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Ah&met-The boundary element method is used to analyze the ACPD (alternating current potential drop) 
field perturbed by a semi-elliptical surface flaw in a metallic sheet. The depth of the penetration of the 
alternating current is assumed to be small as compared to the crack depth. This allows us to adopt 
the “unfolding” technique developed by Dover et al. [ASTM STP 722, 401-427 (1981)], which reduces 
the problem to a two-dimensional surface Laplacian field. This surface potential field is determined for 
different surface cracks with crack aspect ratios ranging from 0.2 to 2. To facilitate the use of these results, 
an empirical formula is developed based on the numerical results. A simple inverse analysis methodology 
is also developed for defog the crack depth for ~-el~pti~l surface flaws of known surface length 
with measured potential drop readings. 

1. INTRODUCTION 

SURFACE flaws are among the most common types of defects existing in structural components. 
Detecting and sizing these defects are the prerequisites of an evaluation of structural integrity. 
Of various techniques developed for non-destructive testing of materials and structural com- 
ponents, the altema~ng current potential drop (ACPD) is one of the most favored methods 
due to its ability to determine the depth of the defect, the high sensitivity resulting from the 
skin effect and the relative ease of its implementation. This method has found wide applications 
both in laboratory conditions for monitoring crack initiation and propagation and in non- 
destructive evaluation of structural components. Due to the complexities of surface cracks, the 
accurate determination of crack depth, based on the potential measurements on the specimen 
&ace, heavily relies on the ~derstan~ng of the electric field perturbed by the presence of cracks. 
Experimental calibrations are generally not feasible for surface cracks. The complex geometries of 
the cracked components often make closed-form analytical solutions difficult to obtain. Contrary 
to this, the modem computational technology provides a powerful tool to handle this kind of 
problem. 

In this paper the boundary element method is used to analyze the alternating current potential 
drop field perturbed by a semi-elliptical surface crack in a large metal sheet. The thin-skin case 
is considered, where the skin depth of the alternating current is much smaller than the crack 
depth. The unfolding technique developed by Dover et al. [l], which reduces the problem to a 
plane Laplacian field, is adopted. The high efficiency of the computational approach allows 
many results to be obtained on low-end engineering workstations or on PCs. To facilitate 
the use of the numerical results, an empirical formula is developed, which can be used 
to determine the crack depth with measured potential readings on the specimen 
surface. Besides, a simple inverse analysis methodology is developed to determine the 
crack depth with measured potential readings. The effect of uncertainties involved in measurement 
of the fields, on the crack depth determination, is also studied with this inverse analysis 
method. 
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2. FORMULATION 

2.1. Maxwell equations 

It is well known that the electromagnetic field is governed by the Maxwell equations. In terms 
of the electric field density, E, and the magnetic flux density, B, the Maxwell equations [2] are as 
follows: 

V-E= f 

V.B=O (3) 

V xB=psg+pJ. 

Besides these, the Ohm’s Law is expressed as 

J=aE. (5) 

In the above equations, p is the charge density, J the current density, L the permittivity, ~1 the 
magnetic permeability, and u the electric conductivity. We consider homogeneous isotropic 
conducting materials, where 6, p and u are constants. For metals, the displacement current is 
entirely negligible as compared to the conduction current in the range of alternating current 
frequencies used for non-destructive testing, which are up to 10’ Hz. Since the relaxation time for 
a good conductor is very small, the residual charge density in the metal can be assumed to be zero. 
Thus, eqs (1) and (4) are, respectively, reduced to 

V * E=O 

V xB=pJ. 

Taking curl of eq. (2) and using eqs (5), (6) and (7), we arrive at 

(6) 

(7) 

2.2. Thin -skin modeling 

The problem to be analyzed is a half space containing a semi-elliptical surface crack in 
the X-Z plane, as shown in Fig. 1. The surface length and the depth of the crack are (2b) 
and (d), respectively. A uniform sinusoidal alternating current is applied remotely from the 
crack in the X-Y plane along the y direction. Thus, the field variation with time can be expressed 
as 

E(x, y, z, t) = E(x, y, z) * e’“‘, (9) 

Fig. 1. A semi-elliptical surface flaw in a conductive material. 
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where i is the imaginary number, and o is the angular frequency of the alternating current. Then 
eq. (8) is reduced to 

V*E(x, y, z) = k’E(x, Y, z), (10) 

where k2 = iwpa. 
With “thin-skin modeling”, we mean that the depth of penetration of the alternating 

current is very small compared with the crack depth, i.e. 6/d 4 1. According to the skin-effect 
behavior of the alternating current [3], the field variation with the Z-coordinate can be expressed 
as 

E(x, y, z) = E(x, y)e’@ e”@, (11) 

where the skin depth is defined as 6 = J(2/oprr). Substituting eq. (11) into eq. (lo), we obtain 

V2E(x, y) = 0, (12) 

That is, the surface distribution of E satisfies the plane Laplace equation. Similarly, on the plane 
of the crack surface, we have 

V’E(x, z) = 0. (13) 

Equation (12) suggests that a stream function $+ (x, y) be introduced so that E, = 84, /ay and 
E,, = - 84, /ax. Inserting them into eq. (13), we obtain 

V2ti, (x9 Y) = C, * (14) 

Likewise, another stream function 42(x, z) is introduced on the plane of the crack, E, = d4,/az, 
E, = -a&,/ax, which lead to 

V&(x, z) = c, . (1% 

The above constants C1 and C, are to be determined by the boundary or symmetry condition of 
the problem. 

2.3. Unfolding technique 

An unfolding theorem has been deduced by Dover et al. [l], where it was shown that for a 
thin-skin problem, in which the edge effect can be neglected [4], the crack plane can be unfolded 
into the plane of the specimen surface, resulting in a plane surface Laplace field. This neglection 
of the edge effect makes it difficult to sense the inclination of the crack plane with respect to the 
specimen surface. However, this information on the crack plane is not important in many 
applications and an assumption of the right angle of the crack plane with respect to the specimen 
surface can often be reasonable for damage tolerance assessments. Here, we briefly describe the 
unfolding theorem given in [l]. 

The problem shown in Fig. 1 has two symmetry planes, the X-Z plane and the Y-Z plane. 
To be symmetric with respect to the Y-Z plane, 4,(x, y) and 42(x, z) must be odd functions of 
x. Now consider the boundary and continuity conditions. Referring to Fig. 2, the continuity 
condition between the two domains requires 

84, - = 0 
ay 

on PR and QS 

84, 84, 84, 84, on poQ 
-=- -=- 

ax ai ay aZ 

The symmetry condition requires 

86, -=0 onPTQ. 
an 

(16) 

(17) 

The above conditions on the edges of POQ and of PTQ do not account for the behavior of the 
electro-magnetic field within the skin depth and are applicable to only thin-skin problems. A 
justification for the thin-skin assumption was made by Michael et al. [4]. 



H. OKALM et al. 

Fig. 2. Surface Laplacian fields: the surface of the material 
and the crack face, where the surface electrical potential 

fields are governed by the Laplace equation. 

ti-0 T 

Fig. 3. Unfolding technique applied to the crack face. 

We show in the following that the constants C, and C, in eqs (14) and (15) are equal to zero. 
As shown in Fig. 1, the remote applied field is 

Substituting these into eq. (14) results in 

V% 6, Y) = 0. 

Since 4, and I$* are odd functions of x 

8% (0, Y) = a+2(0, z) = o 

aY2 az2 * 

On POQ, we have 84, /ax = @,/ax, thus B2&{ax2 = a242/ax2, and 

a+, (0, Y) = a24,(0, 8 = o 

a.9 ax2 . 

(19) 

(20) 

Therefore, at x = 0, we have 

v2$2(x, z) = 0. (22) 

It can be seen that the governing equations in the X-Y and X-Z planes are exactly the same, 
and the continuity conditions make the problem appear as if the crack plane were unfolded into 
the plane of the specimen surface. Thus, we can express the problem as follows: 

V’~(X, y) = 0 in the entire domain 

a4 dn = 0 along RPTQS 

and 

~+E,x as y+oo. 

It is more convenient to use a potential function J/(x, y) to express the problem since the values 
of 1+9(x, y) are measured in experiments. Thus 

E _!!k!!!, E= a# a$ x- ay ax y --=_* 
ax ay 

(23) 

The problem becomes 

Vz* (x, Y I= 0 (24) 

with $ = 0 on RPTQS and JI +E,y as y -*co (see Fig. 3). 
In subsequent sections, numerical methods to analyze the surface potential field will be 

developed based on eq. (24), and the surface potential field will be numerically analyzed. 
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3. FORMULATION OF BOUNDARY ELEMENT METHOD 

It has been shown in the previous section that the high frequency a,c. potential field on the surface 
of a conductive body is governed by the Laplace equation. When the unfolding technique is applied to 
certain shapes of surface flaws, the solution of the Laplace equation can be obtained by using the 
method of conformal mapping [I]. Some analytical solutions are available for certain shapes of 
surface flaws [I]. However, for an arbitrarily shaped surface flaw, it is difficult to find an analytically 
exact solution. Even for the semi-elliptical surface flaw case, a fully analytically exact solution is 
not available [3]. For these reasons, a numerical method is employed in the present investigation. 

Both the finite element and boundary element methods are well established as the solution 
methods for the boundary value problem of the Laplace equation. The boundary element method 
is considered to be much more desirable than the finite element method in the present application, 
for the following reasons: (i) the boundary element method requires only boundary discretization; 
and (ii) the boundary element method can calculate potential values at arbitrary points, whereas 
the finite element method is able to obtain these at the nodal points only. Furthermore, these 
properties of the boundary element method may be advantageous, when a methodology of inverse 
analysis is considered. 

The boundary element method can be formulated by using the method of weighted residual [S]. 
The weak form of the governing differential equation (Laplace equation V’JI = 0) is written as 

s 
(V’+)ij dA = 0. (25) 

A 

1 
0.025 0.05 0.675 0.1 o.i25 O.‘lS 

CRACK DEPTH DORREDTION CURVES FOR 8EMEELLWtlCAL SURFACE 
DFiADKS IN A IARQE PLATE. 

ti = SURFACE LENGTH OF THE CRACK 
d I DEPTH OF THE CRACK 
dI = 1-D ESTIMATION OF CRACK DEPTH 
L I PROBE DISTANCE IN A.C.P.D. MEASUREMENT 

Fig. 4. Crack depth care&on curves for ~~~p~ surface cracks in a farge ptste (from BEM m&b). 

EFM 43/6-D 
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Table 1. Coefficients of empirical formula C, 

j-0 j=l j=2 j = 3 

i=o 6.44594 1.50204 -0.761805 0.132205 
i=l 5.7151 1.29275 -0.341192 0.0409584 
i=2 8.21337 2.42845 -0.601732 0.0677941 
i=3 9.827935 3.57206 -0.86634 0.0953412 
i = 4 10.43463 4.71868 - 1.13248 0.123155 

where A denotes the plane of the specimen surface and the crack surface, after the un- 
folding techniques 
moment). 

Integrating by 

are applied (see Fig. 3). I$ is the test function (which is arbitrary at this 

parts and applying the divergence theorem twice, we obtain 

j$$-$)dS+ jj’?)ti dA =O, (26) 

where S denotes the boundary of the area A (i.e. line S-Q-T-P-R in Fig. 3). d/h denotes a 
directional derivative along the outward normal to the boundary. 

By choosing the test function 3; to satisfy the equation 

v”$ + 6 Ix, - <,) = 0, 

DASHED CURVES: BEM RESULTS, SOLID CURVE& FORMULA 

CRACK DEPTH CORRECTION CURVES FOR SEMI-BLLIWGAL SURFACE 
CRACKS IN A URGE PINE. 

2b = SURFACE LENGTH OF THE CRACK 

d P DEPTH OF THE CRACK 

dl = 1-D ESTIMATION OF CRACK DEPTH 

L P PROBE DISTANCE IN A.C.P.D. MEASUREMENT 

Fig. 5. Crack depth correction curves for semi-elliptical surface cracks in a large plate (empirical formula 
and BEM results). 

(27) 
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we obtain an integral equation for $ at & as 

(28) 

where x,, and 5, denote the field point and the source point, respectively. The integration is carried 
out with respect to the field point x,, and the potential at the source point I&,, [$(<,)I, is expressed 
by the integral equation. In eq. (27), 6(x, - 5,) is Dirac’s delta function; g, is fixed at a point and 
x, denotes an arbitrary point. C = 1 and C = : when &, is at the interior of and at the smooth 
boundary of A, respectively. S;(x,, 5,) is expressed by [5] 

(29) 

where r is the distance between points xfl and 5,. 
The boundary is then discretized by a number of boundary elements. In the present study, 

quadratic line elements are employed. A discretized system of equations may be formed by letting 
each boundary nodal point be a source point. 

Let N be the total number of boundary nodes. Then, [U] and [V] are matrices of (N x N), and 

W> and W/a 1 n are the vectors of boundary nodal potentials and potential fluxes (N x 1). It is 
noted that the vectors {I+?> and {d$/h) are both mixtures of known and unknown quantities. 

The unknowns in the vectors {$ } and {a$ /a n } are moved to the left hand side, and the known 
quantities are moved to the right hand side. The components of the matrices [U] and [q are 
appropriately rearranged. Thus, we obtain a system of equations 

WIW = {Y>Y (31) 

where (X} and {Y> are unknown and known vectors, respectively. [M] is the coefficient matrix. 
The matrix [M] is inverted, and the unknown vector {X> is then determined. After all the unknown 
boundary nodal quantities are determined, the potential values at the interior of the domain A can 
be determined by using the boundary integral equation [eq. (28)]. 

4. NUMERICAL RESULTS AND EMPIRICAL FORMULA 

A computer software has been developed for using the boundary element method to solve the 
thin-skin problem based on the modeling given above. The computation can be readily performed 
on low-end engineering workstations or on PCs. 

The accuracy of the numerical solution obtained in this work is tested against the exact 
solution for circular-arc cracks given in [l]. The error involved in our numerical results is less than 
1%. The efficiency of the computational approach allows us to consider a wide range of crack 
aspect ratios and the probe length used to pick up the potential reading. The probe lengths 

i elm 

Fig. 6. Variations of crack depth to calculate (dV/da). 
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normalized with respect to the surface length of the crack considered are L/26 = 0.25-2.5. The 
crack aspect ratios covered are d/b = 0.2-2. The results are provided in terms of the true crack 
depth versus one-dimensional estimation of the true crack depth, both non-dimensional&d with 
respect to the surface length of the crack. The one-dimensional estimation of the crack depth is 
defined as 

d,=fL. F-1 , 
( > 2 

(32) 

which is the exact solution for a surface crack with infinite width when skin depth tends to zero 
(V, used in the following discussions is taken from remote uniform field.). 

The numerical results are shown in Fig. 4. The results allow the determination of true crack 
depths by using measured potential readings in a laboratory environment or in non-destructive 
testing of structural components. To facilitate the use of these results, an empirical formula is 
developed, based on the numerical results. The empirical formula takes the following form: 

Z = exp[C&) + C, (Y)X + C2(y)x2 + C&)x3 + C4W41 (33) 

CO(Y) = Coo + CO,Y + G2Y2 + G3Y3 (34) 

C,(y) = exp[C, + Ci,v + Ct~_Y2 + C,3v3], i = l-4, (35) 

where Z z d/2b, x s d, /2b, y s L/2b . The coefficients C, are listed in Table 1. The comparison 
of the empirical formula with numerical results is made in Fig. 5. It can be seen that a good fitting 
accuracy has been achieved. Since this form of an empirical formula fits the data well, it is 
reasonable to expect that the form of the function could be used in other similar problems to derive 
empirical formulae by determining new coefficients using experimental measurements or numerical 
results. 

5. INVqRSE ANALYSIS 

In many practical situations, the location and the surface length of a surface crack are known 
and the shape of the crack can be closely approximated by a semi-ellipse; what is to be determined 
is the depth of the semi-elliptical surface flaw. This is a typical framework of the inverse analysis [6]. 
A number of papers have been published concerning the method of inverse analysis [7-91. As will 
be shown, the present inverse methodology gives excellent results. A simple inverse analysis with 
measured potential readings on the specimen surface can be used to estimate the crack depth. The 
uncertainties involved in measurement are also studied here. 

5.1. Framework of inverse analysis 

Given a set of m potential drop readings at different positions on the specimen surface, 
Vi at (x,, y,), i = l-m. The crack depth (a) can be determined iteratively using the 

L: PROBE DISTANCE 

Fig. 7. Measurement of potential difference. as input data for the inverse analysis. 
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Newton-Raphson algorithm. The potential drop V, of the ith probe reading may be a function 
of the crack depth (a). 

Vi= Vi(U). (36) 

Suppose that the crack depth is estimated to be a’ at the end of the Zth iteration step. The 
potential drop reading Vi(a’), which corresponds to the estimated crack depth a, can be calculated 
by using the boundary element method. 

In the Newton-Raphson algorithm, the next estimation of the crack depth is computed by 

(37) 

In actual experimental measurements, random errors (or fluctuations) are expected to be present 
in the potential readings. We denote the estimation, which is based on the ith potential drop 
reading, by a:+‘. We have 

a;+’ = a’+ 
K(a) - Vi(a’) 

dVi . 

( >i 

(38) 

da *=oI 

A “least-squares” method may be used to determine the next estimated crack depth a’+’ as an 
average of a!+’ (i = 1, 2.. . m). We need to minimize 

R = 2 (a;+’ - ,‘+‘)2_ (39) 
i=l 

The minimization of R results in a simple average of a:” (i = 1, 2 . . . m). 

dR -=o, a,,, 
da’+ ’ 

(40) 

The iteration using eqs (38) and (40) is carried out until convergence is achieved (a’+ ’ - a’ becomes 
sufficiently small). 

To obtain the derivatives of the potential drops Vi (i = 1, 2. . . m) with respect to the crack 
depth (a), the boundary element method is used. An automatic remeshing routine is combined with 
the computer program of the boundary element method, and the boundary element mesh for the 
crack front of a semi-elliptical surface flaw is generated for the given crack depth. In the Zth 
iteration step, as shown in Fig. 6, the boundary element analysis is carried out for three different 
crack depths, a’ - $5, a’, and ai + $ (6 is a small positive number). The derivative of the potential 
drop (dVi/da) is calculated from the results for the crack depths a’- $5 and aI+ $5, as 

{ V,(a’+ fs> - V,(a’- $S)} 
6 (41) 

In the present study, the initial crack depth a,, is to be zero, to assure the convergence of the 
Newton-Raphson method. 

Table 2. Results of inverse analysis (without random fluctu- 
ation) 

a 
a (given) L (result of inverse analysis) 

1.0 1.0 0.99872 
1.0 3.0 0.99989 
I.0 5.0 0.99990 
5.0 1.0 5.00010 
5.0 3.0 5.00067 
5.0 5.0 5.00052 

10.0 1.0 10.01110 
10.0 3.0 10.00900 
10.0 5.0 10.0080 

B = 5.0. 
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Table 3. Results of inverse analysis (with random fluctuation-l: magnitude is 
constant) 

a (given) 

1.0 
1.0 
1.0 
5.0 
5.0 
5.0 

10.0 
10.0 
10.0 

B = 5. 

a Average of 
L (result of inverse analysis) random numbers 

1.0 0.978496 -2.091674 x lO-2 
3.0 0.967596 -2.091674 x IO-* 
5.0 0.957879 -2.091674 x 1O-2 
1.0 4.79175 -2.091674 x lo-* 
3.0 4.70607 -2.091674 x lO-2 
5.0 4.63689 -2.091674 x lO-2 
1.0 8.81892 -2.091674 x lO-2 
3.0 8.81864 -2.091674 x lo-* 
5.0 7.82129 -2.091674 x lO-z 

5.2. Examples of inverse analysis 

The inverse methodology outlined above was tested in the following example problems. 
Although the goal of the inverse analysis is to estimate the depth and the shape of the flaw from 
experimentally measured potential drop data, the experimental data is not available at present. In 
the present study, the inverse analysis is carried out using potential data obtained by the boundary 
element analysis. In order to simulate realistic conditions where data scattering is present in a set 
of measured data, random fluctuations are assumed in the potential drop data. A set of random 
numbersj’ are used to generate the random data fluctuation. The potential drop V may be assumed 
by the formula 

V-=(1 +LY .RN)* V(BEM) (42) 

where I’, in the left hand side of the above equation, is input data for the inverse analysis. c( is 
the magnitude of maximum data fluctuation, and RN is a random number (- 1 < RN < 1). 
Y(BEA4) is the potential drop data, which is given by the boundary element analysis for a given 
crack depth. 

The problem of a semi-elliptical flaw in a semi-infinite space is considered, and is shown in 
Fig. 7. a and L in Fig. 7 denote the crack depth and the distance between potential probes, 
respectively. First, the inverse analysis was carried out, using given potential drop data without 
random fluctuations. The results for various crack depths and probe lengths are given in Table 2. 
It is shown that the crack depth was correctly captured (when the data fluctuations were not 
present). The inverse analysis was then carried out with the fluctuations in given potential drop 
data. The magnitude of maximum fluctuation was 0.1 [a = 0.1 in eq. (42)]. The results are shown 
in Table 3 for various crack depths and probe distances. In all cases, the crack depth was estimated 
to be shallower than the given depth. This is due to the negative average value of random numbers. 
From these results, the effects of crack depth and of probe distance on the accuracy of the inverse 
analysis can be seen. When the crack is deep, the error in the prediction of crack depth may be 
magnified by the ~u~tuations in measured potential drop data. A similar tendency is found in the 
effect of probe distance; when the probe distance is long, the error in the estimated crack depth 
may become large. It is noted here that the same set of random numbers was used in all the cases. 
In Table 4, the results for different magnitudes of data fluctuations are shown. The magnitude of 
maximum data fluctuation was varied from 0.05 to 0.3 [cr = 0.05, 0.1, 0.2, and 0.3 in eq. (4211. 
As may be expected, the error in the estimated crack depth increases as the magnitude of the 
fluctuation becomes larger. 

The convergence of the inverse analysis could be achieved within eight iterations in all the 
cases. The fluctuations in the given potential drop data did not cause any convergence problems. 
This means that the methodology of inverse analysis, developed in this study, can be applied to 
the estimation of crack depth using actually measured potential drop data. The modified 
Newton-Raphson algorithm, wherein (dY/da) is calculated only once, may also be employed 
instead of the full Newton-Raphson algorithm. 

?A symbolic mathematics software ~‘MATHEMATI~A” is used. 
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Table 4. Results of inverse analysis (with random fluctuation-2 magnitude of fluctuation is 
varied) 

a (given) 

5.0 
5.0 
5.0 
5.0 

a Average of 
L (result of inverse analysis) Max. error random numbers 

3.0 4.84169 0.05 -2.091674 x 10-r 
3.0 4.70607 0.1 -2.091674 x IO-* 
3.0 4.45121 0.2 -2.091674 x lo-* 
3.0 4.22632 0.3 -2.091674 x lo-* 

B=5. 

6. CONCLUDING REMARKS 

In this paper, techniques to predict the depth of a semi-elliptical surface flaw have been 
presented. The methods developed in this work would certainly aid the measurements of the surface 
flaws. Due to the generality of the boundary element method, similar techniques may be developed 
for different shapes of surface flaws: circular-arc crack, corner crack, etc. The empirical formula 
based on the results of the boundary element analysis can be used in an experimental environment 
with a proper calibration. It is noted here that the main objective of developing the empirical 
formula is to determine the form of the function and not to obtain each coefficient in the equation. 
There are too many unknown factors affecting the real behavior of the high frequency a.c. potential 
drop (i.e. effects of the real shape of the material, perturbed a.c. field due to the contact of electric 
probes,? etc.). Also, the thin-skin model adopted here is, in reality, just an approximation. 
Therefore, it is hard to believe that the numbers obtained in the current study are absolutely correct. 
On the other hand, it is very plausible to assume that the overall behavior of the potential drop 
is correctly captured. Thus, the form of the empirical formula may be used to fit experimental data. 
Since the shape of the function is already known, the required number of measurements may be 
less than in the case that the function shape is unknown (because a great number of measurements 
may be required just to determine the function shape). As a future direction of this approach, it 
is strongly recommended to perform an experimental-numerical coupled study to establish the 
method of calibration. 

The inverse analysis method for predicting the depth of a surface elliptical flaw may be 
extended to the cases of much more complex geometry, corner crack, complex geometry of the 
body, etc. The work presented in this paper suggests that the boundary element method coupled 
with the unfolding technique is well suited for the inverse analysis. Other numerical techniques may 
also work well. However, the boundary element method, that requires boundary discretization 
only, gives a great advantage in keeping the methodology simple. 

The boundary element method was successfully implemented to solve the thin-skin thickness 
problems of high frequency a.c. The work is expected to be continued to extend it to more complex 
situations than those presented in this paper. 

tThese effects are currently being studied. 
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