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Abstract. The investigation aims at: (i) constructing a modified higher-order shear deformation theory in which Kirchhoff's 
hypotheses are relaxed, to allow for shear deformations; (ii) validating the present 5-parameter-smeared-laminate theory by 
comparing the results with exact solutions; and (iii) applying the theory to a specific problem of the postbuckling behavior of 
a flat stiffened fiber-reinforced laminated composite plate under compression. 

The first part of this paper is devoted mainly to the derivation of the pertinent displacement field which obviates the need 
for shear correction factors. The present displacement field compares satisfactorily with the exact solutions for three layered 
cross-ply laminates. The distinctive feature of the present smeared laminate theory is that the through-the-thickness transverse 
shear stresses are calculated directly from the constitutive equations without involving any integration of the equilibrium 
equations. 

The second part of this paper demonstrates the applicability of the present modified higher-order shear deformation theory 
to the post-buckling analysis of stiffened laminated panels under compression. To accomplish this, the finite strip method is 
employed. A C2-continuity requirement in the displacement field necessitates a modification of the conventional finite strip 
element technique by introducing higher-order polynomials in the direction normal to that of the stiffener axes. The finite strip 
formulation is validated by comparing the numerical solutions for buckling problems of the stiffened panels with some typical 
experimental results. 

1 Introduction 

Laminated composite materials are now being used for aircrafts, automobiles, sporting goods, etc. 
The growth in the field of structural application of laminated composite materials, naturally, 
demands a fairly high degree of flexibility in structural design. In general, accurate design analyses 
for the laminated composite structures are considerably complicated and it is difficult to grasp the 
exact behavior of the structural components. For example, the delamination due to transverse 
shear and normal stresses, which is a complex process, is a primary failure mode of multi-layered 
composite laminates. Nevertheless, predicting these interlaminar stresses is difficult. An increasing 
need for a more accurate and comprehensive theory in the realm of composite laminates has led 
to rapid developments in both analytical and computational treatments. 

It is natural to consider that the laminated plate theory is an extension of the classical plate 
theory or the first-order shear-deformable plate theory, to layered composite plates. The shear- 
deformable plate theory was initiated by Reissner (1945) and Mindlin (i951) who pioneered the 
first-order shear deformation theories based on an assumed stress and displacement fields, respec- 
tively. The classical laminated plate theory was first developed by Reissner and Stavsky (1961). They 
demonstrated a generalization of the shear-deformable plate theory for isotropic plates to laminated 
plates including the coupling of bending and stretching. Although this classical laminated plate 
theory is now considered to be insufficient, it provides fairly good results, with the use of proper 
shear correction factors. Reissner and Stavsky's work was later extended to general anisotro- 
pic laminated plates by Yang, et al. (1966). Whitney and Pagano (1970) extended the work of 
Yang et al., presenting closed form solutions for the bending problems of cross-ply and angle-ply 
laminates. 
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Reissner (1975) extended his earlier work (1945) to new three-dimensional theoretical develop- 
ments of the shear deformation theory. Lo et al. (1977) presented a higher-order shear deformation 
theory for laminated plates, describing the variation of the transverse shear stresses through the 
thickness of the laminates. Their higher-order lamination theory assumes a cubic variation of the 
in-plane displacements, and a quadratic variation of the transverse displacements, through the 
thickness. The displacement field, however, does not satisfy the vanishing conditions of transverse 
shear stresses and/or strains on the top and bottom surfaces of the laminates. Levinson (1980) and 
Murthy (1981) presented higher-order shear deformation theories which include a realistic dis- 
placement field satisfying the conditions of zero transverse shear stress and/or strains on the top 
and bottom surfaces. Reddy (1984) adopted this displacement field and derived a variationally 
consistent set of governing equations from the principle of virtual displacements. These typical 
higher-order shear deformation theories are based on the use of realistic displacements which are 
assumed to be power series expansions in the thickness direction of the laminated plates, Many 
investigations (Phan and Reddy 1985; Valisetty and Rehfield 1985; Ren 1986; Toledano and 
Murakami 1987; Khdeir et al. 1987; Pandya and Kant 1987; Touratiev 1988; Librescu and Reddy 
1989) have developed laminated plate theories using higher-order displacement forms and proposed 
refined higher-order shear deformation theories. Noor and Burton (1989, 1990) and Reddy (1990) 
give brief overviews of the developments in this area. 

Although the proponents of most of the higher-order theories for laminates limit their solutions 
to simple loading conditions and boundary conditions, the displacement-based higher-order shear 
deformation theories have the advantages of physical clarity, and they are more convenient for 
finite element formulation from the view point of practical applications. Kant et al. (1982) were 
pioneers to demonstrate a finite element formulation for the higher-order displacement-based 
theory. Kant and Pandya (1988) and Pandya and Kant (1988) developed a sample isoparametric 
formulation using a higher-order displacement model. The work on finite element modeling of 
laminated plates has been comprehensive reviewed by Reddy (1990). 

The finite strip technique is analogous to the finite element technique and is an attractive 
alternative for some particular types of structures (Cheung 1976). A nonlinear finite strip method 
is also developed on lines similar to the geometrically nonlinear finite element method (Graves- 
Smith and Sridharan 1978; Lengyel and Cusens 1983). The literature on the geometrically nonlinear 
analysis of laminated composite plates is documented by Chia (1988). 

The objective of this paper is: (i) to present a reasonably comprehensive discussion of the 
displacement field based on the present modified higher-order shear deformation theory, (ii) to 
evaluate the accuracy of the derived displacement field by comparing the present results of linear 
analyses with currently accepted exact solutions for some typical cases (Pagano 1969, 1970) and 
(iii) finally, to present an application of the present displacement-based shear deformation theory 
to an analysis of the post-buckling behavior of flat stiffened fiber reinforced composite laminates 
on the basis of the finite strip technique. 

The present study is focused on: (i) the derivation of an appropriate displacement field within 
the realm of smeared laminate plate theory, in which an accurate prediction of the transverse shear 
stresses through the thickness of the laminates can be accomplished without using shear correction 
factors, and on (ii) the application of the 5-parameter higher-order shear deformation theory to 
an analysis of multi-layered composite stiffened panels with the aid of the finite strip formulation. 
The finite strip element results of the post-buckling analysis are compared with the experimental 
results available in the literature (Stranes et al. 1985). It is found that the predicted responses in 
the post-buckling region are in good agreement with the experimental results, and that the strength 
of the post-buckling panels is governed by skin-stiffener separation failure. 

2 Theoretieal developments 

2.1 Displacement field 

Consider a rectangular laminated composite plate as shown in Fig. 1. Each layer of the laminate 
consists of parallel fibers bonded together so that no slip can occur between them. The fiber 
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direction within a layer is indicated by the angle 0 (measured counter  clockwise positive) in Fig. 1. 
Individual laminae are assumed to be homogeneous,  or thotropic  and linearly elastic. 

To start with, we summarize the well-known characteristics of multi-layered laminates. 

1. Each lamina is thin even if the composi te  laminates are relatively thick. 
2. Principal material axes vary through the thickness of the laminates. 
3. The longitudinal Young's modulus  in the principal material direction is much  higher than that  

of the transverse direction, and the through-the-thickness shear rigidities are far lower than the 
longitudinal Young's modulus.  

4. Large discrepancies in rigidities affect the compatibil i ty condit ions through the thickness of the 
laminates. 

F r o m  observation (1), as a first approximation,  a normal  to the mid-plane of the laminate is 
assumed to remain normal  after deformation.  This (Kirchhoff's) hypothesis yields the displace- 
ments at any point  in the laminate. 

uy y, z) = fit(x, y) - z ª  , y),y = 1, 2), u3(x, y ,  Z) ~--- /~3(X, y) (la, b) 

in which u 1 , u 2 and u 3 are the displacements in the x - ,  y - and z - directions, respectively, ti 1 , ~72 
and bi 3 a re  the associated mid-plane displacements, and ( ).y denotes differentiation with respect 
to xy (xt = x, x2 = y). The displacement field based on Kirchhoff 's hypothesis, as it essentially 
ignores the through-the-thickness shear deformation effects, can not  be valid for a thick composi te  
laminate. For  this reason, we consider a reasonable relaxation of Kirchoff 's hypothesis to allow 
for shear deformation.  In view of the fact that the material properties change steeply at the layer 
interfaces, the displacement field ui(i = 1,2, 3) for a laminated plate need not have a unique 
u i 3(i = 1,2, 3) across the interfaces of the lamina (Kouri 1991), but the through-the-thickness 
tr�8 and normal  stresses must  be cont inuous across the layer interface. Keeping in mind this 
physical interpretation, we develop the shear deformable displacement field on the basis of the 
following fundamental  linear field equations. 

1) Equilibrium equations in the absence of body forces: 

ffij, i ~ - O  ( i , j=  1,2,3) (2) 

in which aq is the stress componen t  and the subscripts 1, 2 and 3 correspond to x, y and z, res- 
pectively, and Einstein's summat ion  convent ion is employed. 

2) Constitutive equations of the k-th layer: 

a111 [-Qlt Qt2 Q16-] [~.tl] ta23 =I-Q44 Q4s-[~'2e23 } (3a, b) 

,# LQ,6 g26 Q66__ I ~2~s 12 J {"~ 
in which the transformed material constants Q~j which are functions ofz can be expressed as (Jones 

Z ' X 3 ' . ~ ~ x  2 

~ b  j 

j~ t-- 

y 

Fig. 1. Laminate coordinate system and principal material axes (x l, x � 8 7  x3) 
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1975) 

Q l l  = 

Q12 

Q22 

Q16 

Q26 

Q66 

Q4-4 

m4011 + 2m2n2(012 + 2066)+ n4022 , 

m2r/2(011 + 022 --4066) q- ( m4 +/'/4)012 

/,/4"011 -]- 2m2rt2(012 q- 2066)q-m4022, 

m3n(O.,t - 0 1 2 )  + m/'/3(012 - 0 2 2 ) -  2mH( m2 - "2)066 

Fnn3(0x 1 - 0 1 2 ) +  m3F/(012 - 022) -~- 2mH( D'/2 -/ '12)066, 

m2n2(Q** + (~22 - 20,2 - 2066) + (m 4 +/"/4)066 

m2Q4, + n2Q�87187 Q45 = mn(Q55 - Q44), Q s, = m2Q�87187 + nZO_44 

(4a) 

(4b) 

(4c) 

(4d) 

(4e) 

(4f) 

(4g-i) 

where 
coordinates (xt ,  x � 8 7  x3), and 

011 = E~I/( 1 -- V12V21), O.2z=E22/ (1-V,zV21) ,  

012 = v 1 2 E 2 e / ( 1  - -  v12v21) = v 2 1 E 1 1 / ( 1  - v12v21) = 021 

0 6 6 = 6 1 2 ,  044. ~--'~ G23, Q55 --~- G13 

m = cos 0, n = sin 0 

the tilde ( - )  indicate the material properties of the lamina with respect to the material 

(5a, b) 

(5c) 
(5d-f) 

(6a, b) 

in which E 11 and E22 are Young's moduli with respect to the material principal axis and its 
transverse direction, G12, G23 and G13 are the shear moduli in the xl - x 2 ,  x2 - x 3  and xl - x 3  
phases respectively, vlj is Poisson's ratio denoting the ratio of the deformation in the x s- direction 
to that in the xi-direction, and 0 is the ply angle between the material principal coordinate 
(x'l, x2, x3) and the global coordinate (x, y, z). 

3) Strain-displacement relations (linear in this case): 

1 ~v = 2(ui,s + us.i)" (7) 

Although the material properties change abruptly at the layer interfaces, transverse shear 
stresses at3 (~ -~ 1, 2) must be continuous across the layer interface. Hence, the approximate dis- 
placement field based on Kirchhoff's hypothesis should be relaxed so as to satisfy the continuity of 
the transverse shear stresses at the layer interfaces, taking into account the equilibrium equations. 
Integration of the first two equations of Eq. (2) with respect to z yields: 

~r3~ = a*B - i cry171 dz (c~, 3 = 1, 2) (8) 
- h / 2  

in which h is the thickness of the laminate, and a*a is the transverse shear stress component  on 
the lower surface of the laminate. 

Substitution of Eqs. (1), (3) and (7) into Eq. (8) leads to: 

0"23 ~-= B16~1,1 -1- (B12 nu B66)q31,2 -t- 3B26q)2,1 q- B 2 2 ~ 2 , 2  - -  Ai6/i1,11 

-- (A12 -]- A66)ª -- A26/~1,22 -- A66ª - 2A26/~2,12 -- A22/~2.22 

0"13 = B1 lq31,1 -~ 3B16q31, 2 q- (B12 -I- 2B66)q32,1 -t- B26(/32,2 - -  A11ª 

-- 2A16(ll, 12 -- A66bi1,22 -- At6ª -- (AI2 q- A66)/i2,12 - A26u2,22 

(9a) 

(9b) 

in which the lower surface of the laminate is assumed to be traction free, i.e. a~3 = 0, and new 
variables 931 (x, y), q32(x, y) are introduced tacitly, and are related to ~3 as: 

~“ = /~3,11 ' (~2 ~- /~3,22 (10a, b) 
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Fig. 2. Definition of the ply coordinates, zy 

and the coefficients A q and Bpy q = 1, 2, 6) are expressed as: 
M 

Apq= i Qpy ~ (Qpq)k(Zk--Zk_l), (lla) 
- h / 2  k = 1 

z 1 M 
Bpq = _!/zZQpy dz = "~k~= l(Qpq)k(Z2 -- Z 2_ l)(P'q = 1,2, 6) (1 lb) 

where M is the total number oflayers of the laminate and Zk is the ply coordinate defined in Fig. 2. 
On the other hand, in view of Eqs. (3b) and (7), the transverse shear stress components 023 and 

0"13 are expressed in terms oful (i = 1, 2, 3) as: 

0"23 = Q44(N2,3 -I- /'/3,2) "~ Q45(Ul,3 -t- u3,1), 0-13 = Q45(u2,3 +/'/3,2) + Q55(Ul,3 + ua,1)" (12a, b) 

Equating the corresponding right hand sides of Eqs. (9) and (12), and integrating these equations 
with respect to z, provides a second approximation for the displacement field which includes the 
effects of the shear deformation, 

U 1 = t71 -- Zt73,1 q- (D4516 -+- D551 l)q3a,1 + (94512 q- 2D4566 q- 3D5516)~Œ 2 
+ (3D4526 + D5512 + 2D5566)q32,1 + (D4522 + D5526)q32,2 
--(C4516 -~ C5511)ª - ( C 4 5 1 2  + C4566 --}-2C5516)/~1,12 --(C4526 -{- C5566)Ul,22 
-- (C4566 + C5�87 -- (2C4s26 -t- C5512 -t- C5566)/~2,12 - (C4522 + C5526)1~2,22 (13a) 

U2 = U2 -- Z/A3,2 q- (D4416 + D4511)q31,1 + (D4412 + 2D4466 + 3D4516)q31,2 

+ (3D4426 + D4512 + 2D4566)q32,1 + (D4412 + D4526)q32,2 
--(C4416 -~ C4511)/,11,11 - ( C 4 4 1 2  At- C4466 --}- 2C4516)t71,12 - (C4426 -t- C4566)1,~1,22 
- (C4466 + C,,516)ft2,11 - (2C,,426 + C4s 12 + C4566)ª - (C4422 ql_ C4526)/~2,22 (13b) 

u3 = u3 (13c) 

in which the coefficients Ct,,py and D~�9171 (l, m = 4, 5 and p, q = 1, 2, 6) are expressed as: 

=i i Clmpy St,�9 Dtmvq - St Bpy (l, m = 4, 5 and p, q = 1, 2, 6) 
0 0 

where Stm is determined from: 

$45 $55_J (Q44Qs�87 Q4�87 - Q45 Q44-J 

(14a, b) 

Note that the total unknown variables in Eq. (13) are the three mid-plane displacements ~71 , tT�87 ~3 
and the two newly introduced functions qh, ~02 relating to the shear deformation. The consequence 
of this improvement in the shear deformation theory is that the effects of ply-angles and material 
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constants are fully considered in the displacement field and that the transverse shear stresses a3o 
. . . .  P 

(fl -- 1, 2) are calculated dlrectly from the constltUtlVe Eq. (9) wlthout uslng shear correctlon factors. 
The more accurate transverse shear stresses 0-3¦ (fl = 1, 2) as well as normal stress a33 are obtained 
from integrating the three equilibrium Eq. (2) for each layer over the laminate thickness and 
summing over layers 1 through k as is the procedure for the conventional laminated plate theory. 

k h, k h~ 

23 = -  0"=2)�9 = -  E I '. 12,1 ~13 
i = l h , - 1  i = l h t - i  

k h, 
a(k)= - 2 f (0-(*, + 0-~)3 21 dz" 33 " 13,1 , 

i=1 h,-i 

(0"(/) -t- 0"]i)2.2)dz (16a, b) 11,1 

(16c) 

2.2 Strain field 

The strain-displacement relations in the linear analysis are given by Eq. (7). For further reference, 
in the analysis of post-buckling, nonlinear strain-displacement relations are modified as follows. 
The Green-Lagrange's strain tensor in the finite displacement analysis is of the form: 

1 e u = ~(uld + uj, i + uk, iuy (i,j, k = 1, 2, 3). (17) 

In view of the fact that the present nonlinear analysis is confined to the postbuckling problem of 
stiffened panels under compression, higher order terms in Eq. (17) may be neglected, resulting in 
the following equations: 

1 
g'Mt "~" ~(bly ..[_ U#,a -~- U3,aU3.p) , 83fl = ~(H3,fl -[- HB,3) (~,fl= 1,2). (18a, b) 

2.3 Stressf ield 

On the assumption that each layer is in a state of plane stress, the constitutive equations in the 
k-th layer can be expressed in a matrix form as: 

Q16 Q26 Q66 0 0 2~12 ? o r  a = D E  (19) ~ ~ ' 1 2  [ �9 ~--~" 

0"23 0 0 0 Q44 Q4: 2e23 ! / 

0 " 1 3  --  0 0 0 Q45 Q55_ 2813J 

in which the constitutive matrix D is considered to be for a linear elastic material throughout the 
present study. 

3 Finite strip formulation 

3.1 Description of  elements 

Consider a typical composite laminated finite strip which is assumed to form a part or whole of 
an individual plate of a plated structure as shown in Fig. 3. 

In the conventional finite strip method, the displacement field is directly expanded in terms of 
trigonometric polynomials along the longitudinal direction. As a consequence, the assumed 
displacement field restricts the boundary conditions and shapes of structural components. In this 
paper, for the sake of relaxing the boundary conditions, consider a strip element subjected to 
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/ , ~ A ~ / - s  

Fig ,  3. A f ini te  s t r i p  m o d e l  

membrane strains g~ 1 and g 2 2  in addition to out-of-plane loads. The relevant mid-plane displace- 
ments may be approximated by (Yin 1985): 

N 

~, = g~~x + ~ (S,[N] [t/'~~] 7" + C,[N] [UIIc]T), 
l = O  

N 

~3 = ~ (SI[M] [/~~~]T + CI[M] [//~~]T) 
l =O 

N 

93~ = ~ (St[M] [Olls IT "~- C,[M] [O'~~]T), 
/ = 0  

u 2  = F:322Y + 

N 

Z (S,[N] -' T [u 2s] + Cz [ N ]  [u~c] 7") 
I = 0  

(20a, b) 

(20c) 

N 

q32 = ~ (St[M] [0~s] r + C,[M] [q~c] r) (20d, e) 
1 = 0  

in which N is the total number ofhalfwaves for a strip element, I is the number ofhalfwaves, and 

In In 
S, = sin --  x, C, = cos -- x (2la, b) 

a fl  

where a is the length of the strip element as shown in Fig. 3. [N] and [M] are the cross-wise shape 
l T 1 T 1 T 1 T 1 T fª matrices ofquintic and cubic orders respectively, and [~. ] , [t/. ] , It/. ] , [tL ] , [tL ] , 

l T l T l T I T l T i s  xc ~s .~c �87 T 
[/13c ] ' [(Pls ] ' [r ' [02s  ] and [02c] are the nodal line displacement amplitudes in which [ ] 
denotes the transposed matrix. The detailed expressions for the cross-wise shape function matrices 
and the nodal line displacement amplitude matrices are given in Appendix A. Note that the first 
term on the right hand side of Eq. (20a) implies the displacement to be compatible with the uniform 
strain on the boundary and has an advantage for analyzing plate structures under compression, 
as will be seen in the numerical study. 

Since the displacement field (ul, u2, u3) in Eq. (13) can be related with the nodal line displace- 
ment amplitudes, the strain-displacement relationships in nonlinear analysis may be written in a 
concise form as: 

e = B(u)u (22) 

in which e is the nonlinear strain vector [ell,e22,2r162 T, B is the nonlinear strain- 
displacement matrix, and u is the vector of nodal degrees-of-freedom of a strip element. 

3.2 Incremental formulation for an element and solution procedure 

A total Lagrangian formulation is used throughout the present study. The principal of virtual 
displacements is employed to describe the incremental equilibrium equations. The principal can 
be expressed mathematically as: 

[6 ( t+  Ag)r(o'+ Ay - 6(u + Au)r(P + AP)]dV= ~ [6(u + Au)r(T + AT)dS (23) 
V o S e 

in which V e is the volume of the strip element, S e is the portion of the element surface over which 
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stresses are prescribed, P is the body force vector, T is the surface traction vector, and a delta 
A( ) indicates the increment. The incremental strain vector may be decomposed into two parts 

Ag = Ae + Aq (24) 

in which Ae and At/are the linear and nonlinear terms of the incremental strain vector Ag. 
Substituting Eq. (24) into Eq. (23) and retaining the linear terms only lead to 

S la(Ag) Ttr+ 6(Ae) TAa+ 6(At/) r t r -  6(Au)T( P + AP)]dV= ~ [6(Au)r(T + AT)dS. (25) 
V y S e 

The first term ¦171 left hand side of Eq. (25) yields the nodal force vectors relating to the 
body force and surface traction vectors. As a results, the following incremental equation may be 
obtained. 

[(6(Ae) r + 6(A t/)r)a] d V= ~ [6(Au)r(A T + Ag T)dS + ~ [6(Au)T(Ap + ARP)] d V (26) 
V y S e V ~ 

in which ART and ARP are the residual surface traction vector and the residual body force vector, 
respectively. 

Substitution of Eqs. (19), (20), (24) into Eq. (26) leads to 

[K,(u)]Au = AP + AR (27) 

in which [Kt(u)] is the tangent stiffness matrix expressed explicitly as a function of the nodal 
displacement vector u, AP is the incremental nodal force vector, and AR is the residual nodal force 
vector. 

Evaluation of the tangent stiffness matrix in Eq. (27) requires numerical integration. In the 
present study, Gaussian quadrature method is employed in the cross-wise direction y and in the 
through-the-thickness direction z, and the integration with respect to the longitudinal direction x 
is evaluated by using Simpson's rule. In every numerical integration, irrespective of linear or 
nonlinear analyses, the position of sampling points is so determined as to achieve the best accuracy 
possible. 

In the nonlinear analysis, the conventional displacement control method (Wempner 1971; Riks 
1972; Zhang and Atluri 1988; Clarke and Hancock 1990) is employed to predict the postbuckling 
behavior of a stiffened flat graphite-epoxy panel under compression. The prescribed incremental 
displacement is so chosen as to satisfy the condition of the controUed incremental displacement 
norm at the beginning of each increment, in which the maximum out-of-plane displacement and 
the prescribed in-plane displacement are selected as the controlling parameters. The nodal dis- 
placements, other than the prescribed displacement, are evaluated by using the tangent stiffness 
matrix, and finally the stress components are computed. The total displacements and stress 
components are up-dated to estimate the tangent stiffness matrix in the following step. At the end 
of each increment, equilibrium is checked and iterations are performed until the magnitude of the 
error based on the displacement norm becomes acceptably small. 

4 Numerical examples 

4.1 Comparison with the exact linear solutions for cross-ply laminates in cylindrical bending 

To validate the present higher-order shear deformation theory and the finite strip formulation, 
consider a linear analysis of a three-layer symmetric cross-ply (0~176 ~ square plate under 
sinusoidal transverse load of intensity Po. The individual laminae are taken to be of equal 
thickness, the material properties of all plies are identical, and the following set of material 
properties is used for each lamina: E 11/E22 = 25, G 1 2 / E 2 2  = G 1 3 / E 2 2  = 0.5,  G 2 3 / E 2 2  = 0.2, vx2 = 0.25 
(~)21 = v 1 2 E 2 2 / E 1 1  = 0 .01) .  

The halfmodel of the simply supported square plate is discretized with four finite strip elements 
in the analysis. Convergence characteristics are confirmed by changing the number of elements 
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Figs. 4 and 5. Stress distribution through half thickness of three-ply laminate (h/a = 1/4) 4 bonding, 5 shear 

from two to eight in the half model. The following nondimensional quantities are defined in 
connection with the numerical evaluation, (;)/ lO0~~~h~~~~a~~ o, 
• = y , z Po, ~ = (713(O,z ) /Po ,  ~ = (28a-c) 

Po a4 

in which h is the thickness of the laminate, and a is the length of the laminate. 
The resulting maximum deflection o5 is 13.74, which is 0.6~o lower than the exact elasticity 

solution (Pagano 1969). The variation of normal stress ff and the transverse shear stress f through 
the thickness are shown in Figs. 4 and 5, respectively. Here the results of existing smeared laminate 
theories (Levinson 1980; Murthy 1981; Bett 1984) are plotted for comparison. 

The present displacement field provides reasonably accurate stress components for thick 
laminates with the span-to-depth ratio of 4. As the number of layers increases, the discrepancy 
between the exact elasticity solutions and the finite strip solutions becomes small. One of the 
characteristics of the present smeared laminate theory is that the transverse shear stress can be 
calculated directly from the constitutive equations without recourse to shear correction factors 
and the stress continuity across each layer interface is satisfied. 

Note that, if the transverse shear stress and normal stress obtained from the constitutive 
equations are substituted into the equilibrium Eqs. (16) and integrated to determine the transverse 
shear stress, the resulting shear stress is in good agreement with the exact elasticity solution as 
shown in Fig. 5. As anticipated in the case of the classical plate theory, the maximum transverse 
shear stress occurs exactly at the level of neutral surface. It follows from this that the present thick 
three-layer cross-ply plate (a/h = 4) may serve as a pertinent bench-mark for future comparative 
investigations of transverse shear stress variation. 

4.2 Postbucklin 9 analysis of a flat stiffened, laminated, 
graphite-epoxy panel under compression 

To assess the effectiveness of the present nonlinear analysis, the finite strip formulation described 
in Sect. 3 is used for the prediction of the postbuckling behavior of a stiffened composite laminated 
plate under compression. Consider the stiffened flat graphite-epoxy panel tested at the NASA 
Langley Research Center (Starnes et al. 1985) as depicted in Fig. 6. Unidirectional material 
properties used are tabulated in Table 1. The panel geometry and stiffener details are shown in 
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Figs. 6 and 7. 6 Stiffened graphite-epoxy panel under 
compression. 7 End-shortening results 
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Table 1. Graphlte epoxy lamina properties 

Longitudinal Young's modulus, G Pa  
Transverse Young's modulus. G Pa  
Shear modulus, G Pa  
Major Poisson's ratio 
Nominal lamina thickness, mm 

131.0 
13.0 
6.4 
0.38 
0.14 

Fig. 6. The stiffener spacing for each panel is 17.8 cm and all stiffeners are identical. Stacking 
sequences for the skins, stiffener webs and stiffener caps are: 

Skin: ( • 45~176 45~187 
Stiffener web: (0~ 45~ 45~ 45~ 
Stiffener cap: (0~ 45~ 45~ 45~176176 

In the present study, the following approximations are made, keeping in mind the demands of 
accuracy and computing time (Rhodes and Harvey 1977; Anderson and Stroud 1979; Noor and 
Peters 1989). 

1. The stiffened panel has no defects and behaves elastically up to failure. 
2 Both the ends of the stiffened panel are assumed to be simply supported. 
3. Attachment details between the skin plate and the stiffeners (tampered attachment flange) are 

not considered in the analysis. 
4. Stiffener caps are modeled as one-ply (0 ~ laminates. 
5. Uniform end shortening is applied to the one end of the stiffened panel. 
6. The stiffener panel is discretized in 13 finite strip elements for a half model. Each segment of 

the skin between stiffeners has four elements. 
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Figs. 8 and 9. 8 Out-of-plane deflection at the point of maximum 
buckling mode amplitude. 9 Longitudinal surface strains at the point 
near maximum out-of-plane deflection 
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Figs. 10-12. 10 Membrane stram distributxons between the two stiffeners. 11 Buckled cross section. 12 Through-the-thickness 
distribution of normal stress a l l  at the point of maximum deflection (P/Pc, = 3.4; 16-ply) 
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Figs. 13 and 14. 13 Through-the-thickness distributlon of normal stress a22 of stiffeners web at the skin-stiffener interface 
(P/Pc = 3.4; 33-ply) 14 Through-the-thickness distribution of transverse shear stress az3 of stiffener web at the skin-stiffener 
interface (P/Pc, = 3.4; 22-ply) 

7. Total number of sinusoidal half waves in the longitudinal direction is restricted to two. 
8. The amplitude of the buckling mode used to generate the initial geometric imperfection is 

assumed to be 5% of the skin-plate thickness. 

A comparison between the test results at NASA (Starnes, Knight and Rouse 1985) and the 
numerical results of the present finite strip formulation is shown in Figs. 7, 8 and 9 for a typical 
16-ply skin-plate, in which the end shortening u normalized by the end shortening at the buckling 
uy (Fig. 7), the out-of-plane deflection w at the point of maximum deflection normalized by the 
panel thickness t (Fig. 8), and the longitudinal surface strain at the point of maximum out-of-plane 
deflection (Fig. 9) are shown as functions of the applied force P normalized by the buckling load 
Per" Typical membrane strain distributions in the skin between stiffeners are illustrated in Fig. 10, 
in which the filled circles represent the numerical results of the present finite strip method and the 
curves represent the test results. The analytical results correlate well with the test results up to 
failure. 

Typical cross-wise buckling mode and bending stress variation through the thickness of the 
skin are also depicted in Figs. 11 and 12. As can be observed, the present numerical results provide 
better estimates for the buckling mode and stress variation. 

The experimental evidence shows that the initiation of failure (skin-stiffener separation in this 
case) in the post buckling regime occurs at the skin-stiffener interface region. The interfacial stresses 
at this region are supposed to be possible candidates for predicting failure initiation. Examples of 
the normal and shear stress distributions at the skin-stiffener interface are illustrated in Figs. 13 
and 14, respectively, in which the stresses are normalized by the transverse Young's modulus E22 .  

A relatively large tensile stress can be observed near the corner of the skin-stiffener interface. 
Although an acceptable analytical method for predicting failure is not available, it can be said 
from the present numerical study that the skin-stiffener separation limits the postbuckling strength. 
Therefore, the prediction of failure initiation (skin-stiffener separation in this case) requires more 
accurate determination of stresses through the thickness of the plate. 

In conclusion, these limited numerical results indicate that the present nonlinear analysis, using 
the finite strip formulation, predicts the postbuckling behavior of a stiffened flat graphite-epoxy 
panel under compression, very accurately. 
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5 Concluding remarks 

An approach, that differs from the existing methods, to derive a 5-parameter displacement field 
was proposed on the basis of the smeared laminate plate theory, in which the transverse shear 
stresses through the thickness of the laminate are determined directly from the constitutive 
equations without recourse to shear correction factors. Although limited numerical studies have 
been performed here, using this 5-parameter smeared laminate plate theory, the present higher- 
order deformation theory offers favorable results for both in-plane normal stresses and transverse 
shear stresses in comparison with analytically exact solutions and existing experimental data. 

The advantage of the present 5-parameter displacement field over the existing ones lies in the 
treatment of transverse shear stresses, which are calculated from the constitutive equations instead 
of integrating the equilibrium equations through the thickness of the laminate. It follows from the 
fact that the present displacement field includes the effects of ply-angles and elastic constants in 
its original form. 

It is concluded that the newly derived 5-parameter displacement field is valid for design 
applications demanding a high accuracy of both the displacements and the stresses. The present 
finite strip formulation provides a practical numerical tool for nonlinear analyses of postbuckling 
problems of composite laminated plates under compression. 
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Appendix A.2 

[litls] ~ii -t "-'l . -l -'z "-'t li~ .1il = [ ly ulsj, ul~j, ul~j] = [ t s i ,  t~j], (A.la) 
I/i/icl /~l : l  "-'l . -I  ; l  :-'l /il . / i l  = [ m, um, Utci, Uty uly U l J  = [ xy ty (A.lb) 

= [  2si' 2si' 2si' 2sj'  2sj'  2sj j ~ ~ - [  2si' 2y ]' (A.lc) 
[a'~~] a, u, .-., . - ,  - . ,  ~.l ~ ra' .~' n (A.ld) = [ 2ci' 2ci �87 U2cj' l~2cj~ U2cj' 2cj ~ ~ t_ 2ci ~ 2cj..I, 

[~~,] ~i  -'l - ,  .-t  lil .1il = [ 3si' (A.le) bl3si, 1/13sj, 123sj] ~ [ 3si, 3s j]�87 

= [U3y U3y l t3y ' ~ ly  ~ [li3y ' 113y ( A . l f )  

[~ot�98 (A.lg) [q) lsP (O tsi, ~~- q) t~~, ~o ~sj] ~o~~j], 

[0,ic]= - ,  ._, . - ,  - ,  _,  . - ,  [(otcl, (A.lh) [ q~ l ci , ~~ l ci , 

[#.,~s]= - ,  - ,  . - ,  - ,  _ , _ ,  [(P2,~, q)2,i, = [q~2,~, (A.li) 02s  j, q) 2sj] (~02sj]�87 
[ # , ~ ~ ] =  - ,  -.1 . - ,  - ,  - ,  , [q~~c,, q~2y (A. l j) ~O2cj, ~92y 

in which a dot (.) denotes differentiation with respect to y. The cross-wise shape function matrices 
[NJ and [M] may be expressed as: 

[N] = [N1, N2, Na, N4, Ns, N6], [M] = [N1, N2, N3, N4] (A.2a, b) 

in which Ni(i -- 1, 2 , . . ,  6) and Mi(i = 1, 2, 3, 4) are the cross-wise interpolation functions of the 
quintic and cubic polynomials respectively. 

10 3 1 5 ,  6 5 , 6 3 8 4 3 5 (A.3a, b) 
N t = I - ~ Y  + ~ - g Y - - - b s Y ,  N 2 = k - ~ Y  + ~ Y  ---b4y,  
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3 3 3 4 1 y5 N3=~y2-~Y + ~ Y - - ~  

7y4 3 5 10y 3 15y 4 6 5 N s _  ~ 2 y 3 +  __ 
N 4  = ~--~ - -~-~ +b--gY, ~ b 4y' 

3 2 2 
M l = l - - ~ y  q _ ~ y 3 ,  L 3 M2 = y _ ~y2 + b 2 y , 

(A.3c) 

1 3 1 4 1 �87 No=~y-~y +~y 
(A.3d-f) 

M 3 = ~ y  e 2 3 
-b-5Y , 

(A.3g-j) 
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