic equation is of twelfth-order and there 
will be only six valid roots with negative real parts. 

a12 mlz § alo ma~ + ... + a2 m2 q- a 0 = 0 (70) 

Hence, the general solutions f o r f ,  gp and g2 are 

f ,  = Stem,~ + $2 em2x2 § ... § $6 em~x2 

gl = P1 emd'- q-P2 era2& q- "'" § P6 em6x2 

g2 = Q1 e~x~ + Q2 em~e~ + "'" + Q6 em6~2 (71) 

with the eighteen coefficients S~, Pi, Q~ (i = 1, 2 . . . . .  6). In 
a fashion similar to the previous general case, the necessary 
eighteen conditions become 

--1 = SI § S2 § . . ,  -q- S 6 

0 = Szma + S2m 2 § .. .  § S6m 6 

0 =P~ +P2+-"  +P6 

0= Q +Q2+.. .+Qe 

0 = P1 m1 + P2m2 §  § P6m6 

0 = Qlml § Q2m2 + ... -4- Q6m6 (72) 

and 

I T1 m4 "@ ?'2 m~ -~- ?'3 r6m~-~-r7m~-Jur8 ~ S i ;  

r24 rn4 + r25rn} + r26 r29 m4 § r, om~ + r3,] (P iJ  

+ + 

(r32rn2+r33m~+r3ajQi (for i = 1,2 . . . . .  6) (73) 

6.3.2 
Special case II - Angle-ply laminate with uniaxial load and 
symmetric temperature distribution 
The solution simplifies significantly in this case since the 
in-plane normal stress %2 does not exist. As a result, f~, g,, g2 

9 1 

I 
rlrn ~ + ?'2rn } § r 3 

?'14 m~ § ?'15 

?'24 m~ § ?'25 m~ -}- ?'26 
r37m~ + r38m~ + r39 

?'4 m~ § ?'5 ?'6 m~ § ?'7 m~ § ?'8 
?'~6m~ § r18m2 q-?'i9 
r27m~ +r28 ?'29m4i 4-r30m} § 
?'40m~ -4- ?'41 ?' 42m~ + ?' 43m~ "~- ?'44 

r9m +rlom +rlllfSi t  12m +rl  ?'20m +?'21 / _ < 
e ,  = 

?'45m4§ Oi [?'48m2§ 

U i ( f o r i =  1,2 .... ,8) 

(68) 
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are zero, and 

B~ k) = B~ k) = D~ k) = DI k) = 0 (74) 

The new characteristic equation will be of fourth-order, as 

a4 m4 + a2m 2 + a o = 0 (75) 

with 

a 4 ~ r16rs8 -- rz2rs2 

a 2 ~ ?'16]'59 -~- rlTr58 - -  r22r53 - -  ]'23/'52 

a o =_ rlTr59 -- r23r53 (76) 

which is quadratic in mL Thus, two roots with negative real 
parts are given as 

~ / - -  a2 +_ x/a~ -- 4a4a o 
(77) 

m l ,  2 ~ 2a  4 

and the general solutions for f2 and g3 would be 

f2 = $1 em'x2 "4- S2e '~2 

g3 = U1 em~x2 + U2 em2e2 (78) 

The four coefficients ~ and U i are obtained from the two 
boundary conditions and two conditions from the characteristic 
equation as: 

K, S2 = - - 1 - ~  
$1 t(-2 _ Xi, 

U I = - - - -  , U 2 -  (79) K~ K~ 
where 

rni 22+r23 ( i = 1 , 2 )  (80) 
Ui m~rl6 + rl7 

respectively. The cross-ply laminates are considered under 
all the three types of loading, while the angle-ply laminates 
are considered under the mechanical stretching and the thermal 
heating. The quasi-isotropic laminate is considered only for 
the mechanical stretching a. Except in case of the clustered 
layers of [904/04]s, the through-thickness decay length in the 
k-th layer is set equal to the ply thickness t (k) = 0.005in. The 
decay length for the clustered laminate is set equal to four 
times the ply thickness, i.e., 4t (k) = 0.02in. Although an opt imum 
decay length can always be determined in an energy 
minimization sense, the preset value reduces the total number 
of unknowns to a minimum, and for most applications yields 
satisfactory results. The full eigth-order Eq. (65) or the reduced 
order Eqs. (70), (75) are solved by Laguerre's method with 
a polishing technique (Press et al. 1986) to yield both real and 
complex conjugate roots. It is mentioned that in all of the 
cases investigated, both real and complex eigenvalues exist. 

7.1 
Case I - Mechanical extens ion 
All of the laminates are subjected to a uniform stretching of 
e0 = 0.1%. Numerical results are presented in the form of 
through-thickness distributions near the free edge and 
interracial stress distributions. All of the stresses are normalized 
by Nn/h.  For mechanical loading cases, the present results 
are directly compared with those of Rose and Herakovich 
which have shown very good agreement with finite element 
results. For the cross-ply laminate [904/04] s (Figs. 2-5),  the 
present solutions for most part are in an excellent agreement 
with the previous assumed stress solutions based on 
a complementary energy minimization. Only a minor 
discrepancy is shown in the through-thickness distribution 
of 0-33 near the midplane of [904/04] s lay-up (Figs. 2 and 4), 
where the present method predicts smaller amount of the 
stress than that predicted by Rose and Herakovich. This is 
a region where the effects of the global mismatch in the Poisson's 
ratio is dominent over the local mismatch effects. It is reported 

7 

Results and discussion 
The assumed stress method outlined in the previous sections 
is applied to several Graphite/Epoxy laminates under three 
different types of loading; uniform mechanical stretching, 
uniform (cylindrical) mechanical bending, and uniform thermal 
heating. The material properties of a uni-ply of Graphite/Epoxy 
laminates are: 

E n = 2 0 •  106 psi 

E22 = E33 = 2.1 • 106psi 

G12 ----- G13 ~-~ G23 • 0 . 8 5  x 106 psi 

v12 = v13 = v23 = 0.21 

p~ = 0.2 • 10-6/~ pp = }t z = 16 x 10-6/~ 

t = 0.005 in (ply thickness) 

Stacking sequences chosen for the present illustration are 
[90/0]s (or [0/90] s, [904/04]s) cross-ply, [+45] s (or [( +_ 10)2] s) 
angle-ply [90/45/0/-45] s quasi-isotropic laminate, 
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Fig. 2. Through-thickness G33 distribution at X 2 = 1 % ;  [904/04] s, 
s ~ = 0.1% 

2 Due to limited space, only results for the cross-ply and angle-ply 
laminates are presented in this paper. 
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that for the cross-ply laminate (and for the quasi-isotropic 
laminate), the iterative technique employed by Rose and 
Herakovich may yield several different sets of solutions, 
suggesting that their solution surfaces do not have well defined 

global minimum points. Hence, within the same assumption 
of the incomplete quadratic through-thickness distribution 
employed for the local mismatches in the Poisson's ratio, the 
discrepancy should be regarded as an indication of the 
sensitivity of the solution to the methods employed. It should 
also be regarded as an indication of superiority of the current 
method in its numerical stability and robustness. However, 
for the angle-ply laminate [( __ 10)2] s where the only existing 
interlaminar stress is the transverse shear G3, Figs. 6 -7  show 
an excellent agreement between the two results. For the 
quasi-isotropic laminate [90/45/0/- 45] s, it is reported that 
there is again a mild difference near the mid-plane. 

7.2 
Case II-Mechanical bending 
The uniform bending curvature applied is Ktl = -  0.1. 
Figures 8 - 11 show numerical results for the cross-ply laminate 
[904/04] s where all of the stresses are normalized by 6 M,/h 2. 
Again, there exists an excellent agreement between the present 
results and those by Rose and Herakovich. Also, there is almost 
no discrepancy in the through-thickness distribution of 
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O"33 because the out-of-plane normal stress is antisymmetric 
about the midplane this time, nullifying both the global and 
the local mismatch effects near the midplane (Fig. 8). However, 
there is a small disagreement in 0-23 due to its symmetry about 
the midplane (Fig. 9). That is, the out-of-plane shear a23 has 
prominent effects due to the global Poisson's mismatch near 
the midplane and its behavior is sensitive to the methods of 
solution as in the mechanical stretching case. However, this 
sensitivity does not seem as pronounced as it is for 0-33 under 
stretching. 

7.3 
Case III - Thermal heating 
A uniform temperature rise of I~ is applied throughout the 
three laminates, [90/0] s, [0/90]s, and [ +45]s.  For the thermal 
heating problem, comparisons are made with the finite element 
results obtained by Wang and Crossman (1977b). The first 
cases are those of the cross-ply laminates (Figs. 12-14). 
Compared with the finite element results, the interlaminar 
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stress predictions are very good in most regions except very 
near the free edge. See Fig. 12. In particular, the finite element 
results predict higher magnitudes of interlaminar stresses 
G3 and r near the free edge than the present method. This 
trend also prevailed in the cases of mechanical loading (see 
Rose 1992). Thus, looking at the through-thickness stress 
distributions of G3 in Figs. 13 and 14, the finite element results 
show apparent singularities near the 90/0 or 0/90 interface at 
~2 = 0.2% that are apparently absent in the present results. 
At the location x2 = 0.8% which is slightly further inside, the 
present method provides very good agreement with the finite 
element results. The present method may yield improved 
results if an exponential or a polynomial through-thickness 
distribution higher than quadratic is used for the local 
mismatches in the Poisson's ratio. For the case of the angle-ply 
laminate, Figs. 15 and 16 show even better comparison with 
the finite element results. Furthermore, the present method 
can now simulate the possible singularity near the + 4 5 / - 4 5  
interface, capturing slightly less amount of r than the finite 
element value. 

Before closing this section, a few observations are made 
regarding the cross-ply and angle-ply laminates under uniform 
thermal loading. For the case of either cross-ply or angle-ply 
laminate, the rates at which the global mismatches and the 
local mismatches change as functions of temperature gradient 
should be the same, if the temperature gradient is applied 
uniformly throughout the thickness. This is because of the 
uniform stacking structures of the both laminates. For the 
very same reason, under a uniform axial stretching, both the 
global mismatches and the local mismatches would undergo 
the same rate of change as functions of the mechanical loading. 
Recalling the far-field stress expressions (18), (19), and the 
complete expressions (39-44), this would mean that the 
interlaminar stresses will behave in the same fashion albeit 
their signs whether the mismatches are due to mechanical 
stretching (or compression) or due to uniform temperature 
gradient. Kim and Atluri (1995) discuss this phenomenon in 
detail, and suggest that a uniform temperature rise or drop 
should be used for controlling the interlaminar stresses for 
the cases of cross-ply and angle-ply laminates. 
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Conclusion 
An assumed stress solution for interlaminar stresses near 
straight free edges of composite laminates under thermo- 
mechanical loading has been presented. The method is based 
upon admissible function representations including both global 
and local mismatches in the equivalent Poisson's ratio and 
equivalent coefficient of mutual  influence. Unlike some previous 
assumed stress methods, the present analysis does not assume 
a priori  about the form of unknown functions in the stress 
expressions. As a result, the unknown decaying functions are 
determined from an eigenvalue problem rather than by an 
iterative algorithm, allowing both real and complex 
exponentials as solutions. Thus, two new improvements of 
the present method that have not been reported previously 
in employing an assumed stress method for the combined 
thermo-mechanical  loading are: inclusion of the local mismatch 
effects, and development of a new eigenvalue program that 
avoids t ime-consuming, cumbersome iteration procedure 
and eliminates possible numerical instability associated with 
iterative algorithms. For the mechanical loading problem, the 
numerical results for cross-ply and angle-ply as well as 
quasi-isotropic laminates are almost identical to the results 
obtained by Rose and Herakovich (1993). For uniform thermal 
heating, the present results show a good agreement with those 
of Wang and Crossman (1977b). In particular, for cross-ply 
and angle-ply laminates the present formulation reveals 
a similarity between two resulting stress fields, one under the 
uniform stretching and the other uniform heating or cooling. 
The method is fast, efficient yet reliable, and can be easily 
implemented without requiring a large computing memory size. 

Using through-thickness integrals defined in Rose (1992), 
they can be written as: 

7"1 ~-~g22 

h = 2 g22g32 - -  g422 

r~ = g~ 

/'4 = - -  r14 : g61g32  - -  g s l g 4 2  

r5 = - rz5 = g 6 1 g 2 2  

r6 = g32g34 

r7 = r2s = g3zg24 - g42g44 +gzzg34 

rs = r26 = g22g24 

r 9 = r .  = g32g3 s 

rio = r24 = r38 = g32g25 - g42g4s + g22g35 

rn = r39 = g2292s 

r12 = rso = g63932 - gs3942 

r~ = - rsl : g63g22  

r16 ~ g21 

Appendix A 
The coefficients in Eqs. (12), (13) are defined as: 

a(k) 1 r q_A~INT i - 1  V 
111 ~-An  Nn,i , q - A 1 3  NI2 , i  

B 1 M r  4 - B - 1 M  r + B - I M  r 
11 11,i - -  12 22,i 13 12,i 

~ S ( z  z~+ '>)a-  (81) 

r17 = _ g621 

rl~ = - / ' 2 7  : -  g s l g 4 4  - g61g34  

r19 = --  rza = -- g61924 

rio = -- r40 = g51g4s --  g61g35 

r21 = -- r41 = --  g61g25 

(k)=A121N~i + -* T - i  V a22i , A22 N22,i +A23 N12,i 

B-1MT a _ B - 1 M r  B - 1 M  r 

~ {  (z - 1>) G -  (z - z  ~k>) G+ 1>~} z(k + 

a(k) - - A - 1 N T  _L.A-1NT A_k--IMT 
12i - -  *~13 11,i ~ 23 22,i ~ z ~ 3 3  • 

+ B - 1 M  r - 1  T --1 T 
13 1 1 , i + B 2 3  M22,i + B33 M12,i 

12 { (Z  --z(k+l))(~ki-- (Z - - .  / U(k+l) i  j 
t (k) 

r22 = r52 = g s l g 5 3  

r23 = r53 = - g61g63 

(82) r29 = g324 

r30 = 2 g24934  - -  g424 

r3l  ~ g 2 2 4  

%2 = r42 : g34935 
(83) 

r~3 = 143 = g 2 s g 3 4  - g44945  q-  g24935  

where 6k~ is the Kronecker delta function. r34 ---- r44 = g24925 

Appendix B 
The coefficients r~ of the differential equation (62) result from 
many through-thickness integrations associated with (55). 

r3s = -- r54 = 2 g63g34 --  g53g44 

T36 : --  r55 : g63g24 



r45 = g325 

~'46 = 2 425~35 - -  ~45 

}'47 ~ 425 

/48 ~" -- rs6 ~ 46393s --  g53g45 

/'49 = --  r57 = 463425 

F59 = - - 4 2 3  (85 )  

The g~ and  gijgkz terms can be found  in the Appendix of Rose 
(1992). 
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