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Abstract. In this paper, the problems of composite-patch repair of (i) center and edge-cracked panels loaded in the far-field; 
and (il) cracks emanating from pin-loaded fastener holes, are examined in thorough detail. The effects of various non-dimensional 
design parameters on the reduction in the stress-mtensity factors near the crack-tip are determined, and are presented in the 
form of design charts. Both analytical and numerical methods are employed in this study. In the analytical method, the cracked 
metallic plate was considered to be infinitely large, and the composite patch was modeled as a long orthotropic strip of finite 
height (in the direction perpendicular to the crack axis). Next, by using the Finite Element Alternating Method (FEAM), a 
more general analysis capability that can treat arbitrary shapes of the cracked metallic sheet, as well as of the composite patches, 
is developed. This general FEAM is applied to: (i) composite patch repairs of cracks emanating from loaded fastener holes (the 
MSD problem); (ii) composlte patch repairs of semi-elliptical surface flaws in thick plates; and (iii) composite patch repairs of 
quarter-elliptical surface flaws emanating from fastener holes. Problem (i) is two-dimensional in nature while problems (ii) and 
(iii) are fully three-dimensional. In all these cases, the effects of various design parameters on the crack-tip (front) stress-intensity 
factors are fully discussed. 

l lntroduction 

In assessing the structural integrity of cracked fuselage panels, especially in the presence of 
multiple-site-damage, an accurate evaluation of the stress-intensity factors (or other fracture 
parameters), is required. If the ordinary finite element method is used for such purposes, especially 
in linear elastic fracture, proper numerical modeling of the crack-tip singularities is necessary 
(Atluri 1986). Even if indirect methods such as the "stiffness-derivative approach" or the "equivalent 
domain integral approach" are used, the relatively fine meshes needed near the crack-tips makes 
the computation prohibitively expensive, especially in the case of complex geometrical shapes of 
fuselage structures with stringers, stiffeners and lap joints, etc., and with multiple cracks. In order 
to circumvent these difficulties, alternate computational strategies are mandatory. One such novel 
alternate scheme is the so-called "displacement-compatibility-method" (DCM), developed some 
fifteen years ago by Swift (1974, 1984). In this scheme, the effects of stiffeners and fasteners attached 
to the skin were taken into account through the displacement compatibility conditions, and a 
linear-superposition principle. Since Swift used analytical solutions for displacement fields only for 
an infinite cracked panel, the method is anti-conservative in the case of finite-sized panels (or 
when the ratio of crack-size to panel size is not very small). It is also difficult to generalize the 
DCM method to the case of multiple cracks of arbitrary size and at arbitrary locations in the panel. 

To circumvent these difficulties and shortcomings in the analysis of multiple cracks in finite- 
sized flat stiffened panels, a "finite element/alternating method" (FEAM) is developed in the present 
paper. In this method, a very coarse finite element mesh is first used to compute the reactions of 
the fasteners (used to fasten the stringers and stiffeners) on the sheet, while accounting for broken 
stiffeners, if any, as well as the broken ligaments of the crack; but ignoring the detailed stress-state 
near the crack-tip. In this way, the free-body diagram of the cracked sheet alone may be constructed, 
with the applied loading on the sheet being the fastener reactions as well as the external loading. 
The "alternating method" (described in detail in Atluri 1986) is then used to compute the stress- 
intensity factors for the (multiply-) cracked sheet, while still using the same very coarse finite 
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element grid. In this way, one can dramatically reduce the computational time as well as the data 
preparation time, as compared to the conventional finite element method or the DCM method. 
Furthermore, the FEAM is ideally suited for analyzing the multiple-site-damage (MSD) situation, 
as in the case of cracks emanating from a row of fastener holes in a lap-joint in a fuselage. 

By using the FEAM, a number of examples, involving some two-dimensional problems of 
cracks in stiffened panels and three-dimensional problems of surface flaws emanating from counter- 
sunk rivet holes, etc., are solved; and the results are compared with other available independent 
solutions to delineate the advantages of the FEAM. 

In order to enhance the life of cracked aging aircraft structures, the repair technique which 
uses adhesively bonded Boron/epoxy composite patches is being widely considered as a cost- 
effective and reliable method (Baker and Jones 1988). For a successful implementation of this 
repair technique, however, a thorough understanding of the effect of various design parameters of 
repair, on the crack-tip stress intensity factors, is necessary. These design parameters include: the 
size, thickness and material properties of the composite patch, and the mechanical properties and 
thickness of the adhesive layer. Early work in this area includes that by: Greif and Sanders (1965) 
and Arin (1974) who considered the effect of a single stringer that is used to reinforce the crack; 
by Rose (1982), Erdogan and Arin (1972), Jones and Callinan (1979), Kan and Ratwani (1981), 
Atluri and Kathiresan (1978), Sethuraman and Maiti (1989), using finite element methods or 
semi-analytical methods. In most of these cases, only patches of infinite size, or very narrow strip 
type patches, are considered. Furthermore, the ensemble of results presented in the above refer- 
ences is still not sufficient for rational design purposes. 

In this paper, the problems of composite-patch repair of (i) center and edge-cracked panels 
loaded in the far field; and (ii) cracks emanating from pin-loaded fastener holes (the so-called 
�9 (MSD)), are examined in thorough detail. The effects of various non- 
dimensional design parameters on the reduction in the stress-intensity factors near the crack-tip 
are determined, and are presented in the form of design charts. Both analytical and numerical 
methods are employed in this study. In the analytical method, the cracked metallic plate was 
considered to be infinitely large and the composite patch was modeled as a long orthotropic strip 
of finite height (in the direction perpendicular to the crack axis). Next, by using the FEAM, a more 
general analysis capability that can treat arbitrary shapes of the cracked metallic sheet as well as 
the composite patches, is developed. This general FEAM is applied to: (i) composite patch repairs 
of cracks emanating from loaded fastener holes (the MSD problem); (ii) composite patch repairs 
of semi-elliptical shaped surface flaws in thick-section plates; and (iii) composite patch repairs of 
quarter-elliptical shaped surface flaws emanating from fastener holes. The problem (i) is two- 
dimensional in nature, while problems (ii) and (iii) are fully three-dimensional. In all these cases, 
the effects of various design parameters on the reduction of the crack-tip (front) stress-intensity, 
due to repair, are fully discussed. 

2 Analysis of multiple cracks in finite-sized stiffened fuselage panels 

Consider the problem of analyzing cracks in stiffened fuselage panels, such as a "two-bay skin 
crack" with broken stiffeners, as illustrated in Fig. 1. Here we present an FEAM which accounts for: 

(i) the broken stiffeners, 
(ii) finite-size of the panel, 

(iii) arbitrary location of cracks, 
(iv) an arbitrary number of cracks. 

The FEAM consists of t,;vo main parts (Atluri 1986; Atluri and Tong 1991): 
(A) Evaluation of the fastener reaction forces on the sheet, using a very coarse finite element 

model, accounting for the broken stiffeners and the cracked ligament, while the details of the 
crack-tip singularity are not modeled. In this solution, the effects of fastener flexibility are 
accounted for. 

(B) Application of the Schwartz-Neuman alternating method, employing the same finite element 
mesh as in step (A), to solve the unstiffened, uncracked panel, which is subjected to the fastener 
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Two-bay circumferential skin crack 
with a central broken stiffener 

Two-bay longimdinal skin crack 
with a central broken crack stopper 

Figs. 1 and 2. 1 Two-bay skin crack wlth a central broken stif- 
fener; 1 two-bay longitudinal skin crack with a central broken 
crack stopper; 2 two-bay circumferential skin crack with a central 
broken stiffener. 2 Schematic of the finlte element alternating 
method for multiple 2D or 3D embedded/surface cracks 
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reaction forces as solved for in stage (A), as weil as the externally applied membrane hoop stress. 
One of the key ingredients in the application of the Schwartz-Neuman technique is the analytical 
solution for an infinite sheet containing a central crack that is subject to arbitrary crack-face 
tractions. 

The step (B) FEAM is schematically illustrated in Fig. 2, wherein a 2 or 3 dimensional 
homogeneous solid containing multiple cracks, and subjected to external tractions, is depicted. In 
the alternating technique (Atluri 1986) the stresses in the uncracked body are first analyzed, by 
using a numerical/analytical rnethod such as the finite element/boundary element method, for the 
given system of external loading. In order to assess the effect of the crack, the tractions at the 
locations of the cracks in the otherwise uncracked body must be erased. 

Assume for simplicity, for now, that there is a single crack. Thus, one has to deal with the 
problem of a finite body with a crack, the faces of which are subject to arbitrary tractions, and the 
outer boundaries are traction free. Denoting by Sc the crack-face, and by S~ the external boundary 
of thefinite-body V, this problem may be posed as: 

Solve: L(u) = 0 in V, B(u) = f at s c, B(u) = 0 at S c, (1) 

where u are the displacements, and L and Bare  the appropriate differential operators. To solve 
problem (1) by using the alternating method, the finite body is replaced by an infinite body, with 
stresses going to zero at infinity. The problem of an infinite homogeneous body containing a crack, 
the faces of which are subject to tractions f as in (1), does have an analytical solution often times, 
and hence need not be solved numerically. The far-field stresses from this infinite body solution do 
not satisfy the condition B(u)= 0 at Sc Thus, the residual tractions at the boundaries of the 
finite-body are erased, by first solving an uncracked body with these residual boundary tractions, 
and then erasing the tractions at the location of the crack in the uncracked body. This last problem 
of erasing crack-face tractions is similar to problem (1) above. This iterative loop is continued until 
the analytical solution for the infinite body satisfies also the zero-traction condition, B(u) = 0 at 
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S c, of the finite body. Thus, in the alternating method, problem (1) is recast as: 

L(u) = 0 in Vo~, B(u) -- U ) at Sc, and B(u) = ?i) at S~, (2) 
G 

where i denotes the/th iteration, and V a is the infinite domain. The iteration continues until f(i) = 0. Oe 

Let U ) be the converged value at Sc, corresponding to which the stress-intensity factors are 
determined from the analytical infinite-body solution (Atluri 1986). 

For multiple cracks, the alternating method is analogous; and is represented schematically in 
Figs. 2 and 3. In a variety of practical cases, this alternating method has been established to be a 
very simple and cost-effective tool of analysis (Atluri 1986). 

Henceforth we assume, for convenience, that a finite-element method is used to solve the 
uncracked body problem. The steps involved in the finite-element alternating method for an 
embedded crack in a finite body are described below: 

1. Solve the uncracked finite body under the prescribed external loads by using the finite 
element method. The uncracked body has the same geometry as the given problem except for the 
crack. 

2. Using the finite element solution, compute the stresses at the location of the crack. 
3. Compare the residual stresses calculated in step 2 with a permissible stress magnitude. 
4. To create traction-free crack faces as in the given problem, reverse the residual stress at the 

location of the crack as computed in step 2 and "least-squares fit" them to polynomials. 
5. Obtain the analytical solution to the infinite body with the crack subject to the polynomial 

loading as in step 4. 

STEP 1 _] Solve the Uncracked Body Under External Loads ] 
-i by Using the Finite Element Method i 

STEP 2 iUsing FEM Solutions Compute Stresses I 
m H 

I at the Crack Locations i 

STEP 3 ~dd the Stresses in Step 2 to those in Step 8 I 

Yes 
STEP 4 [ Are the Stresses in Step 3 Negligible? I 

No 

STEP 5 [Determine Coefficients A n in the Applied Stresses] 

l by Fitting Crack Face Stresses in Step 3 I 

STEP 6[Determine Coefficients C�9 in the Potential Functions] 

? 
STEP 7 Calculate the K-Factors for Each Crackl 

m 

[ for the Current Iteration i 

[ For each Crack, Calculate Residual Stresses (i) on 
]External Surfaces and (ii) at All of the Other Crack 

STEP 8] Locations. Reverse Stresses (i) and Calculate 
I Equivalent Nodal Loads. Add the Contributions to 
I Both (i) and (ii) from Each Crack. 

STEP 9 [Consider the Nodal Forces in Step 8 as External 

I Applied Loads Acting on the Uncracked Body 

I 

I 
[ Add the K-Factor Solutions of All Iterations I 

Fig. 3. Flow chart of the FEAM 
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6. Calculate the stress intensity factors for the current iteration, using the above analytical 
solution. 

7. Calculate the residual stresses on external surfaces at the body due to the applied loads on 
crack-faces, as in step 4. To satisfy the given traction boundary conditions, at the external 
boundaries, reverse the residual stresses on the external surfaces of the body, and calculate the 
equivalent nodal forces. 

8. Consider the nodal forces in step 7 as externally applied loads acting on the uncracked body. 
Repeat all steps in the iteration process until the residual stress on the crack surface becomes 

negligible. To obtain the final solution, add the stress intensity factors for all iterations. 
Since the alternating method is iterative in nature, the finite-element equations may, in general, 

have to be solved repeatedly for different applied loads, while keeping the stiffness matrix the same. 
To save computational time, special computational techniques were implemented in (Nishioka and 
Atluri 1983). These are briefly summarized here for the sake of completeness. 

As seen from above, for the finite-element alternating method, we need to solve the following 
type of finite-element equations: 

[K] [qO, q~ , . . ,  q�9 = [Q0, Q 1, .., Q�9 (3) 

and 

Qi= Qi(qi-1), i =  1 ,2 , . . , n ,  (4) 

in which the superscript denotes the cycle ofiteration, I-K] is the global (assembled) stiffness matrix 
of the uncracked body, and remains the same during the iteration process, and qi is the nodal 
displacement vector for ith iteration. Qi is the nodal force vector for the ith iteration and depends 
on the solution for the previous iteration qi- 1 as expressed by Eq. (3). 

An efficient equation solver developed in (Nishioka and Atluri 1986) may be used to save 
computational time in solving Eq. (3). The solution algorithm is divided into three parts, i.e. (i) 
reduction of stiffness matrix, (ii) reduction of load vector, and (iii) back substitution. In OPT- 
BLOK the reduction of stiffness matrix is done only once, although the reduction of load 
vector and back substitution may be repeated for any number of load cases. Thus, denoting the 
CPU time for each part by T 1, T 2, and T3, respectively, the total CPU time T in solving Eq. (3) 
using OPTBLOK can be expressed as 

T = T1 + (n + 1)(T 2 + T3) = (T~ + T 2 -t- T3) q- n(T 2 + T3). (5) 

where n is the total number of iterations. Since T~ is much larger than (T2 + T3), a substantial 
reduction in computational time, compared with the case in which Eq. (3) is solved for each 
iteration (i.e. T* = (n + 1)(Tl + T 2 + T3) ), may be expected. To illustrate this situation, we consider 
the example of a set of linear equations with the number of equations of 1960, and half bandwidth 
of 200, wherein the CPU time for reduction of load vector and back substitution was about 5.6G 
of the total CPU time (T 2 + T 3 ~ 0.056T). Since, for a typical problem, the present alternating 
method needs three iterations (n = 3), the additional cost in this case is only about 16.8G, which 
is considerably smaller than the 300G in the case when Eq. (3) is solved for each iteration. 

An efficient procedure was also devised for the calculation of the nodal forces required in 
step 7 (see also Eq. (4)). In general, the stress field in a general solution can be expressed by 

~r = PC (6) 

where P is the basis function matrix for stresses, and C is the vector of unknown coefficients in 
the general solution which will be determined in step 5. Then, the equivalent nodal forces in 
step 7 can be computed through: 

Qm = - G m C  (7) 

and 

G,,,= j" NtnPdS (8) 
Sm 
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where m denotes the number for a finite element, Qm are nodal forces, N is the matrix of the element 
shape functions, n is the matrix of the normal direction cosines. Although the matrix P has the 
singularity of order 1/x/~ at the crack-front, the functions in P decay very rapidly with the distance 
from the crack-front. Thus, the matrices G,�9 are calculated only at the external boundary-surface 
elements which satisfy the condition rmi n < 5al, where rmi n is the distance of the closest nodal point 
of each external boundary-surface element from the center of the ellipse and al is the semi-major 
axis of the ellipse. 

To save computation time, the G,�9 matrix can be calculated only once prior to the start of the 
iteration process. Thus, the equivalent nodal forces Qi in each iteration can be evaluated without 
integration. 

2.1 Effect of flexible fasteners on the stiffened sheet 

The skin is discretized using a very coarse finite element mesh, such that the fastener locations are 
taken to be the nodes of the finite element mesh. This coarse mesh models the broken stiffeners, 
as weil as the broken skin-ligament of the crack; but the crack-tip singularities are not modeled. 
The axial deformation of the stiffener is modeled by using the conventional "truss-type" elements. 
Since the fastener shear forces are usually offset from the stiffener neutral axis, an out-of-plane 
bending is also induced in the stiffeners. The out-of-plane bending deformation of the stiffener, 
between two fasteners, is given by the elementary beam theory: 

6�87 \ ~stl j a�87 (9) 

where: 

C = axis of the stiffener to the point of action of the fastener shear force 
I = stiffener cross-sectional inertia 
L = distance between two fasteners, or the length of the stiffener "truss" element 

Est = Young's modulus of stiffener material 
M = F" C; where F is the force in the truss element. 

Note that ~�87 is in the same direction, as the stiffener axial force, F. From Eq. (9), it is seen that: 

ab \ E~-fl/" (10) 

The axial stretch of the stringer is given by: 

F 1 
~�9 - - -  - (as)f, as - �9 (11) 

EstA EstA 

We use the total axial deformations at the ends of the stringer, at the points where the stringer is 
attached to the skin, as the generalized degrees of freedom for the stringer. For these degrees of 
freedom, the stiffness matrix of the stringer element is given by: 

I 1 - 1  l e (ab + as) (ab + as) (12) 
Kst = - -  1 1 " 

(a�87 + ay (a�87 + ay 

The flexibility of the fasteners has been found (Swift 1984) to be an important factor that influences 
the stress-intensity factors for a crack in the stiffened skin. If Q is the shear force acting on the 
fastener, the shear deformation of the fastener can be represented by the empirical relation (Swift 
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1984) 

where 

ESh -~- 
D =  

B 1 and B 2 = 
A =  
C =  

C D D F 

modulus of sheet material 
rivet diameter 
thicknesses ofjoined sheets 
5.0 for A1 rivets and 1.66 for steel fasteners 
0.8 for A1 rivets and 0.86 for steel fasteners. 

(13) 

matrix of the fasteners; i.e., 

-Kr  0 0 0 

0 K F 0 0 

K F =  0 

0 0 . . . . . .  

~176 0 - 

~176176 0 

0 , N x N .  

�9 K F 

(16) 

Then, Wof Eq. (15) can be written as: 

a _t ~K + KF)qS k d- 1 t t K (17) W = 2qSk[ Sk 2qst(Kst q- Kv)qst - qSk Fqsr 

If the fastener flexibility is ignored, then qsk -- qs,, and Eq. (17) reduces to: 
W 1 t -~qsk(Ksk + Kst)qSk. (18) 

The potential of the external forces (the hoop stress in the fuselage) may be represented, in general, 
as: 

U - -  t t - ( q s k Q S k  + qstQst)" (19) 

Let zr ---- W - U. The finite element equations that arise from the vanishing of the variation of fi7~ 
(i.e., fi~ = 0) are given by: 

(Ksk + KF)qSk -- Krqs~ = Qsk, (Kst + KF)qst -- Kvqsk = Qst (20a, b) 

The "stiffness" of the rivet in shear is thus given by 

EshD (14) 
= D " 

Consider, for simplicity (but without any loss of generality), that the skin is discretized fnto finite 
elements, with nodes being only at the locations of the fasteners; and likewise, the stringers are 
discretized into finite elements with nodes being only at the fastener locations. Let the number of 
fasteners be N. Let the number of stringer elements be Nst; and the number of sheet elements be 
Nsy Let the generalized displacements of the skin at the nodes of the finite element mesh be denoted 
as qsy and those of the stringers at the nodes be denoted by qsr Then the total strain energy of 
the stiffened fuselage skin, with flexible fasteners, is given by: 

1 ,y K~ ~ ~�9 .,1-q~K~stqs, 1 
W :  L ¦  SkqSk -JF + XZN ~ K e ( q s  k qst) z, (15) 

ele = Nsk L. Nst "~ 

where qr is the vector of nodal displacements of a skin dement; and qset is the vector of nodal Sk 
displacements of a stringer (stiffener) element. 

Let qSk be the master vector of nodal displacements of the skin; KSk the assembled nodal stiffness 
matrix of the skin; qs, be the toaster vector of nodal displacements of the stringers; and Kst the 
assembled nodal stiffness matrix of the stringers. Let Kr be the "assembled" (diagonal) stiffness 
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[Pressurized crack only] Fig. 4. Treating the skin alone in the FEAM 

for the case of flexible fasteners. Equations (20) may be rearranged as: 

- K v Kst + Kv 3 ( qst ) Qst )" 

After the imposition of appropriate boundary conditions, qsk and qst can be solved for, from 
Eq. (21). Once qsk and qst are solved for, the reactions of the stiffeners on the skin, at the locations of 
the fasteners, can be easily calculated as: 

~ s t i f f e n e r  : Ke(qst - qSk) ~ QSt -- Ks~qst, (22) 

with care being exercised to determine the direction of these reactive forces. 
Once the effects of the stringer (with flexible rivets) on the skin are determined, one can consider 

the free-body diagram of the cracked skin alone (see Fig. 4); the skin being subject to the far-field 
hoop stresses, and the stringer reaction forces. The stress-intensity factors for the multiple cracks 
in the skin, snbjected to these forces, may now be determined in the stage (ii) alternating solution. 

2.2 Stage "B" solution 

In the FEAM to determine k-factors for multiple cracks in the skin (after the effects of the stiffeners 
and fasteners are isolated as in stage A above), one may employ the same finite element mesh as 
in stage A, to model the uncracked, unstiffened free-body of the skin alone. In stage B, as explained 
earlier, one may use (i) the coarse finite element mesh to compute the tractions to be erased at the 
locations of the cracks in an otherwise uncracked skin; and (ii) the analytical solution for a crack in 
an infinite skin subjected to arbitrary tractions on the crack-face. This analytical solution is briefly 
discussed below. 
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Suppose there is a line crack on y = 0, [xl < a in an infinite plate, and arbitrary tractions are 
applied on the crack surface. Let the tractions be given by: 

ay - irxy : - IP(t) + is ( t )] ,  It] < a. (23) 

And let these tractions be expressed by Chebyschev polynomials  as: 
N 

p(t)  + is(t) = --  ~ b �9249  I tl _-< a, (24) 
n = l  

where U�9 1(0 are the Chebyschev polynomials  of the second kind and they are defined by: 

sin [(n + 1)0] 
U�9 = , t = a c o s  0. (25) 

sin 0 

Then the complex stress function is expressed as (Gladwell and England 1977): 

N N b R�9  
212'(z)= ~ b�9249 212(z)= y '  (26,27) 

n = l  n = l  K/ 

where f2'(z) = d f 2 / d z  and 

R�9 = a [ z l  - -  (z 2 - -  1)1/2] ", G�9 1 (z) = - (z 2 - a 2) - l /2R�9 (28, 29) 

where z 1 = z/a.  And the stresses and displacements are obtained by the following equations 
(England 1971): 

y + ~ry = 212'(z) + 2s 

ay --  irx~ = O ' ( z )  + I T ( z )  + zs  + co'(z) 

2p (u  + iv) = x l 2 ( z )  - z l2 ' ( z )  - o9(z). 

(30) 

(31) 

(32) 
Here u and v are x and y displacements respectively, p is shear modulus  and tr = 3 - 4v for plane 
strain condi t ion or ~ = (3 - v)/(1 + v) for plane stress condition, and v is Poisson's ratio. And  c~(z) 
is defined by: 

o~(z) = ~ ( ~ )  - z I2 ' (z) .  (33) 

If we define the stress intensity factor K I  and K n  at x = + a as: 

K1 = lim [~2rc(x  - a)%], K � 9  = lim [x/2rc(x - a)zxr] ,  (34, 35) 
X ---~ a x --* a 

they can be obtained from: 
N 

K , -  i K , ,  = - , ~ d  ~ b�9 (36) 
n = l  

Similarly at x = - a :  
N 

K ,  - i K , ,  = - ~ “  ~,  (-1)"b�9 (37) 
n = l  

In stage (B), F E A M  requires the following steps: 
(1) Solve the uncracked panel under  the given external loads and fastener reactions by using the 

finite element method.  The uncracked body has the same geometry as in the given problem except 
the crack. 

(2) Using the finite element solution, we compute  the stresses in the uncracked panel at the 
location of the original crack. 

(3) To satisfy the stress free crack face boundary  conditions, reverse the residual stress in 
step (2). Then determine the coefficients b�9 of Eq. (24) by using the or thogonal i ty  of Chebyschev 
polynomials.  
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(4) Calculate the stress intensity factors for the current iteration by substituting coefficients b, 
in Eqs. (36) and (37). Compare them with those of previous iteration. If the difference is less than 
some permissible magnitude, stop the iteration procedure. 

(5) Calculate the residual stresses on external boundaries of the body due to the loads in step (3). 
To satisfy the stress condition, reverse the residual stresses and calculate equivalent nodal forces. 

(6) Consider the nodal forces in step (5) as external applied loads acting on the uncracked 
body. Repeat all steps in the iteration process until the criterion in step (4) is satisfied. To obtain 
the final solution, add the stress intensity factors of all iterations. 

2.3 Example problems 

In order to illustrate the application of the proposed methodology, some example problems were 
solved. Consider a crack in a stiffened panel where a stiffener is broken and the crack is located 
symmetrically with respect to the broken stiffener (Figs. 1 and 5). To investigate the effects of 
stiffener configuration and spacing, four different cross-sectional stiffener areas and four different 
stiffener-spacings are considered. The data for the stiffeners is given in Table 1. In order to compare 
the present results, the same panel configuration as in Swift (1984) was employed. 

The meshes used in the finite element analysis are shown in Fig. 6. Since the geometry and 
loading are symmetric, a quarter of the panel was modeled. The fastener interval, d, in Fig. 6 was 

Table 1. Properties of stiffener cross-section 

Flange thickness Area Inertia Arm length 
B 2 A I R 

in mm mm 2 mm'* mm 

0.063 1.6002 121.935 20431.1 13.64 
0.100 2.5400 163.709 28346.5 13.64 
0.160 4.0642 231.467 38867.0 13.64 
0.190 4.8260 265.322 43113.6 13.64 
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chosen as 1 inch. And the stress intensity factor Kt is normalized as: 

Kx (38) 
K�9 F(0y 
where y is the stress applied on the external boundary, a is the half r length and F(0 is the 
boundary correetion factor given by: 

1 - 0.5r + 0.370~ 2 - 0.044r 3 
F(0 = (39) 

,/1y 
where ~ is the ratio of the crack length to the width of the sheet. Since ,F(0a B gives approxi- 
mately the stress intensity factor for a crack in an unstiffened panel, the normalized stress intensity 
factor, K�9 indicates the ratio of the stress intensity factor ofa stiffened panel to that of an unstiffened 
panel. 

In this parametric study, eight node isoparametric elements were used. The sheet and stiffener 
materials are assumed to be 6061-T6 where Poisson's ratio is 0.351. 

Some results of parametric studies are given in Figs. 7 through 12. The effects of stiffening are 
shown in Figs. 7 through 10. Four different cross-sectional areas of stiffeners were considered for 
each stiffener spacing. From these results, we can notice that when the crack is very short, the 
stress intensity factors for the stiffened panel are much larger than those of the unstiffened panel. 
This is due to the effect of the broken stiffener. As the crack becomes longer, the stress intensity 
factors decrease and become smaller than those of the unstiffened panel, because of the outer 
unbroken stiffeners. 

In Figs. 11 and 12, the results of the present parametric study and the results from Swift (1984) 
are illustrated together. The stress intensity factors from the present finite element alternating 
method are higher than those from the displacement compatibility method until the crack grows 
to the outer stiffener. This is due to the fact that the finite-size effects are accounted for in the 
present FEAM, as opposed to the displacement compatibility method wherein the sheet is treated 
as being infinite. 

3 Analysis of repaired cracks 

3.1 Repair of center or edge cracks in unstiffened panels 

Due to the fact that, in general, an analytical (as opposed to purely numerical) approach is more 
conveniently employed to examine the effects ofeach design parameter on the mechanical behavior 
of a repaired crack, a model problem of a repaired crack is first analyzed. Figure 14 depicts the 
problem of an infinite isotropic (metal) sheet containing a crack of length 2a, repaired by an 
adhesively bonded infinitely long orthotropic (composite) patch of height 2H (height is measured 
normal to the crack-axis). It is assumed that the crack lies along the x-axis and that the principal 
material directions of the patch coincide with the geometric x and y axes. Let the thickness of the 
metal plate, the composite patch and the adhesive layer, be, respectively, h~, hp and ha. 

The metal sheet is subjected to a hoop stress of Co as in Fig. 13. This mode I ~symmetric problem 
can be solved by a superposition of the two following problems: 

Problem A: Determine the stress field in an isotropic metal sheet without a crack, to which is 
bonded an orthotropic patch as in Fig. 14a. 

Problem B: When the tractions at the location of the crack, as determined from the solution of 
Problem A above, are erased, determine the stress-intensity factors at the crack-tips. This problem 
is sketched in Fig. 14b. 

The relevant material and geometric parameters from Problems A and Bare  as follows: 
(i) The Young's modulus Es, and Poisson's ratio v S for the isotropic sheet. 
(ii) Thickness h S of the isotropic sheet. 



J. H. Park et al.: Analysis of cracks in aging aircraft structures 181 

t t ~246 t I I ~246 l 

Patch pLate 
L J 
2a 

2H 

Base ptate with a 
center crack 

l t l I 1 I 
a b 

13 14 

Po 

Figs. 13 and 14. 13 Schematic of a cracked metallic sheet repaired with a composite patch. 14 Linear superposition of a problem 
A and b problem B to solve the problem in Fig. 13. 

(iii) The Young's modulus E~ and Ey of the orthotropic patch; the Poisson ratio vy and the 
shear modulus G,y of the orthotropic patch. 

(iv) The height H; and thickness hp of the orthotropic patch; and 
(v) The thickness h~, and the shear modulus G�9 of the adhesive layer. 
By using the Buckingham's H theorem, the grouping of non-dimensional parameters that arise 

from the above geometric and material data is determined to be: 

h-~-~ ,/ ~ ' \hsG-~~ B' (vs)' k, E J  ~ (vr), " (40) 

It is the objective of the present analysis to determine the stress-intensity factor as a function of 
the above 8 non-dimensional parameters. This ensemble of curves would then lead to a design 
procedure to select the appropriate composite patch, and adhesive, for a given crack in a metallic 
sheet. This is the first comprehensive treatment of this problem in the literature. 

3.2 Problem A (Fi9ure 14a) 

Since the base plate and the patch have infinite lengths in the x-direction and since there is no 
crack, we can treat this problem as a one-dimensional patch problem. Here it is assumed that the 
shear stresses in the adhesive layer are only in the y-direction (i.e., ~:xz = 0), the base plate and the 
patch are in states of plane stress, and that the shear stresses in the adhesive layer are applied on 
the base plate and the patch as body forces (Fig. 15). 

The equilibrium equations for a metal sheet and the composite patch are, respectively: 

da~y _ "ry z daPY - zYz (41, 42) 
dy hs' dy hp" 

Here o-~y and o-Py are the normal stresses in the y direction in the base sheet and in the patch 
respectively, and rr~ is the shear stress in the adhesive layer. 

The stress-strain relations of the base sheet and the patch are given by: 

s 1 s s 1 1 p p es _ 1 (a s - v s  as ), err=_~(%y_v:x~ , ) ,  e p = - - ( c :  - v  ,'rp ~ ep (43-46) 
xx Es yy 

Here E s and v s are Young's modulus and Poisson's ratio of a base sheet respectively; and Ex, Ey 
and vx, vy are the moduli and Poisson's ratlos of an orthotropic patch. Among these variables, 
the relation vx/E:, = vy/Ey is satisfied. 
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As a compatibility condition between the metal sheet and the composite patch, the following 
relations proposed by Mitchell et al. (1975), Jones and Callinan (1979) were used 

/.)s __/)p 
zy~ - - -  (47) 

F 

Here 

F ha 3hs 3hp 
= - -  + + (48) 

G a 8G s 8Gp' 

v s and v p are the y displacements in the sheet and the plate respectively, and G�9 Gs and Gp are the 
shear moduli of the adhesive, the base sheet and the patch, respectively. We assume that Gp has 
the same value as G~,y in the patch plate. F rom the elaborate numerical results presented later, it 
will be seen that this assumption has little effect on the stress intensity factors. 

By using Eq. (47) and the following boundary conditions: 

a s = % a t y = H ,  a p = 0 a t y = H ,  (49) 
YY YY 

we can solve Eqs. (41) and (42) easily. The stresses are obtained as 

( 1 -  v~)~o , 
as = % - -- $3 - -  -tcosn AH - cosh Ay) (50) 

rr FEshsA cosh AH 

- ( 1  - v2)y 
tr p _ (1 v2)ao (cosh AH - cosh Ay), zrz - sinh Ay. (51, 52) 

YY F EshpA 2 cosh AH F EsA cosh AH 

Here, to simplify the problem, the additional assumptions e~x = 0 and ~~x = 0 were used. A 2 is 
defined as 

A2 l ( 1 - v  2 1 - v x v ,  
= + ~ , (53) 

F \  Esh s / 

From Eqs. (50-52), we can notice that tr~~ and zyz have their maximum values at y = H, and 
decrease exponentially as (H - y) becomes larger than zero. On the other hand, a~y is zero at y = H, 
but it increases exponentially as (H - y) becomes larger than zero. 

When cosh AH �87 1, the stresses near y -- 0 can be expressed as 

( 1  - v 2 )  ( 1  - v 2) tr 
~7s = (~ 0 - -  f f P  - -  --'I----I-I-I-I-I-I-I-L~A2 O, "Cy z = 0. (54--56) Yr FEshsA2170' yy FEshpA 

These stresses are the same as those when the patch is considered to be of an infinite height. Thus, 
when the value of cosh AH is much greater than 1, we can assume that the patch has an infinite 
height, because this assumption gives nearly the same values for the stress intensity factors at the 
cracktip, and induced stresses near y = 0. 

3.3 Problem B (Fi#ure 14b) 

In order to solve this problem, a superposition of the basic problems shown in Figs. 15a, b and c 
may be used. 

Figure 15a is the case where uniform surface pressure Po is applied on the crack surface in a 
metal sheet of infinite size. Its solution is weil known (Gladwell and England 1977). Let the 
displacement field of this problem be uSA= fa(x, y), vSa= f2(x, y). Here u s is the displacement in 
the x direction and v s is the displacement in the y direction, in the sheet. 

Figure 15b is the problem wherein point loads X, Y are applied symmetrically at the points 
(x0, Y0), ( - Xo, Yo), (x0, - Yo) and ( - x0, - Yo) on an infinite isotropic plate with a central crack. Let 
this solution be u sB and vSB(x, y). The solutions can be found in Erdogan and Arin (1972) and 
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Roderick (1980). By using the solution in Roderick (1980), the displacements at a point (x, y) for 
this problem can be expressed as: 

u~n(x, Y) = H11 (x, y; x o, yo )X  + H12(x, y; Xo, Yo) Y, (57) 

vSB(x, y) = H21(x, y; Xo ' yo )X  + Hz2(X ' y; Xo, yo)Y. (58) 

The problem of Fig. 15c is where the point loads X, Y are applied symmetricalty at the points 
(Xo, Yo), (-Xo, Yo), (Xo, -Yo) and ( - x  o, -Yo) on an orthotropic patch of height 2H. The problem 
of Fig. 15c can again be solved through a linear superposition of two other problems as in 
Fig. 16b and c. Figure 16b is of the problem of an infinite orthotropic sheet; and 16c is of a finite 
height composite patch with residual tractions, from the solution of the problem in Fig. 16b, acting 
on the edges y = + H. The displacement field for the problem in 16b can be found in Leknitskiic 
(1968). Now we consider the problem of Fig. 16c. Here, -p(x)  and -q(x)  are the normal and shear 
stresses acting on the y = H plane. Since, for the problem in Fig. 16c, the displacements uPy y) 
and vPy y) are odd and even functions, respectively, with respect to x, we may define: 

uP~( x, y) =-2 .[ r y) sin c~x de, vPy y) = O(c~, y) cos ~xde,  (59a, b) 
~ o  g o  
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where qS(y y) and ~(y y) are the Fourier transforms ofuPC(x, y) and vPy y) respectively. Since there 
are no further body forces, the equilibrium equations for the patch in Fig. 16c are written in terms 
of u p~ and v pc for this component  problem of Fig. 16c, as: 

+ - -  + Gx,~ + = 0 (60a) 
1 -  vxv/axay 1Zvxv, ay  ~ ax  ~ / 

and 

\ Ox 2 / + ( l _ v x v r : ~ x  @ Gxr~-~-y2 + x @ / = O .  (6Ob) 

Substituting (59) into (60), we obtain: 

- - -  ~ - - q ~  = 0,  
@4 \ Gxy //�8 Er 

The general solutions of Eqs. (61) are: 

- - - (  ) d21~ 4 Ex 
d'*O t-y _ E x  +2v  x + y  - - 0 = 0 -  (6la, b) 
dy* Gxr ~ E r 

(9 = elA1 cosh flly + e2A 2 cosh fl2y At- e lA3  sinh flaY + e2A4 sinh fl2Y, ~r = Aa sinh fl~y 

+ A2 sinh fl2Y + A3 cosh flaY + A4 cosh fl2Y, 

where 

y + Gxy(1 - VxVr)] k = 1, 2 (63) 
e k -  Gxyfl~(1 _ VxVy)- y , 

and fl, and f12 are roots of 

0~2 Ex 
B * -  ( G x r - 2 V x ) f l 2  + y  (64) 

Ey 

for which Ry > 0, k = 1, 2. 

Considering the symmetry conditions, upC(x, y) = upC(x, - y), and vPC(x, y) = - vPy - y), we see 
that the constants A 3 and A 4 must be zero in Eq. (62). Using (62) in Eq. (59), we obtain the displace- 
ments u pc and v pc. From these, the corresponding stresses can be determined as: 

apx~ = _2 ~ [(o~Mael + M2fla)Aa cosh fllY + (c~M~e2 + M2f12)A2 cosh fl2Y] cos o~xdc~ 
1"~o 

2_ [(eM2e 1 + Mail  I)A a cosh flaY + (~ + M3f12)A2 cosh fl2Y] cos o~xdo~ 
7~0 

(62a, b) 

where 

M a - Ex , M2 - vyEx _ vxEr , Ma - E r  
1 - vxv r 1 - VxV r 1 - VxV r 1 - vxv r 

If P(y and Q(y are the Fourier transforms of the traction s p(x) and q(x) in Fig. 16c, such that 

p(x)= 2 ~ P(y171 q(x)= 2_ ~ Q(y171 (66a, b) 
~ 0  7~o 

pc then the boundary conditions c~Py H)=  +p(x) and axy(X, H ) =  +q(x) result in the following yr 
equations: 

(c~M2e a + M3fla)(cosh flaH)A 1 + (~M2e 2 + M3fl2)(cosh fl2H)A z = P(~) (67a) 

a~~r = 2_ ~ [ (Gxy(e,fl a _ y sinh fiaY + Gxy(e2fl2 - y sinh fl2Y] sin y171 (65) 
•o 



J. H. Park et al.: Analysis of cracks in aging aircraft structures 185 

and 

Gxr(elfl 1 - y f l lH)A 1 + Gxr(e2fl2 - y fl2H)A2 = Q(y (675) 

from which A 1 and A 2 are solved for. Thus, the displacement solution uPy and vpC(x,y) is 
obtained for the problem in Fig. 16c. 

Let the displacement solution for the patch problem of Fig. 15c, obtained as a superposition 
of problems in Figs. 16b and c, be written as: 

u"(x,y) L S = hp o [Kl l(x, y; Xo, Yo)Zxz(Xo, Yo) + K12(x, Y; Xo, yo)Zyz(Xo, yo)-ldxodyo (68a) 

and 

vp(x ' y) = 1 ~ [K 21 (x, y; x o, yo)zxz(Xo, Yo) + Ka2(x, Y; Xo, Yo)rrz(Xo, Yo)] dxodyo (685) 
hpD 

wherein, the adhesive shear stresses (zxjhp) and ('ryJhp) are treated as body forces per unit volume, 
acting on the composite patch, as in Fig. 15c. 

The sheet displacements from problems 15A and B may be written as: 

uS(x, y) = usA(x, y) + USB(X, y) 

1 
= f l(x' Y ) - ~  ~ [Hll(x '  y;x~ y~176 y~ + Hlz(x'  y;x~ y~176 (69a) 

and 

rs( x, Y) = f 2(x ' y) _ 1 ~ [ H 2  l(X ' Y; Xo, yo).Cxz(Xo, Yo) + H22(x ,  Y; Xo, YO)'Cyz(XO, YO)] dxodYo, 
4 

rt  s D 

(69b) 

where D, the domain of integration, is the size of the composite patch. The body forces on the 
sheet are (-Z~z/hs) and (-~rz/hs) in the x and y directions, respectively. 

The compatibility condition between the sheet and the patch is expressed as 

~~~=(USFUP ) and r r~=(VsFVP) .  (70) 

By substituting Eqs. (68) and (69) into (70), one obtains the following integral equations for zxz 
and ryz: 

Fzxz(x,y) + ~ [k11(x,y;xo, Yo)Z~z(Xo,Yo)+ k12(x,y;xo, Yo)~,~(xo,Yo)]dxodyo = f l (x ,y )  (71) 
D 

and 

Fzy~(x, y) + ~ [k 2 l(x, y; x o, yo)rxz(Xo, Yo) + k22(x, y; xo, yo)~yz(Xo, Y0)] dxodyo = f2( x, Y), (72) 
D 

where 

= \ hs 4---hp ' \ hs hp ,/ \ h S hp ,] \ h s hp .] 
) k12= + k2 j=  , k22= + (73) 

In integral Eqs. (71) and (72), the domain of integration D is the size of the orthotropic patch, 
which is finite in the y direction, but oo in the x direction. For numerical purposes, however, the 
domain D in the x direction is also truncated to some finite value. In order to solve Eqs. (71) and 
(72), the domain D is discretized into a number of small sub-elements. In each subelement, z~~ 
and ry~ are assumed to be constant. Thus a system of linear equations, for discrete values of z~~ and 
zyz, is obtained. By solving these, the shear stresses -c~~ are ry~ and determined. Since the stress-state 
on the sheet, as in Fig. 15a and b, is thus completely known, the k-factors can be evaluated from 
the analytical solutions for problems 15A and B. 



186 Computational Mechanics 10 (1992) 

One example of descritization of D is shown in Fig. 17, for the case when (H/a) = 4. By varying 
the size of this D, it was determined that the obtained k-factors are insensitive to the size of D, as 
long as the dimensions of D are about five times as large as a. Note also the finer mesh near the 
crack, in Fig. 17, as the adhesive shear stresses are expected to be maximum near the crack itself. 

3.4 Behavior of patched cracks in unstiffened panels 

Attention is focused in this study, on the variation of: 

(i) non-dimensional stress intensity, i.e., K 1 / a o “  
(ii) non-dimensional adhesive shear, "cxz and zy= 

(7 o t~ o 
(iii) non-dimensional patch stress, [~Pyhp]/(%hs) 

as a function of the non-dimensional parameters: 

--~-~,/ \hsG-~~}' h-;' \Ex} ~ (vy). 
From the computed results, it was found that the more significant parameters are: 

(i) \~--/:..~ which characterizes the adhesive flexibility. The "smaller" this number is, the 

�9 is the adhesive. 
/ 

hpEy 
N 

(il) ( ] "  which characterizes the patch stiffness in the direction normal to the crack axis. 
\ h~G~,/ 

The "larger" this number, the "stifter" is the patch in the direction normal to the crack-axis. 
Figure 18a shows the variation of the normalized stress-intensity factor as the crack-length 

increases, for the case of a very large composite patch, (H/a).--~ oo; (hpEr/h~G~)= 2; and (GsF/h~)= 3.0. 
Note that, in the absence of a composite patch, the normalized k-factor, i.e., [K~/t~,~~-a] = 1.0. 
Thus, the vertical distance between the horizontal straight line [normalized k-factor = 1.0] for the 
unpatched crack, and the curve for the repaired crack, indicates the reduction in the normalized 
k-factor due to patching. Figure 18a clearly shows that more and more reduction in the normalized 
k-factor results as the crack-length increases. 

Also it is seen from Fig. 18a that, as (a/hs) y 1, the normalized k-factor converges to that in a 
center-cracked sheet with the crack-face pressure of Po (see Fig. 15a), which is smaller than the 
applied far-field stress % in the sheet (see Fig. 14a). Thus, when the crack length in the metal sheet 
is very small, the reduction in k-factor is achieved by the reduction in the crack-face pressure, Po, 
in the metal sheet, due to the pressure of the composite patch. From Eq. (50) it is seen that Po in 
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Fig. 14b is given by 

po=��y(yS = 0) = % (1--- v2)~~ -(cosh AH - 1). (74) 
F EshsA z cosh AH 

Substituting for A 2 from Eq. (53) into (74), it is seen that Po is independent of the adhesive flexibility 
parameter  "F", for large values of H when cosh AH �87 1. Thus, for short cracks, the reduction in 
the normalized k-factor is unaltered by the adhesive flexibility. As the crack becomes longer, the 
adhesive shear stresses acting on the metal sheet have more dominant  effect on the crack-tip 
k-factor, and the reduction in the k-factor depends on the adhesive flexibility parameter  F. 

Figure 18b shows the variation of the actual k-factor as the crack grows, with and without the 
presence of a composite patch. It is seen that without the patch, the k-factor increases as w/�8 as 
expected, but in the presence of a patch, the k-factor levels oft to a constant value as the crack 
grows. This result has also been noted earlier by Rose (1981) and Atluri and Kathiresan (1978). It 
should be noted, however, that in the present analysis, the adhesive bond between the metal sheet 
and the composite patch is assumed to be perfect. However, the shear stress in the adhesive is 
maximum near the center of the crack, where the crack-opening displacement v s in the sheet is 
maximum. Thus, for all adhesives whose maximum shear-strength is a finite value, a disbond can 
be expected to occur between the metal sheet and the composite patch near the center of the crack 
at y --- 0, as well as possibly at y -- H. When this disbonding is modeled properly, its effect is to 
increase the actual k-factor of the repaired crack, as the crack length increases. This situation of 
the damage tolerance of the bond is being currently quantified. 

Figure 19 shows the effects of the "patch-stiffness" parameter  and the "adhesive-flexibility" 
parameter  on the normalized stress-intensity factor of the patched crack, for a given crack length 
(a/h~) = 5.0, and a given patch-height, (H/a) = 4.0. 

For  a fixed "adhesive-flexibility" value, the stress-intensity factor (S.I.F.) of the patched crack 
decreases rapidly from its "unpatched" value, as the patch-stiffness increases. This S.I.F. reduction 
is, however, smaller as the adhesive flexibility increases. 

From Fig. 19, it is evident that the S.I.F. reduction due to a patch is maximum when one uses 
a very stift composite patch, as well as a very stift adhesive layer. 

However, a stift adhesive layer has a deleterious effect on the integrity of the bond itself, as the 
adhesive shear stresses increase in such a case, as seen from Figs. 20 and 21. 

Figure 20 shows the non-dimensional shear stress ( ~ S % )  in the adhesive layer, at the center 
of the crack, i.e., x = 0 and y -- 0; while Fig. 21 shows the corresponding value at the end of the 
patch, i.e., x = 0 and y = H. It is noted that in all cases, "c~z y ryz and hence r:,z is not shown. It is 
seen that zyz at y = 0 arises only from the problem in Fig. 14b. Since ry~ = ( :  - : ) / F  and since 
(v s -  d') is maximum at x = 0 and y = 0 in Fig. 14b, the maximum value for the problem in 
Fig. 14b also occurs at x = 0 and y = 0. Also, the stress zy~ at x = 0 and y = H for the problem in 
Fig. 13 are nearly the same as that for the problem in Fig. 14a, and given by Eq. (52) when y = H. 

From Fig. 20 it is seen that ~ :  at x = 0 and y = 0 increases rapidly as the adhesive becomes 
stifter (i.e., as F decreases), especially for moderate  values of patch stiffness. For  fixed values of F, 
(zy~/~ro) at x = 0 and y = 0 decreases as the patch stiffness increases. For large values of adhes- 
ive flexibility, the maximum shear stress is nearly constant regardless of the value of the patch 
stiffness. 

From Fig. 21 it is seen that ~cy~ at x = 0 and y = H also increases as the adhesive layer becomes 
stifter. However, for fixed values of F, this shear stress increases as the patch increases. 

Thus, we note that when a patch with a low stiffness ((hpEp)/(hsG~) < 3.0) is used, the value of 
vy~ at x = y = 0 is larger than the value of ry~ at x = 0 and y = H. As the patch becomes stifter, ryz 
at x = 0 = y decreases, while vy~ at x = 0 and y -- H increases. Thus as the patch becomes very stift, 
~yz(x = 0, y = H) > ~yz(x = 0, y = 0). 

Thus, in general, depending of the values of the patch stiffness, the likelihood of a disbond 
between the metal plate and the patch exists both at the locations (x = 0, y = 0) and (x = 0, y -- H). 

Figure 22 shows the effect of the patch-stiffness and adhesive flexibility on the values of 
(a~yhp)/(aoh,). The value of (~~y/y changes, on the other hand, according to the value of (hJh~,). 
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For fixed value of adhesive flexibility, (aPyyhp)/(aohs) increases as the patch-stiffness increases. For 
fixed patch-stiffness, (y171 increases as the adhesive stiffness increases. 

So rar, we have assumed that the metal sheet is infinite, and the composite patch is of a finite 
height but infinitely long. In reality however, the base sheet as well as the patch are finite in size; 
moreover, the patch can be arbitrary in shape. To account for these size and shape effects, one 
may use the FEAM to determine the displacement fields in each of the component  problems such 
as in Figs. 15a, b, c wherein each problem may have a finite, arbitrary, shape. The integral equations 
for "ex, and zy= in these finite arbitrary shapes may be formulated in much the same way as described 
earlier. 

4 Repair of cracks near loaded fastener holes in a lap joint (multiple-site damage) 

Consider the model problem of repairing of symmetrical cracks emanating from a loaded fastener 
hole, as shown in Fig. 23. 
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Fig. 24 

A circular hole of radius R is located at the center of a rectangular plate of width 2 W s, height 
2Hs and thickness hs. Two radial cracks of equal lengths (a - R) each emanate from the hole, along 
the x axis. To repair these cracks, a rectangular orthotropic patch of width 2Wp, height 2Hp and 
thickness hp is assumed to be bonded onto the metal sheet. The thickness of the adhesive is ha. 
The metal sheet is assumed to be subject to a far-field hoop stress % as well as the pin-loading p(O) 
of the type: 

p(O) - 4Ws~176 [ sin 01 (75) 
reR 

as shown in Fig. 24a. Since the applied loading (a0 and p(O)) is not symmetric in the y direction, 
the crack may exhibit mode I1 behavior also. However, this mode II k-factor may be expected to 
be much smaller than the mode I component, and will be ignored hence forth. 

The problem of Fig. 24a can be solved by a superposition of the two symmetric problems of 
Figs. 24b and c. If the crack-tip k-factor in Fig. 24b is KI/~ and that in Fig. 24c is K m, respectively, 
then the k-factor of Fig. 24a may be written as: 

KIA + Kzc ). (76) = I ( K , � 9  

Note that both the problems of Figs. 24b and c involvefinite geometries. 
The problems in Figs. 24b and c, can, in turn, be solved by a linear superposition of the basic 

problems in Fig. 25: (A) the problem of a finite sized isotropic metal sheet with radial cracks 
emanating from an unloaded hole, the sheet being subject to far-field hoop stress %; (B) the 
problem of a finite-sized isotropic metal sheet with radial cracks emanating from a hole, the 
hole surface being subject to symmetric load p(O) (Fig. 25b); (C) the problem of a finite -sized 
isotropic metal sheet with cracks emanating from a hole, the plate being subjected to shear 
tractions "c:,z and Zrz (from the adhesive layer) on its surface (Fig. 25c); and (D) the problem of a 
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finite-sized or thotropic  composi te  patch, subjected to shear tractions %= and zy= (from the adhesive 
layer) on its surface (Fig. 25d). 

In order to solve the above four basic problems, the F E A M  is employed. In the oase of the 
problem in Fig. 25a, the F E A M  procedure is as follows: 

(1) First consider the analytical solution for the problem of a central crack in an infinite sheet, 
the crack-faces being subjected to arbitrary tractions. Earlier in this paper, the solution of Gladwell 
and England (1977), wherein the crack-face pressure was assumed to be a sum of Chebyschev 
polynomials,  was presented. However, in the present problem of cracks emanat ing from a hole, 
as in Fig. 25a, in the F E A M  procedure,  residual tractions would arise on the crack-faces, 
[x[ > (R - a) (for a traction-free hole), and further, there will be steep stress gradient near ]x[ = R 
because of the stress-concentration near the hole. Thus, in order to use the Gladwell and England's 
(1977) solution, tractions on the fictitious crack-face [x[ < a will have to be interpolated with 
Chebyschev po lynomia l s - -which  is not  desirable, since the residual tractions on the fictitious 
crack-faces [xl < R a r e  zero, while those on I x[ > (Ra) have a steep gradient. Due to this fact, an 
alternate analytical solution for a central crack in an infinite sheet, the crack faces being subject 
to equal and opposite point-loads at an arbitrary location x, is considered. 

Without  loss of generality, consider the problem when a crack of length 2a exists in an infinite 
isotropic plate, and two point  forces of magni tude Y are applied at points x = ___ d on the upper  
crack surface, and two point  forces - Y are applied at x = -I-d on the lower surface. Following 
Mushkelishvilli (1953), the complex stress-functions for this problem are: 

Y j - a  2 ( 1 + 1 ) 
~(z) ~2(z) 

2 z ~ i ~ \ z + d  z - d  / 

e(z)=~'(z)=5~#i ~l~ z-a 

(77) 

2 ~ ~ - 2 d z - 2 a 2 ]  
t-log z--+d J" 

(78) 
Here 

4~(z) : q;(z), ~(z) = co'(z). 

The stress intensity factor is given by: 

= Y ( x / - a+ d  x / a - d )  
K1 - 

B \ ,/�8 d , / ; w  ; 
The stresses and displacements are obtained from the following relations: 

ex,, + art = 214~(z) + q~(z)], y - izxy = ~(z) + (z - e)cI)'(z) + ~(ff) 

(79) 

(80, 81) 

and 

2G(u + iv) = xq)(z) - o(~) - (z - ~)q)(z). (82) 

By using the above solutions as Green's functions, one can obtain the stress-intensity factors, and 
the stress and displacement fields, when arbitrary tractions are applied on the crack surface. 

The main steps of the F E A M  for solving the problem of Fig. 25a are: 
(2) Using the analytical solution for the problem of an infinite sheet with a hole (but no cracks) 

subjected to far-field stress a o (see Mushkelishvilli (1953)), obtain the residual tractions at the 
outer-boundaries  of the finite sheet as well as at the locations of the crack, [x[ > (a - R). 

(3) To create a traction-free crack, erase the stresses, as found in step (2), on the crack-faces 
[xl > (a - R), using the analytical solution for an infinite sheet with a crack, as in Eqs. (79-82). 
Determine the k-factors, and the displacement solutions using the Green's function solution, 
Eqs. (79) and (82). 

(4) Corresponding to the solution in step 3, determine the residual tractions at the surface of 
the hole as well as at the outer boundaries of the finite plate. 
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(5) In order to satisfy the given traction b.c at the outer boundaries of the finite plate as well 
as at the hole surface, reverse the residual tractions at these surfaces, as calculated from steps (2) 
and (4). Calculate the equivalent nodal forces on these surfaces, at the chosen finite element nodes. 

(¦ Using the usual finite element method, obtain the stresses at the location of the crack, and 
the displacement field everywhere, corresponding to the nodal loads in step (5). 

(7) Erase the crack-face stresses as computed from step (6), by repeating step (3). 
(8) Continue the iteration until the residual tractions in the repeated step (6) are vanishingly 

small. 
(9) By summing appropriate contributions, compute the total stress-intensity factor, and the 

total displacement field for the problem in Fig. 25a. 
The procedures for the solutions of the problems in Figs. 25b and c are entirely analogous to 

that in solving the problem in Fig. 25a, as described above, except: 
(10) In solving the problem of Fig. 25b, the analytical solution in step (2) of the problem of 

Fig. 25a is replaced by an analytical solution for an infinite sheet with a hole (but no cracks), the 
hole surfaces being subject to symmetric pin-loading, p(O). 

(11) In solving the problem of Fig. 25c, the analytical solution in step (2) of the problem of 
Fig. 25a is replaced by an analytical solution for an infinite sheet with a hole (but no cracks), the 
sheet being subjected to body forces r~~ and rr~ arising from the adhesive layer. (This analytical 
solution is obtained using the complex variable information, as in Mushkelishvilli 1953). 

In the case of the problem of Fig. 25d, the following steps are used: 
(i) By using the analytical solution (Lekhnitskii 1968) of the problem of an infinite orthotropic 

sheet subjected to four sets of point loads applied symmetrically at (+ Xo; +-Yo), we obtain the 
residual stresses at the outer boundaries of the patch, x = _+ Hp; and y = _+ W v, as well as the 
displacement fields. 

(ii) In order to satisfy the traction-ffee boundary conditions at x = _+ Hp and y = + Wp, reverse 
the residual tractions computed in step (i) above, and compute the equivalent nodal forces to be 
applied at the (coarse) finite-element mesh of the composite patch. 

(iii) Using the finite element method, obtain the displacement field corresponding to the loads 
in step (ii). Add the displacement fields of steps (i) and (iii). 

4.1 Formulation of integral equations for the problem of repair 
of cracks near loaded fastener holes 

By using the FEAM outlined in Sect. 4, we obtain the displacement fields in each of the four basic 
problems sketched in Figs. 25a-d, respectively. Let the displacement field of the problem in 
Fig. 25a be given by u sA = F1A(x, y) and v sa = F2A(x, y); and that for problem in Fig. 25b be given by 
u sB = Fl�87 y) and v s�87 = F28(x, y). Ler the displacement field for the problem in Fig. 25c be given by: 

1 
uSC(x, y) = - ~ ! [Hll (x, y; Xo, Yo)Zxz(xo, Yo) + H, 2(x, y; Xo, y0)r,~(Xo, Y0)J dxo dyo (83) 

and 

v~C(x, y) = _ 1 ~ [H2a (x, y; xo, yo)r~z(xo, Yo) + g22 (x, y; Xo, yo)'c,~(Xo, Y0)] dxo dyo, (84) 
hs D 

where D is the domain of the finite patch (and of the adhesive layer). Likewise, the displacement 
field in the patch is given by 

1 
u p = uP~ y) = ~ ! [Kl l(x, y; Xo, yo)vx~(Xo, Yo) + K12(x, y; Xo, yo)r,~(Xo, Yo)] dxo dyo (85) 

and 

y = co(x, y)-- % I hp D [K21(x' y; Xo, yo)r~~(Xo, Yo) + K22(X, Y; Xo, Yo)'Cyz(XO, Yo)] dxodyo. (86) 
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~ 1 1 1  Fig. 26. A typical finite element mesh of the adhesive layer 

The total displacement in the metal sheet (see Figs. 25a-c) is given by: 

u ~ !(usA+u~~)+U y t usC = 2 = 5(f la  + flB) + (87) 

and 
1 . s A  D s B )  v s C  1 ~)sC. 

V s = $(v  + + =- g ( f 2 A  + f2B) + (88) 

The conditions of compatibility between the metal sheet and the orthotropic patch are given, 
again, by: 

U s - -  1AP l) s - -  l )P 

z = - - -  and ryz -  , (89) 
F F 

where F is the adhesive flexibility as defined in Eq. (48). By substituting Eqs. (83) to (88) in Eq. (89), 
one obtains the integral equations for z= and zyz. Once these integral equations are solved 
for L,z and -cy~, the free-body diagram of the stress-intensity factors near the crack-tips, as effected 
by the repair patch, can be computed. 

By assuming constant values of z= and zr~ within each subdomain, the integral equations in 
Eqs. (88) and (89) are solved for. One example of the mesh used for solving the integral equation 
over D, for the case Wp/R = 2 and Hp/Wy = 2.0 is shown in Fig. 26. 

In the problems of Fig. 24, the k-factor of the problems in Figs. a -c  are identified as Kia, 
K~~ and K~c respectively, (KxA = �89 + K~c)). In the following, the results for the normalized 
k-factors, as functions of the material parameters (G~F/h~), (hpESh~G~) and the geometrical 
parameters (a/R, R/h~, W/R and H/W), are discussed for the patched and unpatched cases. 

4.2 Results and discussions 

In order to examine the accuracy of the presently developed FEAM, first the problem of cracks 
emanating from a loaded fastener hole, without the presence of the repair patch, is solved first. The 
present results are compared with those of Cartwright and Parker (1982), for the case when 
H/W= 2, and WIR = 4.0. In the present FEAM, 65 eight-noded isoparametric elements were used, 
and the CPU time required to solve one crack oase was about 55 seconds on a MicroVAX 
Station II. The present results are seen from Fig. 27 to agree excellently with those of Cartwright 
and Parker (1982). 

Figure 28a shows the effect of patching on the normalized stress-intensity factor, as the crack- 
length increases, for given material and geometrical parameters of the patch as identified in the 
inset of Fig. 28a. Comparing Figs. 27 and 28a, the reduction in the normalized k-factor, as the 
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crack grows, due to the presence of the composite patch, can be observed. For small cracks this 
reduction is not rauch, but as (a/R) increases, the effects of patching increases as well. 

Figure 28b shows the effect of patching on the actual stress-intensity factor, as the crack length 
increases, for given geometrical and material parameters as identified in the inset of Fig. 28b. Once 
again it is seen that eren for a repaired crack near a loaded fastener hole, the actual k-factor 
becomes a constant as the crack-length increases under the patch. This appears to be a salient 
feature of all cases when the crack in a fuselage skin is repraied with a stift composite patch. Figure 
29 shows the effect of the hole radius on the normalized k-factors for the repaired cracks. 

Figure 30 shows the effect of the adhesive layer flexibility and patch-stiffness on the normalized 
stress-intensity near the crack-tip, for the case of far-field hoop-stress loading a o, Figure 31 shows 
similar results for the case of the fastener loading on the hole, while Fig. 32 shows the combined 
effect of far-field loading as well as the fastener loading. As in the case of the central crack discussed 
in Sect. 3, the stifter the adhesive layer and the stifter the patch, the more reduction is achieved in 
the k-factor near the patched erack-tip. On the other hand, a stift adhesive layer has a deleterious 
effect on the integrity of the patch itself, as the adhesive shear stresses also increase as the adhesive 
stiffness increases. 

4.3 Mult iple-si te-damage in a fuselage lap-joint 

A model of a typical lap joint, and a typical multiple site damage near a row of fastener holes, are 
illustrated in Figs. 33a and b, respectively. Taking into account the fastener flexibility, the fastener 
reaction forces on the upper (or lower) skin can be determined for the lap-splice joint configuration 
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of Fig. 33a, through the finite element method presented in Sect. 2 of this paper. Once these reaction 
forces, treated as concentrated forces in Sect. 2, are determined, one may use the known elasticity 
solution, to approximate the stress field on the hole-surface in the skin, that is equivalent to these 
concentrated forces. Under the action of these fastener-interaction stress fields and the far-field 
hoop tension, the stress-intensity factors for multiple cracks near fastener holes can be determined 
using the FEAM described in this section. The corresponding reduction in k-factors due to 
patching can be obtained again, using the FEAM, as described in this section. 

5 Three-dimensional analysis of surface-flaws with and without repairs 

In the FEAM applied to three-dimensional problems of embedded and/or surface flaws (of 
elliptical or part-elliptical shapes) in structural components, the key ingredient is the analytical 
solution for an embedded elliptical flaw in an isotropic elastic solid, the crack-faces being subjected 
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Fig. 33. a Uniaxial fuselage lap joint specimen; b details of spark eroded crack starters 

to arbitrary tractions (Atluri 1986; Nishioka and Atluri 1983 and Atluri 1991). The remainder of 
FEAM is exactly as described in Sect. 2 of this paper. Here we describe some applications of the 
three-dimensional FEAM to the analysis of surface-flaws in aircraft structural components, with 
and without composite-patch repairs. 

5.1 Corner-flaw near a counter-sunk rivet hole 

The problem of a counter-sunk rivet hole with a surface-flaw emanating from the corner is shown 
in Fig. 34. This is a typical situation in an aircraft-fuselage lap-joint. In the early stages of fatigue, 
this surface flaw grows into a through-the-thickness crack emanating from the fastener ho le - -  
leading ultimately to the development of multiple-site-damage near a row of such fastener holes. 

Figure 35 shows a comparison of two different finite-element models: (i) Fig. 35a shows a finite 
element model of(l/4) of the plate when two surface cracks are assumed to emanate symmetrically 
from either side of the hole. In this finite element model, crack-tip elements are used in an explicit 
numerical modeling of the crack-tip singularity. Because of this, this model involves 1430 twenty- 
node finite elements, with a total of 20,484 degrees of freedom; (ii) Figure 35b shows the finite 
element model in the present FEAM. In this model, only one surface crack is assumed to emanate 
from one side of the hole; and the crack-tip singularity is treated analytically through the solutions 
given in Vijayakumar and Atluri (1981) and Nishioka and Atluri (1983). Because of this, the finite 
element model involves only 90 twenty-node elements with a total of only 606 degrees of freedom. 
Thus, the savings in computational time, as well as in the data preparation time, in the present 
FEAM are truly significant. 

In Fig. 36, a comparison of the results from a conventional FEM, and the present FEAM, is 
shown for the normalized k-factor at the tip of the minor axis of the quarter-elliptical flaw, as a 
function of the ratio of the depth of the hole (without counter-sink) to the depth of the plate. The 
FEAM with only 1575 d.o.f, gives as good a set of results as the conventional FEM with 20,484 d.o.f. 
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Figs. 34-36. 34 Schematic of a counter sunk rivet 
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Figs. 37 and 38. 37 Schematic of a patched, surface-flawed thick plate. 38a, b Linear superposition of a a patched plate without 
a crack subjected to far-field stress, and b patched plate with a crack subjected to crack-face pressure 
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5.2 Three-dimensional problem of  a plate with a surface crack: effect of  patching 

Consider the problem of a base plate with a surface crack, with a composite patch, as shown in 
Fig. 37. We assume that the sizes of the base plate and patch are infinite (this assumption is 
reasonable as long as the widths and lengths of the plate as well as the patch are about five times 
the length of the semi-major axis of the elliptical surface flaw, as in Fig. 37), but that the thicknesses 
of the base plate as weil as the patch are finite. Let the thicknesses of the base plate and the patch 
be hs and hp respectively. The loading is assumed to be far-field tension, as in Fig. 37. 

The problem in Fig. 37 can be solved by using the superposition principle as shown in Fig. 38. 
In this case, the displacement fields of the basic problems as shown in Fig. 38 need to be solved for. 

Figure 39a is the case wherein uniform stress % is applied on the crack-surface. The displace- 
ment field for this problem is generated by using an analytical alternating technique, wherein the 
analytical solution for an infinite body containing an embedded elliptical flaw, subjected to 
arbitrary crack-face tractions, is employed. This analytical solution has been previously obtained 
by Nishioka and Atluri (1983)�9 

Figure 39b shows the problem wherein point loads X, Z are applied symmetrically at the points 
(Xo, Zo), (Xo, -Zo),  ( - X o ,  Zo), ( - X o ,  -Zo)  on the plate with a semi-elliptical surface crack. Let the 
displacements at a point (x, z) on the front surface (y = 0) be expressed as 

U = H1 l(X, z; Xo ,  z o ) X  + H 12(x, z; Xo, zo)Z 

W = H21(x,  z; Xo ,  z o ) X  qL H22(X, z; Xo,  2 0 ) Z .  

The problem of Fig. 39c is one wherein point loads X, Z are applied symmetrically on an infinite 
orthotropic plate. This solution has been reported on previously. Let the displacements at a point 
(x, z) for this problem be expressed as: 

u p = K 1 l(x, z; x o, zo)X + K12(x, z; x o, zo)Z 

W p = K21(x  , g; x0, z 0 ) X  + K22(x  , z; x O, z o ) Z .  

Let the displacements u' and w s denote the total displacements from problems 39A and B. The 
compatibility conditions between the base plate and the composite patch are expressed as 

U s __ IgP W s __ W p 

Txz ~ , ~yz ~ , 
F F 

where F is the adhesive flexibility, defined as earlier, as 

F = ha 3hp 
4 

G�9 8Gp 

0 a b 

- -  1.5 
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39 40 hsla2 ~ = 

Figs. 39 and 40. 39 Linear superposition of basic problems. 40 Reductlon in k-factor due to patching as a function of crack-depth 
ratio 
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By using these compatibility conditions, integral equations are derived-for z x =  and zy=. Once 
these are solved for, the k-factors are obtained in a manner described in earlier sections. 

Figure 40 shows the effect of the thickness of the base plate on the normalized stress-intensity 
factors for both the unrepaired and repaired cases. When the base plate thickness is small, about 
50% reduction in k-factor is obtained. As the base plate becomes thicker, however, the effect of the 
patch is reduced (to about 40%), and the k-factor converges to a constant value. (Note that in the 
case of the surface-flaw, the k-factor that is considered is at the intersection of the crack-front with 
the front face of the base plate). From Fig. 40 it is also noted that if one uses a very stift patch, a 
better reduction in the k-factor is obtained. However, a stift patch may increase the adhesive shear 
stresses. 

Figure 41 shows the effect of patch-stiffness parameters and adhesive flexibility parameters on 
the normalized k-factors. 

Figure 42 shows the effect of patch stiffness and adhesive flexibility on the adhesive shear 
stresses, z y = / t r  o at x = 0, y = 0 and z = 0. Finally Fig. 43 shows the effect of the patch-stiffness and 
adhesive flexibility on the values of y 
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Figs. 41-43.  Effects ofpatch stiffness and adhesive flexibility. 41 O n  
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Figs. 44 and 45. 44 Schematlc of a surface flaw near a fastener hole. 45a-c Linear superposition of basic problems in the 
analysis of patching of a surface flaw near a fastener hole 
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Figs. 46-48. 46 Finite element mesh for base plate (56ele., 401 nodes). 47 F.E.M. mesh for patch plate, 64 2D 8 node 
isoparametric elements, 225 nodes. 48 Variation of S.I.F. near the border ofa surface flaw near a fastener hole, with and without 
patching 

5.3 Repair of  a surface crack near a hole 

The problem is shown schematically in Fig. 44. To repair the crack, a patch of width 2Wp and 
height 2Hp is applied, such that the center of the patch coincides with the center of the hole. 

The basic component problems to be analyzed are shown in Figs. 45a-c. For problem 45a, the 
displacement fields on the front surface and the stress intensity factors can be obtained by using 
the 3D finite element alternating technique (Atluri 1986). 



200 Computational Mechanics 10 (1992) 

As for problem 45b, when a point force (X, Z) is applied at the point (x0, z0) and a symmetrical 
point load (X, - Z) is applied at (Xo, - zo), once again the 3D finite element alternating technique 
can be used. 

In problem 45c, the displacement field in the patch is determined as before. 
The finite element mesh used for problems 45a and b are shown in Fig. 46. The finite element 

mesh used for problem 45c is shown in Fig. 47. 
The variations of the stress intensity factor along the crack front, with and without repair patch, 

are shown in Fig. 48. Once again, the significant reduction in the crack-growth retardation, 
achieved by the application of the patch, is evident. 

Closure 

Simplified computational procedures for the analysis of structural integrity problems in aging air- 
planes, with and without composite-patch repairs, have been developed, and their use is illustrated. 
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