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Abstract-A scheme for active control of nonlinear vibration of space-structures, wherein each member 
is modeled as a beam-column, is presented. The expressions for shear stresses transmitted to the structural 
member by the distributed segmented piezo-electric actuators, which are bonded on the surfaces of the 
member, are derived in the general case in which the structural member is subjected to moments, transverse 
shear forces and an axial force. Based on the weak form of the governing equations, and a complementary 
energy approach based on assumed stress fields, the viability of active control of nonlinear dynamic 
response of lattice-type space structures, using piezo actuators, is studied. Four examples are given to 
demonstrate the feasibility of the approaches presented in this paper. 

1. INTRODUCTION 

The active control of vibration of large flexible space 
structures is a topic of current interest. A distributed 
actuator network is a good means to actively control 
any possible disturbance to the structures. Recently, 
Crawley and de Luis [l] proposed to use segmented 
piezo-electric materials bonded on the surfaces of 
structural members as actuators for large space struc- 
tures. Such piezo-electric materials exhibit mechani- 
cal deformations when an electric field is applied to 
them and will not extensively modify the passive 
mechanical and dynamic properties of the system. 
But Crawley and Luis analysed the shear stresses 
transmitted to the structural member by a piezo 
actuator for a very simple case when the member 
itself is subjected only to pure bending. Consequently, 
the results for the shear stresses exerted by the 
actuator are functions of only the applied voltages 
and the bending moment in the beam. In order to 
implement piezo-electric actuators in space struc- 
tures, wherein each member may be modeled, in 
general, as a beam column, the shear stresses exerted 
by the piezo actuators must be analysed for the case 
when the structural member is subjected to not only 
pure bending moments, but also transverse shear and 
axial forces. The shear stresses induced by the piezo 
actuators would be, in general, functions of the 
applied voltages to the actuators, and the internal 
bending moments, transverse shear forces and axial 
forces in the structural member. Having obtained the 
expressions for shear stresses exerted by the actu- 
ators, the computational model for nonlinear active 
control through piezo actuators has to be established. 
The questions to be answered concern: (i) the number 
and placement of the actuators; and (ii) the voltages 
that are to be applied to each actuator. The purpose 
of the present paper is to investigate these questions, 

and to present numerical examples to establish the 
viability of the developed procedures. 

2. ACTIVE CONTROL OF NONLINEAR VIBRATION 

The equations of motion of a discretized nonlinear 
system with control force F, = bf, can be written in an 
incremental form as 

MA@ + CAB + KAu = AP + bAfc (1) 

where M, C, and K are the tangent mass, damping 
and stiffness matrices, and Aii, A& Au, BP and bAfc 
are the increments of acceleration ii, velocity i, 
displacement u, external loading P and control force 
F,, respectively. In general, eqn (1) has the initial 
conditions: 

u(o)=u, ti(o)=irO. (2) 

As a prelude to the proposed simple algorithm for 
nonlinear control, we tist consider the linear optimal 
control. The equations of motion of a linear system 
are of the form 

M&r) + C,i(t) + Kg(t) = P(r) + bf,(t) (3) 

wherein the subscript o implies the initial values of 
the respective quantity, i.e. we are dealing with the 
linearized system. Let S denote the state variable 
vector, i.e. 

s={Ij, so={;:}. 
Omitting the external load at this stage, eqn (3) can 
be written as: 

$=AS+Bf, (9 
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where 

A= 
0 I 

-M,‘K, -M,‘C, 1 (6) 
B= 

0 

[ 1 M,‘b ’ 
(7) 

For a linear regulator problem, a typical quadratic 
performance index may be defined as: 

J = $=(t/)TS(tf) +; 
5 

‘I (SrQS + f;Rf,) dt (8) 
). 

in which f, is the initial time, t, is the final time, and 
T, Q and R are constant positive definite weighing 
matrices which determine the magnitudes of the 
control forces and the quantitative decay of the 
vibration amplitude. If the structure comes to rest at 
its initial configuration at the terminal time +, i.e. 
S(f,) = 0, the first term in eqn (8) can be neglected. 
Minimizing eqn (8) subject to the constraint 
equations (eqn S), gives (see Ref. [9]) 

f, = -R-‘B=GS (9) 

where G is the feedback gain matrix and is the 
solution of the Riccati differential equation: 

G = -GA - A=G + GBR-‘B=G - Q. G(r,) = 0. 

(10) 

Thus, the linear optimal control problem just depends 
on the solution of the Riccati equation. A common 
way is to solve the steady state Riccati equation, i.e. 
G = 0, is by the Schur vector approach [2]. Here we 
introduce another approach to solve the Riccati 
equation as proposed by Davison and Maki [3]. 

By letting 

X=GS (11) 

and using eqns (5), (6), (9) and (lo), (11) yields: 

-““‘“‘=][;]= H[;] (12) 
_A= 

and 

X($)=0, S(o)=&. (13) 

Integrating eqn (12) and applying the terminal con- 
ditions in eqn (13) results in 

where 

and 

exp@f) = 
4”(t) Mf) 
421(t) 1 422(f) ’ (16) 

A simple scheme for evaluating exp(Hh) in which h 
is the time step can be found in Davison and Maki’s 
paper [3]. It can be seen from eqn (14) that G(l) is 
time dependent and an inversion is involved in each 
time step. If the total degrees of freedom of the 
system are II, then G will be of the dimension 2n x 2n. 
So the inversion involved in evaluating G(t) will be 
very time consuming. By the property of G as shown 
in Fig. 1, G(t) can be approximated by 

G(t) = a(t)G(o) (17) 

where a(?) is a decay function used to represent the 
decay characteristic. A linear function will be good 
enough for a(t). 

For a nonlinear system, M, C and K will depend 
on the history of the displacement, and it is not easy 
to determine the optimal control forces. An economic 
and feasible approximation is to use the feedback 
gain matrix of the linear system with operator 

A= 
0 I 

-M,‘K, -M,‘C, 1 (18) 
for the nonlinear system. In eqn (18), M,, C, and K, 
are the initial mass, damping and stiffness matrices of 
the nonlinear system. 

By splitting G(t) into portions relating to u(t) and 
i(t) as 

G(t) = a(t) 
G,(o) G(o) 
G,,(o) G,,(o) 1 

(19) 

the incremental control forces for the nonlinear 
system will be 

AF, = -bR-‘bTM-‘a(t)[G,, An + Gz2 Ati] 

= -a(t)E(G,, Au + G,, Au]. (20) 

Fig. 1. The property of feedback gain matrix. 
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So eqn (1) becomes 

MAli + [C + ar(t)E4Q A6 

+ lK + cc(t)EG,,]Au = AP. (21) 

It can be seen from the above equation that the 
system with operators M, C and K becomes a new 
system with opertors M, C* and K*, in which C* and 
K* are the terms relating to Au and Au in eqn (21), 
respectively. Equation (21) is just a common initial 
value problem and can be solved very easily. 

3. SHEAR STRESSES TRANSMITTED TO THE 
STRUCTURAL MEMBER BY A PAIR OF 

PIEZO-ELECI’RIC ACTUATORS 

The piezo actuators exhibit mechanical defor- 
mations when an electric field is applied to them. The 
deformations of the actuators which are bonded to 
the underlying structure produce some localized 
strains and stresses which provide the control forces 
required to damp out the vibration of the structure. 
Therefore, in order to determine the active control 
forces induced by piezo actuators, the effects of 
the actuators on the underlying structure should be 
studied first. 

For the purpose of exerting control forces 
efficiently, short segmented-actuators are preferred 
rather than long continuous ones, and the actuators 
bonded on the surfaces of a structural member are to 
be symmetric in the cross-section of the member, For 
the distributed segmented actuator model, the length 

of actuator segments is much less than that of the 
structural member itself. So it can be assumed that 
the flexural deformation of the segment is decoupled 
with its axial deformation, and that the effect of the 
axial force in the beam upon the flexural deformation 
is negligible. A typical differential element of the 
structural member with piezoelectric materials on its 
upper and lower surfaces is indicated in Fig. 2. 
The piezo-electric layers are bonded to the surfaces 
by very thin layers of adhesive. In order that the 
actuators do not extensively modify the mechanical 
properties of the system, the thickness t, of piezo 
actuators will he much less than the thickness tb of the 
member, and the thickness r, of the adhesive will be 
less than t,. It is thus feasible to assume that the 
bonding layer carries shear stress only, and the piezo 
material carries normal stress only. 

Under the above assumptions, the static linear and 
angular momentum balance equations for the piezo 
materials and the sub-structure are, respectively: 

da; 2” 
--- 
dx t, 

=o 

dN 
dx +(+-z’)b -0 

dA4 t, 
dx+Tb(r’+r”)+Q =0 

x+2 
t 

S S 
1 

Pie.20 ekctric mate&t 

- Q+ddQ 
T” 

II-r-, 
UC - a’c +du”c 

(23) 

(25) 

Fig. 2. A structural member bonded by a pair of piezoelectric actuators and the differential elements. 
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where a: and a: are the normal stresses in the upper 
and lower piezo material layers, respectively, r’ and 
t” are the shear stresses in the upper and lower 
bonding layers, respectively. N, M, Q and b are the 
axial force, bending moment, transverse shear force, 
and the width of the actuators, respectively. 

02 =g:-a:( 

A, = --A’+A” 

A 2’ -A‘-A” 

On the other hand, the stress-strain and eqns (22x24) and (32x33) become 
strain-displacement relations are given by: 

(38) 

(39) 

(40) 

du; N t,M -=---- 
dx EA 2EI 

(26) 

da2 ~2 ---= 

dx 4 

0 
_=L+@! du; 

dx EA 2EI 
(27) 

dN& -0 

dx 2- 4, v’ du: _ 4 
dx EC + t, 

(28) 
dM t, 

dx-z”71+Q=o s_ a: ds,V” 
=-+- 

dx Ec tc 

(45) 

(46) 
u” - u; 

7” = G,‘- 

4 
(31) 

Integrating eqns (43X44), and using eqns (41x42) 
and the boundary conditions N = N, , M = Ml and 
Q = Q, at x = --s yields 

in which V’ and V” are the voltages applied to the 

and lower actuators; EC is the Young’s modulus of 

upper and lower piezo materials, respectively, the 

the piezo-electric material, G, the shear modulus 

term 4, is the piezo-electric material constant relating 
the voltage applied to the material to the mechanical 

of the bounding layer, and EA and EI are the axial 

strain produced; u; and I&’ are the displacements on 
the upper and lower surfaces of the member respect- 
ively, u: and u: are the displacements of the upper 

N = N, + btcu2 (47) 

M=M,-f$bu,-Q,(x+s). (48) 

Substituting eqns (41x42) and (47x48) into eqns 
(45X46), we finally have 

and flexural idigkies of the structural member, 
respectively. 

Differentiating eqns (30), (31) and substituting eqns 

d2u 
-- 
dx: 

a2u1 =a, A, - ; W, - Q, (x + sll (49) 

(26x29) into them, gives 
$-y’u,=a,(n,+~N,} (50) 

-=- 

(32) 
in which 

(33) GS 
a, =- 

tc 4 
(51) 

in which 
bl=n,(i+,g) (52) 

(53) 

Al 
4,v’ ,,,=W” 

=r,’ t, (34) 

By letting 

7, =7’+7” 

72=7’-7” 

u, =u:+u: 

(35) The solutions of eqns (49) and (50) are 

u,=Asinhax+Bcoshax 

(36) 

(37) 
-3 4 -+&MI -Q,<x +s)l W 
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a2 = C sinh yx + D cash yx 

-$4+&N,}. (55) 

From the boundary conditions 

e’=cn=O atx= -_s 

a’=a”=O atx=s 

M=M, atx =s 

the constants of integration in eqns (54) and (55) are 

Equations (41) and (42) give 

t,al 
r’ =Y 

&al rz = - 
Y 

= z,,+ TZN. (61) 

In eqns (60) and (61), r,r and zry are parts of the 
stresses t, and rr related to the applied voltages, T,~ 
is the part related to the internal forces A4 and Q of 
the member, and r2N is that relating to axial force N. 

It can be seen from the above derivations that the 
piezo actuators affect the structural member only 
through localized shear stresses, and that the shear 
stresses are functions of not only the applied voltage, 
but also of the moment, shear force, and axial force 
in the member. Having obtained the shear stress 
sum ri and the stress difference 72 transmitted to the 
member by the pair of piezo actuators, the shear 
stress 7’ and 7” acting on the upper and lower layers, 
respectively, can be obtained from eqns (35) and (36). 
However, as a matter of fact, it is just that the 7, and 
7* contribute to the momentum balances as indicated 
in eqns (24) and (25). So 7, and 7* will be used rather 
than 7’ and 7”. 

In eqns (60) and (61), both 7, and z2 are decom- 
posed into two parts, one is related to the voltage 
applied to the actuators, and the other is related to 
the internal forces of the member. The parts of the 7, 

and r2 related to the voltage will provide the required 
control forces, and the other parts will contribute to 
the stiffness matrix of the member. The distributions 
of 71y and 7’1M are illustrated in Figs 3 and 4. The 
distributions of 72y and 72N are similar to 71y. The 
value t, ,, is the “simpler case” called by Crawley and 
Luis [l]. In fact, r,r is only one part of the shear 
stress. Crawley and Luis did not consider the effect of 
the transverse force Q and axial force Non the shear 
forces induced by the actuators. The Q and N have 
a considerable influence to the 7, and 7*, for example, 
in the presence of N, t2 will not be zero even when the 
voltage is applied in the manner A, = 0. 

The total axial force N$ and the total moments A4t 
induced by the voltages applied to a pair of piezo 
actuators are, respectively, 

s ’ 
N$= s a, trbAl 

br,,dx = - 
s 

sinh yx dx = 0 
--5 y cash ys --s 

lU;= s a Ib Tb7,vdx = 0. (63) 
--s 

Fig. 3. The distributions of shear stress 7,&x) for various cc. 
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Fig. 4. The distributions of shear stress T,,,, for Q = 0 and ZQs/M, = 0.8. 

Thus r1 y and rZy provide only the localized axial force 
and moment to the structural member. It is useful to 
keep this in mind when deciding an efficient place- 
ment of the actuators. 

4. THE CONTRIBUTIONS OF PIEZO ACTUATORS TO 
THE MOMENTUM BALANCE EQUATIONS 

OF THE STRUCTURE 

Having solved for the shear stresses transmitted to 
the member by a pair of piezo actuators, we are able 
to establish an appropriate computational model for 
active control. 

It is assumed that the member of the frame 
can undergo arbitrary large rigid translations and 
rotations but only moderate relative rotations. Fur- 
ther, for simplicity, it is assumed that the principal 
axes of the cross-section of the member are perpen- 
dicular to each other. So the governing equations of 

the element will be established in the element local 
coordinates composed of the element axis and the 
cross-section principal axes. Based on the weak form 
of governing equations, assumed stress fields and 
plastic hinge method, Shi and Atluri [4] presented an 
approach for elasto-plastic large deformation analy- 
sis of space frames. Similar weak forms of governing 
equations, and an assumed stress approach, will be 
employed here again. 

The nomenclature of the kinematics and general- 
ized nodal forces for a space frame member are 
demonstrated in Figs 5 and 6, respectively. e, 
(i = 1,2,3) denote a fixed global Cartesian reference 
structure; ej (i = 1,2,3) denote the reference frame 
attached to an undeformed member of the frame; Bi 
denote the vectors attached to a member that has 
undergone large rigid rotations; and e: are base 
vectors attached to a member that has undergone 

Fig. 5. Nomenclature for kinematics of deformation of a space-frame member. 
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Fig. 6. Nomenclature for nodal forces on a space-frame member. 

moderate local elastic deformation in addition to a of the beam, with height H and width B, is assumed. 
large overall rigid rotation. The consistent forms of In this case, we have 
linear and angular momentum balance equations for 
the Jaumann stress resultants N, &r and &r and stress 4, = - b,r,, - b,,r,, (65) 

couples ti-, , fi2 and fir are of the form [S] 
in the region bonded by the actuators, and i, = 0 

80, 
=+4*=0 

I 

elsewhere, 

I B 
fi2 = ‘z b,rT,,r in the region of actuators; 

(66) 
l0 elsewhere 

in the region of actuators; 
(67) 

elsewhere 

and & = 4, = PC, = 0 where the subscripts ‘ul’ and ‘lr ’ 
denote the upper and lower surfaces and the left and 
right surfaces, respectively, of the cross-section. Since 
the total length of the actuators along a surface is 
shorter than that of the beam, it is feasible to assume 

(64) that the trial functions which satisfy only the linear 
parts of the momentum balance equations are 

10 0 0 0 0 

01 0 0 0 0 
0 0 l-2,/1 _?,/I 0 0 =Fu 

00 0 0 l-&/I 2,/l 

(68) 

where 4, is the distributed load density along 4 in which I is the element length and 
direction, and fi, is the distributed moment density 
about e, axis. The trial functions for N, A22 and a3 u = {n m, ‘m2 2m2 ‘m, 2m,}T (6% 
corresponding to arbitrary iI, tj2 and & were given in 
Shi and Atluri’s paper [4]. For simplicity, we will only is the element nodal force vector in the local coordi- 
concentrate our attention on the distributed forces nates. Because the trial functions for fi2 and &, 
induced by the actuators. A rectangular cross-section satisfy the linear parts of the balance equations, the 
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following relations hold: 

From the above discussion, the weak form of the 
remainder of the balance equations may be written as 

1 B:d.?,=O (72) 

1 ai@, S[ -+&*+Ne:+A~ /3:cE,=o 
o aa, 1 (73) 

where v*, /I: and fl: are the test functions corre- 
sponding to N, fir and &,. 

As derived in detail by Shi and Atluri [4], the weak 
form of compatibility conditions for an elastic ele- 
ment, as a whole, is 

-DTGa+ ‘W’.F6ad_?,=O 
5 

(74) 
0 

in which DT is the element displacement vector in the 
local coordinate system 2,. The vector DT and WT are 
defined, respectively, as: 

D~=W, (*e:-le:), -le:, *e:, -‘e:,*e:] (75) 

W’= 
aw, aw, aw, aw, 

r, . 
aN ’ a&, m aM, 1 (76) 

The element displacements are shown in Fig. 5, WC 

is the complementary energy density, F is the inter- 
polation matrix as defined in eqn (68). 

Let Q, denote the internal nodal force vector of an 
element 

Qe=(N,,‘Q2,‘Q,,‘~,,‘~2,‘~,,N,, 

x *Q2 9 *Qj , ‘Q,, ‘fi2, ‘& 1, (77) 

? represent the external nodal force vector at the ends 
of the element in the global coordinates, and let R* 
be the transformation matrix which transforms the 
element local vector to the global coordinates, then 
the weak form of the joint equilibrium can be written 
as (see Ref. [4]): 

E [cSd%‘Q, - Sd’.ij = 0 (78) 

in which 6d is the variation of the element nodal 
displacement vector d in the global coordinates, and 

d is of the form 

dT= (+4,, h2, If+, le,, le2, ‘es, 

x *u, , *a,, *er, 26, , ze, , *es 1. (79) 

Recalling eqn (70), the combined weak form of the 
governing equations is 

+ 
s 

‘Ne:/3; d& + 
0 I 

I 
Ntlj’&‘df, + l&v* d$ 

0 s 0 

+ ~[fci2p:+fi&]df, 

s 

=o. 

0 

It was shown by Atluri [6] that the terms involving 
Ne:/lt (i = 2,3) contribute to the so-called “initial 
stress” stiffness correction to the tangent stiffness 
matrix, and neglecting the terms in the formulation, 
while resulting in a slightly incorrect tangent stiffness 
matrix, is entirely consistent in the context of an 
iterative solution of a nonlinear problem. Therefore, 
the terms Ne,?/If in eqn (80) will be omitted. Then 
eqn (80) becomes 

’ W’FSa d_f, + c5dTR*Q, - 6dT? 

The last two integrals are induced by the piezo 
actuators. Let us consider their effects on the system 
equations. We first consider a simple case: only one 
pair of actuators in &-$2 plane. If the center of the 
actuator located at 2, = I, and the length of the 
actuators is 2s then 

s I s I 

tj,v*di, = - bT*v+dX 
0 --I 

s s 

=- 4~2,+~2N)v* d.x (81) 

--s 

bH ’ 
=F 

s 
_ (T,v+T,MM:dx (82) 

I 

in which x is the local coordinate of the actuators, 
and x = 2, - 1,. Recalling that v l and /I: are the 
variations of the element local displacement u: and 
6:, respectively, v * and 6: can be interpolated as 

v*=f (so--x; I,+x} (83) 
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Iv=; (so-x; (84) 

wheres,=i-I,. 
By substituting eqns (60), (al), (83) and (84) into 

them, the integrations in eqns (81) and (82) can be 
very easily carried out, and these integrations convert 
the distributed shear stresses into the equivalent 
nodal forces in the sense of the weak form. Since T~,, 
and rzy will provide the required control forces and 
play an important role in the present study, it will be 
helpful to seek a more efficient way to evaluate the 
equivalent nodal control forces. 

The values 71y and 72, are distributed in the region 
of the member bonded by the actuators. Instead of 
considering the distributed stresses, a pair of equiva- 
lent concentrated axial forces and moments can be 
used. The equivalent moments M, and axial forces 
N, are 

a, tbtcb 

I 

s 
My= -4 acoshas ,, 

sinh ux dx (85) 

&=%A2 
y cash p 

sinh yx dx (86) 

Similarly, by eqns (60), (84) and (70), we get 

Hb ’ 
2 

s 
_ r,,/3:dx = (~5’0: ~5%:) 
I 

where 

,+~(+~). (92) 

For a member of a space frame with NW pair of 
actuators on the “upper and lower” surfaces of the 
member and N,, pairs on the “left and right” sur- 
faces, the last two integrations W,, in eqn (80) will 

Hb, 
--bi72N,v* +~z\M, 1 do 

+ GPWp, I 
and MY and -NV are located at x = r, -My and NV 
located at -r where r is given by -bjZ,N,V* +57,,, 1 dx 

(93) s I s s 

r sinhozx dx = x sinh ax dx. (87) + Gd=R*pyl 
0 0 

Having determined My, NY and r, the correspond- 
in which 6dT and R* are the same as those in eqn (78). 

ing equivalent nodal forces pv in the local coordinates 
By letting 

can be very easily calculated, and pV is of the form 

where T, is a 12 x 2 matrix. 
From eqns (61) and (83) we have 

b * 
s --I 

72Nv*dx =-3-s 

X sinh yx[s, - 

= (6 ‘u?, 6%: 

in which 

8, = -!g(s -S). 

(88) M+ = W,o-s, MI, ~21~4 fi2(,o+sr 

x &(lo-s, &l,o+s)T 

and using the results of eqns (89) and (91), eqn 
can be written as the following matrix form 

(95) 

(93) 

[ 

%L 
W, = @Id*)’ c (PPl . M*) + 2 (PP, * M*) 

i-l j=l 1 
+ SdTR* c PV, + % PV, 

[ 

& 

i-1 j-l 1 
=6dT-TR*PP.M*+6d’.R+*T*A 

(89) 
=6d’~R.PP.TM.a+R*.T.A] (96) 

in which TR is the transformation matrix for 

(94) 

d* = TRd, TM is the transformation matrix 
(90) for M* = TM@, and d and Q are defined as in eqns 

(79) and (69), respectively. 
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Substituting eqn (96) into eqn (80a) yields Since the parameters 6A\ar are independent and 

L{- s. 
‘WTP6a d3, + SdTR+Q, - Sdir 

arbitrary in each element, the above equation gives 

DTGa + 
Au = A&’ (AZ&Ad - R,). (100) 

+GdTfI’R.PP.TM.a +R+*T.n] =O. (97) gives 
l 

Because the parameters 6AdT are arbitrary, eqn (99) 

Corresponding to eqn (97), the weak form of the 
incremental governing equations is e; [Addo + Adds + AW 

c {6AdT[R*Q, + TRePP+TM*a + R*T/l - ‘1 
ekm + (&o + &,,)A,’ -%I Aa 

+SAdTIAR*Q,+R*AQI+TR*PP.TM*u 

+TR.PP.TM. Au + AR*Tn - R*TALI - Af’j 

=eL[Af-PR*A/i +?--Rd 

+A6uT[ -D+l;FTW’d3,] 

+A6uT[ -AD+I;FTAWd2,]}=0. 

By letting 

R*(Q,+Tn)+TR.PP.TM.a=R, 

TR.PP.TM = A;& 

R*T = RP 

CT=P 
elem 

AR*Q, = A,+,Ad 

R*AQ, = A, Au 

ATR.PP+TM.u = A,,,oAd 

AR*TA = AddYAd 

CA~=AP 

-D+ ‘F’Wd&=R# 
s 0 

AD = AzdoAd 

s 

1 
FAW d2, = A, Au 

0 

eqn (98) becomes 

c (6 AdT[(A,, + A,, + A,,) Ad 
ekm 

+ (A,& + A,,) Au + PRAA - Al 

+R,-n+6AuqA,Au -A;*Ad 

+Ru]} = 0. 

or 

+ (A,,, + A,,,)& R,l (101) 

(98) 
KAu=AP+PZ+AV+P-R (102) 

in which K is the tangent stiffness matrix of the 
system, Au is the increment of the system displace- 
ment vector, AP is the increment of the external 
loading, (P - R) is the unbalanced nodal force vector, 
PZ.AV is the increment of control force vector 
induced by the piezo actuator excited by the voltage 
A.V and is of the form 

AF,=PZ.AV= c -PZ*AV 
ehn 

(103) 

in which V is the voltage vector applied to the 
actuators. It can be seen from eqn (101) that the 
stiffness matrix is unsymmetric since the shear 
stresses exerted by the actuators are a kind of non- 
conservative loading. 

If M and C denote the “tangent” mass and damp- 
ing coefficient matrices, respectively, for dynamic 
problems, R’ denotes the total “internal” nodal force 
vector resulting from the previous displacements of 
displacement II, acceleration ii and velocity L, then the 
equations of motion corresponding to eqn (102) is 

MA1 + CAL + KAu = AP + PZAV + P - R’. (104) 

The difference between eqn (104) and eqn (1) is 
that the unbalanced forces resulting from the linear 
approximation in each time step and iteration is 
considered in eqn (104). 

5. DETERMINATION OF VOLTAGE APPLIED 
TO THE PIEZO ACTUATORS 

The nodal control forces AF, given by eqn (20) are 
obtained from the optimal control theory. Since the 
piezo actuators are distributed along the structural 
members, it is difficult to place them appropriately, in 
order to provide the equivalent nodal control forces 

(99) exactly as required by the control law. For the fixed 
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Fig. 7. Response and control force at point A by linear optimal control. 

geometry of the actuators, the nodal control forces From eqn (20), the increment of the control forces is 
(equivalent nodal force vector) exerted by the piezo 
actuators would be functions of the applied voltages. AF, = -bR-‘b?M-‘a(t) = G+AS. (105) 
Then the control algorithm has to be used to deter- 
mine the appropriate voltages to be applied to the Therefore our objective is to determine AV from the 
actuators, i.e. voltage vector AV in eqn (102) accord- given G*AS. 
ing to the control forces obtained by the control law. There are many possible ways to determine the 
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Fig. 8. Geometric and material data for framed dome. (The unit of length is meters.) 
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Fig. 9. Controlled response, free vibration and control force at the crown point. 

appropriate voltage AV. If PZGd are the arbitrary 
“virtual displacements”, APp in eqn (12) can be 
equivalent to AF, in eqn (105), in the sense of “virtual 
work”, as given by: 

SdT.PZT.PZvAV = 6d’.PZT.G*AS (106) 

when (PZT*PZ) is invertible, we have 

AV = (PZT.PZ)-‘PZT.G*AS = G**AS. (107) 

So the increment of the appropriate voltages is 
determined by the increment of the state variable 
vector AS. 

The dimension of PZ is n x q in which n is the 
number of total degrees of freedom of the system, q 
is the number of kinds of voltages applied to actu- 
ators. So the necessary condition that PZ is invertible 
is q < n. When only few different voltages are applied 
to the actuators on a member, and only few members 
are jointed at each structural joint, the condition 
q < n will be satisfied without much difficulty. When 
q > n, AV can be determined by other equivalent 
criteria that are yet to be explored. 

6. NUM~ICAL FXAMPLES 

Two examples of implementing nonlinear active 
control algorithm of Sec. 2, and two examples of the 
application of pie20 actuators for active control, are 
presented in this section. In all the examples, the 

weighting matrices R and Q in eqn (8) are taken as 
identity matrices. 

The first example concerns the nonlinear active 
control algorithm of Sec. 2. For the fixed-fixed beam 
shown in Fig. 7, the static deflection-load curve 
demonstrates that the beam behaves nonlinearly 
when the mid-span deflection is larger than 0.1 in. [4]. 
The half span of the beam is modeled by two 
elements. Corresponding to an initial velocity 
v,, = 400 in/set at the mid-span, the dynamic response 
without control is shown in Fig. 7 by broken line, and 
the response under active control is depicted in the 
same figure by solid line. The control force vs time is 
plotted there too. The figure shows that the vibration 
is damped out by the control forces very rapidly. 
Recall that the computed control force is, at this 
point, simply a mathematical result, and the physical 
means of inducing this actuator force is not addressed 
yet. 

Example 2 

This example considers the nonlinear active control 
of a space dome. The geometry of the dome is given 
in Fig. 8. The nonlinear static and dynamic analyses 
of the dome were studied by Remseth [q and Shi and 
Atiuri [4]. Here each member of the dome is modeled 
by a single element again as in the authors’ previous 
paper[4]. Under the disturbance, an initial velocity 
v, = 30 m/set at the crown point, the free vibration, 
the controlled vibration and the control force at the 
crown point are illustrated in Fig. 9. 
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Fig. 10. Nonlinear response and control force at point A by optimal control. 

Example 3 

Now let us turn to the concept of active control 
using piezo actuators. Crawley and Luis [ 1] studied a 
cantilevered beam by experiment, but they did not 
give data of the bonding layers. For the assumed data 
of the layer, our computational model gives a similar 
result. 

Let us consider another cantilevered beam shown 
in Fig. 11 in detail here. Corresponding to an initial 
velocity u, = 100 in/set applied at the free end of the 
beam, the response with the control forces obtained 

by optimal control theory and the control force at the 
free end are shown in Fig. 12. The placement of the 
piezo actuators and their data are given in Fig. 11. 
For simplicity, the same magnitude of voltage is 
applied to all actuators and in the manner V’ = - V” 
for the upper and lower surfaces. The response under 
the control by the piezo actuators and the corre- 
sponding control moment at the free end are shown 
in Fig. 12. Because only one amplitude for voltage is 
used, it is no problem to calculate the inverse in eqn 
(107), and the required voltage can be very easily 
calculated. 

L IO inch L 
7 1 

E-IO’psi, tb=0.2in, b= I in, s=0.5in 
E = IO’ psi, G = 2.5. IO’ psi, 
t, = 0.015 in, t. = 0.003 in, da, = 2.7. 16” 

Fig. 11. The placement and data of piezo actuators. 

CAS 3414-D 
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Fig. 12. Controlled response and control moment at point A by piezo actuators. 

Example 4 
The last example concerns a plane frame and its 

geometry and the placement of the piezo actuators 
are given in Fig. 13. The actuators are only placed on 
the columns in order to achieve an efficient control 
for the lateral displacements. An initial velocity as a 
disturbance is used again as shown in Fig. 13. The 
response and control force at point A corresponding 
to the optimal control are shown in Fig. 14. The 
response and control moment at point A by 

using piezo actuators are illustrated in Fig. 15. Here 
the voltage is applied in the same manner as in 
Example 3. 

The last two examples clearly demonstrate that the 
vibrations are indeed damped out by the piezo actu- 
ators, or in other words, the piezo actuators can 
provide some control for vibration although they 
cannot provide the control forces as required by the 
optimal control law. The two examples also show 
that responses controlled by piezo actuators decay 

L 360 in 
1 

Fig. 13. Geometry of the structure and placement of piezo actuators. 
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Fig. 14. Active control of vibration by linear optimal control. 

Fig. IS. Response and control moment at point A by piezo actuators. 
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quite smoothly, but the corresponding control forces voltage for each actuator is still an interesting ques- 
are not smooth enough. This is natural because the tion when each member of structure is bonded by 
displacements are minimized in the performance many actuators and each actuator is excited with a 
index eqn (8), however the real control force Fp is not different voltage. 
directly determined by the optimal control law. 
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(1) The approximations involved in using the solu- *anks. ~ I _- 

tion of Riccati equations of a linear system, for a 
nonlinear system, and using a(t)G(o) for G(t), are 
indeed efficient schemes for the active control of 1 
nonlinear vibration. 

(2) The shear stresses induced by the piezo actu- 
ators can be divided into two parts: the stress differ- 
ence r2 which contributes to the linear momentum 

2. 

balance of the structural member, and the stress sum 
z1 which contributes to the angular momentum 3. 
balance. Furthermore, T, and zr can be decomposed 
into two parts too, one part is related to the internal 
forces of the structural member and contributes to 4. 
the element stiffness matrix; and the other is a 
function of the voltages applied to the actuators and 
provides the required control forces. 

(3) The control moments induced by a pair of 
5. 

piezo actuators are “self-balanced”. So actuators 
should have a suitable length and be placed in 
segments at appropriate locations to provide control 
forces efficiently. 6. 

(4) Since the piezo actuators cannot exactly 
provide the control forces required by the optimal 
control law, there are many possible ways to deter- 
mine the voltages for the actuators to yield an 
approximate control effect. A scheme which provides 
equivalent control forces in the sense of “equal virtual 
work” is proposed here. However determining the 
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