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Nonlinear Dynamic Response of Frame-Type
Structures with Hysteretic Damping at the Joints
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The dynamic response of frame-type structures with hysteretic damping at the structural joints, resulting
from slipping and nonlinear flexible connections, is investigated in this paper. The slipping at a structural joint
is represented by the modified Coulomb joint model. The behavior of a nonlinear flexible connection is modeled
by the Ramberg-Osgood function. A simple computational model for the dynamic analysis of frames with the
hysteretic damping is presented here. Several numerical examples are included, to illustrate the usefulness of
the approach in analyzing large space structures.

Nomenclature
A — transformation matrix for Q = Acr
ah bi = parameters used in Eq. (12)
C, M = viscous damping matrix and mass

matrix of a system
Arf, AD = element displacement vectors in the

global and local coordinates
EA, GJ, EI2, EI3 = tensile, torsional, and flexural rigidity

of an element
/, F, Fe = restoring force, increments of restoring

forces of system and elements
Fg = slipping force in Coulomb joint model
K, Ke = system and element tangent stiffness

matrices
A/z, A/c, = increments of axial strains and

curvatures of element
/, A// = element length and its incremental

change
A/I, Am1? Aam, = increments of element nodal force and

moments
A7V, AM, = increments of element "stress" fields
AP, P', Rr = increments of loads, and total loads

and internal forces up to time t
Q = element nodal force vector
R = transformation matrix from element

local to global coordinates
S, S°, S{ = rigidity, initial rigidity, and

instantaneous rigidity of a spring
7\ Tf = element stiffness matrix and its

submatrix in element local coordinates
U, U, U = displacement velocity and acceleration

vectors of a system
0*, aOf = element rotation field and nodal

rotations measured in element local
coordinates

A^, A/A, = variations of AW and AM;
ACT = increments of element "stress"

variables
</>, Aa(/>/ = relative deformations at a joint and at

element ends
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I. Introduction

I T is well known that joints or connections are the una-
voidable components of a structure. In practice, all types

of joints of frame structures are semirigid or flexible.1 In
certain types of joints, the flexible connections behave non-
linearly because of the local distortion and yielding, etc., at
the connections. And in other types of joints, slipping between
different components at a joint may occur.2 Under dynamic
loading, the nonlinearity of flexible connections and the slip-
ping at structural joints will result in a hysteresis loop in the
load vs relative displacement curves. The area enclosed by
the loop corresponds to the energy dissipation in a cycle of
oscillation. Therefore, the slipping and nonlinear flexible con-
nections lead to hysteretic damping. On Earth, damping pri-
marily arises from aerodynamic effects; consequently the hys-
teretic damping at joints may not be very important. However,
such hysteretic damping is one of the principal sources of
energy dissipation in large flexible space structures, and plays
a major role for such structures since even a small amount of
damping can provide stability to these structures.

Although the study of the hysteresis for a single degree of
freedom system has received considerable attention (see, for
example, Refs. 2-5 among others), up to now only a few
papers have considered the influence of slipping at joints, and
nonlinear flexible connections, on the dynamic behavior of
multi-degree-of-freedom structures. A common way used in
the analysis of slipping for a system with a single degree of
freedom is the equivalent linearization2-5 or the use of the loss
coefficient of energy dissipation.6 The linearization involves
the knowledge of frequency of the slipping at the joint, and
the concept of a loss coefficient involves the peak potential
energy. For a complex or nonlinear structure, it is impossible
to know the frequency of slipping at each joint or the peak
potential under an arbitrary disturbance. Thus, such lineari-
zation or peak potential approaches are not feasible for the
hysteretic analysis of complex and nonlinear systems.

With the success of the space shuttle, the dream of building
space stations and other structures in outer space becomes
closer to reality. Consequently, the dynamics and control of
large flexible space structures are topics of current interest.7

As mentioned earlier, the hysteretic damping at the structural
joints is very important for such structures. The purpose of
this paper is to study the hysteretic damping resulting from
slipping and flexible connections at the joints of structures.
In general, the restoring force in a hysteresis system is rate
dependent. For example, the friction force at a joint will be
a function of the magnitude of the velocity of the relative
displacement. However, it is feasible to approximate the fric-
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tion coefficient as a constant within a certain region of ve-
locity. Since the natural frequencies of these large flexible
structures are quite small, the restoring forces for such struc-
tures can be approximated to be rate independent.

There are many types of models proposed to represent the
behavior of hysteretic systems. Capecchi and Vestroni5 showed
that the bilinear and the Ramberg-Osgood models8 9 give sta-
ble and single valued response curves, while other models
may exhibit multivalued responses in a certain frequency range.
In this paper, the slipping at a joint is modeled by the modified
Coulomb joint model which is bilinear, and the hysteresis
loop is traced directly rather than by linearization. The be-
havior of a nonlinear flexible connection is represented by
the Ramberg-Osgood model.9-10

In order to apply the modified Coulomb joint model and
the Ramberg-Osgood model to the dynamic analysis of large-
scale frame-type structures, a simple computational model
accounting for hysteretic damping in structural joints is pro-
posed here. This computational model is based on the as-
sumption that a structural member of frame structures can
undergo large rigid rotations and large translations, but small
relative rotations and small stretching. Under such an as-
sumption together with use of linearization in each time step,
the element tangent stiffness matrix can be decomposed into
two parts: 1) the common linear stiffness matrix, and 2) the
initial stress stiffness matrix. The primary objective of this
study is to present the formulation of the linear stiffness matrix
in the presence of relative deformations in the joints of frame
structures, since it is this linear stiffness matrix that is affected
directly by the relative deformations at structural joints. The
proposed computational model can be easily incorporated in
the conventional beam element models, and can be used in
the dynamic analysis of large flexible space structures.

Such a joint can be modeled by a simple nonlinear Coulomb
joint model2 which consists of a parallelly connected spring
and a Coulomb damper. The rigidity of the spring is denoted
by S, and the slipping force is represented by Fg. These two
parameters can be determined by experiments.2 After the
slipping occurs, the restoring force / at the joint is given in
the Coulomb joint model, as

(2)

in which </> is the relative displacement at the joint; S •</> is the
elastic restoring force contributed by the spring; sgn(0)Fg gives
the Coulomb friction force which approximates the falling
characteristics of the dry friction between the components of
the joint. The model is illustrated in Fig. l_a.

The Coulomb joint model is bilinear in which the initial
rigidity is infinite, and the rigidity of the spring is S. -The
falling characteristic [sgn(<£)Fj results in a discontinuity in
the hysteresis loop at the points where c/> changes its sign. It
is evident that the discontinuity will cause some numerical
difficulty in the analysis. Gaul2 overcame the difficulty by an
equivalent linearization which is based on the harmonic bal-
ance for one-dimensional beams. As pointed out earlier, such
equivalent linearization is not valid for complex structures.
The remedy proposed here is to replace the infinite rigidity
by a finite but large enough quantity S° (as shown in Fig. Ib).
This model is called the modified Coulomb joint model here.
The modified Coulomb joint model is a common bilinear
model. The hysteresis loop is controlled by the slipping force
Fg, an unloading criterion sgn((/>), and a reloading criterion.
The modified Coulomb joint model has to keep the same
reloading criterion as that in the Coulomb joint model, that
is

II. Equation of Motion
For time t + Ar, the equation of motion of a discretized

system with nonlinear flexible connections and slipping at
joints can be written in an incremental form as

MAJ7 + CAL/ + F(U, A(7, Q) = AP 4- P< - R1 (1)

where M, C, and Fare, respectively, the mass matrix, viscous
damping coefficient matrix, and the incremental restoring
force vector of the system; A (7, AJ7, and AP are, respectively,
the increments of acceleration U, velocity £/, displacement C7,
and external force vector P from time t + Ar; Q is the internal
force vector due to the previous deformation of the system;
P1 and R1 are the external force vector and the generalized
internal force vector corresponding to the previous time step.

In Eq. (1), M and C can be established in the usual ways.
However, F is a function of previous displacement U, initial
internal force g, and the increment of displacement At/. Once
F is obtained, Eq. (1) can be solved by any time integration
scheme. Therefore, evaluating F is the crucial step in the
analysis of hysteresis systems. As pointed out in the "Intro-
duction," the objective here is not to consider general hys-
teresis systems, but to study the influence of hysteretic damp-
ing resulting from slipping at joints, and nonlinear flexible
connections, on the dynamic responses of framed structures.

III. Restoring Forces for Slipping at Joints
The dry friction, or the so-called Coulomb friction, exists

in the components of some types of joints such as bolted
connections, pinned junctions, and other proposed joints for
outer space structures.6 Because of the friction, a joint be-
haves rigidly when the forces at the joint are small. But when
the forces reach certain values, the slipping (i.e., relative
displacement) between the components of the joint will occur.
Therefore, the friction forces play a very important role for
the behavior of such types of joints.

\FU - Fr\ = 2Fg(l + S/S0) (3)

where Fu and Fr denote the restoring forces at the instants of
unloading and reloading, respectively. Since S/SQ < 1, it is
feasible to take \FU - Fr\ = 2Fg as the reloading criterion.

After the restoring force reaches the slipping force Fg, the
restoring force in the modified Coulomb joint model can be
written in an incremental form as

A/ = Sr - Ac/>; / = Fg + 2A/ (4)

in which S[ takes on values, respectively, of S and S° as in-
dicated in Fig. Ib. On the other hand, the increment A</> of
the relative displacement can be expressed by

= A/AS' (5)

Here the relative displacement </> is a generalized one. It can
be a relative translation or a relative rotation at a joint.

Equations (3-5) are the relations of the restoring force and
relative displacement at a joint. For a frame structure, the
force-deformation relation needs to be established for a struc-
tural member. A structural member, with a Coulomb joint

a ) Coulomb Joint Model b ) Modified Coulomb Joint model

Fig. 1 The hysteresis loop resulting from the friction at a joint.
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at its ends, can be modeled by a beam-column element with
bilinear springs at the ends. Taking a relative rotation at a
joint as an example, a typical element is illustrated in Fig. 2,
where x' is the element local coordinate before deformations,
and x is the current local coordinate of the element after
deformations. For an element with constant axial force and
torsional moment, and linear bending moments (see "Ap-
pendix"), the increments of element force and deformation
vectors AD, in the element corotational local coordinates, may
be defined as

ACT = {Aw, Am1? A]w2, A2m2, A]m3, A2m3}r (6)

AD = {A//, (A'0f -A20f), -A'fll, A202*,

-A'0J,A20*r (7)

where n is the axial force, ara,-(/ = 2, 3; a = 1, 2) is the
moment about the element principal axis xt at end a; H and
a0f are their work-conjugate deformations. In the case of the
presence of rotational springs at the element ends shown in
Fig. 2, the increments of the nodal rotations A"0f (/ = 2, 3;
a = 1,2) consist of two parts, that is

Aa0f = A"0f* + A"(^, / = 2, 3; a = 1, 2 (8)

where Aa0f* is the part resulting from the elastic beam, and
A"</>, is the contribution of the rotational springs. If one lets
"S'j be the instantaneous rigidities of the rotational springs
about the xf axis at node a, then the incremental rotations of
the rotational springs take the form

with

A«</>, = (-!)«- / = 2, 3; a = 1, 2 (9)

By using the weak form of the compatibility conditions of a
beam element, one can obtain (see "Appendix" for the de-
rivation) that ACT and AD have the following relationship for
a linear elastic beam element with springs at its ends:

ACT = TAD (10)

in which T is the element stiffness matrix in the element co-
rotational local coordinates and is of the form:

T =

'EA/l

O

O
GJIl

Fig. 2 A typical beam-column element with rotational springs at the
ends in jc, — x2 plane.

rr< __

1(2 +
6EI, \(2 +

a,.)(2 + & , . ) - ! [ _ - *
b,) -1

(2 + «,)

(' = 2, 3) (12)

6£7, , 6£7,

In the above equations EA is the tensile stiffness of the ele-
ment, GJ is the torsional rigidity, EIf (i = 2, 3) is the flexural
rigidity about axis xh and / is the element length; af and bt
are the modifying terms contributed by the rotational springs
at the element ends. It is evident that a{ and bt approach to
zero as 1S\ and 25- approach infinity, i.e., T goes back to the
element stiffness matrix in the local coordinates for the case
of rigidly connected frames.

The element nodal force vector defined in the element local
coordinates Q is of the form

QT = [n, G2, G3, w1?
 !m2,

n, Q2, Q3> Wj , 2m2, 2m3] (13)

in which Q2 = (Im3 — ^m^)ll and Q3 = (2m2 — Im2)/l are the
nodal transverse shear forces. The incremental nodal dis-
placement vector of an element measured in the global ref-
erence system A</ is defined as

A!w3, A1^, A1^, A1

, A20,, A202, A203}r (14)

By denoting the transformation matrix from the element local
coordinates to the global reference system by R(a 12 x 12
matrix), and denoting the transformation from a to Q by A
(a 12 x 6 matrix), i.e., Q = ACT, then the incremental nodal
displacement vectors AD and Ad measured in the element
local coordinates and the global reference system, respec-
tively, have the following relationship:

AD = (R A)TM (15)

Consequently, for a beam-column element undergoing large
deformations but small strains (geometrical nonlinearity), the
incremental restoring force vector Fe of an element measured
in the global reference system takes the form:

Fe = (R A)T(R

= [Kf + KS(U,

KS(U,

(16)

where Kl is the linear stiffness matrix of an element, Ks is the
so-called initial stress stiffness matrix due to large displace-
ments, and Ke is the element tangent stiffness matrix. A for-
mulation for Ks based on the assumed stress fields and the
weak form of governing equations was given by Shi and At-
luri.11 These details are not repeated here. It should be noticed
that KI is composed of Sf and 5? (/ = 2, 3) according to loading
and unloading in the hysteresis loop caused by slipping; and
the reloading criterion given by Eq. (3) has to be satisfied at
all joints where the slipping is present.

Having obtained the restoring force vector Kekd for each
element, the equation of motion of a system can be written
as

MMJ + CMJ + + Pr - R' (17)

together with given initial conditions. Now Eq. (1) becomes
a common initial value problem as shown by Eq. 17. It can
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be seen from Eq. (16) that the initial stress stiffness matrix
Ks is also affected by the falling characteristic of dry friction,
since Ks also depends on the internal force g, and Q changes
abruptly when any slipping at the element ends changes its
sign.

IV. Restoring Forces for Nonlinear Flexible
Connections

The standardized moment-rotation relation at a flexible
beam-column connection can be described by the Ramberg-
Osgood model9 as

KM
(KM),

\ KM T
+ [(KM)Q\

(18)

in which </> and M are respectively the relative rotation and
its corresponding bending moment at the connection; <£0, (KM)()
and n[n > 1, it should be noted that n here is a parameter,
not the axial force in Eq. (13)] are parameters that define the
shape of moment-rotation curves. For a given type of con-
nection, these three parameters can be determined by the size
parameters of the connection.9 As illustrated in Fig. 3, when
the hysteresis loop is undergoing loading, the instantaneous
rotational rigidity S' of the connection described by Eq. (18)
is given by10

1 + \K\M\_
[_(KM\

(19)

where 5° is the initial rigidity, and is of the form

KM0co _
4 >aK

(20)

Where the hysteresis loop is undergoing unloading, the in-
stantaneous rigidity takes the value of the initial rigidity, i.e.,
S' = S(\ Therefore, in this case the hysteresis loop is deter-
mined by the Ramberg-Osgood function, the unloading or
reloading criterion, and the initial rigidity S(}. Let M be the
total bending moment at the connection and AM be its in-
crement, then the unloading criterion is

M - AM < 0 (21)

and the reloading is determined by M • AM > 0.
The behavior of a nonlinear flexible connection of frame-

type structures can be represented by a nonlinear rotational
spring in which the rigidity of the spring is equal to S'. Con-

sequently, the structural member of a flexibly connected frame
can be modeled by a beam-column element with rotational
springs at the element ends. Therefore, the element local
stiffness matrix T defined in Eq. (11) is also valid for an
element with nonlinear flexible connections at the ends. How-
ever, it should be noticed that the rigidity of a spring in this
case varies continuously rather than bilinearly as in the case
of slipping at a joint. Furthermore, the unloading and re-
loading criterions are checked for each bending moment com-
ponent at every connection individually. Similar to Eq. (16),
the incremental restoring force vector for an element with
nonlinear flexible connections can be written in a general form
as

Fe = (22)

Fig. 3 The hysteresis loop resulting from the nonlinearity of a flexible
connection.

in which Sr is the instantaneous rigidity vector of rotational
springs at the element ends.

It is interesting to compare the behavior of a hysteresis loop
resulting from slipping at a joint with that resulting from a
nonlinear flexible connection. When the nonlinear flexible
connection is approximated by a bilinear model, it seems that
they have a similar hysteresis loop. But in fact the hysteresis
loop in each case has a different characteristic. For a damped
oscillation at a joint, the bilinear hysteresis loop for a non-
linear flexible connection will shrink as the magnitude of the
relative displacement decreases in each cycle; and when the
bending moment at the connection is less than the "slipping
moment," the loop will vanish, i.e., the motion at the con-
nection will only be in the linear region. However, the hys-
teresis loop resulting from the slipping, on one hand, contracts
as the relative displacement decreases, but on the other hand,
has to satisfy the falling characteristics of the friction force
given in Eq. (3) during the whole vibration, and the hysteresis
loop exists until the vibration is totally damped out.

V. Numerical Examples
The application of the proposed model is demonstrated by

the following three examples. Two structures are considered
here: a simple space frame and a three-story plane frame.
Since not much information about dynamic response of frames
with hysteretic damping at joints is available for comparison,
the studies reported herein are much less ambitious.

A. Space Frame with Joint Slipping
Beskos and Narayanan12 studied the dynamic response of

the rigidly jointed frame shown in Fig. 4. Here the frame is
assumed to be rigidly jointed to the ground, but to be con-
nected in such a way that in the top level relative rotation
can occur at any beam-column connection, with Fg = 1 x
105 and S = 0.1 EI/L The dynamic responses with and without
slipping at the joints and to rigid joints are shown in Fig. 4.
It can be seen that the slipping at the joints influences the
dynamic response quite significantly.

B. Three-Story Frame with Nonlinear Flexible Connections
The three-story single bay frame shown in Fig. 5 is taken

from Arbabi's paper,13 but Arbabi only gave the lateral dis-
placements of the frame with linear flexible connections. A
concentrated mass, M = 100 Ib - s2/in. at each node and the
midspan of the beams is used. The behavior of the connection
and the history of the load are depicted in Fig. 5. The re-
sponses corresponding to linear flexible connections and non-
linear flexible connections are illustrated in Fig. 5 which shows
that the hysteretic damping resulting from the nonlinearity of
connections affects both the frequency and amplitude of the
response considerably.

C. Three-Story Frame with Joint Slipping
This example concerns the plane frame shown in Fig. 5 with

slipping at the joints. A bilinear model with/^ = 2.5 x 106,
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response of frame with rigid joint
response of frame with joint slipping

• J2 14 t (sec)
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Fig. 4 The geometry, load history, and dynamic response of space frame.
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Fig. 5 The dynamic responses of three-story frame with linear and nonlinear flexible connections
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response of frame with rigid joint
response of frame with joint slipping

AN = Arc

8 t ( s e c )

Fig. 6 Dynamic responses of three-story frame with rigid joint and
slipping at joints.

S = 0.1 £///, and 5° = 105 x S is adopted. The dynamic
responses of both the rigidly jointed frame and the frame with
slipping at the joints are plotted in Fig. 6. Once again the
hysteretic damping increases the frequency of the vibration
and decreases the amplitude of the response.

VI. Closure
The hysteretic damping resulting from the slipping and non-

linear flexible connections at the joints of frame-type struc-
tures are studied in this work. The modified Coulomb joint
model proposed here is a simple and effective model to rep-
resent the slipping at the joints of frames. The Ramberg-
Osgood model with the instantaneous rigidity presented here
is an efficient means to describe the behavior of nonlinear
flexible connections of frames. The presented computational
model to account for the hysteretic damping at the structural
joints, namely, an elastic beam element with nonlinear springs
at the ends, is very simple and accurate for the analysis of
frame-type structures. This computational model will be very
useful in the dynamic analysis of large flexible space structures.

Appendix: Derivation of Eq. (10)
The detailed derivation of Eq. (10) can be found in Ref.

10. For self-completeness, a brief derivation of this equation
is given here.

The derivation is based on the incremental scheme and the
assumed stress fields. It is assumed that a beam-column ele-
ment can undergo large rigid translations and rotations, but
small strains. From time t to t + A£, an element will have
axial displacement Awl and rotations A0*(/ = 1, 2, 3) about
the element local coordinates measured in the corotational
local coordinates of the element. Under the assumption of
small strains the element incremental axial strain A/z and cur-
vatures AK,, (/ = 1, 2, 3) are of the form

A/I = Aw^

A/<2 = -A02,,

A*3 = A0;! (Al)

If one lets AN and AM,(/ = 1,2, 3) be the increments of the
Cauchy stress resultant and stress couples in the corotational
element local coordinates, then a suitable trial stress field can
be chosen as

AM2 = (1 -

AM3 = (I - jei//)A1m3
3m3, 0 < / (A2)

where An, Am l 7 and A"m; (/ = 2, 3; a = 1,2) are the element
nodal quantities defined in Eq. (6). A constant field is used
for AN and AM1? and a linear interpolation is employed for
the stress couple resultants AM2 and AM3. Corresponding to
the increments of the stress and stress couple resultants, the
increment of the complementary energy density, AWC, takes
the form

2 EA GJ EI2

(AM3)21
Eh \

(A3)

The stress-strain relations between the conjugate pairs of the
mechanical and kinematic variables are of the form

= A/Ia(AN)

c

~ '

a(AM2) d(xl - /)A2</>2 =

a(AM3) d(xl - = A/<3 (A4)

in which 8 is the Dirac delta function and 8(x{ - *0)A</> rep-
resents the effects of the rotational springs at the element
ends. As shown in Eq. (A4), the bending curvatures are dis-
continuous at the element ends because of the presence of
the rotational springs at the ends.

The weak form of the compatibility conditions is considered
here for the element as a whole instead of the pointwise
conditions. If one lets A^ be the test functions (or the vari-
ations) for AN, A^(/ = 1, 2, 3) be the test functions (or
variations) for AM,, then the weak form of Eq. (A4) becomes

p aAWc . = f7

Jo a(AN) v ^ ~ Jo

r *- v JQ . "1,1 i

Jo afAM,)^1^1 =

) 2 1 2

- A202*A2/x2 - A^A1

aAWc

(A5)

(A6)

(A7)

(A8)

In Eqs. (A7) and (A8), the conditions /(,
= 0 are utilized.

- /(,
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By substituting Eqs. (A2), (A3), and (9) into Eq. (A8),
and recalling A/Lt3 is the variation of AM3, one obtains

+ A'ra,

= {AV3, (A9)

where a3 and b3 are the parameters defined jn Eq. (12). After
some simple mathematical manipulations, it follows from Eq.
(A9)that

-A'fl*
A203*' (A10)

in which T3 is the 2 x 2 matrix introduced in Eq. (12). Fol-
lowing the similar manner for Eqs. (A5), (A6), and (A7),
one finally obtains Eq. (10). • '
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