
Nuclear Engineering and Design 111 (1989) 273-289 273 
North-Holland, Amsterdam 

G E N E R A T I O N  A N D  P R O P A G A T I O N  A N A L Y S E S  O F  H I G H - S T R A I N - R A T E  

D Y N A M I C  C R A C K  P R O P A G A T I O N  I N  A V I S C O - P L A S T I C  S O L I D  

S. Y O S H I M U R A ,  (3. Y A G A W A  

Department of Nuclear Engineering University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, Japan 

and  

S.N.  A T L U R I  

Center for the Advancement of Computational Mechanics, Georgia Institute of Technology, Atlanta, Georgia, USA 

Received 28 September 1987 

This paper presents a numerical analysis of dynamic crack propagation in a visco-plastic solid. A tangent modulus 
formulation, based on a uniaxial material characterization in the form Oy d = h(~  vp, ~vp), is used to take into account the 
visco-plasticity. A technique of nodal force relaxation is employed for the modeling of continuous dynamic crack propagation. 
The fracture mechanics parameter studied here is a path independent integral, T*, which is applicable to both quasi-static and 
dynamic fracture phenomena of non-linear materials, and which has the meaning of an energy-release rate for the case of the 
specific visco-plastic material studied herein. 

At first, a numerical simulation of dynamic crack propagation at various values of constant velocity in a visco-plastic solid 
is carried out to investigate the high-strain-rate effects on the energy release rate, and on the stress-strain fields near the crack 
tip. 

Secondly, a generation phase calculation of an experiment performed by Brickstad is carried out to obtain a relationship 
between the fracture toughness and crack velocity in a visco-plastic solid. 

1. Introduction 

In the field of dynamic fracture mechanics, mainly 
the issues of crack initiation, propagation and arrest 
conditions in brittle materials have been extensively 
studied. In numerical studies of brittle fracture, many 
efforts have been made to account for inertia effects 
such as of stress wave propagation and interaction, on 
fracture phenomena, and to develop F E M  models of a 
continuous dynamic crack propagation [1]. These at- 
tempts have partly succeeded in describing purely brit- 
tle fracture phenomena. For  instance, the dynamic stress 
intensity factors calculated using a singular moving 
finite element method [2], or even ordinary isoparamet- 
ric elements [1], have agreed well with experimental 
measured values, which were obtained by means of a 
shadow optical method of caustics [3] for purely brittle 
materials. 

On the other hand, recently the study of dynamic 
fracture phenomena in non-linear materials has become 

increasingly important  for the assurance of the safety 
and integrity of practical structures such as nuclear 
pressure vessels and piping, which are made of highly 
ductile materials [4,5]. Several numerical simulations of 
experiments of dynamic and non-linear fracture phe- 
nomena have been performed by using rate-indepen- 
dent stress-strain relations of materials [6,7]. However, 
it is well-known that plastic properties of a material 
such as the yield stress depend more strongly on the 
strain-rate than elastic properties such as Young's mod- 
ulus [8,9]. In fact, in the case of a fast crack propagation 
process, a dynamic yield stress is expected to increase 
dramatically near the crack tip, since the plastic strain- 
rate near a crack tip can be estimated to reach the order 
of 103-106 s -1 [9,10]. 

So far several visco-plastic analyses of dynamic frac- 
ture phenomena in non-linear materials have been per- 
formed in earlier literature. For  instance, quasi-static 
visco-plastic analyses of a stationary crack were per- 
formed in [11,12]. These results pointed to the strain-rate 
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dependent relations between the stress intensity factor 
( K )  and the crack tip opening displacement (CTOD). A 
steady state crack propagation in a rate sensitive material 
under the mode III loading condition was calculated in 
[13]. Fully steady state dynamic crack propagation 
problems were also solved analytically and numerically 
in [10,14], respectively. All of these calculations except 
that in [12] were carried out on the assumption that the 
small scale yielding condition is valid near the crack tip. 
In other words, the visco-plastic region near the crack 
tip was assumed to be very small, and to be surrounded 
by an elastic stress field with r -1/2 singularity in 
[10,11,13,14]. 

Also a generation phase calculation of hypothetical 
dynamic crack propagation phenomena in a ductile 
material, which utilized the crack profile data obtained 
from a quasi-static stable crack growth experiment [15], 
was performed in [16]. Although the J '  integral is 
adopted as a fracture mechanics parameter in [16], the 
application of the J '  integral to an elastic-plastic crack 
growth problem is meaningless since it is valid only for 
an elastic-dynamic crack propagation [1,2]. Another 
generation phase calculation of an experiment of dy- 
namic crack propagation under a large scale yielding 
condition was carried out by using an explicit visco- 
plastic formulation and a linear fracture mechanics 
parameter in [17,18]. 

This paper presents several numerical calculations of 
dynamic and non-linear fracture problems in visco-plas- 
tic solids, which are performed by means of a two 
dimensional FEM code based on an implicit visco-plas- 
tic formulation [19] and a technique of gradual release 
of nodal forces. The fracture mechanics parameter 
calculated here is a new path independent integral T* 
[20,21], which is applicable to any fracture phenomena 
of elastic plastic or visco-plastic materials under quasi- 
static as well as dynamic loading conditions, and which 
has the meaning of an energy-release rate for the par- 
ticular visco-plastic material model employed herein. 

At first, section 2 presents a summary of the theories 
and numerical techniques, including the visco-plastic 
formulation, the fracture mechanics parameter and the 
FEM modeling of a continuous crack propagation, 
utilized in the calculations. In section 3, a parametric 
calculation of fast crack propagation at various values 
of constant velocity, in a visco-plastic solid, is carried 
out while changing the magnitude of the applied load 
level. It should be noted here that an elasto-dynamic 
crack propagation problem at a constant velocity has 
been already solved analytically [22] and numerically 
[2]. In section 4, a generation phase calculation of an 
experiment of dynamic crack propagation performed by 

Brickstad [17] is carried out to obtain the relationship 
between the dynamic fracture toughness and crack 
velocity in visco-plastic solids. Finally, section 5 sum- 
marizes high-strain-rate effects on the T* integral and 
the stress-strain fields near the crack tip. 

2. Theories and numerical techniques 

2.1. High-strain-rate plasticity and its tangent modulus 
formulation 

At a sufficiently high strain-rate, ('~w > "~P = 7t , where 
~,w is the visco-plastic shear strain rate and -~t vv is a 
transition visco-plastic shear strain-rate typically lying 
between 103 s -  1 and 10 4 s -  1, respectively), dislocation 
motion is limited by dynamic responses inherent to the 
lattice known as phonon drag. In this regime the visco- 
plastic shear strain-rate, -~w, increases in proportion to 
the shear stress, "i, as: 

" ~ = ' ~ t v P + $ 0 ( z - ~ ' t ) / ~  for "i>~-~'it, (1) 

where/~ is the elastic shear modulus at the temperature 
in question and % is the transition stress associated with 
"~t vp. The above form of eq. (1) is suggested by the data 
of Campbell and Ferguson [9] for mild steel. The 
material constants -~t "p and "~0 are relatively indepen- 
dent of temperature and ref. [9] gives "~t vp = 5000 s -1 
and ~0 = 3 x 107 s -1. 

On the other hand, in the region below the transition 
stress, dislocation motion is controlled by either lattice 
resistance or discrete obstacles. In either case, the stress 
dependence of the plastic strain-rate is much stronger 
than in the regime controlled by phonon drag. In this 
intermediate strain-rate range, the temperature depen- 
dence can be quite strong, particularly for body centered 
cubic metals. For a-iron, lattice resistance is the govern- 
ing mechanism in this region. Ref. [8] gives the follow- 
ing equation: 

5'vP=M-~) exp[- ~-kT [1 - (;)3/T/3}] 

for r < "It, (2) 

where $ is the flow stress at 0 K. The parameters in eq. 
(2) are all presented in [8]. Using their values for a-iron, 
we have the relationship between shear stress "I and 
visco-plastic shear strain rate $"P for four temperatures 
[8-10]. Then, after converting the shear values ($"P, , )  
into the uniaxial tensile values (~vp, a) in eqs. (1) and 
(2), the relationship between the ratio of the dynamic 
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Fig. 1. Relationship between the ratio of %d/Oys and plastic 
strain-rate of pure a-iron. 

yield stress Oy d to the static one Oy s and the visco-plastic 
strain-rate ~ can be approximated as shown in fig. 1, 
where oys is assumed to be the stress value for ivp = 1. 

Such stress-strain relations of rate-dependent plas- 
ticity are, in general, expressed by the following equa- 
tion: 

~vp = g(iVp, ~) (3) 

o r  

OYd = h ( ~ v p ,  ~ v p ) ,  ( 4 )  

where the bar denotes the equivalent value of the re- 
spective tensor. From eqs. (3) and (4), one can derive 
various multiaxial stress-strain relations. In the present 
calculation, we utilize a tangent modulus stress-strain 
relation based on eq. (4), which is written as: 

- F  ~ , (5a) 

2 ~= (2~,+ ~) + - ~ ( H ,  + (Sb)  

where # and A are Lame's elastic constants, C the 
material constant of linear kinematic hardening, 
H 1 (=  Oh/~g "I') the strain hardening rate and I/2 
(= ~ h / ~  "p) the strain-rate hardening rate, respectively, 

and N is the outward normal vector to the dynamic 
yield surface. Also At is time step and (1)~ denotes the 
visco-plastic strain-rate at the former time stage t. 8ij is 
Kronecker's delta and F is a parameter such that F = 1 
when there is loading and F = 0 when there is unload- 
ing or when the material remains elastic. 8 is a parame- 
ter such that 0 < 0 < 1. When 8 = 1 is chosen, eq. (5) 
becomes fully implicit. The numerical stability, accu- 
racy and convergence features Of the present implicit 
tangent modulus formulation are described in detail in 
ref. [19], along with the details of derivation of eq. (5). 

2.2. Calculation of T* integral 

As a fracture mechanics parameter, we calculate the 
T* integral [20,21]. At first, we consider two contour 
integral paths, F, and F, both of which include the 
crack tip as shown in fig. 2. The radius ( of the path F, 
is considered to be very small and shrunk to zero in the 
limiting process. Thus, F, may be referred to as the 
limiting path or near-tip path, while F may be called 
the far-field path. Along the near-tip path F,, the T* 
integral is defined by the following form: 

~)u i 

where n 1 is the X 1 component of the outward normal 
vector on F, and t i the Xi component of the traction 
force. Also W is the total stress work density and T the 
kinematic energy density, respectively, defined as: 

W =  f0"J%l d%l, (7a) 

T =  ½P•i•,, (7b) 

i2 ~XI S 

~ Su 

Fig. 2. Nomenclature for the cracked body and v~ous con- 
tours. 
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where p is the mass density and ua, t~a and /i~ are the 
X~ components of the displacement, velocity and accel- 
eration, respectively. 

By simply applying the divergence theorem, the 
equivalent far-field expression of eq. (6) can be derived 
as follows: 

fr[ Oui] 
v * =  

-£-v, 
• a a ,  .. O u a ~ l  (8) 

where n 1 xs the X 1 component of the outward normal 
vector on F, and t~ the X i component of the traction 
force. For the purpose of numerical convenience, eq. (8) 
is mainly used to evaluate the T* integral in the present 
study. 

Now let us examine the fundamental characteristics 
of the T* integral before going to the numerical appli- 
cation. 

For the elasto-dynamic crack propagation, the T* 
integral corresponds to the energy release rate, G [1,21]. 
Then, using the asymptotic solutions of the stress-strain 
fields near the crack tip for the elasto-dynamic crack 
propagation, the relation between the T* integral and 
the dynamic stress intensity factor for the mode I case, 
K I, can be written as follows: 

= G= + K 2 ( t ,  C)A,(C), ( 9 )  T*( t ,  C) 

where /~ is the shear modulus, t the time and C the 
crack velocity, respectively [1]. The function AI(C ) in 
eq. (9) is expressed as: 

A,(C) = f l , ( l  - f l2) /D(C),  ( I 0 )  

where 

D ( C )  4/31fl 2 -  (1 2 2 = + / 3  2 ) , ( 1 1 )  

/3? = 1 - C2/C2, (12a) 

/32 = 1 - C2/C 2 (12b) 

and C a, C s are the dilatational and the shear wave 
speeds, respectively. For the elasto-dynamic crack prop- 
agation, the stress intensity factor Ki(t,  C) may be 
expressed as products of a velocity factor k(C)  and a 
static value Ks(t ) , as noted by several researchers 
[23,24]: 

Kl( t ,  C) = k ( C ) K s ( t  ). (13) 

The static factor Ks(t ) in eq. (13) depends on the 
current crack length, the applied load, the history of 
crack propagation, but not on the instantaneous crack 
velocity. By substituting eq. (13) into eq. (9), one can 
obtain the following equation: 

T*( t ,  C) = + k ( C ) 2 A , ( C ) K ~ ( t )  

= f * ( C ) T ~ * ( t ) ,  (14) 

where the relation of Ts*(t ) = 1/(2#)K2s(t) is used, and 
then the definition of f * ( C )  is obvious. 

Thus, for the elasto-dynamic crack propagation, the 
T* integral can be also expressed as products of the 
velocity factor f * ( C )  and the static value ~*(t).  

On the other hand, for general dynamic crack propa- 
gation phenomena in elastic-plastic or visco-plastic 
materials, the T* integral in eq. (6) has no physical 
interpretation other than that it is a parameter which 
quantifies the crack tip field, although the path-inde- 
pendence of eq. (8) still holds. 

Next we consider a crack propagation problem in 
visco-plastic materials, whose stress vs. strain-rate rela- 
tion is expressed as: 

\ o0 ! 

where o 0 and n are material constants. In this problem, 
when the stress exponent (n) of eq. (15) is equal to or 
less than 3, the elastic singularity is dominant near the 
crack tip [25]. Then even in the limiting process such 
that F, --, 0, the T* integral in eq. (6) still maintains a 
finite number and, in steady-state crack propagation, 
will again correspond to a non-zero energy-flux to the 
crack tip. On the other hand, when the stress exponent 
(n)  goes to infinity, visco-plastic stress-strain fields 
near the crack tip get close to rate independent plastic 
fields. In other words, neither strain hardening nor 
strain-rate hardening occurs near the propagating crack 
tip. Then, the T* integral as in eq. (6) vanishes in the 
limit process such that F, ~ 0 [26]. 

2.3. FEM modeling of a continuous crack propagation 

Crack propagation is modeled by utilizing the nodal 
release technique. For eight-noded isoparametric ele- 
ments, the nodal forces are slowly released at both 
corner and midside nodes in a simultaneous, linear 
fashion to model an increment of crack growth. The 
reasons of the adoption of the linear relaxation tech- 
nique are as follows. 
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Fig. 3. Shapes of the near-tip path, F,. 

Usually, the linear relaxation technique gives 
smoother results than non-linear relaxation techniques, 
which keep the stress intensity factor or the energy 
release rate constant during the propagation in each 
element [1]. Furthermore, such physical interpretations 
for the non-linear relaxation techniques cannot be ex- 
tended to the problems of crack propagation in non-lin- 
ear materials. 

No singularities in the element at the crack tip are 
included since it is essentially impossible to implement 
such a technique when using the nodal release tech- 
nique. It should be noted that the moving singular finite 
element method in [2] gives the best results for elasto- 
dynamic crack propagation problems, but that for the 
problems of crack propagation in non-linear materials, 
the interpolation procedures required for remeshing can 
introduce errors in the near crack tip field solution, 
which causes the volume integral of eq. (8) to be in 
error. It requires a further study to remedy this situation 
by improving the interpolation procedure when remesh- 
ing. 

. . . .  Contour Integral Path 
b~ W ~q 
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Fig, 4. Finite element mesh and integration paths. 

In order to calculate the T* integral for the growing 
crack problem in elastic-plastic or visco-plastic materi- 
als, a Dugdale-shaped integral path F,, which consists 
of a straight line portion parallel to the advancing crack 
and of a semicircle centered at the current crack tip, is 
adopted instead of the circular path F,, as shown in fig. 
3. In general, for the finite element analyses of the 
growing crack problem, the elements along the extended 
crack are in the plastic wake of the crack. Then it is 
unreasonable to expect an accurate solution from the 
highly deformed elements. Therefore, by using the Dug- 
dale near-tip path F, as shown in fig. 3, the T* integral 
is calculated close to the crack tip bit away from these 
wake elements [27,28]. 

3. Parametric study of dynamic crack propagation at 
constant crack velocity 

3.1. Description of the problem 

In this chapter a parametric study of fast crack 
propagation at a constant velocity in a visco-plastic 
solid is carried out, by changing the magnitude of the 
crack velocity, as well as that of the applied loading 
level and the assumed constitutive stress-strain relation. 
Fig. 4 shows the finite element mesh of one forth 
portion of a center cracked square plate at time t = 0, 
which consists of 451 eight-noded isoparametric regular 
elements. A time-independent and uniform tensile load 
P is applied on both edges of the plate. The crack starts 
to propagate symmetrically from an initial crack length 
of a 0 = 0.2W ( W =  width of the plate) at a constant 
crack velocity, C. The material properties used here are 
the elastic shear modulus ~ = 29.4 GPa, Poisson's ratio 

= 0.286 and the mass density p = 2450 kg /m 3, respec- 
tively. The elastic shear wave speed in this material is 
C s = 3464.1 m/s .  For the elasto-plastic or visco-plastic 
analyses, the static yield stress Oy s is assumed to be 
195.08 MPa, and the dynamic yield stress oy d is calcu- 
lated by using the relationship between the ratio of 
O y d / O y  s and the plastic strain rate ~vp at a temperature 
of 200 K shown in fig. 1. The strain-hardening effect is 
ignored, i.e. H 1 = 0 in eq. (5). A plane strain state of 
stress is also assumed. 

Three contour paths denoted by dashed lines in fig. 4 
are used to calculate the T* integral, and the T* 
integral is defined along the Dugdale near-tip path F, of 
one element layer as shown in fig. 4. 

When the material's response is assumed to be elas- 
tic, this problem may be considered to be similar to the 
problem solved by Broberg [22], except that he treated 
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an elasto-dynamic crack propagation problem in an 
infinite body with a zero initial crack length. Also, the 
same elasto-dynamic crack propagation problem as the 
present one was calculated by Nishioka and Atluri 
using a moving singular finite element method and the 
J '  integral as a fracture mechanics parameter [2]. 

The procedure of the present calculation is as fol- 
lows. The applied tensile load P increases statically to 
the specific value, assuming that the material is either 
elastic or elastic rate-independent plastic. Then while 
the load P is maintained at this value, the crack prop- 
agates dynamically at a constant crack velocity C in 
either an elastic, elastic rate-independent plastic or elas- 
tic visco-plastic solid. The parametric calculation is 
performed by varying the level of the applied load P, 
that of the crack velocity C and the assumed constitu- 
tive stress-strain relation of material, in order to in- 
vestigate high strain-rate effects on this phenomenon. 

Newmark's/3 method is employed as a time integra- 
tion scheme. The time step, such that the crack ad- 
vances the distance of one element size in 10 steps, is 
adopted, i.e.: 

At = 9.6225 x 10 -8 s 

At =4.8113 x 10 -8 s 

At = 3.2075 x 10 -8 s 

for C = 0.2C S, 

for C = 0.4C s, 

for C = 0.6Cs, 

all of which satisfy the Courant condition. 

3. 2. Numerical verification of  the method 

Fig. 5 shows the calculated T* integral vs. path 
number for the dynamic and visco-plastic crack prop- 
agation problem under the condition such that the 
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Fig. 5. Path independence of T* integral for dynamic crack 
propagation in a visco-plastic solid (P = 0 . 6 O y s ,  C / C  s = 0 . 4 ) .  
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Fig. 6. Variations of T* integral for dynamic crack propa- 
gation in an elastic solid, (C/C s = 0.2, 0.4, 0.6). 

applied load P is 0.6ay s and the crack velocity C is 
0.4C s, respectively. The solid marks show the T* in- 
tegral defined by eq. (8), and the open marks the line 
integral portion of the T* integral written as follows: 

Fig. 5 demonstrates the excellent path independence 
of the T* integral at any time even for the dynamic 
crack propagation phenomenon in a visco-plastic solid 
which is simultaneously influenced by inertia, non-pro- 
portional loading and unloading effects, while the line 
integral in eq. (16) depends strongly on the integral 
path. 

Fig. 6 shows the variations of the T* integral calcu- 
lated for the elasto-dynamic crack propagation at three 
different crack velocities of 0.2Cs, 0.4Cs and 0.6Cs, 
respectively. As explained in section 2.2, the T* in- 
tegral corresponds to the energy release rate G in an 
elastic case. The horizontal axis is scaled with the nor- 
malized crack length, a / W .  In this figure, the solid lines 
denote the calculated T* integral and the broken lines 
Broberg's solutions [22], which are converted from the 
stress intensity factor, K, to the T* integral by using 
the relationship in eq. (9). 

As well known, the nodal release technique for the 
modeling of the crack propagation causes more or less 
periodic oscillation of the calculated stress intensity 
factor. When the T* integral defined by eq. (8) is 
calculated, we also met the similar periodic oscillation, 
whose amplitude is about 15% at most. This oscillation 
may be attributed to the inertia term in the volume 
integral of eq. (8). Then, the averaged value of the T* 
integral for crack extension in each element is plotted in 
fig. 6. It is seen from the figure that numerical results 
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Fig. 7. Distributions of visco-plastic strain-rate around the crack tip (P = 0.6Oys, C / C  s = 0.2, 0.4, 0.6). 

show a sudden drop from initial static values to dy- 
namic ones in the earlier stage of the crack propagation, 
while Broberg's solutions do not. Also, a nuckle point 
can be observed at midpoint  in the curve of C = 0.2C s. 
This behavior is considered to be induced when the 
stress wave reaches from the edge of the plate to the 
crack tip. Nevertheless, fig. 6 demonstrates the reasona- 

ble agreement between the calculated and analytical 
solutions after the solution reaches the steady state 
regime. 

As discussed in section 2.2, for the elasto-dynamic 
crack propagation, the T* integral can be expressed as 
products of the velocity factor f *  and the static value 
T~* [see eq. (14)]. It is also possible to estimate the 
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Fig. 8. Distributions of equivalent stress around the crack tip (P = 0 . 6 O y s ,  C//Cs = 0.2, 0.4, 0.6). 
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Fig. 9. Distributions of total visco-plastic stress work density around the crack tip (P = 0.6Oys, C/C s = 0.2, 0.4, 0.6). 

velocity factor f *  of the T* integral for a steady state 
crack propagation, by utilizing fig. 6. At first we ex- 
terpolate the T* integral from the steady-state regime 
to the initial stage of a / W =  0.2, (i.e. the vertical axis), 
and determine the dynamic value for an initial crack 
length, Td* (a 0, 4, 0 + ). Then, dividing the dynamic value 
by the static value for the initial crack length, 
T~*(a o, 0 ), we can finally obtain the relevant velocity 
factor f *  in the steady-state. 

In the following section, visco-plastic effects on the 
velocity factor will be discussed in detail. 

3.3. High-strain-rate effects 

increasing with the increasing crack velocity. In other 
words, the visco-plastic crack tip fields are getting simi- 
lar to the elastic ones in accordance with the increasing 
crack velocity, while the visco-plastic crack tip fields are 
getting close to the rate-independent plastic ones with 
the decreasing crack velocity. In order to see such 
behaviors of the crack tip fields in more quantitative 
fashion, we define two parameters a and /3 as follows: 

a = ~PRp/~C, ( 1 7 a )  

fl = ~C/~eRp,  (17b) 

where R p is the size of the visco-plastic yield region, 

(1) Stress-strain fields near the crack tip 
Fig. 7 shows the distributions of plastic strain rate 

~vp near the tip of the propagating crack of a / W =  0.43, 
for three different crack velocities of 0.2C s, 0.4C+ and 
0.6C,, in the case when the load P is 0.6oy s. Figs. 8 and 
9 also show the distributions of equivalent stress, 5, and 
those of total visco-plastic stress work density, W vp, 
respectively. In these figures, the plastic strain-rate, the 
equivalent stress and the total stress work density are 
normalized by the transition plastic stain-rate, ~t p o f  
2887 s 1, the static yield stress oy s of 195.08 MPa and 
the elastic stress work density at the elastic limit W e of 
2.5 X ] 0  4 N / m  2, respectively. It is seen from those 
figures that the size of visco-plastic yield region is 
decreasing with the increasing crack velocity, and that 
the values of strain-rate and stress near the crack tip are 

Viscoptostic Anolysis 
( P : 0.50"ys ) 

R }.1 ~ 
kJ 2C Plastic P j' .i ICEI i~ It/.) O( zone 

"~..~ ~ 
ii LI 

1 ).05 £~_ 

. . z > - - ' ~  
0 

6 o.'2 0:4 o:s ola ~io 
C / C ,  

Fig. 10. Parameters ~ and/~ vs. crack velocity (P = 0.6Oys). 
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Fig. 11. Variations of T* integral for dynamic crack propa- 
gation in a visco-plastic solid (C/C~ = 0.6). 

Fig. 12. Variations of T* integral for dynamic crack propa- 
gation in a visco-plastic solid (C/C~ = 0.4). 

the equivalent strain and i e the elastic strain-rate, re- 
spectively. Fig. 10 shows a and fl plotted against the 
normalized crack velocity, C/Cs. It is clearly shown in 
the figure that as the crack velocity increases, a goes to 
zero and fl increases, and that as the crack velocity 
decreases, c~ goes to infinity and fl goes to zero. 

(2) Behaviors of the T* integral 
Fig. 11 shows the calculated variations of the T* 

integral in the cases of C = 0.6C~. The applied loads P 
are 0.6Oy s and 0.8oy S. The solid lines show the visco- 
plastic results of the T* integral, the dashed line the 
rate-independent plastic result and the broken lines the 
elastic results. 

Now we compare the elastic, elastic-plastic and elas- 
tic visco-plastic results with each other in the case of 
P = 0.8Oy s. In the earlier stage of the crack propagation, 
the visco-plastic result of the T* integral drops in the 
same fashion as the rate-independent plastic one. Then, 
the visco-plastic result is getting close to the elastic one 
in accordance with the crack propagation. Such an 
interesting behavior of the T* integral for the dynamic 
crack propagation in a visco-plastic solid may be ex- 
plained as follows. As discussed in section 2.2, in gen- 
eral, when the stress exponent (n)  of the visco-plastic 
constitutive equation defined as in eq. (15) is equal to or 
less than 3, the elastic singularity is dominant  near the 
crack tip. Also, let's recall the stress vs. strain-rate 
relationship adopted in the present calculation, which is 
shown in fig. 1. According to fig. 1, the stress increases 
in proportion to the increasing strain-rate in the higher 
strain-rate region above the transition strain-rate, i t  'q' . 
In other words, the stress exponent of the adopted 
stress vs. strain-rate relation is 1 in the higher strain-rate 
region. Therefore, as shown in fig. 11, the visco-plastic 
result is getting close to the elastic one as the crack tip 

stress field is transferring from the quasi-static state to 
the dynamic state. 

It should be noted that as explained in section 2.2, 
the rate-independent result should go to zero in the 
limiting process of F,---, 0. Although in the present 
calculation the T* integral holds a certain number even 
for the crack propagation in a rate-independent plastic 
solid because of the adoption of the finite size of near 
tip path F,, this rate-independent plastic result will go 
to zero in the limiting process such that F, --, 0. 

Fig. 12 shows the calculated variations of the T* 
integral in the cases of C = 0.4Cs. Fig. 13 shows the 
calculated variations of the T* integral in the cases of 
C=0 .2Cs .  From figs. 11, 12 and 13, it can be seen 
clearly that the visco-plastic result is getting close to the 
elastic result in accordance with the increasing crack 
length for any crack velocity, but that the visco-plastic 
result gets close to the elastic one more rapidly when 
the crack velocity is faster. 

~"~ C = 0.2Cs , / "  1 " 
"'" '" I P=OaO~, 

z 1.C 
~o 

- - - -  Plast ic  

. . . . .  ELastic 

0 
0.2 0.3 0.4. 0.5 

a l W  

Fig. 13. Variations of T* integral for dynamic crack propa- 
gation in a visco-plastic solid ( C / C  s = 0.2). 
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Fig. 14 shows the calculated velocity factors f *  of 
the T* integral plotted against the normalized crack 
velocity, C/C~. For the elasto-dynamic crack prop- 
agation, the T* integral corresponds to the energy 
release rate, G, and then the velocity factor f *  in fig. 
14 is the same as that of the energy release rate. In the 
figure, the square open marks and the broken line 
indicate the velocity factors obtained from elastic 
analyses. Also, the solid circles and the solid lines 
denote the velocity factors obtained from visco-plastic 
analyses in the cases of P = 0.6Oy s, and the open circles 
and the solid line those in the cases of P=0 .8Oy S, 
respectively. It is seen from the figure that the velocity 
factor f *  for the elastic crack propagation equals to 1 
when the crack velocity is 0, and then it decreases in an 
almost linear fashion with the increasing crack velocity 
until the crack velocity reaches the Rayleigh wave speed, 
C R. On the other hand, the velocity factor f *  for a 
crack propagation in visco-plastic solids at the crack 
speed of 0, essentially corresponds to that for the crack 
propagation in a rate-independent plastic solid. There- 
fore, although the velocity factor for the crack prop- 
agation in a visco-plastic solid at the crack velocity of 0, 
has still a finite number because of the adoption of the 
finite size of near tip path F~, this rate-independent 
plastic result of the velocity factor will become zero in 
the limiting process such that F, ~ 0. 

After those considerations on two limit cases, the 
behaviors of the visco-plastic results shown in fig. 14 
can be understood as follows. As expected from the 
behaviors of the near-tip stress-strain fields in figs. 7 
and 8, as the crack velocity becomes slower, the visco- 
plastic velocity factors get closer to the rate-indepen- 
dent plastic ones, and then go down. On the other hand, 
as the crack velocity becomes faster, the visco-plastic 
velocity factors get closer to the elastic ones, and then 

go down again. It seems that a maximum value of the 
velocity factor exists under a condition such that the 
crack velocity is between 0 and 0.2C s. In any case, by 
assuming that such steady state solutions are still valid 
in the practical unsteady state, one could estimate the 
applied T* integral for a dynamically propagating crack 
by multiplying the velocity factor as in fig. 14 by the 
calculated T* integral for a stationary crack with 
equivalent length. 

Fig. 15 shows the ratio of the visco-plastic velocity 
factor to the elastic one plotted against the normalized 
crack velocity. The figure shows clearly that the visco- 
plastic velocity factor is approaching the elastic one in 
accordance with the increasing crack velocity. Also the 
lower the loading level becomes, the sooner the visco- 
plastic velocity factor approaches the elastic one. 

Fig. 16 shows the ratio of Tp to the T* integral, 
where Tp is a line integral portion of the T* integral 

-E~0 '~ co 

i ~  ~ ~ -  - Viscoplastic \ ~ ~ . ,  ~:o~c~ 

0 0.2 0.4 0.6 0.8 CR 1.0 
C/Cs 

Fig. 16. Ratio of Tp/T* vs. crack velocity in the steady-state. 
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calculated along the farthest path F 3 as defined by the 
following form [see fig. 4]: 

Now the Tp-integral may be regarded as an external 
driving force for the crack propagation. In the figure, 
the broken line shows the elastic result of Tp/T*, and 
two solid lines the visco-plastic ones  for two different 
loading levels, respectively. The elastic ratio equals to 1 
at the crack velocity of 0, and increases monotonically 
with the crack velocity. When the crack velocity is 
appearing the Rayleigh wave speed C R, T* goes to zero 
and the ratio of Tp/T* goes to infinity. Also, when the 
crack velocity is zero, the visco-plastic results are coinci- 
dent with the rate-independent plastic results. Then, 
when F~ tends to zero, the T* integral goes to zero and 
the ratio of Tp/T* goes to infinity again. Therefore, the 
visco-plastic results vary between both elastic and rate- 
independent plastic solutions as shown in fig. 16. 

Freund and Hutchinson [10,14] also obtained the 
similar result to fig. 16 from the analyses of the steady 
state dynamic crack propagation under  the small scale 
yielding condition by considering the visco-plastic ef- 
fects very near the crack tip. However, it seems that fig. 
16 is describing a more practical situation, that is, the 
dynamic and large-scale visco-plastic crack propagation 
initiated from a quasi-static condition. 

Fig. 16, which is the relationship between the exter- 
nal driving force Tp and the applied crack-tip T* 
integral, under conditions such that the crack velocity is 
C and the applied load is P,  respectively, tells us an 
interesting feature of the dynamic crack propagation in 
a visco-plastic solid. Now we assume that the steady- 
state solutions as shown in fig. 16 are approximately 
valid under practical unsteady-state conditions, and that 
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the fracture toughness is constant during crack propa- 
gation. Let us consider the case of P = 0.6oy s in fig. 16. 
When a moving crack is created under combinations of 
Tp/T* and C lying below the visco-plastic curve of 
P = 0.6Oy s, the external driving force Tp is not enough 
to let the crack propagate at that velocity, and then the 
crack will decelerate until  either the crack arrests, (i.e. 
case 2), or a solution on the curve is attained, (i.e. case 
1). On the other hand, when a crack is created under 
combinations of Tp/T* and C lying above the curve, 
the crack will accelerate until  a solution state reaches to 
the curves, (i.e. case 3). In particular, the situation of 
case 2 should be paid more attention since it is directly 
related to initiation as well as arrest phenomena in 
visco-plastic solids, and is very different from those in 
elastic solids. 

4. Generation phase calculation of dynamic crack propa- 
gation 

4.1. Description of the problem 

In this section we perform a generation phase calcu- 
lation of the experiment, which was done by Brickstad 
[17], of the dynamic crack propagation. Brickstad also 
carried out its generation phase calculation by account- 
ing for the visco-plasticity [17]. 

Fig. 17 shows a finite element mesh of the upper half 
portion of a short single cracked plate at time t = 0, 
which consists of 675 eight-noded isoparametric regular 
elements. A displacement-controlled load P is applied 
statically on both edges of the plate until  the average 
tensile load P reaches the value of 0.91o°s (o°s: initial 
static yield stress). Then, while the displacement is 
maintained at the specific value, the crack starts to 
propagate suddenly. The crack velocity profile mea- 
sured in the experiment was used in the present calcula- 
tion as input data. The material properties used here are 
Young's modulus E = 210 GPa, Poisson's ratio p = 0.3 
and the mass density p = 7870 k g / m  3, respectively. The 
shear modulus ff is 80.77 GPa, and the elastic shear 
wave speed C~ is 3203.6 m / s ,  respectively. Also the 
initial static yield stress o°s and the strain hardening 
rate H 1 ( =  Oh/OU p) are assumed to be 1485 MPa and 
1.05 x 104 MPa, respectively. Fig. 18 shows the ratio of 
%a/oys vs. plastic strain-rate relationship used in the 
present calculation. Although Brickstad used the rela- 
tionship denoted by the broken line in fig. 18 [17], we 
modified slightly the relationship in the higher strain 
rate region by considering the phenomenon of high- 
strain-rate plasticity described in section 2.1. 
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The T* integral is defined along the Dugdale near-tip 
path F, of one element layer in fig. 17. Three contour 
paths denoted by dashed lines are used to calculate the 
T* integral. 

Newmark's/3 method is employed as a time integra- 
tion scheme. The time step size was kept at a constant 
value of 0.6/zs. Since the thickness of the plate utilized 
in the experiment is only 0.5 mm, the plane stress state 
of stress is adopted in the present calculation. 

4.2. Stress-strain fields around the propagating crack 

Fig. 19 shows the distributions of plastic strain-rate 
in the plate at times of 8.8 and 200/~s, respectively. The 
red region indicates the region where ~P> 1000 s -a, 
and the blue the region where i P < l  s 1. It is seen 
from the figure that the near-tip strain-rate is smaller 
than the transition strain-rate of ~t p = 2887 s -],  and it is 
expected that high-strain-rate effects are not so signifi- 
cant in the present problem as in the hypothetical crack 
propagation problem presented in section 3. 

Fig. 20 shows the distributions of equivalent stress in 
the plate at times of 0 and 200 ~ts, respectively. In the 
figure, the red region indicates the region where # > 2000 
MPa, and the blue the region where 6 < 10 MPa, re- 
spectively. It can be seen easily from the figure that the 
loading/unloading regions are transferring with the 
propagating crack tip. The figure also shows the resid- 
ual stress region (or plastic wake region) along the path 
of the propagating crack tip. 

Fig. 21 shows the distributions of accumulated 
equivalent plastic strain in the plate at times of 0 and 

200 /xs, respectively. In the figure, the red region indi- 
cates the region where gP > 1%, and the blue the region 
where .~P<0.01%, respectively. This figure demon- 
strates the plastic wake behind the propagated crack-tip. 
It is also seen that the size of plastic wake becomes 
smaller just after the crack initiation, but that it in- 
creases and reaches almost the steady state after the 
crack propagated in a certain distance. In any case, this 
result clearly indicates that this crack propagation phe- 
nomenon occurred under the large scale yielding condi- 
tion. 

Fig. 22 shows the distributions of visco-plastic stress 
work density rate in the plate at times of 8.8 and 200 
~ts, respectively. The red region indicates the region 
where l~P>  600 GJ/m3.s ,  and the blue the region 
where I~VP < 6 G J / m  3 • s, respectively. The information 
on such visco-plastic stress work density rate as a heat 
source will be utilized to perform more accurate simula- 
tion of the dynamic crack propagation problem in 
visco-plastic solids, which interacts with thermal heating 
near the crack tip fields [29,30]. 

4.3. Behavior of fracture mechanics parameters 

Fig. 23 shows the calculated energy flow into the 
crack-tip plotted against the normalized crack length. 
The figure also shows the profile of the crack velocity, 
which was measured in the experiment and used as 
input data. The energy flow was obtained by calculating 
the products of the released nodal forces and the nodal 
displacements for crack extension of unit length, which 
is denoted by the broken line in the figure. Since the 
energy flow oscillates heavily as shown in the figure, the 
averaged value for crack propagation in each element 
length was plotted by a solid line. For the purpose of 
comparison, the energy flow calculated by Brickstad 
[17] is also shown in fig. 23 by solid circles. In general, 
since the energy flow is a parameter only for the'elasto- 
dynamic crack propagation, it is apparently invalid to 
describe the relevant crack propagation in a visco-plas- 
tic solid. Also it is well known that the energy flow 
calculated by FEM has strong dependence on mesh size. 
From these reasons, we cannot expect to obtain any 
meaningful results about non-linear crack propagation 
phenomena from this figure. However, we can at least 
confirm the consistency of the present calculation by its 
good agreement with Brickstad's calculation, which used 
almost the same size of mesh as that used in the present 
analysis. 

Fig. 24 shows the calculated T* and Tp integrals 
plotted against the normalized crack length. The solid 
line denotes the T* integral, the broken line the Tp 
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integral and the dashed line the crack velocity profile 
used as input data, respectively. It should be noted here 
that the value of the T* integral plotted in the figure is 
not the averaged value because the T* integral does not 
involve any higher mode oscillation. 
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The T o integral is a line integral defined as eq. (18) 
and is calculated with the farthest path from the crack- 
tip shown in fig. 17. From fig. 24, one can see transient 
behaviors of every parameter in the earlier stage of the 
crack propagation. The figure also shows that the T* 
integral is decreasing in accordance with the decreasing 
crack velocity, while the Tp integral keeps almost con- 
stant, irrespective of the crack velocity. Such a transient 
behavior of the T* integral seems to correspond well to 
that of crack tip fields shown in fig. 23. The difference 
between both behaviors of T* and Tp integrals may 
demonstrate that the T* integral is much proper to 
describe the dynamic crack propagation phenomena in 
visco-plastic solids than the far-field line integral such 
as Tp. 

Fig. 25 shows the variations of each component of 
the T* integral defined by eq. (8) and calculated with 
the farthest path from the crack tip shown in fig. 17. It 
can be noticed from the figure that the contribution of 
inertia terms to the T* integral is not so significant in 
this particular problem, compared with the stress work 
density terms. 

4.4. Dynamic fracture toughness of crack propagation 
phenomena 

Fig. 26 presents the obtained relationship between 
fracture toughness Tt~ and crack velocity. Although 7D 
is plotted in fig. 26 for the purpose of comparison, "fD 
cannot be fracture toughness in the present problem as 
explained previously. Since we obtained an almost lin- 
ear relationship between the dynamic fracture tough- 
ness TI~ and the crack velocity for the visco-plastic and 
dynamic crack propagation as shown in fig. 26, we will 
be able to perform further studies such as an applica- 
tion phase calculation of the dynamic crack propagation 
by utilizing this relationship. 
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5. Conclusions 

The conclusions in this study are as follows: 
At first, the parametric calculations of a dynamic 

crack propagation at a constant velocity in a visco-plas- 
tic solid showed the following natures of the dynamic 
crack propagation: 

In general when the crack propagates dynamically in 
elastic solids, the T* integral decreases in an almost 
linear fashion with the increasing crack velocity only 
due to inertia effects. When the crack grows statically in 
rate-independent perfect plastic solids, the T* integral 
becomes zero in the limiting process such that F, ~ 0 
[26,27]. Also, if a dynamic crack propagation occurs in 
rate-independent plastic solids, the T* integral might 
be zero. This phenomenon appeared in rate-indepen- 
dent plastic solids is attributed to the fact that when the 
crack propagates in rate-independent plastic solids, the 
energy is dissipated by plastic loading and elastic un- 
loading processes around the crack tip. However, actual 
elastic-plastic materials have more or less visco-plastic 
natures, that is, strain-rate hardening effects. As a re- 
sult, when the crack propagates at a very low velocity in 
visco-plastic solids, the visco-plastic crack-tip fields are 
getting similar to the rate-independent plastic ones, and, 
when the crack propagates at a very high velocity, the 
visco-plastic crack-tip fields are approaching the elastic 
ones due to high-strain-rate effects. Corresponding to 
such behaviors of the crack-tip stress-strain fields, the 
T* integral becomes zero in the limiting process of 
F, ~ 0 when the crack velocity is extremely low, and the 
T* integral increases until reaching the nearly elastic 
solution when the crack velocity is very high. Then, 
when the crack velocity approaches to the Rayleigh 
wave speed, the T* integral again goes to zero due to 
inertia effects. 

Although the present calculations consider only 
steady-state crack propagation phenomena at a con- 
stant velocity, the present results may describe partly 
actual non-steady dynamic crack propagation phenom- 
ena in visco-plastic solids. 

Secondly, from the generation phase calculation of 
the experiment, we obtained an almost linear relation- 
ship between the dynamic fracture toughness and the 
crack velocity for visco-plastic dynamic crack propa- 
gation. More reliable dynamic fracture toughness for 
the crack propagation in visco-plastic solids will be 
obtained by performing more generation phase calcula- 
tions with the FEM program presented here. After these 
tasks, general dynamic crack propagation phenomena in 
visco-plastic solids will be able to be predicted by 
utilizing the obtained fracture criterion in terms of T* 

integral. Also the information on visco-plastic stress 
work density rate as a heat source will be utilized to 
carry out more realistic simulation of the dynamic crack 
propagation phenomena, which takes into account in- 
teraction effects between the stress-strain fields near 
the crack-tip and the thermal heating fields. 
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