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Abstract The Element free Galerkin method, which is
based on the Moving Least Squares approximation, re-
quires only nodal data and no element connectivity, and
therefore is more ¯exible than the conventional ®nite el-
ement method. Direct imposition of essential boundary
conditions for the element free Galerkin (EFG) method is
always dif®cult because the shape functions from the
Moving Least Squares approximation do not have the delta
function property. In the prior literature, a direct collo-
cation of the ®ctitious nodal values û used as undeter-
mined coef®cients in the MLS approximation,
uh�x� �uh�x� � U � û�, was used to enforce the essential
boundary conditions. A modi®ed collocation method
using the actual nodal values of the trial function uh�x� is
presented here, to enforce the essential boundary condi-
tions. This modi®ed collocation method is more consistent
with the variational basis of the EFG method. Alterna-
tively, a penalty formulation for easily imposing the es-
sential boundary conditions in the EFG method with the
MLS approximation is also presented. The present penalty
formulation yields a symmetric positive de®nite system
stiffness matrix. Numerical examples show that the present
penalty method does not exhibit any volumetric locking
and retains high rates of convergence for both displace-
ments and strain energy. The penalty method is easy to
implement as compared to the Lagrange multiplier
method, which increases the number of degrees of free-
dom and yields a non-positive de®nite system matrix.

1
Introduction
Meshless approximations have become interesting and
promising methods in solving partial differential equa-
tions, due to their ¯exibility in practical applications. The
element free Galerkin method based on the Moving Least
Squares approximation (Belytschko et al. 1994) is one of

the meshless approaches. The original form of the element
free Galerkin method was proposed by Nayroles et al.
(1992), which they called the Diffuse Element Method.
Belytschko and his research group have popularized the
method in its current form.

The Element free Galerkin method is almost identical to
the conventional ®nite element method (FEM), as both of
them are based on the Galerkin formulation, and employ
local interpolation/approximation to approximate the trial
functions. The key differences lie in the interpolation
methods, integration schemes and in the enforcement of
essential boundary conditions. The EFG method employs
the Moving Least Squares (MLS) approximants to ap-
proximate the trial functions. One of the problems with the
MLS approximants is that, in general, they do not pass
through the data used to ®t the curve, i.e., they do not have
the property of nodal interpolants as in the FEM, i.e.,
/i�xj� � dij, where /i�xj� is the shape function corre-
sponding to the node at xi, evaluated at a nodal point, xj,
and dij is the Kronecker delta, unless the weight functions
used in the MLS approximation are singular at nodal
points. Also, the shape functions from the MLS approxi-
mation are not polynomials. Therefore, the essential
boundary conditions in the EFG methods can not be easily
and directly enforced. Several approaches have been
studied for enforcing the essential boundary conditions in
the EFG method ± such as the direct collocation method
(Lu et al. 1994; Belytschko and Tabbara 1996; Mukherjee
and Mukherjee 1997), Lagrange multipliers method (Bel-
ytschko et al. 1994; Krysl and Belytschko 1995), using
tractions as Lagrange multipliers (Lu et al. 1994; Mu-
kherjee and Mukherjee 1997), using the weak form of the
essential boundary conditions (Lu, Belytschko and Tabbara
1995), and the combined FEM-EFG method (Belytschko et al.
1995; Krongauz and Belytschko 1996; Hegen 1996).

Using independent Lagrange multipliers to enforce es-
sential boundary conditions is common in structural
analysis when boundary conditions can not be directly
applied. However, this method leads to an awkward
structure for the linear algebraic equations for the discrete
system and increases the number of unknowns; moreover,
the discrete linear system is no longer positive de®nite.
Using tractions derived from the assumed displacement
®eld as Lagrange multipliers (in a solid mechanics prob-
lem) in the modi®ed variational principle can, of course,
reduce the number of unknowns and therefore, reduce the
computational costs, but it might bring unstable solutions
(Xue 1984; Xue and Atluri 1985; Xue et al. 1985; Mang and
Gallagher 1977, 1985), and is not as convenient as the
direct imposition of the essential boundary conditions.
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In this paper, two new methods for the enforcement of
the essential boundary conditions are proposed and dis-
cussed. In the ®rst, the direct collocation method reported
in Lu et al. (1994) and Mukherjee and Mukherjee (1997) is
modi®ed. The modi®ed approach is shown to yield much
more accurate results than the aforementioned direct
collocation. In the second approach, a penalty formulation
is presented, which can enforce the boundary conditions
and yield a symmetric and positive-de®ne linear system of
equations.

This paper begins with a brief summary of MLS ap-
proximation in Sect. 2. The variational principles used in
the present methods are discussed in Sect. 3 and the dis-
crete equations for the direct collocation, the modi®ed
collocation and penalty methods are presented in Sect. 4.
Numerical implementations of the methods and the weight
functions are discussed in Sect. 5; and numerical examples
for 2-D elasticity problems are given in Sect. 6. The paper
ends with conclusions in Sect. 7.

2
The MLS approximation scheme
This section gives a brief summary of the MLS approxi-
mation scheme. Lancaster and Salkauskas (1981), Bel-
ytschko et al. (1994) gave more details about the properties
of the MLS approximation.

Consider a sub-domain Xx, the neighborhood of a point
x and denoted as the domain of de®nition of the MLS
approximation for the trial function at x, which is located
in the problem domain X. To approximate the distribution
of function u in Xx, over a number of randomly located
nodes fxig, i � 1; 2; . . . ; n, the Moving Least Squares ap-
proximant uh�x� of u; 8x 2 Xx, can be de®ned by

uh�x� � pT�x�a�x�; 8x 2 Xx �1�
where pT�x� � �p1�x�; p2�x�; . . . ; pm�x�� is a complete mo-
nomial basis of order m; and a�x� is a vector containing
coef®cients aj�x�; j � 1; 2; . . . ;m which are functions of the
space coordinates x � �x1; x2; x3�T. For example, for a 2-D
problem,

pT�x� � �1; x1; x2�; linear basis; m � 3 ; �2a�
pT�x� � �1; x1; x2; �x1�2; x1x2; �x2�2�; quadratic basis;

m � 6 �2b�
and for a 3-D problem

pT�x� � �1; x1; x2; x3�; linear basis; m � 4 ; �3a�
pT�x� � �1; x1; x2; x3; �x1�2; �x2�2; �x3�2; x1x2; x2x3; x1x3�

quadratic basis; m � 10 : �3b�
The coef®cient vector a�x� is determined by minimizing a
weighted discrete L2 norm, de®ned as:

J�x� �
Xn

i�1

wi�x��pT�xi�a�x� ÿ ûi�2

� �P � a�x� ÿ û�T �W � �P � a�x� ÿ û� �4�
where wi�x� is the weight function associated with the
node i, with wi�x� > 0 for all x in the support of wi�x�, xi

denotes the value of x at node i, n is the number of nodes
in Xx for which the weight functions wi�x� > 0, and the
matrices P and W are de®ned as

P �
pT�x1�
pT�x2�
� � �

pT�xn�

2664
3775

n�m

; �5�

W �
w1�x� � � � 0
� � � � � � � � �
0 � � � wn�x�

24 35 �6�

and

ûT � �û1; û2; . . . ; ûn� : �7�
Here it should be noted that ûi; i � 1; 2; . . . ; n in Eqs.

(4) and (7) are the ®ctitious nodal values, and not the
nodal values of the unknown trial function uh�x� in general
(see Fig. 1 for a simple one dimensional case for the dis-
tinction between ui and ûi.)

The stationarity of J in Eq. (4) with respect to a�x� leads
to the following linear relation between a�x� and û.

A�x�a�x� � B�x�û �8�
where the matrices A�x� and B�x� are de®ned by

A�x� � PTWP � B�x�P �
Xn

i�1

wi�x�p�xi�pT�xi� ; �9�

B�x� � PTW

� �w1�x�p�x1�;w2�x�p�x2�; . . . ;wn�x�p�xn�� :�10�
The MLS approximation is well de®ned only when the
matrix A in Eq. (8) is non-singular. It can be seen that this
is the case if and only if the rank of P equals m. A nec-
essary condition for a well-de®ned MLS approximation is
that at least m weight functions are non-zero (i.e. n � m)
for each sample point x 2 X and that the nodes in Xx will
not be arranged in a special pattern such as on a straight
line. Here a sample point may be a nodal point under
consideration or a quadrature point.

Solving for a�x� from Eq. (8) and substituting it into
Eq. (1) gives a relation which may be written as the form of
an interpolation function similar to that used in FEM, as

( )x

x

Boundary node

1x 2x x

ˆ

Fig. 1. The distinction between the nodal values ui of the trial
function uh�x� and the undetermined ®ctitious nodal values ûi in
the MLS approximated trial function uh�x�
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uh�x� � UT�x� � û �
Xn

i�1

/i�x�ûi;

uh�xi� � ui 6� ûi; x 2 Xx �11�
where

UT�x� � pT�x�Aÿ1�x�B�x� �12�
or

/i�x� �
Xm

j�1

pj�x��Aÿ1�x�B�x��ji : �13�

/i�x� is usually called the shape function of the MLS ap-
proximation corresponding to nodal point yi. From Eqs.
(10) and (13), it may be seen that /i�x� � 0 when
wi�x� � 0. In practical applications, wi�x� is generally
chosen such that it is non-zero over the support of nodal
points yi. The support of the nodal point yi is usually taken
to be a circle of radius ri, centered at yi. The fact that
/i�x� � 0, for x not in the support of nodal point yi pre-
serves the local character of the Moving Least Squares
approximation.

The smoothness of the shape functions /i�x� is deter-
mined by that of the basis functions and of the weight
functions. Let Ck�X� be the space of k-th continuously
differentiable functions. If wi�x� 2 Ck�X� and
pj�x� 2 Cl�X�, i � 1; 2; . . . ; n; j � 1; 2; . . . ;m, then
/i�x� 2 Cr�X� with r �min�k; l�.

The partial derivatives of /i�x� are obtained as (Bel-
ytschko et al. 1994)

/i;k �
Xm

j�1

�pj;k�Aÿ1B�ji � pj�Aÿ1B;k � Aÿ1
;k B�ji� �14�

in which Aÿ1
;k � �Aÿ1�;k represents the derivative of the

inverse of A with respect to xk, which is given by

Aÿ1
;k � ÿAÿ1A;kAÿ1 �15�

where, ���;i denotes @���=@xi.

3
Variational principles
Consider the problem of the deformation of a linear elastic
medium from an undeformed domain X, enclosed by C:

$ � r� b � 0 in X �16�
where r is the stress tensor corresponding to the dis-
placement ®eld u and b is a body force vector; with
boundary conditions as follows:

r � n � t on Ct ; �17a�
u � u on Cu �17b�
in which t and u are prescribed tractions and displace-
ments, respectively, on the traction boundary Ct and on
the displacement boundary Cu, and n is the unit outward
normal to the boundary Ct.

As in the standard FEM, the EFG method uses the weak
form of the problem described in Eqs. (16), (17a) and
(17b). Different variational principles can be used, de-
pending upon the methods of enforcing the essential
boundary conditions in the EFG formulation.

If the essential boundary conditions are enforced by
collocation at nodes, we need only use the standard
principle of minimum potential energy, i.e., to ®nd
u 2 �H1�X��3 such that

P � 1

2

Z
X

eTDe dXÿ
Z

X
uT � b dXÿ

Z
Ct

uT � t dC �18�

is stationary, where Hi�X� denotes the Sobolev space of
order i; e and r are strain and stress vectors; and D is the
strain-stress matrix.

Essential boundary conditions can also be accounted
for by means of a penalty formulation : ®nd u 2 �H1�X��3
such that

Pp � 1

2

Z
X

eTDe dXÿ
Z

X
uT � b dXÿ

Z
Ct

uT � t dC

� a
2

Z
Cu

�uÿ u�T�uÿ u� dC �19�

is stationary, in which the scalar a� 1 is a penalty pa-
rameter used to enforce the essential boundary conditions.

In the following, we focus on 2-D linear elastic prob-
lems, to illustrate the methods presented. The methods can
be easily applied to 3-D problems.

4
Discrete equations and enforcement
of essential boundary conditions
In order to obtain the discrete equations of the EFG
method, We rewrite Eq. (11) in the global form for a 2-D
elasticity problem, as

u � u1

u2

� �
� Wû �20�

where

W � /1�x� 0 /2�x� 0 � � � /N�x� 0
0 /1�x� 0 /2�x� � � � 0 /N�x�

� �
�21�

and

ûT � �û1; û2; . . . ; û2N � �22�
with N being the total number of nodes on X. Note that
most shape functions /i�x� in Eq. (21) are zero.

4.1
Collocation at nodes
Substituting Eq. (20) into Eq. (18) leads to the following
total potential energy in the matrix form, as

P � 1
2 ûT � K � ûÿ ûT � f �23�

and invoking dP � 0 results in the following linear system
of û

Kû � f �24�
in which, the stiffness matrix K is built from 2� 2 matrices
Kij, and the right hand side vector f is built from the 2� 1
matrices f i. These matrices are de®ned by

Kij �
Z

X
BT

i DBj dX; i; j � 1; 2; . . . ;N ; �25a�
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f i �
Z

X
/ib dX�

Z
Ct

/it dC; i � 1; 2; . . . ;N �25b�

where

Bi �
/i;1 0

0 /i;2

/i;2 /i;1

24 35; i � 1; 2; . . . ;N �25c�

and

D � E

1ÿ m2

1 m 0
m 1 0
0 0 �1ÿ m�=2

24 35 �25d�

with

E �
E for plane stress,

E

1ÿ m2
for plane strain ;

(
�25e�

m �
m for plane stress,

m
1ÿ m

for plane strain .

(
�25f�

The stiffness matrix K in Eq. (24) is singular as the un-
known displacements in û are not all independent. We
need to enforce the essential boundary conditions in order
to remove the singularity of Eq. (24). Lu et al. (1994), and
Mukherjee and Mukherjee (1997) reported a method,
using direct collocation at nodes to enforce essential
boundary conditions. They used the collocation condition
that û � u on Cu where u are the prescribed nodal dis-
placements on boundary Cu, and let u � û in X. However,
this method does not totally re¯ect the MLS approxima-
tion of the trial function either to enforce the essential
boundary conditions at Cu, or to determine the actual
nodal values corresponding to the trial function. As a
matter of fact, û is not the ®nal displacement vector at
nodes. It contains the ®ctitious nodal values used to ®t the
displacement functions with the MLS approximation.
Therefore, enforcement of û � u on Cu is not appropriate.

We can use the alternate collocation at nodes to enforce
the essential boundary conditions, i.e., instead of using
û � u on Cu, we use uh�x� � u on Cu. This is, in fact, more
consistent with the variational basis of the method. We can
determine the independent variables in û through these
modi®ed boundary conditions. From Eq. (20), for all n

B

boundary nodes with displacement components pre-
scribed, one obtains the relation between the prescribed
displacement vector u and û as

u
B
� uh�x

B
� � U

B
û �26�

where uB consists of the prescribed (known) displacement
components at boundary nodes xB , and UB is a known
2nB � 2N matrix, which is

where xBi; Bi � B1;B2; . . . ;BnB are the coordinates of
boundary nodes.

By enforcing Eq. (26) when solving Eq. (24), we can
obtain the solution û, from which uh�x� can be computed.
In doing this, we rewrite Eqs. (24) and (26) into parti-
tioned forms as

Kaa Kac

Kca Kcc

� �
ûa

ûc

� �
� fa

fc

� �
�28�

and

u
B
� UBa UBc� � � ûa

ûc

� �
�29�

where the partition into ûa and ûc, the independent and
dependent vectors of displacements to be retained and to
be condensed out respectively, is arbitrary. We can use
Eq. (29) to determine the relationship between the inde-
pendent and dependent vectors ûa and ûc as

ûc � Uÿ1
Bc uB ÿUÿ1

Bc UBaûa : �30�
From Eqs. (28) and (30), we can then obtain the following
linear system for ûa, as

K�ûa � f� �31�
where

K� � Kaa ÿ KacU
ÿ1
Bc UBa �32a�

and

f� � fa ÿ KacU
ÿ1
Bc uB : �32b�

However, the above method needs to reshape the stiff-
ness matrix K into K�. We may impose penalty on nodal
values to modify the above scheme. In this case, a penalty
term is added to the matrix form of the total potential
energy to enforce essential boundary conditions, i.e.,

P1 � 1
2 ûTKûÿ ûT � f � a

2 �UBûÿ uB�T�UBûÿ uB�
�33�

and invoking dP1 � 0 we obtain

�K� aUT
BUB�û � f � aUT

BuB �34�
in which K� aUT

BUB is symmetric and positive de®nite.
The collocation method can enforce essential boundary

conditions exactly at boundary nodes but not at points
between nodes. As a matter of fact, the essential boundary
conditions in the standard FEM are also not satis®ed at
boundary points between nodes. This is the case when
linear displacement elements are used when the prescribed
essential boundary conditions are not linearly distributed
along the displacement boundary Cu.

U
B
�

� � � � � � � � � � � � � � � � � � � � �
/1�xBi� 0 /2�xBi� 0 � � � /N�xBi� 0

0 /1�xBi� 0 /2�xBi� � � � 0 /N�xBi�
� � � � � � � � � � � � � � � � � � � � �

2664
3775 �27�

214



4.2
The penalty method
Essential boundary conditions can also be imposed by
using the penalty method. In the penalty method, the
functional Pp in Eq. (19) is used.

Substituting Eq. (11) into Eq. (19) results in the fol-
lowing total potential, in matrix form, as:

Pp � 1
2 ûT�K� Ku�ûÿ ûT � �f � fu� �35�

and invoking the stationarity of Pp gives the following
linear system of û, as

�K� Ku�û � f � fu �36�
in which, K and f are the same as those in Eq. (24), Ku and
fu are contributions from the essential boundary condi-
tions, built from the following 2� 2 matrices Ku

ij and 2� 1
matrices fu

i , respectively

Ku
ij � a

Z
Cu

/iS/j dC �37a�

and

fu
i � a

Z
Cu

/iSu dC �37b�

where

S � S1 0
0 S2

� �
�38a�

and

Si � 1 if ui is prescribed on Cu,
0 if ui is not prescribed on Cu, i=1, 2.

�
�38b�

Principally, both the Lagrange multiplier and the penalty
methods are the same as they both operate on the varia-
tional or weighted residual formulation of the problem
under consideration. They will generally give the same
accuracy provided that the penalty parameter is appro-
priately selected. The Lagrange multiplier method will
increase the number of unknowns and yields an awkward
structure of the linear system. The system stiffness matrix
resulting from the Lagrange multiplier method will no
longer be positive de®nite. Special solvers which do not
take advantage of positive de®niteness will have to be used
to solve the linear system. The present penalty method
does not increase the number of unknowns and yields a
positive de®nite linear system, which is a signi®cant ad-
vantage in practical applications.

An important consideration for using the penalty
method is the choice of an appropriate penalty parameter
a. We should note that the penalty terms in Eq. (37a)
and Eq. (35) will not only effect the diagonal entries of
the system stiffness matrix but also the off-diagonal en-
tries of the system matrix. The system stiffness matrix
may become ill-conditioned when the off-diagonal entries
are multiplied by a very large number. From our expe-
rience, the penalty parameter can be chosen as
�103 � 107� � E, where E is the Young's modulus of the
material under consideration. Also it is recommended
that enough digits in the computer arithmetical opera-

tions should be kept to ensure an accurate solution of the
linear system (36).

5
Numerical implementation and integration schemes
In implementing the EFG method, we need ®rst to chose
the basis functions and the weight functions in the MLS
approximation. In the present work, the complete mono-
mial basis is chosen and the following exponential weight
functions with k � 1 given in Belytschko et al. (1994) are
used, which are

wi�x� �
exp�ÿ�di=ci�2k�ÿexp�ÿ�ri=ci�2k�

1ÿexp�ÿ�ri=ci�2k� ; di � ri;

0; di � ri

(
�39�

where di � jjxÿ xijj; ci is a constant controlling the shape
of the weight function wi and therefore controlling the
relative weights; and ri is the size of the support for the
weight function wi and determines the size of support of
node xi. Here, distinction between the domain of de®ni-
tion of the MLS approximation for the trial function at a
point and the support of a node should be noted. The
domain of de®nition of the MLS approximation for the
trial function at a point x is a domain in which
wi�x� 6� 0; i � 1; 2; . . . ; n and the support of node i is a
circle (sphere) of radius ri, centered at xi, in which wi 6� 0
(see Fig. 2 and Mukherjee and Mukherjee (1997)).

Even though the de®nition of all constants ci is more or
less arbitrary, they do effect the computational results
signi®cantly. Lu et al. (1994) recommended a method to
chose constants ci, however, better methods to chose these
constants should be explored.

x

Support of node

x

y

x

Cell

x

Node

Fig. 2. The supports of nodes, the domain of de®nition of the MLS
approximation for the trail function at a point, and the integra-
tion cells for the EFG method. u�xB� at a boundary node xB de-
pends only on the ®ctitious nodal values in XxB

Ð û (in XxB
).

These are arbitrary partitioned into ûa (in XxB
) and ûc (in XxB

)
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The size of support, ri, of the weight function wi asso-
ciated with node i should be chosen such that ri should be
large enough to provide a suf®cient number of nodes in the
domain of de®nition of the MLS approximation for the trail
function at every sample point (n � m) to ensure the reg-
ularity of A and to ensure a reasonable accuracy. Very small
radii will yield shape functions and their derivatives which
are strongly non-polynomial. Gauss numerical quadrature
in such a case may give a relatively large error. The second
numerical example will show the effect of ri on the accu-
racy. On the other hand, ri should also be small enough to
ensure local character to the MLS approximation.

It should be noted that the size of support, ri, will affect
the bandwidth of the stiffness matrix. In general, the
bandwidth of the stiffness matrix from the EFG method is
bigger than that from the conventional FEM, since the
radius ri in the EFG method can not be too small. The
bandwidth of the stiffness matrix from the EFG method is
also in¯uenced by the integration cell structure and the
number of qudrature points in each cell.

Before the linear systems (24) and (36) are solved, we
need to evaluate the integrals (25a)±(25c) and (37a), (37b).
In order to evaluate these integrals, Belytschko, Lu and Gu
(1994) used a cell structure which is independent of nodes.
The cells are arranged in a regular pattern and used to
perform integration like the FEM elements. When the
domain X is split up into cells Xi, Ct and Cu are split up
into boundary cells, Cti and Cui ( see Fig. 2).

Since the shape functions /i are not piecewise polyno-
mials, a relatively dense pattern of cells and integration
points is necessary to obtain reasonably precise values for
the problem. Also a dense pattern of integration will ensure
that for each node i, there exists at least one sample point
such that wi�x� is not zero. This can ensure that there are
no rows (columns) in the system stiffness matrix are zero.

The domain of de®nition of the MLS approximation,
Xx, for the trail function at a quadrature point xQ is also
shown in Fig. 2. The domain of de®nition of the MLS
approximation for the trail function at a point xQ never
extends across boundaries. Therefore for a point xQ near a
crack, its domain of de®nition is limited to those nodes xi

which can be connected to xQ without intersecting a
boundary of the domain X.

The implementation of the EFG method is performed
according to:

1. De®ne the nodes, basis functions and weight functions
such that the MLS approximation is well de®ned.

2. Determine cells for X;Ct and Cu.
3. Chose Gauss quadrature points for each cell Xi and for

each boundary cell Cui and Cti.
4. Loop over all cells in the domain and on the boundary
� Loop over quadrature points xQ in a cell,

(a) if a quadrature point is outside the physical do-
main, go to (g);

(b) determine the nodes xi in the domain of de®ni-
tion of the MLS approximation for the trail
function at xQ, i.e., those nodes with wi�xQ� > 0;

(c) if a boundary segment exists in the cells around
the present cell and if xi ÿ xQ intersects the
boundary segment, go to (g);

(d) compute /i�xQ� and the derivatives /i;j�xQ� for
those nodes in the domain of de®nition of the
MSL approximation for the trail function at xQ;

(e) evaluate numerical integrals (25a), (25b), (37a)
and (37b);

(f) assemble contributions to nodes in K; Ku; f and
fu;

(g) end if
� End quadrature point loop

5. End cell loop.
6. Solve the linear system (20) for û.
7. Calculate the displacements using Eq. (11), strains and

stresses for those sample points under consideration.

From the above discussion, we ®nd that the EFG method
does not need elements, but it does need a cell structure to
evaluate integrals and local contributions for the matrices
K;Ku; f and fu. The cell structure will affect not only the
accuracy of the computational results but also the band-
width of the system stiffness matrix. In order to get better
results, we need a relatively dense cell pattern and dense
Gauss points.

6
Numerical examples
In this section numerical results will be presented for the
implementation of the EFG method, using a penalty ap-
proach to enforce essential boundary conditions. In the
®rst example, implementations of imposing the essential
boundary conditions by direct collocation, i.e., by setting
ûi � ui, and alternatively, by collocation via Eq. (26) are
also considered. In all the examples, the body forces are set
to be zero. The convergence of the method is also studied.
For convergence studies, we de®ne the displacement L2-
norm and energy norm as follows:

jjujj �
Z

X
uT � udX

� �1
2

; �40�

jjejj � 1

2

Z
X

eT � D � edX

� �1
2

: �41�
The relative errors for jjujj and jjejj are de®ned as

ru � jju
num ÿ uexactjj
jjuexactjj �42�

and

re � jje
num ÿ eexactjj
jjeexactjj : �43�

In the examples, all norms are computed using the same
cell structure and the same numerical integration as in the
computation of the system stiffness matrix.

6.1
Patch test
Consider the standard patch test in a domain of 2� 2 as
shown in Fig. 3 (Belytschko et al. 1994). This is a Dirichlet
problem for the solution

u1 � a0 � a1x1 � a2x2;

u2 � b0 � b1x1 � b2x2
�44�
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where a0; a1; a2; b0; b1 and b2 are constants. The displace-
ments are prescribed on all boundaries according to
Eq. (44). Satisfaction of the patch test requires that the
displacements of any interior node be given by the same
linear functions (44) and that the computed stresses and
strains be constant in the patch.

Since the exact solution is linear, a linear basis for the
MLS approximation is able to represent this solution. Note
that the shape functions and their derivatives from the
MLS approximation are no longer piecewise polynomials,
and the numerical integration scheme will not yield ac-
curate values for the matrices in the linear system (36).
Therefore, the accuracy of the results will depend not only
the cell structures but also the number of integration
(Gauss) points in each cell. In this example, 3� 3 regular
cells are used together with � �����nc

p � 3� � � �����nc
p � 3� Gauss

points in each cell, where nc is the number of nodes in the
cell under consideration.

The nodal arrangements of all patches are shown in
Fig. 3. A linear elastic material with E � 1 and m � 0:25 is
considered. Also, in all cases, ci � 1 and ri � 4ci � 4 are
used in the computation. In this problem, the essential
boundary conditions are imposed: (i) by penalty method
with penalty parameter a � 10 0000, (ii) by direct collo-
cation, and (iii) by the modi®ed collocation method via
Eq. (26). The numerical results of the relative errors, ru

and re, for displacements and strain energy are shown in
Table 1. In Table 1, the coordinates of node 5 for mesh c1,
c2, c3, c4, c5 and c6 are (1.1, 1.1), (0.1, 0.1), (0.1, 1.8), (1.9,
1.8),(0.9, 0.9) and (0.3, 0.4) respectively.

From Table 1, we see that the EFG method exactly
passes all patch tests (a), (b) and (c) when the essential
boundary conditions on the four edges are imposed by the
presently proposed penalty method; while the displace-
ment and strain results are in error for patches (b) and (c)
for both direct collocation as well as for collocation via
Eq. (26). The errors are mostly due to the fact that shape
functions are not piecewise linear although a linear basis is
used. It should be noted that the results from the present
collocation method via Eq. (26) are much better than those
from direct collocation as proposed by Lu et al. (1994), and
Mukherjee and Mukherjee (1997). Therefore, when collo-
cation method has to be employed at some discrete
boundary nodes, the present collocation method via
Eq. (26) is recommended.

6.2
Higher order patch
The higher-order patch shown in Fig. 4 (Belytschko et al.
1994; Taylor et al. 1976) is to study the method with a
quadratic basis and study the effect of the size of supports
of weight functions on the results. A linearly varying
normal stress is applied to the right end, i.e., r11 � rx2

and r12 � 0 at the right end x1 � L. The exact solution for
this problem is

u1 � r

E
x1x2;

u2 � ÿ r

2E
�x1�2 � m�x2�2� � �45�

where E and m are the same as in Eq. (25d).

Fig. 3a±c. Nodes for the patch test

Table 1. Relative errors, ru and re, for patch test

Mesh Present Penalty Approach
ru re

Modi®ed Collocation
via the present Eq. (26)

Direct Collocation[Lu et al. (1994) &
Mukherjee et al. (1997)]

Rru re ru re

(a) 0.0 0.0 0.00000 0.00000 0.00000 0.00000
(b) 0.0 0.0 0.12603 0.49129 0.71064 0.95818
(c1) 0.0 0.0 0.00826 0.02258 0.01925 0.05193
(c2) 0.0 0.0 0.04160 0.14544 0.04578 0.15673
(c3) 0.0 0.0 0.03103 0.00704 0.03130 0.07751
(c4) 0.0 0.0 0.06941 0.21340 0.08208 0.24138
(c5) 0.0 0.0 0.00826 0.02258 0.01925 0.05193
(c6) 0.0 0.0 0.01614 0.04001 0.16421 0.32313
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As the solution is quadratic, a quadratic basis is used in
this problem. The problem is solved for the plane stress
case with r � 1;E � 1:0; m � 0:25;D � 1; L � 8 and pen-
alty parameter a � 1 000 000. Tractions corresponding to
r11 � rx2 and r12 � 0 are applied to the right end x1 � L.
For displacement boundary conditions, u1 � 0 is pre-
scribed on the left end x1 � 0 and u2 � ÿ�x1�2=2 on the
bottom edge.

In the calculation, 51 nodes with 17 nodes in the x1

direction and 3 nodes in the x2 direction are used. The
volume integral is calculated by employing 20 cells, with 10
cells in the x1 direction and 2 cells in the x2 direction. In
each cell, 5�5 Gauss quadrature is used to evaluate the
volume integral.

Numerical results of the relative errors, ru and re, for
displacement and energy norms for different supports of
weight functions are given in Table 2. It can be seen that
the present penalty formulation of EFG method yields
reasonably accurate results for displacements and strain
energy. From Table 2, we also notice the effect of the size
of supports of weight functions on the results of the
present formulation of the EFG method. Larger supports
gives more accurate results than smaller supports due to
the fact that the shape functions and their derivatives from
larger supports are closer to polynomials than those from
smaller supports, and therefore yield more accurate results
by numerical quadrature. Although an increase of the size
of supports of weight functions will increase the number of
nodes in the domain of de®nition of the MSL approxi-
mation for the trail function at a quadrature point, and
increase the bandwidth of the system stiffness matrix and
the computational costs, the size of supports should not be
too small for the sake of accuracy.

6.3
Cantilever beam
The behavior of the present penalty formulation of the
EFG method is also studied in the cantilever beam prob-
lem (see Fig. 5), for which the following exact solution is
given in Timoshenko and Goodier (1970):

u1 � ÿ P

6EI
x2 ÿ D

2

� �
3x1�2Lÿ x1� � �2� m�x2�x2 ÿ D�� �

�46a�

u2 � P

6EI
�x1�2�3Lÿ x1� � 3m�Lÿ x1� x2 ÿ D

2

� �2
"

� 4� 5m
4

D2x1

�
�46b�

where

I � D3

12
:

The stress corresponding to Eqs. (46a) and (46b) are

r11 � ÿ�Lÿ x1��x2 ÿ D
2�;

r12 � 0;

r22 � ÿPx2

2I
�x2 ÿ D� :

�47�

The problem is solved for the plane strain case with
P � 1;E � 103;D � 1; L � 8 and penalty parameter
a � 109. Both m � 0:25 and m � 0:4999 are considered, to
study the locking property of the present penalty formu-
lation of the EFG method. Regular meshes of 50 (10� 5),
70 (14�5) and 90 (18�5) nodes are used. The volume
integration is evaluated by using 40 regular cells with 10
cells in the x1 direction and 4 cells in the x2 direction for
the ®rst two meshes and 52 (13�4) cells for the last mesh
(90 nodes). 5� 5 Gauss quadrature is employed in each
cell. In all cases, ci � 1 and ri � 4ci are used as, from our
computation, the results from ci � 1 are better than those
from the ci recommended by Belytschko, Lu and Gu
(1994).

Fig. 4. Nodes in the EFG method for the
higher-order patch

Table 2. Relative errors, ru and re, for the higher-order patch

ri; ci ru re

ri � 2; ci � ri=4 1.3509�10ÿ3 8.3125�10ÿ2

ri � 3; ci � ri=4 8.1731�10ÿ4 4.6275�10ÿ2

ri � 4; ci � ri=4 3.0324�10ÿ6 2.2333�10ÿ5

Fig. 5. Nodes for the cantilever beam
with a parabolic-shear end load
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The convergence with mesh re®nement of the present
penalty formulation is studied for this problem. The re-
sults of relative errors and convergence rates are shown in
Figs. 6 and 7 for displacements and strain energy respec-
tively. The mesh size h is de®ned as the distance in x1

direction between two neighboring nodes with same x2

coordinate. It can be seen that the convergence rates for
displacements and strain energy of the present formula-
tion exceed the corresponding convergence rates of the
displacement-based FEM method, which are 3 and 2
(Hughes 1987; Strang and Fix 1973).

Like the Lagrange multiplier method presented in Bel-
ytschko et al. (1994), the present penalty formulation also
does not exhibit any locking as can be seen from Figs. 6 and
7, even though no modi®cation is made for nearly incom-
pressible material with m � 0:4999 in the plane strain case.

Figure 8 shows the shear stress r12 and normal stress
r11 for m � 0:25 at x1 � L=2 � 4 for the present penalty
formulation with 70 nodes. The shear stress and normal
stress are almost as same as the exact solutions, which are

generally hard to obtain for the standard FEM. It is noted
that the results for the present formulation satisfy the
traction free boundary conditions at x2 � 0 and
x2 � D � 1 almost exactly.

6.4
Infinite plate with a circular hole
We consider an in®nite plate with a central hole:
�x1�2 � �x2�2 � a2 of radius a. The plate is subjected to a
uniform tension, r � 1, in the x1 direction at in®nity. The
exact solution for stresses is

r11 � r 1ÿ a2

r2

3

2
cos 2h� cos 4h

� �
� 3a4

2r4
cos 4h

� �
;

�48a�

r12 � r ÿ a2

r2

1

2
sin 2h� sin 4h

� �
� 3a4

2r4
sin 4h

� �
;

�48b�

r22 � r ÿ a2

r2

1

2
cos 2hÿ cos 4h

� �
ÿ 3a4

2r4
cos 4h

� �
�48c�

where �r; h� are the polar coordinates and h is measured
from the positive x1-axis counterclockwise. The corre-
sponding displacements are given by
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Fig. 6. Relative errors and convergence rates of displacements
for the cantilever beam problem
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Fig. 7. Relative errors and convergence rates of strain energy
for the cantilever beam problem

Fig. 8. Shear stress r12 and normal stress r11 at x1 � L=2
for the cantilever beam problem
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u1 � 1� m

E
r

1

1� m
r cos h� 2

1� m
a2

r
cos h

�
� 1

2

a2

r
cos 3hÿ 1

2

a4

r3
cos 3h

�
; �49a�

u2 � 1� m

E
r
ÿm

1� m
r sin hÿ 1ÿ m

1� m
a2

r
sin h

�
� 1

2

a2

r
sin 3hÿ 1

2

a4

r3
sin 3h

�
: �49b�

Due to symmetry, only a part, 0 � x1 � 4 and
0 � x2 � 4, of the upper right quadrant of the plate is
modeled as shown in Fig. 9. Symmetry conditions are
imposed on the left and bottom edges, i.e., u1 � 0 is pre-
scribed on the left edge and u2 � 0 on the bottom edge,
and the inner boundary at a � 1 is traction free. The
traction boundary conditions given by the exact solution
(48a, 48b, 48c) are imposed on the right (x1 � 4) and top
(x2 � 4) edges (see Fig. 9). In the computation, a plane
strain case with E � 1:0; m � 0:3 and penalty parameter
a � 10 000 is considered.

The initial mesh of 54 nodes, with 6 nodes in the r
direction and 9 nodes in the h direction, is considered as
shown in Fig. 10a. Subsequently, the number of nodes is
increased to 99 (11�9) and 135(15�9) to study the con-
vergence of the present penalty formulation. The nodes are
arranged regularly in the h direction and irregularly in the
r direction. The volume integration for the three meshes is
evaluated by employing 49 (7 in x1 direction � 7 in x2

direction), 64 (8�8) and 100 (10�10) cells with
� �����nc
p � 4� � � �����nc

p � 4� Gauss points in each cell, where nc

is the number of nodes in the cell.
Both linear and quadratic bases are considered. We use

ci � li and ri � 4ci in the calculation, where li is de®ned as
(Belytschko et al. 1994) li � max

j2Sj

jjxj ÿ xijj �50�

where Sj is the minimum set of neighboring nodes of xi

which construct a polygon surrounding xi.
The convergence for displacements and strain energy is

shown in Fig. 11 and Fig. 12 respectively. The mesh size h
in this problem is de®ned as the largest distance between
neighboring nodes which form a quadrilateral. From Figs.
11 and 12, we notice that the quadratic basis is surprisingly
not as good as the linear basis for this problem in the
present penalty formulation as in the Lagrange multiplier
method (Belytschko et al. 1994). For the present penalty
formulation, the convergence rates for displacements and
strain energy with a linear basis exceed those of the con-
ventional FEM, which are 2 and 1 respectively (Strang and
Fix 1973; Hughes 1987). When a quadratic basis is used,
the convergence rates are not as good as those of the FEM,
which are 3 and 2 respectively. We note that the conver-
gence rates for the present formulation depend on the
constants ci and ri in the weight functions. Optimal values
of ci and ri should be explored in order to obtain better
results.

The stress r11 at x1 � 0 obtained by the penalty method
with a linear basis is also depicted in Fig. 13. It can be seen
that the steep stress r11 is well approximated by the
present method when 135 nodes are used.

Fig. 9. Plate with a central circular hole on fourfold symmetry;
tractions at the outside boundaries are prescribed according to
the in®nite plate solution

Fig. 10a, b. Plate with a central circular hole: nodal arrangement
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7
Discussion and conclusions
A modi®ed collocation method for imposing essential
boundary conditions in the EFG method is discussed. Even
though the modi®ed collocation approach used in en-
forcing continuously prescribed displacement boundary
conditions still yields certain errors in the computational
results, it is much better than the direct collocation pro-
posed early by Lu et al. (1994), and Mukherjee and Mu-
kherjee (1997). The present modi®ed approach can be
used for discrete boundary conditions for which the col-
location method has to be employed.

A penalty formulation for easily enforcing the (contin-
uously prescribed) essential boundary conditions in the

EFG method with MLS approximation has been developed.
Compared with the Lagrange multiplier method presented
in Belytschko et al. (1994), which will increase the number
of unknowns and result in a non-positive system stiffness
matrix, the present method can yield a banded, symmetric
and positive de®nite system matrix, which is a signi®cant
advantage in practical applications. Convergence studies,
in several numerical examples where analytical solutions
are available show that the present formulation possesses a
remarkable accuracy and has high rates of convergence for
both displacements and strain energy. These convergence
rates are higher that those from the ®nite element method.
The present formulation is easy to implement and does not
need a special solver to solve the linear system of equa-
tions. The numerical examples also show that the present
formulation has signi®cant advantages over the ®nite ele-
ment method. It can yield very accurate results for dis-
placements and provides smooth solutions for strains and
stresses.

A recent paper by Zhu et al. (1997) presents a totally
new form of a meshless method, based on the local
boundary integral equation (LBIE), which circumvents all
the problems discussed in this paper, associated with the
satisfaction of essential boundary conditions in element
free Galerkin (EFG) methods.
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