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The stress intensity factor solution for embedded circular cracks, semicircular and part-circular 
surface cracks in plates, quartercircular corner cracks in rods, and semicircular surface cracks at a hole 
in a plate are evaluated using a finite element alternating method. This method of superposition 
employs the standard 20-noded solid element solution for the untracked solid, and the complete 
analytical solution for an embedded circular crack in an infinite elastic medium, so that arbitrary 
pressures on the fracture surface can be modelled. The numerical results indicate that the alternating 
technique is quite cost efficient and effective. Convergence studies based on finite element meshes of 
425 to 4499 nodes show that a good estimate of the stress intensity factor variation along the flaw 
border can be obtained with the coarsest mesh. Also, the natural-basis influence functions for a fixed 
crack and boundary geometry can be efficiently derived by the alternating process. to extract stress 
intensity factors for multiple loading problems. 

1. Introduction 

Cracking phenomenon in structural components is best characterized by 3-D modelling 
rather than by the conventional 2-D approach, as noted by Swedlow [l] recently. One of the 
most dangerous defect configurations under this characterization is the part-through crack. 
This type of cracks typically develops in regions of high stress concentration in engineering 
structures, such as a rivet hole, or other geometric changes, and accounts for the cause of 
many fatigue and fracture failures [2]. However, due to the exhaustive effort required in 
modelling the complicated geometry and the enormous computer solution time, efficient 
methods are yet to be developed for routine analysis of such cracks. 

The LEFM (linear elastic fracture mechanics) analysis procedure for a part-through crack 
problem usually involves the extraction of stress intensity factors along the flaw border. This 
has to be done numerically due to the lack of analytical solutions for the crack/surface 
interaction problem. The exact crack depth and length can be obtained by an ND1 (non- 
destructive inspection) measurement, whereas the crack front profile is often approximated by 
a convenient mathematical shape, such as a parabola, an ellipse, a circle, etc. For flaws 
possessing these mathematical shapes, the Schwarz-Neumann alternating method has been 
pointed out to be the most powerful among various numerical techniques for computing stress 
intensity factors, according to a recent literature survey [3]. 
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Early uses of the alternating method for 3-D crack problems date back to Smith et al. [4] 
and Shah and Kobayashi [5], in which the circular and elliptical flaw problems were solved for 
infinite and semi-infinite solids. Later, Thresher and Smith [6] extended the methodology to a 
finite thickness solid, and Browning [7] and Ganong [S] studied the finite element alternating 
method for finite bodies containing circular or elliptical cracks. However, these early 
applications suffered from various difficulties [9, lo] of convergence etc., due, in part, to the 
lack of availability of analytical solutions for embedded cracks subjected to arbitrary crack- 
face tractions. In a critical evaluation [ll], the alternating method was only regarded as an 
inexpensive, but less accurate, alternative to the singular finite element method. 

Recently, Nishioka and Atluri [12] implemented the finite element alternating method 
based on a refined solution for the elliptical crack [13]. Rajiyah and Atluri [14] combined the 
alternating process with the boundary element technique for 2-D mixed mode line cracks. 
Liao and Atluri [15] redeveloped the alternating method based entirely on analytical solutions, 
for semicircular surface cracks in a plate. The new studies showed that the alternating method 
is not only highly efficient, but also very accurate. A comparison of the alternating method 
with the singular finite element method can be found in [16]. Recent developments in this area 
are summarized in [17]. 

The objective of this paper is to present the finite element alternating solution of stress 
intensity factors for a general circular crack problem in mode I conditions. In this respect, 
attempts have been made to solve the circular crack problem as an elliptical crack with a 
nearly circular shape, since the former is a special case of the latter. However, particularly for 
the surface flaws, these results have been found to be extremely unstable as the ratio of the 
minor and major axes approached unity [9,18]. This is due to the fact that the analytical 
solution for an embedded circular crack cannot easily be obtained as the limiting case of that 
for an elliptical crack, wherein the solutions are in terms of ellipsoidal harmonics. Thus, the 
alternating solution for circular crack problems has to be developed independently. 

Also presented in this paper is an influence function technique which is the direct 3-D 
analogue of the method of superposition of polynomial distributions under the 2-D assump- 
tions. The stress intensity factor variation along a flaw border is most conveniently obtained by 
summing up the pertinent influence functions. 

2. Penny-shaped crack in an infinite solid 

The alternating method uses an elasticity solution for an embedded circular crack in an 
infinite solid to represent the singular stress field near the flaw front. As shown in Fig. 1, this 
solid is described by three cylindrical coordinates r, 8 and z, such that the crack face coincides 
with the plane z = 0. The axi-symmetric form of this problem was initially solved by Sneddon 
[19] using an integral transform method. Later, Kassir and Sih [20] generalized the technique 
and derived the solution for a circular crack subjected to more general loadings. Recently, 
Liao and Atluri [15] completed Kassir and Sihs’ solution for arbitrary crack face tractions. The 
mode I solution is summarized in the following, where the solid is considered to be isotropic 
and homogeneous. 

For a penny-shaped crack embedded in an infinite 3-D elastic body, we need to solve the 
following mixed boundary value problem: 
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Fig. 1. Embedded crack in an infinite solid. 

CT&, 8,O) = CT&, 8,O) = 0 ) r 2 0 , OS8S2n, 

c&7 0, 0) = p&7 0) 7 OSr<a, ostls2Tr, (1) 

q(r, 60) = 0, r>a, oses27F 

(a is the crack radius), where p, is a given function describing the normal load applied to the 
crack face. An appropriate solution for the above boundary-value problem can be obtained by 
expressing the displacement components in terms of a harmonic function 4,) as 

a+, a24 
U’=(1-247+Zaraz 

1 a+, 2 a*+, 
UB=(1-2V)--,,+;as, 

a$, a*+, 
(2) 

U, = -2(1 - V) z + 2 - 
a.2* ’ 

The corresponding stress components are 

a*+, a345 a*+, a24 a34 u zz -z+zz ) u,,=2/..4 1 (1-2V)-q-2V~+z-- 1 ar*az ’ 
1 a+, a*+, + I a*+, + z a24 + 4 a36 
;7+2v- - - ~ 

ar* r* ae2 r araz I r* a8* a.2 ’ 

a36 z a3+, 
(3) 

or, =2/7--LJazZ a,, =2/L - - 
r araz* ’ 
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The above stresses are the physical components in the cylindrical coordinates. In order to 
define arbitrary loadings, the applied crack face tractions P, (r, 0) are represented by a Fourier 
series as follows: 

(Y = 1,2,3, (4) 

in which the Fourier coefficients are determined from 

40(r) = L I 
n 

3-r 0 
f’,k 0) de , A,,,(r) = i l P,(r, 0) cos nfl de , n = 1,2,. . . ( 

A;,,(r) = 0 > A,*,(r) = 5 [ P,(r, 0) sin n13 de , n=l,2,.... 

The technique of Fourier-Hankel transform [19] is used to represent the potential functions. 
This gives 

(5) 

where J,, is the Bessel function of the first kind of order y1 and the functions C,,(s) and C,*,(s) 
are as yet unknown. Substituting (2) through (5) into the boundary conditions, i.e. (la) and 
(lb), yields the final results: 
Mode I 

where the stress intensity factor K, is defined in the following manner: 

K, = lim [2n(r - ~)]“~a,,(r, 8,O) 
r-a+ 

3. Numerical evaluation for mode-1 solution 

(7) 

In order to evaluate the displacement and stress fields of the mode I solution, and the 
corresponding stress intensity factors, the potential function in (5) and the Fourier coefficients 
in (4) must be properly calculated. To this end, suppose that the Fourier coefficients are 
expressed by a polynomial, 
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(8) 

(9) 

where Ti(r) is the Chebyshev polynomial of the first kind and Oo(0) = 1, L?,(O) = cos 8, 
a,(e) = sin 8, iI, = cos 28, . . . , etc. By the orthogonality of the Chebyshev polynomials 
and trignometric functions, the wij in the above equation is obtained using the least-squares 
fitting principle as follows: 

where (rr, 0,) is the appropriate sampling point for the curve fitting scheme. Based on the 
values of wij, an estimation for b,, and b,*, in (8) can be obtained by a back transformation 
B(wij). Moreover, the stress intensity factor (see (6)) corresponding to the applied traction 
may then be computed by the method of integrating power and algebraic functions. The 
formula for this integration is available in standard handbooks [21], and is listed below, where 
K, is also expressed as a function of the polar angle 8. 

I 
, rp 

o @2 _ r2)1/2 dr = 
{ 

&(( p - l)!! /( P)!!)P 
’ 

P=2m, 
((p - l)!!/(p)!!)P , p = 2m + 1 , 

where (p)!!=p.(p-2)*(p-4)***. 

(the crack radius a is assumed to be unity 

if IZ + m is odd , 

otherwise . 

A nm 2 (n‘+ m +‘l)!! 

without loss of generality), where 

(11) 

(12) 

The displacement and stress fields due to the applied traction involve the potential function 
4,(r, 8, z) and its derivatives up to the third order. Their evaluation is straightforward if the 
coefficients b,, and b,*, have already been computed by the above-mentioned method. If we 
make use of the relation 

I 
1 

J 
0 

n+l,2(~t)ti+1’2 dt = ; go (’ + “:,=2’;‘;;,, i + ‘)I Jn+3,2+2,(s) , (13) 

where 

(?Qk = II * (n + 2) - * * * * (n + 2k - 2) , 
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the potential function is expressed as 

x 0(-l/2, z, II + 312 + 21, II, r) , (14) 

where 

Ln@) = 
b,, cos ne a 

b,,, sin n0 
A 

nm ;, 
D(A, z, p, v, r) = I 0 

sA-’ e-‘“J,(s)J,(rs) ds . 

It is clear that the numerical properties of the potential function & largely depend on the 
behavior of the integral D( A, z, p, V, r). Differentiation of 4, will only change the orders of 
the Bessel and power functions and the coefficients, but not the basic structure of D. 
Asymptotic analysis shows that D possesses l/G type of singularities in certain second and 
third order derivatives of 4, near the crack front. However, this type of singularities is not 
severe, since it diminishes swiftly from the crack tip and does not affect the computational 
accuracy significantly. Consequently D( h, z, p, v, r) may be evaluated by convenient quadra- 
ture integration rules, i.e. the Gauss-Legendre and Gauss-Laguerre rules, for this study. 
Special techniques for evaluating D will be needed for other applications, such as the weight 
function problem [22], where the accuracy of the integration of a displacement derivative 
(possessing 1 /v? singularity) over the crack face is crucial. 

4. Finite element alternating procedure 

In general, the alternating procedure for a flawed finite solid requires two types of 
solutions. One of these solutions is for stresses at the location of the considered crack in the 
untracked finite body, and the other is for the stresses due to an embedded crack in the 
infinite body as previously presented. The two solutions are computed and superposed in an 
iterative fashion to yield the desired results. Henceforth we assume that a finite element 
method is used to compute the first solution, and concentrate solely on the finite element 
alternating method. The basic steps for the method are summarized in Fig. 2 as developed in 
[12], and will not be rediscussed here. 

The procedure shown in Fig. 2 provides an inexpensive way to extract the stress intensity 
factor variation along the flaw border, but the method becomes unwieldy when the stress 
intensity factor solutions have to be computed for a variety of loading conditions. This 
prompts the use of a simple method, such as the method of superposition, to expedite the 
computation, To this end we define the influence function, in a broader sense than the 
polynomial influence function proposed by Heliot et al. [23], for a crack problem as follows. 

Suppose that an applied loading induces a residual crack-face traction (TO in the uncrucked 
finite body solution (ref. Fig. 2). Then (+“ may be approximated by a generalized Fourier 
series. 
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START 
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Solve the &cracked Body Under External Loads 

by Using the Finite Element Method 

t 

STEP 2 Using FEM Solutions Compute Stresses 
at the Crack Locations 

t 
STEP 3 Add the Stresses in Step 2 to those in Step 0 

t Yes 
STEP 4 Are the Stresses in 

) No 

STEP 5 Determine Coefficients A,, in the Applied Stresses 
by Fitting Crack Face Stresses in Step 3 

t 
STEP 6 Determine Coefficients C, in the Potential Functions 

t 

STEP 7 Calculate the E-Factors for Each Crack 
for the Current Iteration 

t 
For each Crack, Calculate Residual Stresses (i) on 

External Surfaces and (ii) at All of the Other Crack 
STEP 8 Locations. Reverse Stresses (i) and Calculate 

Equivalent Nodal Loads. Add the Contributions to 
Both (i) and (ii) from Each Crack. 
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STEP 9 Consider the Nodal Forces in Step 8 as External 

Applied Loads Acting on the Untracked Body 

I 

Add the K-Factor Solu 

t 
End 

Fig. 2. HOW chart for finite element alternating technique. 
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where S,“, is the generalized Fourier coefficient and f”gP is the generalized Fourier basis 
function. Based on the principle of superposition, the corresponding stress intensity factor 
variation along the flaw border can be expressed as 

(16) 

where PP(0) is defined as the influence function for the generalized basis fag@, or the 
function representing the stress intensity factor variation due to a monomial load f”gP on the 
crack face. Clearly, this function depends only on the crack and boundary geometry and the 
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monomial load. Therefore, for a fixed geometry, a simple linear combination process of (16) 
is sufficient to determine the stress intensity factor variation, provided that the influence 
function Tap and the Fourier coefficient S,“, are known. Since the S,“, for an applied load may 
be obtained by one finite element solution, the major computational task falls on the 
determination of the influence functions for the Fourier basis. In this event the stress intensity 
factor variation along the flaw border has to be calculated repeatedly for all the monomial 
loads. However, due to the lack of powerful computational tools, such as the analogues of the 
2-D weight function and Green’s function, for the three-dimensional flaw problems, only 
influence functions of simple polynomial type have been considered so far [23,24]. Conse- 
quently the approximate nature of the polynomial approach may introduce large errors in the 
stress intensity factor solutions. Here we extend the polynomial-based influence functions to 
the natural-basis influence function of the considered crack. The natural basis is defined as the 
generalized Fourier basis approximating the fracture-surface tractions in the analytical solution 
for the crack, i.e. x”ya for the elliptical crack-face tractions and r” sin( @3) or ra cos( PO) for 
the circular crack-face tractions, etc. Accordingly, an alternating procedure for calculating 
such influence functions is proposed below: 

Step 1. Formulate the stiffness matrix of the uncrucked-body (i.e. the structure in the given 
problem, ignoring the presence of the crack). Since the alternating method is iterative in 
nature, this matrix remains the same while different ‘load vectors’ are applied to solve the 
finite element equations. 

Step 2. Assuming that the crack-face is subjected to a monomial load f”gP, determine the 
corresponding ‘residual’ stresses ub on the external surfaces of the body by the analytical 
solution for a crack embedded in an infinite solid. 

Step 3. Reverse the ‘residual’ stresses in Step 2 and compute the equivalent nodal forces at the 
exterior nodes for each finite element through 

Q, = - 
I 
s Ntnub dS, 
m 

(17) 

where m denotes the number for a finite element, Q, are nodal forces, N is the matrix of the 
element shape functions and n is the vector of the normal direction cosines. Although the 
stresses ub have the singularity of order l/v? at the crack-front, the functions in ub decay 
very rapidly with the distance from the crack-front. Thus, the forces Q,,, are calculated only at 
the external boundary-surface elements which satisfy the condition rmin < 5a, where rmin is the 
distance of the closest nodal point of each external boundary-surface element from the center 
of the crack, and a is the radius of the crack. 

Step 4. Formulate a global ‘load vector’ by assembling the element nodal forces. Solve the 
untracked finite element equations. Compute the ‘residual’ stresses at the crack location, and 
determine the generalized Fourier coefficient &, (arranged in a vector 5 of length E) for the 
residual stress field by a least-squares equation, such as (10). 

Step 5. Store the vector 5 in the jth column of a correlating matrix H dimensioned E by E, 
where i = (Y + p x (no. of QI ‘s). 
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Step 6. Repeat Steps 2 to 5 for each monomial load fag@, until the full matrix of H is formed. 

Step 7. Compute the stress intensity factor variation corresponding to the applied load (T“ by 
the following equations: 

K(@ = c AK;(e) ( i is the iteration number) , (18) 

where, for the circular crack problem, 

Step 8. Repeat the previous step for each monomial load fagP (equivalent to a unit vector in 
terms of 4) to compute the influence function Z”‘(0). 

Step 7 may be omitted for influence-function-only calculations. As far as efficiency is 
concerned, the computational tasks of the alternating method can be identified in three main 
areas: (1) formulate and decompose the finite element stiffness for the untracked solid, (2) 
evaluate the boundary residual loads due to an embedded crack, and (3) solve the untracked 
finite element equations for various ‘load vectors’. The amount of work involved in (1) and 
(2) is roughly identical for the previously proposed (Fig. 2) and current methods. However, 
the current method needs only E equation solvings to compute all the natural influence 
functions. A total of E x Z solutions (I: number of iterations required for convergence in Fig. 
2) would be needed if the influence functions are to be calculated individually by the previous 
method. A comment on the accuracy of the method will be given later on together with the 
numerical examples. It should be emphasized that the influence functions are useful only for 
repeated analyses of the Same crack and geometry subjected to different loadings. A new set 
of functions should be computed if the geometry changes. 

5. Numerical examples and discussion 

Figure 3 shows the z = 0 profiles for the various crack geometries that are considered in this 
section. For each of these, the presentation usually consists of a typical result, and an 
accompanying convergence study involving different levels of finite element refinements. The 
stress intensity factor variation is presented in a normalized, or finite body magnification, 
format where the true variation is divided by the solution 
tensioned crack embedded in an infinite solid, or 

corresponding to a uniformly 

Z&(e) = (E(k) /a fl)K(8) ) (21) 

where u is the applied traction, k is the elliptical modulus, E(k) represents the complete 
elliptical integral of the second kind, and a is the crack radius. The crack radius is replaced by 
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(a) Embedded Crack 
(d) Surface Crack al Hole 

(b) Suriwe Crack 

(cl Corner Crack (e) Part-Circular Surface Cmck 

Fig. 3. Profiles for various crack configurations on the z = 0 plane. 

the crack depth in the case of the part-circular iJaw problems. Generally, the various crack 
problems can be solved by the alternating procedure outlined above. An extra step needs to 
be taken for solving non-circular type of flaws, such as the surface flaws, corner flaws and 
part-circular flaws. For these flaws the physical crack does not cover the full circular area. 
Since the analytical solution requires a crack-face pressure defined over the full disc, a 
fictitious residual stress field is assumed outside the physical cracking area in the alternating 
Step 4. The choice of such fictitious field is based on the smoothness of the overall distribution 

[12]* 
The various finite element discretizations used in this study are listed in Table 1. The height 

of each finite element model is assumed to be five times that of the crack radius. If not 
otherwise mentioned, the example is solved by the 4 X 4 X 4 mesh shown in Fig. 4. Notice that 
the finite element discretization models only the untracked solid. The modelling for the crack 
front is not required, as opposed to the singular finite element method. All the computed 
values of stress intensity factors are compared with the well-accepted results of Newman and 
Raju 125,261. Also, the boundary Zuyer effect at the points of intersection of the flaw border 
with the free-surface is not considered in the present numerical solution. Details for the choice 
of pertinent parameters, such as the curve-fitting parameters and order of Bessel functions, 
etc., for the unite-element-alte~ating analysis are given in [15]. The Poisson’s modulus is 
assumed to be 0.3 throughout this study. 
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Table 1 
Summary of finite element models 

Number 
of 

elements 

Number 
of 

nodes 
Embedded 

crack 

Degrees of freedom 

Surface Corner Part-circular Surface flaw 
crack crack crack at a hole 

64 (4 x 4 x 4) 425 1080 1144 1207 1144 N/A 
144 (4 x 4 x 9) 875 N/A N/A N/A N/A 2379 

180 (6 x 6 x 5) 1043 2770 2882 2993 N/A N/A 
360 (6 x 6 x 10) 1953 N/A N/A N/A N/A 5435 

448(8x8x7) 2367 6478 6676 6873 N/A N/A 

768 (8 x 8 x 12) 3897 N/A N/A N/A N/A 11001 

900 (10 x 10 x 9) 4499 N/A 12846 13153 N/A N/A 

5.1. Embedded circular cracks 

The problem of a circular flaw embedded in a plate subjected to uniform tension is 
computed here for a/t = 0.2, 0.4, 0.6, 0.8 as defined in Fig. 3. The normalized stress intensity 
factor variations as functions of the polar angle 8 are shown in Fig. 5. From this figure it is 
clear that the finite body magnification for the stress intensity factor increases with increasing 
a/t ratio, and the magnification is less than 1% for a/t = 0.2. Thus, the finite correction effect 
is usually neglected for boundary surfaces which is away from the crack by more than five 
crack dimensions. 

Figure 6 shows the convergence trend for the embedded crack with a large a/t ratio. The 
solutions based on the 64 element and 448 element models yield nearly identical results, and 
the two solutions are all within 2.5% of the prediction by Newman and Rajus’ empirical 
formula [25]. This suggests that the 64 element solution is able to give very accurate stress 
intensity factors for various embedded circular cracks. 

(a) Specimen model (b) Element pattern on Z = 0 plane 

Fig. 4. Finite element models used in the finite element alternating method. 
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Fig. 5. Embedded circular flaws of various crack 
depth to plate thickness ratios, subjected to uniform 
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Fig. 6. Convergence for embedded circular crack in 
tension, ait = 0.8. 

The mesh sensitivity of the alternating method is examined by using a single finite element 
discretization to solve the stress intensity factors for various cracks in a self-similar growth 
pattern. Details of the crack geometries and the computed results are shown in Fig. 7. It is 
seen that for the current mesh the stress intensity factors are accurately calculated for the four 
different crack dimensions. Thus, the alternating solution is not mesh-sensitive for embedded 
crack problems, and a single finite element mesh is sufficient to compute the stress intensity 
factors for various cracks in a self-similar pattern. 

5.2. Semicircular surface cracks 

Figures 8 and 9 show the computed stress intensity factors for various semicircular surface 
cracks subjected to remote tension and bending loads. In these figures, the minimum stress 

k 2 lb=-======0 i 
0.99 II~I,~..~,~~1~1~.../~~~1/11~I,~.l.,~.l~,~I~./1~11 

0 i0 20 30 40 50 60 70 a0 90 100 

Polar Angie 0 in Degree (0 - 90) 

Fig. 7. Embedded circular flaws of various crack radii 
which are soived by the same finite element model. 

100 // I.,~,~,,,I~I,,ll,//,l/,/I,l/l..j,,,,,,,,.,/,.,. 

0 10 20 30 40 50 60 70 80 90 100 

Polar Angle 0 in Degree (0 - 90) 

Fig. 8. Semicircuiar surface flaws of various crack 
depth to ptate thickness ratios, subjected to uniform 
tension. 
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Fig. 9. Semicircular surface flaws of various crack depth to plate thickness ratios, subjected to pure bending. 

intensity factors occur at the deepest points of the cracks and the maximums occur at the 
boundary points. Higher finite magnification factors are obtained for larger a/t ratios for the 
uniform tension problems, while the trend is reversed for the bending loads. For a/t = 0.8, 
negative stress intensity factors are obtained near the maximum depth. The situation is not 
realistic and the effect of crack closure must be adjusted for the particular solution. In general 
the present results agree very well with those of Newman and Raju [26], for the inside portion 
of the crack, or for 8 = 30 to 90”. However, a large discrepancy of up to more than 20% is 
found in the boundary portion, i.e. for 0 = 0 to 30”. This might be due to the change of 
constraint conditions along the crack front, and a discussion was given in [15]. Convergence 
studies based on finite element models of 64, 180, 448 and 900 elements, for tension and 
bending problems, respectively, are given in Figs. 10 and 11. It is seen that the bending 
problem converges faster than its tension counterpart, and both converge to within 1% of the 
analytical alternating solution [15] where the 
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formulae. Also, solutions for larger a/t ratios converge faster than those for smaller ratios, 
according to data that is not published here. Since the largest difference between the 64 
element and 900 element solutions is merely a few percent, it is not necessary to use fine 
meshes for computing surface flaws. 

Similar to the embedded cracks, a self-similar crack growth example is tested to determine 
the mesh sensitivity for the surface flaw problem. The details and results are shown in Fig. 12. 
The numerical results for a = 2.5 have an unusual wavy behavior. This might be due to a loss 
of precision to some extent. Consequently, a finite element remeshing should be employed if 
the crack dimension is larger than 2.5. 

5.3. Quartercircular corner cracks 

The problem of a corner crack subjected to tension is tested for various crack depth to plate 
thickness ratios. In this case the default finite element model in Fig. 4 is found to produce 
excessive errors for large a/t ratios. Thus, a 6 X 6 X 5 mesh is used instead. The numerical 
results for various a/t ratios are shown in Fig. 13. As expected, the thinner plates have higher 
normalized stress intensity factors. For all a/t ratios, the maximum magnification factor occurs 
at the front boundary surface while the minimum occurs near the sixty-degree point. The 
empirical formula [25] predicts the same trend. Convergence study is conducted for models of 
64, 180, 448 and 900 elements. The largest difference in the various solutions for a/t = 0.4 is 
2.5%, which suggests that the 64 element model may still be used for corner flaws of small 
crack depth to plate thickness ratios (see Fig. 14). The agreement between the finite element 
results and empirical predictions is fair. A maximum deviation of only 6% is observed near the 
boundary surfaces. 

5.4. Double semicircular surface cracks at a hole 

The doubly-symmetric semicircular flaws emanating from a hole is one of the more common 
flaw types encountered in structural failures. Accurate determination of the stress intensity 

Polar Angle 8 in Degree (0 - 90) 
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Fig. 12. Semicircular surface flaws of various crack Fig. 13. Quartercircular corner flaws of various crack 
depths which are solved by the same finite element depth to rod dimension ratios, subjected to uniform 
model. tension. 
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Fig. 14. Convergence for quartercircular corner flaw 
in tension, alt = 0.4. 
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Fig. 15. Semicircular surface flaws at a hole, subjected 
to uniform tension, alt = 0.2 and R = t. 

factors is essential to assess the integrity and stability of the structures. Three finite element 
models of 144, 360 and 768 elements are used here to solve the problem for a remote tensile 
loading, and the results are compared with the empirical solution [25] in Fig. 15. Among the 
finite element results, the 144 element solution is roughly 5-10% lower than the converged 
results throughout the crack front. The solutions from the other two finite element models are 
almost identical. The difference between the converged finite element results and the 
empirical prediction is 4-12% for 0 = 30 to 90” and 4-28% for the rest of the crack. Again, a 
large discrepancy is found between the finite element alternating solution and the empirical 
solution (based on results from the singular finite element method) in the boundary part of the 
crack, i.e. for tI = 0 to 30”. The same reason suggested in Section 5.2 can be used to explain 
the difference. Both the present method and the empirical formula give a stress intensity 
factor solution about two times larger than the regular surface flaw solution. This implies a 
stress-concentration factor of a hole, which is 3.0 according to the theory of elasticity. 

5.5. Part-circular surface cracks 

Oftentimes the crack front developed into a part-circular or part-elliptical shape in a stable 
crack growth, rather than the regular semicircular or semi-elliptical configuration. The 
problem tested here is a uniformly tensioned part-circular crack with a length of 0.8 and a 
depth of 0.4. The finite element solution for the crack for various a/t ratios, together with the 
empirical solution for a semi-elliptical flaw of the same dimensions, are shown in Fig. 16. For 
the same crack depth to plate thickness ratio, the part-circular and corresponding semi- 
elliptical solutions have an identical order of magnitude but very different variations. The 
part-circular flaw tends to have a maximum finite-correction value on the boundary surface for 
higher a/t ratios, whereas the elliptical flaw maintains the maximum value at the innermost 
point for all ratios. Thus, as is well known, crack shape is critical for the stress intensity factor 
distribution along the flaw border. 
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Fig. 16. Part-circular surface flaws of various crack depth to plate thickness ratios, subjected to uniform tension. 

5.6. Influence functions for semicircular cracks 

The natural-basis influence functions for a semicircular crack in a plate is presented here. 
Suppose that N = 8 and M = 4 are used in (14). Then there are a total of 85 generalized 
Fourier functions for the crack. If further assumption is made on the symmetry of the 
problem, the number of basis functions may be reduced to 30, i.e. rn, r* sin(e), ra cos(28), 
ra cos(48), ra cos(68) and ra cos(&?), where ty = 0 - 4. All the associated influence functions 
can be solved on a CONVEX vector computer for less than 3 minutes CPU. The first two 
families of the influence functions are shown in Figs. 17 and 18, respectively. In these figures, 
r”“(0) represents the stress intensity factor variation for a uniform tension load (cf. Fig. S), 
and I-“(@) is the stress intensity factor variation due to the linearly varying load r sin(@). The 
bending solution in Fig. 9 may then be obtained by the linear combination am* - 0.8 X 
r”(0). The accuracy of the influence function approach depends on how well the crackface 
tractions are approximated by the Fourier basis in (15). Since the same basis is used to 
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Fig. 17. Influence functions corresponding to r*. LY = 
o-4. 
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Fig. 18. Influence functions corres~nding to ra sin 9, 
a=0-4. 
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approximate the crack-face tractions in the analytical solution for the embedded crack, it is 
clear that the influence function technique achieves the same precision as the regular 
alternating method. This argument has been justified by comparing the stress intensity factor 
solutions derived by these two different approaches. As a final note, for a typical part-through 
crack problem, E usually takes on a value of 20 - 30 and Z is roughly 5. Therefore, a total of 
80 - 120 finite element equation solvings may be saved in computing the influence function set 
by the present method. 

6. Summary and conclusions 

A finite element alternating procedure is implemented for computing stress intensity factors 
for a general circular crack problem under mode I assumptions. The method is found to be 
extremely versatile and efficient. A variety of part-through cracks, including surface flaws, 
corner flaws and part-circular surface flaws, can be solved accurately by a finite element model 
of 1100 dofs. If K, variation under the action of an arbitrary applied loading is needed all 
along the flaw border, a natural-basis influence function set can be efficiently computed by an 
improved alternating procedure. A very accurate solution of the stress intensity factor 
variation may then be obtained by a simple linear combination process. This makes routine 
analysis of complicated three-dimensional crack problems a feasible goal. 
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