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Abstraet--A dual yield constitutive model involving both the J2-flow and a threshold-shear- 
stress based flow, described in the accompanying article, is incorporated in a finite element pro- 
gram, and a simulation of shear band localization occurring in a uniaxially loaded plane strain 
specimen is carried out. The FEM takes into account the finite strains and the rotations involved 
in the formation of the shear band. These numerical experiments not only validate the postu- 
lated constitutive equation, but also aid in investigating the effect of the material hardening 
exponent, the aspect ratio of the specimen, and the mesh morphology on the formation of the 
shear band. 

!. INTRODUCTION 

Several investigations on shear band formation have been carried out using finite ele- 
ment simulations based on different types of constitutive models. PIETRUSZCZAK and 
MROZ [1981], in their analysis of a strain softening material, assumed a shear band of 
a prescribed thickness to exist within the elements where the maximum stress intensity 
is reached; they employed Coulomb's contact yield function inside the shear band. TVER- 
GAARD, NEEDLEMAN, and Lo [1981] analyzed certain plane-strain tensile tests using FEM 
simulations, assuming the test material to satisfy the phenomenological corner theory 
of plasticity proposed by CHRISTOFFERSEN and HUTCHINSON [1979]. They triggered the 
localization using different thickness imperfections and demonstrated the emergence of 
the shear band at realistic overall strain for a work hardening material. ORTIZ, LEROY, 
and NEEDLEMAN [1987] considered a J2-softening constitutive hehaviour and showed 
the formation of the shear band to be associated with a breakdown of uniqueness of 
the constitutive response at a local level. For those elements that exhibit a nontrivial 
direction, across which the material constitutive behaviour effectively produces a jump 
discontinuity in the strain rate distribution, a special shape function is assigned to cap- 
ture the shear band. NACAR, NEEDLEMAN, and ORTIZ [1989] modified the model for 
finite deformations and rate dependence. 

In this article, our goal is to incorporate the dual yield model, described in the accom- 
panying article, in an FEM procedure capable of accounting for large strains and mate- 
rial rotations, and demonstrate the validity of the model using a simulation of shear 
band formation in a tensile specimen. The formation of the shear band, being direction- 
ally preferred in nature, necessitates the use of a suitable mesh design in which the ele- 
ments are oriented in the direction of the principal shear strain. Though our initial mesh 
morphology is designed to suit this requirement roughly for the entire deformation, the 
mesh is not adapted in each step of the deformation. The simulation does not focus on 
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such mesh-related aspects, as our main concern is only to substantiate the utility of  the 
constitutive model and study the effect of  some of the material and the geometry-related 
parameters on the formation of the shear band formation in the tensile specimen. Also, 
this investigation does not address the issues associated with the artificial smearing of 
the shear strain in the elements. 

!1. M E T H O D O L O G Y  

II. 1. Bas ic  e q u a t i o n s  

This is, essentially, a displacement-based Finite Element method. The stress-strain 
relationship is established in a rate form using an updated lagrangian formulation. The 
procedure established in ATLURI [1979] for large strains and rotations forms the basis 
for this algorithm. The equilibrium equation is expressed as 

7rAi, A + b~ = O, (1) 

where TAi is first Piola-Kirchhoff  stress and b i represents body forces and ( ) represents 
a material derivative. Indices A B C . . .  refer to the current configuration and i j k . . ,  refer 
to the deformed configuration. For an elastic-plastic (including the directionally pre- 
ferred deformation) solid, an objective rate of  Kirchhoff stress that is appropriate in the 
present context (refer to section II.4 of  the accompanying article), 

(+o)o = +ij - ( ~ k  - ~i*k)rks + rik( ~kj  -- ~7,j), (2) 

where, 

~ois = (1/2)(v~,s - vi, g); 

~o~ = ( 1 / 2 ) { ( v ~ o ) . ~ -  (vj, Asl 

and ~'o is the material derivative of  7gj. The constitutive law can be expressed as (refer 
to section II.3 of  the accompanying article), 

( 4"ij)o = Ei jk iDkt ,  (3) 

where Eijk~ is the constitutive tensor. Combining (2) and (3), for certain numerical con- 
venience, we can write the constitutive equation in terms of  the well-known Jaumann  
rate of  Kirchhoff  stress as 

( ~ i j ) J  = Eijk;Dk;  + ~s ,  (4) 

where ]'~ can be considered as a correction-stress rate arising exclusively due to the 
directionally preferred deformation,  which can be expressed as 

]-~ * • = --~oikrkj + fik~ki. (5) 
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The Jaumann rate of Kirchhoff stress is 

('tij)J = ~ij - O~ik rkj + "l'ik~kj" (6) 

11.2. Weighted residual method 

In the interior of a body, a weak form of  the equilibrium equation (eqn 1) is written as 

a~Ui(7"Ai, A "{- hi) dO = 0. (7) 

Integrating (7) by parts and also considering the surface tractions, equation (7) can be 
rewritten in a different fashion: 

fa~Vi, AJ'Aidl"l= fs6Vii idS + fa~vilJidgl. (8) 

Because an updated lagrangian formulation has been employed, treating the deforma- 
tion gradient tensor to be identity tensor, it can be shown that, 

Tji = 7 j i -  Vj, krki. (9) 

Substituting (9) in (8) we obtain, 

foavi.,(÷,,-v,,k,ki)da=fsav, i, dS+£avibida. (10) 
Substituting (4), (5), and (6) in (10) we get, 

fa'vi,  j(EjiktDk,) dgl + fanv, j( - 7jkCadki - vj, k rgi)  d Q  

(11) 

=L~vj, dS+fo~v~b, da+£~vijr~da 

II.3. Element stiffness 

In this subsection we appropriately modify eqn (11) and adapt it for FEM in a matrix 
form for planar conditions. The first term of  the LHS of  (11) can be written as 

fa  v'd(Ejik'Dk') dll = foe {6vn}r[B]r[Eeps] [B] {vn} dlle' (12) 

where 

{D} = [B] {v~} 

= { Vl, 1U2,2U3,3 Vl, 2 "l- V2, I }r .  
(13) 
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Here, {v,, } is the nodal velocity matrix, {DI is the element velocity strain and/ /e  is the 
element volume space. The constitutive matrix can be written as 

[E~p~ ] : [El + (kj /ko)lsJ{s] ~ 

+ (R2/ko)(ls} [AD}r + [Ao] Is] T) 

+ (k3/ko) [Ao] {Ao} T 

where, 

ko = (am2/9~2)(3~ + H~,)(~ + H~ - r~02) - (O~p.as)r 2 

kl = - ( ~ p ) ( ~  + H~ - r~2) 

k2 = ( tolp'~s)l~'l'm 

k3 = - (aq) (az /9) (3 /z  + Hp) 

[E] is elastic constitutive matrix; Is] is deviatoric stress matrix, and {Ao} is a coordi- 
nate t ransformat ion matrix where, 

I s l r = l S l l  s22 s33 r121 

l A D ] r =  [ - -2s inOcosO 2s inOcosO 0 cosZO--sinZO] 

# is elastic shear modulus; Hp is the tangent modulus of  the stress-plastic strain vari- 
ation of  the uniaxial tension test, and Hs is the tangent modulus of  the variation of 
the shear stress-directionally preferred shear strain along the shear plane, obtained in 
a pure-shear experiment, am and 7 m are flow stresses corresponding to the two yield 
functions. ~2 is the shear stress in a coordinate system with its x inclined at an angle 
of  (~r /4  - 0) with the global xl and x3 ~ placed along x3, and this term arises due to the 
rotation of  the shear band. 

Here ~p and as are binary switches which depend on the yield conditions as given 
below (for monotonic  loading): 

and 

ap = 0 when ~m -< [Om/{2/~(1 + P)I] or (d~m/dt), < 0 

= 1 when ~:m ) [Om/[21~(1 + ~')]] and (d¢m/dt)p >-- 0 

as = 0 when ~[m <-~ (Troll1") or (d'ym/dt)s < 0 

= 1 when ~[m > ( ' f m / I  A) and (dVm/dt)s >- O. 

The second term of  the LHS of  (11) corresponds to the corrections arising due to 
the implementat ion of the finite strain and rotation features. When it is simplified, 
it becomes, 

fll$Ui, j(6Ojkrki - -  7jk60ki -- (OUj//OXk)Tki) dll  = ~o {$vn}T[B']r[E ']  [B'] {vn} dl~e, (14) 
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where [E'] is a symmetric matrix with the following components: 

--TII 0 0 0 --TI2 

0 --T22 0 --TI2 0 

0 0 -r33 0 0 

_½ 0 --TI2 0 ~ (T22 -- Tll ) (T22 + TI1 ) 

--T12 0 0 I --~ (T22 + Tim) ½(TII -- T22 ) 

(15) 

and 

where 

I~ '*]  T =  [2 r12W s - -2r1260 s 0 Ws('t22 --  r l l )  ¢,als(T22 --  T l l ) ]  (19) 

and ~0s = ½ (v~,l - v~,2L. 
The final equation can be written combining (12), (14), (17), and (18), that is, 

[K] {Vn} = {FN} -I" [F~},  (20) 

where [K] is a symmetric stiffness matrix of the element, given by 

[K] = f_ ([B]r[Eep~] [B] dBe + (_ ( [B ' ] r [E ' ] [B ' ]  dQe (21) 
~u e oUe 

/ ,  

Ii~,~l = JOe [n']r{~'*} age. (22) 

II.4. Mixed procedure 
It is possible to carry out this Finite Element Simulation using, strictly, incremental 

method with fine increments of displacement boundary conditions. But, we chose to 

[B'] is related to the nodal velocity gradient matrix by, 

[B']lv.l=lVl,1 v2,2 v3,3 vl ,2  v2,1} T- (16) 

The first two terms of the RHS of (11) can be coupled to give 

fs6V, isdS + fa~vibida =16vn}rlP.}, (17) 

where {F,} refers to nodal forces. 
The last term of the RHS of (11) corresponds to the fictitious forces associated 

with {~"1 which can be simplified as, 

fo "vi'jr~:dll = fa {"%}r[B']rl"*l dQe' (18) 
e 
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adopt  a mixed method, that is, convergence ensured by iterations in each increment. 
In almost all the steps of  increments, the convergence is achieved to about 0.2°7o in the 
second iteration itself. However,  more iterations were required when the state of  de- 
formation switches from one to another, as in yielding or unloading, and particularly 
becomes necessary when the deformation is close to an instability state. To take into 
account such change of the deformation states, the mixed procedure is more suitable. 

111. ANALYSIS  

In this section we discuss the results of  the Finite Element Simulation of the Shear 
Band Formation in the tensile specimen. Here, constant strain triangular elements are 
employed. We have used three types of  graphical illustrations to present the effects of  
certain material and geometry related parameters on the format ion of  the shear band. 
These are, 

1. Shear strain: Variation of the shear strain in the band with the overall engineer- 
ing strain in the tensile specimen, which shows the extent of  accumulation of  the 
shear strain. 

2. O-L-N parameter  (K) and O - L - N  angle (0):  A description of r and 0 is provided 
in section III.3 of  the accompanying article. Variation of r or 4~ with the overall 
engineering strain serves as a good indicator for the nucleation and sustenance of  
the shear band. 

3. Shear band orientation: The orientation of the shear band varies continuously with 
the overall engineering strain, and the depiction of this in graphical form facili- 
tates an understanding of  certain rotational features of  the shear band. 

All the three parameters,  namely, shear strain in the band (D~2 + D ~ ) ,  O - L - N  
parameter  and the shear band orientation are computed as volume averages in the set 
of  elements constituting the shear band. 

Il l .  1. Effect of material hardening 

We employed a particular type of power-law equation to represent the material behav- 
iour, which is of  the form, 

rm = ksv~ 2 (23) 

where ks = ry / (7"y / Iz )  n2. Here, r m  and ~,,~ are equivalent shear stress and engineering 
shear strain respectively; subscript y refers to yield condition, and superscript n2 is the 
hardening exponent. In the simulation, we varied the hardening exponent as 0.0, 
0.033146, 0.1, and 0.3 for a shear-yield strength ( l ' y )  of 866.2 Mpa. The case where 
n2 = 0.033146 corresponds to the experimental data of  ANANO and SPITZIC [1980]. The 
minimum of  the O - L - N  parameter  turned out to be positive for all the four cases, but 
nontrivial O - L - N  angles exist corresponding to these minimum values also. The vari- 
ation of  O - L - N  parameter  with the engineering strain is shown in Fig. 1. For the zero 
hardening case (n2 = 0), this value dips down to zero at the point of  yield itself and con- 
tinues to remain at zero. For the mild hardening case (n2 = 0.033146), the value dimin- 
ishes steeply and approaches a value close to zero asymptotically. In the case n2 = 0.1, 
this saturation value remains significantly above zero, and for n2 = 0.3, it is an order 
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Fig. 1. Effect of  material behaviour (O-L-N parameter is given in (MPa)2). (a) n2 = 0.0, (h) n2 = 0.033146, 
(c) n2 = 0.1, (d) n2 = 0.3. 

of  magnitude higher. However, there is no jump discontinuity in the strain rate distri- 
bution in any of  these cases, the first and the second cases exhibit pronounced shear 
strain accumulation in the band. But the extent of  shear strain accumulation is much 
less in the third and the fourth cases. The variation of  the shear strain in the band with 
the engineering strain is illustrated in Fig. 2. ORTIZ,  LEROY, and NEEDLEMAN [1987] have 
assumed a J2 softening material, and perhaps this explains why the O - L - N  parameter 
dips down to negative values in their case. This implies that the shear band nucleation 
need not always be associated with any jump discontinuity in the strain-rate distribu- 
tion, and in mild-hardening cases large accumulation of  shear strain in the band is pos- 
sible even with no such discontinuity. 

III.2. Effect o f  aspect ratio o f  the specimen 

Motivated by the results of  NEEDLEg_AN [1972] and BURKE and NIX [1979] on the 
influence of  aspect ratio on necking in tensile specimens, we performed certain numer- 
ical simulations to find such an effect on the shear band formation. Deformed mesh- 
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plots of  the cases pertaining to three different aspect ratios (keeping the material inputs, 
mesh morphology,  and the boundary conditions the same in all the three cases) are 
shown in Fig. 3. The variation of  the O - L - N  parameter shows no significant difference, 
and this can be seen in Fig. 4. The variation of  the shear strain in the band is given in 
Fig. 5. The slender specimen seems to exhibit larger accumulation of  the shear strain 
compared to the stubbier ones. However, we like to add a word of  caution here: As the 
mesh morphological  conditions have been maintained the same in all the three cases, 
the width of  the band also becomes the same. Consequently, if we treat the formation 
of  the shear band as a concentration of  the total shear deformation energy imparted to 
the specimen, the specimen with a smaller aspect ratio is expected to show less shear 
strain accumulation. Also, the 'shear strain'  here means only the average shear strain 
in the band. This value is strongly influenced by the size and the orientation of  the band. 
Therefore,  it becomes very difficult to eliminate the procedure-induced effects in this 
type of numerical simulation to establish an unbiased comparison. Nevertheless, the vari- 
ation of  the angle of  orientation of the shear band is not prone to such problems (under 
identical mesh morphological conditions), and it is depicted in Fig. 6. Although the gen- 
erally increasing trend in the angle of  orientation of  the shear band can be attributed 
to the tensile nature of  the deformation,  it is difficult to offer any phenomenological 
explanations for the type of  variation exhibited. It can be seen that the specimen with 
the larger aspect ratio displays more rotation of  the shear band. When such a rotation 
takes place, the shear stress required to further strain the material in that direction 
increases (geometric hardening), and therefore, according to the present analysis, the 
slender specimen exhibits higher geometric hardening compared to the stubbier ones. 
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II1.3. Effect of mesh morphology 

The "dependence on mesh morphology" in the numerical simulation of the shear band 
formation is a well-recognized aspect as both the size and the orientation of  the set of  
elements constituting the shear band play a significantly influencing role. The minimum 
band width is restricted to the size of the element, and, therefore, the physical shear band 
with microscopic width is essentially smeared across the element width in this sort of  
numerical simulation. This artificial smearing of  the shear band still appears to be an 
unsolved problem, and we don' t  address this issue in this article, but the orientation of  
the set of elements forming the shear band becomes important even to capture the band 
numerically. In this connection, we carried out a few numerical experiments varying the 
initial orientation of  the set of  shear band elements. We considered meshes with initial 
angles of  orientation of  the set of  elements as (a) 36.2 °, (b) 41.0 °, and (c) 45.0 °, and 
(d) 50.0 ° with x-axis. The last case (d) shows absolutely no tendency for shear band for- 
mation, and the deformation becomes highly diffused. The variation of O - L - N  param- 
eter in the other three cases is shown in Fig. 7. In case (a), even though there is formation 
of  shear band in the initial stages of  deformation, mesh locking takes place for an engi- 
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neering strain of  0.05, itself leading to diffused deformation. From these results, it is 
seen that the mesh morphology does influence the formation of  localized shear band. 
The O - L - N  parameter exhibits a transition from the decreasing to an increasing trend 
at this stage. In the other two cases, (b) and (c), the shear band could be captured, but 
we see a mild dependence of the initial orientation of  the elements on the angle of  ori- 
entation of  the shear band as shown in Fig. 8. Therefore, we feel that the mesh needs 
to be continuously adapted in each incremental step of the deformation to match the 
rotation of the principal direction of  the shear strain for a more reliable analysis. 

IV. SUMMARY 

The dual yield model described in the accompanying article is established in an FEM, 
which is based on an updated lagrangian approach and takes into account finite strains 
and rotations. Using the FEM procedure, certain features of  the shear band formation 
in a tensile specimen are investigated. The effect of the material hardening exponent, 
the aspect ratio of the specimen, the mesh morphology, and the imperfection (geomet- 
rical and material) on the formation and growth of the shear band are studied. Varia- 
tions of  the average shear strain in the band, O - L - N  parameter and the orientation of 
the band as functions of overall tensile strain are used for illustrating the characteris- 
tics of the nucleation and the growth of  the shear band. The results can be summarized 
as following: 

1. O - L - N  parameter serves as an excellent indicator of the nucleation and growth of  
the shear band. The nucleation of  the shear band is indicated by a very low value 
of  O - L - N  parameter, and its continued growth is signified by the sustenance of 
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the low value. In other words, the nucleation and a sustained growth of  the shear 
band are indicated by not only a low value of the O - L - N  parameter but also a neg- 
ative rate of  variation of  the parameter  with the overall strain. 

2. Zero and mild hardening cases produce pronounced shear strain concentration in 
the band but not the significantly hardening cases. The lowest values of  O - L - N  
parameter  for the zero and mild hardening cases are less than that of  the other 
cases by at least an order of  magnitude. 

3. A jump discontinuity in strain rate space may be characteristic of  shear band for- 
mation in a softening material but not necessarily in a hardening one. 

4. A slender specimen exhibits higher shear band rotation than that of  a stubbier one 
and therefore appears to be more prone to geometric hardening. 

5. The orientation of  the set of  elements constituting the shear band is very impor-  
tant in the FEM simulation. The angle of  orientation should be as close as possi- 
ble to the actual orientation of  the plane of  the principal shear strain. 
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NOMENCLATURE 

ijk = (subscripts) refer to deformed configuration 

ABC = (subscripts) refer to current configuration 

bi = body forces 
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I B] = mat r ix  relat ing the velocity s train in an element to the nodal  velocity mat r ix  as described in eqn (13) 

[B']  = matrix relating the velocity gradient  in an element to the nodal  velocity matr ix  as described in eqn (16) 

D,/  = veloci ty  s t ra in  tensor  

E,jk/ = symmet r i c  cons t i tu t ive  tensor  for elast ic,  plast ic  ( inc luding d i rec t iona l ly  prefer red)  de fo rma t ion  

[Eeps] = symmet r i c  cons t i tu t ive  ma t r ix  for elast ic,  plast ic  ( inc luding d i rec t iona l ly  preferred)  de fo rma t ion  

[E ' ]  -- symmet r i c  mat r ix  as descr ibed in eqn (15) assoc ia ted  with finite s t ra in  and  ro ta t ion  fo rmula t ion  

{F.]  -- noda l  force mat r ix  

[F*] -- noda l  force-correc t ion  mat r ix ,  which  is the f ic t i t ious  force ar i s ing  due  to the inco rpora t ion  of  the 
d i rec t iona l ly  prefer red  de fo rma t ion ,  in eqn (22) 

S -- surface  

TAi ---- f i r s t -P io la  Ki rchhof f  stress tensor  

t i = t rac t ion  

vi = veloci ty  vector  

{v.I  = noda l  veloci ty  mat r ix  

~¢., = effect ive engineer ing  shear s t ra in  

r 0 = Ki rchhof f  stress tensor  

r,,, = effect ive shear  stress 

/ /  = vo lume space 

• qe = e lement  vo lume  space 

o~,:/ = rate  of  mate r ia l  ro t a t ion  in i so t ropic  c o n t i n u u m  as descr ibed in eqn (6) 

~ = ro ta t ion-cor rec t ion  ar i s ing  due to the d i rec t iona l ly  prefer red  de fo rma t ion ,  as descr ibed in eqn (2) 

~'i~ = correc t ion-s t ress  rate a r i s ing  due  to the d i rec t iona l ly  preferred d e f o r m a t i o n  (appears  in eqn (4)) 


