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Abstract 
A significant number of research papers has been 
published on the analytical modelling of composite 
laminates over the past 20 years. The drive for more 
accurate analysis has led us to techniques which have 
become computationally more and more burdensome, 
while the engineering world continues to use simple, 
first-order shear deformable plate theory as its primary 
tool. This paper presents a unique approach to the 
analysis of thick laminated composites by presenting 
two simple finite element methods. The first uses the 
Predictor Corrector technique to extend the simple 
Mindlin type element to achieve greater accuracy, and 
the second develops a new Least Squares element 
which can approximate a C 1 continuous element. The 
Least Squares element has the capability to incorporate 
a simplified higher order basis into a piecewise con- 
tinuous displacement field creating an accurate, yet 
computationaUy simple, element. These two methods 
have the potential to upgrade analysis methods sig- 
nificantly with little additional computational cost. It is 
hoped that this work can instigate further research into 
efficient modelling of composite laminates. 

Keywords: finite elements, laminated plates, C ~ con- 
tinuity approximation 

1 INTRODUCTION 

Laminated fibre reinforced composite plates 
(LFRCPs) are providing engineers with the ability to 
design and build structures as never before. However, 
today's technology has only just begun to realize the 
resource that is becoming available in the field of 
composite materials. As the field continues to grow, 
so must the ability to perform accurate engineering 
analyses. The inherently complex nature of composite 
laminates often necessitates complex mathematical 
models which are difficult to implement in practical 
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engineering analysis. Therefore, the need for accur- 
ate, yet efficient, methods will remain high. The 
future calls not only for increased understanding and 
more accurate modeling of composite materials but 
also for fresh ideas and approaches on how to predict 
laminate behaviour effectively and economically. This 
work presents some novel approaches which will 
provide simple, yet powerful, tools to be used in 
engineering design analysis. In addition, it may 
possibly initiate a new methodology for future work in 
laminated composite plates and shells. 

1.1 Evaluation of current analyses methodologies 
When solving the LFRCP problem we must make 
certain assumptions and follow some general guide- 
lines. It is assumed that the layers of the laminate are 
perfectly bonded together so that no slip can occur 
between them. In addition, the three displacements, 
ui(xj), must be continuous in x/ to satisfy com- 
patibility, but they need not have a unique ui.3 across 
the lamina interfaces. (Here xj represents the three 
coordinate directions, i , j  = 1, 2, 3 and the comma 
denotes partial differentiation.) This statement is 
supported by exact, 3-D analysis published by 
Pagano. 1,2 

It is also accepted that transverse shear effects must 
be included in thick LFRCP analysis. A first-order 
shear deformable plate theory (SDPT), or Mindlin 
type theory, is by far the most popular analysis 
technique that is used to accomplish this task, but 
many works have been published in an attempt to 
overcome some of the deficiencies of this theory; 
mainly the need for a shear correction factor. A large 
number of analyses have concentrated upon trying to 
gain more accuracy by carrying more terms in the 
series expansion of the displacements. In other words, 
a higher order (in the thickness coordinate) SDPT is 
used. The disadvantage of the higher order approach 
is that the number of unknowns in the problem 
quickly becomes large. In addition, it becomes 
difficult to understand physically and to prescribe 
boundary conditions for these additional terms. A few 
of the papers in this area have been published by 
Nelson and Lorch, 3 Lo et a l . ,  4'5 Kant et al., 6 Murty 
and Vellaichamy, 7 Pandya and Kant, ~ Mallikarjuna 
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and Kant, 9'1° Mottram 11 and Murty. ~2 Simplifications 
of the higher order approaches are also quite common 
in current research. The number of unknowns in the 
displacement field can be reduced by four by setting 
the transverse stresses on the top and bottom surfaces 
of the plate equal to zero. The drawback to the 
simplified approach is that a C 1 continuity require- 
ment arises. Some examples of simplified higher order 
approaches can be found in work published by 
Reddy, 13'14 Kant and Pandya, ~5 Senthilnathan et 
al., 16.17 Reddy and Phan, TM Murty 19 and Khdeirfl ° 

The higher order approaches theoretically make 
sense, but outside the realm of isotropic materials, 
carrying a finite number of higher order terms does 
not coincide with the physics of the problem. In a 
laminated composite plate the values for u~,3 need not 
be the same on either side of a layer interface. In 
other words, the displacement field through the 
thickness of the laminate can be piecewise continuous. 
This form of displacement field cannot be achieved 
with a smooth, continuous function because it will 
maintain a unique u~,3 across the layer interface. The 
advantage of a higher order SDPT is that a traction 
free condition on the top and bottom surfaces can be 
satisfied, and the need for a shear correction 
coefficient (SCC) is reduced. Note the emphasis on the 
word reduced. Since the assumed deformation field is 
not exact, the calculated transverse strain energy will 
deviate from the true energy, and an SCC would be 
beneficial to adjust this difference. Therefore, it is 
reasonable to assume that the first-order SDPT with 
the correct SCCs can give as good, if not better, 
results for certain cases than a higher order theory 
without any correction. 

Another common analysis method, which follows 
the physics of the problem, is the discrete layer 
approach. A piecewise linear (or higher order) field is 
established within each layer. The obvious drawback 
to such an approach is that a problem can quickly 
become intractable for thick plates with a large 
number of layers. A few of the papers published in 
this area include those by Srinivas, 21 Reddy et a1.,22 
Barbero and Reddy 23 and Alam and Asnanifl 4"25 The 
discrete layer approach can be simplified by enforcing 
displacement continuity, as well as transverse traction 
continuity, at the layer interfaces. In this manner the 
number of unknowns becomes independent of the 
number of layers. A few examples of the simplified 
discrete layer approach include those of Sciuva, 26 
Mawenya and Davies 27 and Lee et al. 2~ 

1.2 Analysis approach 
As discussed above in Section 1.1 the first-order 
SDPT has the potential to provide accurate results as 
long as the correct SCCs can be calculated. In this 
paper we will develop modifications to a standard 
first-order SDPT finite element program to include the 

calculation of accurate SCCs. This will be done by 
comparing the first-order transverse strain energy to 
the true strain energy. The true strain energy will be 
found by using the transverse stresses determined by 
integrating the equations of equilibrium through the 
thickness of the plate. 

The second part of this work will develop a new 
least squares (LS) finite element. The LS method will 
allow displacements to approximate C ~ continuous 
functions on the boundaries of the element. With this 
element we can take advantage of displacement 
functions which normally would require C j continuous 
interpolation functions. The LS element can be 
applied to either a simplified higher order approach or 
a simplified discrete layer approach with a simplified 
higher order function as the basis for the displacement 
field. The latter will be used to demonstrate the 
technique. 

Both of the above analyses will be demonstrated by 
using the finite element method to solve the vibration 
problem. 

2 AN IMPROVED FIRST-ORDER SHEAR 
DEFORMATION THEORY 

In this part of the work we shall modify a finite 
element model, based upon a first order SDPT, to 
include the ability to calculate accurate SCCs for any 
particular laminate. With accurate SCCs, the first- 
order SDPT will give very good results. This 
technique, called the Predictor Corrector (PC) 
technique, has been successfully applied analytically 
by Noor and Peters 29 and Noor and Burton, 3°'31 but 
implementation of the technique into a finite element 
analysis has not been published. 

One method of obtaining SCCs is to equilibrate the 
calculated transverse strain energy to the actual strain 
energy. We shall compare the strain energy based on 
the first-order theory, U~z, to that found by using 
calculated transverse stresses, UK (here c~ = 1, 2). If 
we let k ° be the original SCCs, then updated 
coefficients, k~, are found through the relationship: 

(/,~)20~z = (k°)V~z (1) 

The calculated transverse stresses are found by 
rearranging and integrating the equations for 3-D 
equilibrium. The resulting equations are 

Oiz(Z ) : (p//i -- O,,x -- Oiy.y --f,) dz (2) 
h i 2  

where f~ are any body forces present. The first two of 
these equations provide us with a method of 
calculating the transverse stresses Oxz and Oyz. Once 
this is done, the third provides us with an expression 
for o:z, if so desired. However, in order to perform 
this integration we must accurately determine the 
in-plane stresses and then their derivatives. 
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2.1 Finite element implementation 
The basis for the PC finite element model is a 
standard Mindlin, eight-noded, quadratic, isopara- 
metric element utilizing displacements of the form 

u = Uo + ZCPx (3) 

V = V o q-  Z l ~ y  ( 4 )  

w = Wo (5) 

giving five degrees of freedom (Uo, Vo, Wo, q~x and q~y) 
at each node for a total of 40. In a standard finite 
element implementation, the stresses are normally 
calculated from the strains which are found by 
differentiating the displacements comprised of the 
nodal displacements. Once the stresses are known 
throughout the plate, their derivatives could be found. 
Unfortunately,  since a quadratic element was chosen 
for this analysis, the displacements within an element 
will, at best, be quadratic and after differentiation will 
result in linear stresses. The required additional 
differentiation leaves us with constant stress gradients 
and, as a result, constant strain energy throughout  the 
element (in certain directions). Therefore ,  we shall 
have a mismatch when we compare this strain energy 
to the strain energy calculated from the first-order 
theory, which results in a quadratic distribution. To 
alleviate this problem, a technique has been 
developed which first globally smooths the nodal 
displacements to a higher order  polynomial. 

The smoothing technique uses a cubic least squares 
curve-fit routine to calculate the four polynomial 
coefficients for w, 4~x and q~y on each side of the 
element. In the end, we obtain the coefficient data for 
12 cubic curves for each element. The curve fitting is 
done by utilizing five points per side. We use the 
original three nodal points plus two additional ones. 
For interior elements a data point from the elements 
on either side is taken. For boundary elements, two 
points from the adjacent interior element are used. 
After this is completed, the next step is temporarily to 
transform our eight noded quadratic element into a 12 
noded cubic element.  The shape functions associated 
with both the eight and 12 noded elements can be 
found in any standard finite element text. 

Next, we proceed to build an element displacement 
vector, {A}o consisting of sixty terms (five degrees of 
freedom at each of 12 nodes). The vector is defined as 

= [ (Uo)I  (Vo)I  (Wo) I ( ~ x ) '  ((])y) I " ' "  ( ~ y ) 1 2 ]  

(6) 

where the subscript c denotes the cubic element.  In 
building {A}o the original displacements are retained 
for the corner nodes, and the values for the side nodes 
are calculated by using the polynomial curve fits. In 
this manner, the displacements which originally varied 
quadratically now vary cubically. 

Next, the stresses are first calculated at the 12 
nodes. We start by finding the strains from the 
derivatives of displacements at each node by 
establishing 

E o 

where [fl] is the standard matrix to include the 
derivatives of the shape functions. It is important to 
remember that eqn (7) provides the midplate strains 
and curvatures at a specific point in the element.  The 
three in-plane strains at this point can be represented 
as a function of z by 

{x}  ii o o z o !1 Ey = 1 0 0 Z ~}{A} 

'~xy 0 1 0 0 

= ( s )  

The stresses at this specific point in the plate's 
thickness become 

= [Q]k[Z][fl](A} (9) 

where [Q]~ represents the reduced stiffness 
coefficients for the k m layer of the laminate, and z 
falls in this layer. Thus, eqn (9) allows us to calculate 
the stress at a specific r/, ~, z location in the element.  

Stress gradients follow after choosing a convenient 
set of points at which to determine our desired 
parameters. Through experimentation and ease of 
computational implementation, it was found best to 
use eight interior points coinciding with the Gauss 
integration points for a three by three integration (the 
center point is discarded). The stresses, as given by 
eqn (9), are calculated as a function of z at each of 
these eight interior points. The result is established in 
matrix notation as: 

(o)1] 

(o) 3 

Oyy. 

Gy J l 

{oxq ( l o )  

Turning our attention now to the derivatives of the 
stresses, we find the derivatives with respect to the 
local coordinates at any point using the shape 
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functions of the reduced element• This is written as 

L xx, ~7 
Oxx.~ 

O~y., I 
~o~y,~ ) 

"NI,, 0 0 N:,, 0 0 

N~,~ 0 0 N:.¢ 0 

0 N1., 0 0 N2., 0 

0 N~,~ 0 0 N2,~ 0 

0 0 NI., 0 0 Nz., 

0 0 N~.~ 0 0 N2, ~ 

• " " 0 

• " " 0 

• " • 0 

• • • 0 

• • • N s v  

. . .  N s , ~  i 

(o),1 

(g).J 
Through the use of the inverse of the Jacobian, we 
can now obtain an expression for the derivatives of 
stresses with respect to the global coordinates at any 
r/, ~ as a function of z. The result is: 

r(<,),1 
~ x y x "  

L(o) J 

where the rectangular matrices with the Jacobian 
terms and the derivatives of the shape functions have 
been represented by [F] and [N] respectively• 

The representation of the body forces, or the 
dynamic terms, is the final item required before the 
integration of eqn (2) can be performed. For the case 
of free vibration we can express the required 
acceleration terms as: 

/~a~ ----" - -  O ) 2 ( U m o  "{- Z ~ m )  I ~  "~'-- - -  O ) 2 W o  (13) 

These equations, once multiplied by mass, are the 
final expressions we need to calculate the transverse 
stress distributions through eqn (2). 

2.2 Shear correction coeffm~nt cakalations 
The above discussion provides the appropriate 
expressions to insert into eqn (2) so that the 
integration can be accomplished. The integration can 
be performed numerically by a trapezoidal rule, or 
other simple integration method, starting at z = - h / 2  
with axz and oy~ equal to zero or to whatever surface 
tractions exist• The final values of tlx~ and Oyz at 
z = h / 2  should correspond to the tractions on the top 
surface of the plate, which are zero for the free 
vibration case. The end results of the calculations are 
the determinations of the transverse shear distribu- 

tions through the thickness of the plate at some 
specific r/, ~ location. 

The transverse strain energy densities calculated 
from the first-order theory are defined by 

where 

UoLz - -  I 2 - ~C.~y~z (14) 

~h/2 - lh /2  

Cx~ = J-h/2 C44 dz  Cy~ = J-h/2 C~5 dz  (15) 

and ),~ and )'e~ are given by the strain displacement 
relations• 

The transverse strain energies derived through the 
equations of equilibrium are defined by: 

- -  1 f h / 2  

Ox, - ~ J-h/2 C44(y2~) dz (16) 

1 I hI2 - - 2  

Oyz = ~ J-h/2 C55(Yr~) dz (17) 

where 

Here 

Y'xz = S440xz + $450e  

fez = &4Oxz + $55oe  

[$5S~4 S,,] = [ Q44 Q~451-' (18) 
S 5 5 J  t - 0 5 4  Qs,sJ 

Finally, by comparing the results of these two 
different methods through eqn (1) we can obtain new 
SCCs with which an updated natural frequency can be 
calculated. 

3 LEAST SQUARES METHOD 
DEVELOPMENT 

3.1 l~a~l~eamnt ~ Imm 
For this work we shall develop a displacement field 
similar to that developed by Reddy, 13 but which will 
be better suited for our needs in developing a 
piecewise continuous displacement field. We begin by 
assuming a symmetric, parabolic, transverse strain 
field of the form: 

~'o,z = cpo,(ao + alzZ),  (19) 

where q0~ is a transverse shear strain, ~ = x, y and ao 
and al are constants. If we force the transverse stress 
(strain) to go to zero at z = +h/2 ,  we can eliminate 
the two constants. The result is substituted into the 
strain displacement relations for transverse strain and 
solved for u~.z. The result is integrated with respect to 
z resulting in: 

( Uc, = U~o + qO~ Z -- 3h2] - zw  ~ (20) 
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We assume w = Wo(X, y), a constant with respect to z, 
giving us the third displacement. A displacement field 
of this form was published by Bhimaraddi and 
Stevens 32 in 1984. Following the procedure as outlined 
by Lee et al. 2~ we can write a piecewise displacement 
field in the form 

4 Z 3 \  
un = ulo-F ~ Pkq)lx W Olnq 91 Z - F ' ~  ) -- ZWz 

k = l  

i,'" rio + ~ - ' ( 4Z3] = P , %  + o¢,cp I z - ~ ]  - zw . ,  (21) 
k = l  

wn = Wo 

where 

Pj = ( zj - 4 z3 / 3h 2)( oli_ , - olj ) 

= (zj - 4z3/3h2)(16j_l -- ~j) 

n qgx" = or, q01 ¢py =/3,q01 (22) 

where C~ and -k C55 are the reduced stiffnesses for the 
k t" layer, and here zj is the distance to the bottom of 
jth layer. Superscripts n and 1 refer to the n t" and first 
layers respectively. 

At this time an important distinction is made in 
terminology. The three displacements given above in 
eqn (21) will be referred to as the d i sp lacemen t  f ields,  

1 1 1 while the five terms on the right hand side, Uo, Vo, ¢Px, 
¢p~ and w, will be termed the d i sp lacemen t  func t ions .  
This terminology will help make the following sections 
less confusing. The superscript, 1, will be dropped at 
this time, and reference to the first layer is 
understood. 

3.2 Finite element implementation 
We begin by assuming the element domain shown in 
Fig. 1 with a local r/-~ coordinate system as shown. 
This coordinate system is not unlike that of a standard 
isoparametric element. Within this domain we have 
displacements represented by eqns (21) in terms of 
five domain displacement functions Uo, Vo, Wo, qgx and 
%. Each of these functions is represented by n term 
polynomial expansions in r/ and ~ with n unknown 
constants 0~i. The expressions can be written as: 

U o = 0~" 1 -~- 0te2~ -t" 0{3~ "l- 0(4772 -]- 1~'5~ 2 q- 0t(6~ ~ q'- " " " 

Uo = O(n+l + 0 ( n + 2 ~  "~ ~ n + 3 ~  "~ 0 ( n + 4 ~  2 

+ {Tn+5~ 2 + ITn+60  ~ + • . . 

~Ox = ClfZnq- 1 -{- (~'2n+2~ - [-  0{2n+3~ -[- ~ ' 2 n + 4 0 2  

+ %.+5~ 2 + ol2n+J/~ +"  • • (23) 

(jOy = Of3n+l ~'- L~'3n+2/7 qt- ~ 3 n + 3 ~  -{'- ~ 3 n + 4 ~  2 

-t- O(3n+5~ 2 -~- 0 t ' 3 n + 6 ~  "t- • " " 

W = ~ '4n+l  "[- Clf4n+2~7 "~ ~ ' 4 n + 3 ~  @ ~ 4 n + 4 ~  2 

At- 1~'4n+5~ z "1- O ( 4 n + 6 ~  -[- " " " 

Fig. 1. Least squares element domain. 

We first define 

{a} T= [AI 

r/e ~2 r/2~ r/~2 i/3 ~ 3 . . . ]  (24) 

so that we can write the displacement functions in 
terms of ors as: 

.I u° } 'O o 

"~¢Px = [M']{cr} (25) 

where 
-A 

[~¢'] = 

0 0 

0 A 0 

0 0 A 

0 0 0 

0 0 0 

0 0- 

0 0 

0 0 (26) 

A 0 

0 A 

and {a~} is a column vector of all the c~ terms. Next, 
we add the local derivatives of w to these expressions 
to get: 

• U ° ]  

/3 o 

q~ 

~wr [ = [,if'l{ c~} (27) 

W ' r / )  

where 

[.~] = 

-A 0 0 0 0 

0 A 0 0 0 

0 0 A 0 0 

0 0 0 A 0 

0 0 0 0 A 

0 0 0 0 A m 

0 0 0 0 A~ 

(28) 
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We now have everything we need to write the domain 
displacement field given in eqns (21) in terms of the 
domain functions given in eqns (23). The result is 

Here 

where 

Ei 0c00c2  c i2 ] 
[o¢]= 1 0 e, 0 czF2, c 22 (30) 

0 0 0 1 0 

k 4Z 3 
Ci =/--~1 ~ + Ztrk -- 3h--- 5 o:k 

4Z 3 

j = l  

C2 = - 4 z 3 / 3 h  2 

This now gives an expression for the domain 
displacement field in terms of the {tx}. The next step 
is to relate eqn (27) to boundary displacement 
functions written in terms of nodal degrees of 
freedom. 

The element domain shown in Fig. 1 is first 
modified to include eight boundary nodes so that it 
resembles a standard quadratic isoparametric element.  
However,  we define the nodal degrees of f reedom as 

{ ( ~ i } T  = [ U  o l) o ~0 x q~y W W x W,y] 

i = 1, 2, 3, 4 (31) 

{b,} T = [ u o  Vo q~x q~rJ i = 5 , 6 , 7 , 8  (32) 

giving the side nodes and the corner nodes different 
numbers of degrees of f reedom for a total of 44 
degrees of f reedom per element.  For future use, we 
define a vector containing all 44 degrees of f reedom 
a s :  

{ A }  T~-"  [ 8 1  8 2 " ' "  (~8] ( 3 3 )  

Along any edge of the element we have two corner 
nodes with seven degrees of freedom and one side 
node with only four degrees of freedom, as described 
above. With this, Uo, Vo, qg, and qgy are defined by 
three quantities along the edge, one at each node. 
Any one of these four displacement functions, call it 
q, can be defined by a quadratic curve in the boundary 
variable s, which varies from - 1 . 0  to + 1.0 along any 
one of the four sides (see Fig. 2). We can easily 
establish a second-order equation for any of these four 
degrees of freedom. The function w, on the other  
hand, is defined by six nodal variables. We define w s 
as the derivative of w tangent to the side in the 
direction of s, and w, ,  as the derivative of w normal to 
the direction of s (see Fig. 3). For a rectangular 

q( ) q(:)) '7 ~ ~ s 
• 0 - -  .................. 0 ....... 

s = -1.0 s - 0.0 s=:  *I.0 

Fig. 2. Variation of nodal variable q along element side. 

element aligned with the global x - y  coordinate system 
these two derivatives correspond identically to either 
W x or w y depending upon which side one looks at. If 
the element is not straight sided or not aligned with 
the global coordinate system, the two derivatives wilt 
each be a linear combination of both W x and W y 

related through the standard Jacobian matrix. With 
this in mind, we see that w is defined by four 
variables, the two values of w and the two values w s. 
Thus, w can be fit by a cubic equation, making w,s 
quadratic. In addition, w ,  is defined only by two 
points, one w,, at each end, thus making it vary 
linearly. It is significant that all functions, including w s 

and w, ,  can be expressed along an edge of an element 
in terms of only the nodal values along that particular 
edge using simple equations. This will become an 
important fact to help ensure compatilibity from 
element to element.  

The final step is to compile the curve fitting into a 
matrix format. It is convenient to write: 

¢' n o '  

Uo 

qJx 

, ~0y = [ ~ ] I { A }  ( 3 4 )  

w 

W,x 

W y ,  

where the subscript i refers to the ith side of the 
element,  and the matrix [~]  contains the necessary 
terms from the linear, quadratic and cubic curve 
fitting as well as Jacobian terms relating the local 
differentials to the global ones. 

At this point we have developed two different 
methods for finding expressions for the five displace- 
ment functions, as well as for the derivatives of w. We 

r~ 

w( - )  i w(+) 

! 

s 
• • o . . . . . . . . .  

s =  1.0 s = O . O  s =  t-1.0 

Fig. 3. Variation of nodal variable w along element side. 
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first defined the functions anywhere in the element's 
domain in terms of unknown ors (eqn (27)), as well as 
on the boundary in terms of the nodal degrees of 
freedom (eqn (34)). Let us refer to column vectors of 
these seven functions from each of these two 
equations as {6~} and { 6 v }  respectively. Here the 
symbols f2 and F correspond, of course, to domain 
and boundary. The vector {6~} gives the seven 
functions in terms of the local coordinates, r/ and ~, 
while { O r }  gives them as functions of a boundary 
variable, s. 

Next, we define a functional, I, as the integral of 
the square of the difference between the domain 
displacement functions evaluated on the boundary and 
the boundary displacement functions established from 
the nodal degrees of freedom. This is written as: 

I = f~ ({6~}v - {6r}) 2 dA (35) 

Substituting in the expressions from eqn (27) and eqn 
(34) the above equation becomes: 

1 = f~ ([M]{tr} - [o%],{A}) 2 dA (36) 

The functional I can now be minimized with respect to 
the trs to obtain the expression 

0O--L = f~ ([M]T[M]{c~)-[M]T[~I,{AIldA = 0  (37) 

(The constant 2 has been divided out.) Upon 
performing this integration, the expression can be 
solved for the 0<s. (Note: To keep the number of 
symbols used to a minimum, the same symbols are 
used after the integration to represent the variables. 
The difference is understood.) The result is 

{=} = ([M]T[MI)-'[~cIT[~]{A} (38) 

o r  

where 

{(r} = [H]{A} (39) 

[HI = ([sClT[~t]) - ' [ -~]~[y] (40) 

This result is the basis for the Least Squares Element. 
The unknowns (the ~rs) are chosen in such a manner 
as to force these functions to match those on the 
boundary which are determined from the nodal 
degrees of freedom. Thus, the compatibility require- 
ment is met in a least-square sense. 

With eqn (39) and eqn (27) we can update eqn (29) 
to be 

[ i }  = [#][M][H]{A} (41) 

With eqn (41) we now have an expression for the 

element displacement field. This field represents the 
displacement field already in terms of the element 
local coordinate system. The role usually performed 
by shape functions has already been filled directly for 
the least squares element. The strain field, or any 
desired differential field for that matter, is found by 
directly differentiating [M] in eqn (41). In addition, all 
three variables, w, w x and W y, will remain compatible 
along common element boundaries. As a result, so 
will u and v. The remainder of the finite element 
implementation follows standard procedures, and will 
not be presented here for the sake of brevity. 

4 N U M E R I C A L  RESULTS 

The finite element programs for the PC technique and 
the LS method were implemented in FORTRAN on a 
CYBER 990 computer. The analysis results for only 
two laminates will be presented here. They are for a 
[0/90/90/0] crossply made from Material I, and a 
laminate composed of two different materials (hybrid) 
(see Table 1). The ply layup of the hybrid laminate 
considered in this analysis is [45/-45/0/90/45/  
--45/0/90]AS. (Where the subscript AS denotes 
antisymmetric.) The middle eight layers are Material 
II, and the top four and bottom four layers are 
Material III. This laminate was chosen to match that 
analysed by Noor and Burton (1990). 22 The boundary 
conditions used in the analysis are given in Table 2. 

Table 1. Material properties 

Material E r i E 1  GET~El  GI-I/E.I Vl.l VVl 

I b 0"6 0"5 0"25 0"25 
II 4.46 0-566 0.395 0-415 0.49 

III" 11.49 0.566 0.28 0.38 0.49 

a For this material: E T  = 1-14Era, and p = 0-846,,/). 
b Indicates variable ratio. 

Table 2. Boundary conditions: simply 
quarter plate model 

Predictor corrector method 
Variable order: (u,,v,,w,,dpxgav)" 

supported 

x -- 0 x = a / 2  y = 0 y = b / 2  
x = a  y = b  

(01101) ( 1 0 0 1 0 )  ( 1 0 1 1 0 )  (01001) 

Least squares method 
Variable order: (u,>voq~%,ww,,w, , )"  

x = 0 x = a / 2  y = 0 y = b / 2  
x = a  y = b  

(0101101) (1010010) (1010110) (0101001) 

" 1 indicates 'fixed', 0 indicates 'free'. 
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Table 3. Natwal frequency results versus anisotropic ratio ([0°/90°/90"/r1, Mate- 
rial I, b/k = 5 ,  a/b = 1, to, = ( t o b 2 / k ) ( p / E T )  vz,  simply supported. Values in 

brackets indicate percentage error from exact) 

EL/ET Exacff SHOT + PC LS 

3 6.6815 6.5597(- 1-82) 6-5740(- 1.60) 6.5378(-2.15) 
10 8.2103 8.2718(0.75) 8-2697(0-72) 8-2515(0-50) 
20 9-5603 9.5263(-0.36) 9-5073(-0.55) 9-5164(-0.46) 
30 10-272 10.272(0.00) 10.212(-0-58) 10.275(0-03) 
40 10.752 10-787(0-33) 10-644(- 1.04) 10-804(0.48) 

a Noor.35 
b Phan and Reddy.33 

Table 4. Natm'ai fgeq~ .a~  ~ versm thigkRss ratio (16 layer hybrid, M _ - ~  ! & 
H, a/  b = 1, to. = o~ph*/ Er) ~', ~ sllppo~ed. Vs~aes in ~e~s Inc][iCa~ perceml~e 

error from exact) 

h/b Exact SHOT Discrete Simplified PC LS 
layer discrete 

layer 

0.01 0.001 354 0-001 364 0.001 353 0-001 3712 0.001 359 0.001 349 
(0-71) (-0.06) (1.27) (0-41) (-0.37) 

0.05 0.032 90 - -  - -  - -  0-032 905 0.032 81 
- -  - -  - -  (0.01) (-0.27) 

0-10 0.1217 - -  - -  - -  0.121 55 0.121 63 
- -  - -  - -  (-0.12) (-0-57) 

0.15 0.2463 - -  - -  - -  0-245 56 0.246 70 
- -  - -  - -  (-0.30) (0.16) 

0.20 0.3893 0.396 93 0.388 81 0.404 69 0-387 71 0.391 08 
(1-96) (-0.13) (3.38) (-0.41) (0-44) 

0-25 0.5405 - -  - -  - -  0.537 24 0.544 50 
- -  - -  - -  (-0.60) (0-74) 

0-30 0.6946 0-716 11 0.693 80 0-728 66 0.690 39 0-701 72 
(3.10) (-0.11) (4.91) (-0-61) (1-03) 

Results (presented in Table  3) for the crossply 
laminate are compared  to those obtained f rom a 
simplified higher order  theory (SHOT)  due to Phan 
and Reddy.  33 Table 4 gives the results for the hybrid 
case which are compared  to the S H O T  as well as a 
discrete layer and simplified discrete layer theory f rom 
Noor  and Burton.  3~ All data  are for simply suppor ted  
plates. Da ta  are also presented graphically in Figs 4 
and 5. 

With the PC technique it was difficult to calculate 
the SCCs near  the edges of  the plate or anywhere 
where the transverse shear stresses were small. The 
integration through the thickness of  the plate relies 
upon the addition of many  numbers ,  which results in 
inaccuracies if the numbers  are small. The  coefficients 
themselves are then found by dividing a small number  
by another.  The result is likely to be inaccurate,  so the 
SCCs should be  calculated f rom the data found 
surrounding an area in the plate where the stresses are 
relatively high. In addition, the mesh needed to 
calculate the SCCs accurately is finer than that 
required for na tu ra l  frequency convergence.  This fact 
presents a p rob lem for cases where lack of symmetry  

2 

I 

o 

0 

i i 

• Stt()T 
• L~,ast Z q  
A Pl'~d ('~i'~ 

10 2 0  ~0  4 0  

EUE, r 

5 0  

Fig. 4. Method comparison of percentage error in natural 
frequency versus anisotropic ratio ([0/90/90/0], Material I, 
b/h = 5, a/b = 1, simply supported, 4 × 4 quarter plate 

mesh). 

requires full plate modelling. In order  to get accurate 
SCCs the computat ional  t ime and storage require- 
ments can quickly become large. The  technique used 
in this analysis is by no means op t imum and can 
readily be improved upon,  making the PC technique 
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1 .... V .......... • 
. . . . .  V ' ' ' "  

o t . : : - * :  . . . . . . . .  

- 1  • - SHOT 
• - D i s c r e t e  L a y e r  

- 2  • - L e a s t  S q u a r e s  
4. - P r e d .  C o r r .  

- 3  • S i m p  D i s c r e t e  

- 4  i i i 

O.Oi 0 . 0 5  0.  i 0  0 . 1 5  0 . 2 0  

h/a  

0 . 2 5  0 . 3 0  0 . 3 5  

Fig. 5. Method comparison of percentage error in natural 
frequency versus thickness ratio (16 layer hybrid--Materials 
II and III, a/b = 1, simply supported, 4 × 4 quarter plate 

mesh). 

more accurate and efficient. The coefficients calcu- 
lated in this study compared well to those found by 
N o o r .  3°,31 

The behaviour of the LS element requires more 
investigation than the standard isoparametric Mindlin 
element used for the PC technique. The element is 
non-conforming in the sense that it is not free from 
gaps between elements. (The word gap is used loosely 
to refer to both gaps and overlaps.) However ,  the 
gaps are minimized in a least squares sense. In the LS 
method the normal derivative of the out-of-plane 
displacement along an edge of an element was forced 
to be linear while the tangential derivative was 
quadratic. With displacement functions of sufficient 
order,  these requirements can be enforced. Thus, the 
gaps, which are minimized by enforcing these 
requirements, should tend to zero as the number of 
elements increases. However ,  in minimizing the gaps, 
the element is warped into a shape not commensurate 
with the true solution. Thus, the element may start 
out soft owing to the presence of gaps, but become 
stiffer as the number of elements increases. It may 
also converge to a slightly stiffer solution. Figure 6 
shows a typical convergence trend for the LS element.  

I I I I I I 

1 . 0 5 0  • 2X2 Mesh  
• 3X3 Mesh  
• 4X4 Mesh  
• 5X5 Mesh  

1 . 0 2 5  

-. . .......... :::Z"~--~ 

0 . 9 7 5  I I 

0 . 0 0  0 . 0 5  0 . 1 0  0 . 1 5  0 . 2 0  0 . 2 5  0 . 3 0  

h/b 

Fig. 6. Least squares element convergence (16 layer 
hybrid--Materials II and lII, simply supported, a/b = 1, 

quarter plate model). 

5 CONCLUSIONS AND RECOMMENDATIONS 

The PC and LS methods provide accurate yet 
computationally efficient means of solving thick 
LFRCP problems. The PC technique extends the 
effectiveness of the simple Mindlin plate element to a 
performance level much higher than previously 
thought. The LS method provides a simple, yet 
accurate, tool to solve the C 1 continuity problem. With 
this capability, a simplified, piecewise continuous 
theory with a higher order basis can be implemented 
into the finite element method with complexity similar 
to a first-order theory. The results of this research 
have shown that accurate results can be achieved for 
thick composite laminates without turning to complex 
and computationally intensive methods. More effort 
should be expended into solving the LFRCP problem 
through simple, yet accurate means. 

For complete details into either of these methods, 
as well as for more information on stress calculations, 
stability analysis, prestressed vibrations and laminate 
ply angle and stacking sequence effects see Kouri. 34 
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