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Abstract The meshless local Petrov-Galerkin (MLPG) ap-
proach is an effective method for solving boundary value
problems, using a local symmetric weak form and shape
functions from the moving least squares approximation. In
the present paper, the MLPG method for solving problems
in elasto-statics is developed and numerically imple-
mented. The present method is a truly meshless method,
as it does not need a ``®nite element mesh'', either for
purposes of interpolation of the solution variables, or for
the integration of the energy. All integrals in the formu-
lation can be easily evaluated over regularly shaped do-
mains (in general, spheres in three-dimensional problems)
and their boundaries. The essential boundary conditions
in the present formulation are imposed by a penalty
method, as the essential boundary conditions can not be
enforced directly when the non-interpolative moving least
squares approximation is used. Several numerical exam-
ples are presented to illustrate the implementation and
performance of the present MLPG method. The numerical
examples show that the present MLPG approach does not
exhibit any volumetric locking for nearly incompressible
materials, and that high rates of convergence with mesh
re®nement for the displacement and energy norms are
achievable. No post-processing procedure is required to
compute the strain and stress, since the original solution
from the present method, using the moving least squares
approximation, is already smooth enough.

1
Introduction
Meshless methods have become very attractive and ef®-
cient for the development of adaptive methods for solving
boundary value problems because nodes can be easily
added and removed without a burdensome remeshing of
elements. The meshless local Petrov-Galerkin(MLPG) ap-
proach (Atluri and Zhu, 1998a, b), based on the local
symmetric weak form (LSWF) and the moving least
squares (MLS) approximation, is a truly numerical
meshless method for solving boundary value problems.
The main advantage of this method over the widely used

®nite element method and other ``so-called'' meshless
methods [such as the diffuse element method (Nayroles
et al., 1992), the element free Galerkin method (Belytschko
et al., 1994; Organ et al., 1996; Zhu and Atluri, 1998), and
the reproducing kernel particle method (Liu et al., 1996)],
is that it does not need a ``®nite element mesh'', either for
purposes of interpolation of the solution variables, or for
the integration of the energy. The MLPG approach is also
different from the ``truly meshless'' method based on the
local boundary integral equation (LBIE) method (Zhu
et al., 1998a, b) in the fact that there is no singular integral
in the present MLPG method, while some kinds of singular
integrals have to be tackled in the meshless LBIE method.

In the present work, the MLPG approach for solving
problems in elasto-statics is developed. The present
method employs a local symmetric weak form (LSWF) and
shape functions from the MLS approximation. In the
present formulation, the test and trial functions are chosen
from different functional spaces, with the trial functions
being approximated by the MLS approximation, and the
test functions being some kinds of known functions. A
penalty formulation is used to enforce the essential
boundary conditions in the present approach, since the
essential boundary conditions can not be directly imposed
when the MLS approximation is employed to approximate
the displacement variables. As has been illustrated in
Atluri and Zhu (1998a, b), the present MLPG method for
solving problems in elasto-statics is also a truly meshless
method, which needs absolutely no traditional ``®nite-el-
ement'' or ``boundary-element'' type meshes, either for
purposes of interpolation of the solution variables, or for
the integration of the ``energy''. Only domain and boun-
dary integrals over very regular sub-domains and their
boundaries are involved in the formulation. These inte-
grals can be easily and directly evaluated over the very
regular shapes of the sub-domains (generally n-dimen-
sional spheres) and their boundaries.

In the present paper, by ``the domain of in¯uence of
node xi'' we denote a sub-domain in which all the nodes
have non-zero couplings with the nodal values at xi, in the
system stiffness matrix; and by the ``symmetric weak
form'' we mean the weighted residual form for the dif-
ferential equation, which is integrated by parts enough
times such that the differentiability requirements for the
trial and test functions are the same. In our implementa-
tion, the domain of in¯uence of a node is the union of the
domains of de®nition of all points (in general, but the
integration-quadrature points in speci®c) in the local
domain of the source point (node). We do not intend to
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mean these to be versatile de®nitions, but rather, expla-
nations of our terminology.

The following discussion begins with a brief description
of the moving least squares (MLS) approximation in Sect.
2. The local Petrov-Galerkin formulation for elasto-statics
and its numerical implementation are developed in Sect. 3
and 4, respectively. Numerical examples for 2-D problems
in linear elasticity are given in Sect. 5. The paper ends with
conclusions and discussions in Sect. 6.

2
The MLS approximation scheme
Consider a sub-domain Xx, the neighborhood of a point x
and denoted as the domain of de®nition of the MLS ap-
proximation for the trial function at x, which is located in
the problem domain X. To approximate the distribution of
function u in Xx, over a number of randomly located
nodes fxig; i � 1; 2; . . . ; n, the Moving Least Squares ap-
proximant uh�x� of u; 8 x 2 Xx, can be de®ned by

uh�x� � pT�x�a�x� 8 x 2 Xx �1�
where pT�x� � �p1�x; p2�x�; . . . ; pm�x��is a complete mo-
nomial basis of order m; and a(x) is a vector containing
coef®cients aj�x�; j � 1; 2; . . . ;m, which are functions of
the space coordinates x � �x1; x2; x3�T.

The coef®cient vector a(x) is determined by minimizing
a weighted discrete L2 norm, de®ned as:

J�x� �
Xn

i�1

wi�x��pT�xi�a�x� ÿ ûi�2 �2�

where wi�x� is the weight function associated with the
node i, with wi�x� > 0 for all x in the support of wi�x�; xi

denotes the value of x at node i; n is the number of nodes
in Xx for which the weight functions wi�x� > 0.

Here it should be noted that ûi; i � 1; 2; . . . ; n in Eq. (2)
are the ®ctitious nodal values, and not the nodal values of
the unknown trial function uh�x� in general (See Fig. 1 for
a simple one dimensional case for the distinction between
ui and ûi.).

Solving for a(x) by minimizing J in Eq. (2) and sub-
stituting it into Eq. (1) give a relation which may be
written as the form of an interpolation function similar to
that used in the FEM, as

uh�x� �
Xn

i�1

/i�x�ûi; uh�xi� � ui 6� ûi; x 2 Xx �3�

where

/i�x� �
Xm

j�1

pj�x��Aÿ1�x�B�x��ji �4�

with the matrices A(x) and B(x) being de®ned by

A�x� �
Xn

i�1

wi�x�p�xi�pT�xi� ; �5�

B�x� � �w1�x�p�x1�; w2�x�p�x2�; . . . ;wn�x�p�xn�� : �6�
The MLS approximation is well de®ned only when the
matrix A in Eq. (5) is non-singular. A necessary condition
for a well-de®ned MLS approximation is that at least m
weight functions are non-zero (i.e. n � m) for each sample
point x 2 X and that the nodes in Xx will not be arranged
in a special pattern such as on a straight line.

/i�x� is usually called the shape function of the MLS
approximation corresponding to nodal point xi. From Eqs.
(4) and (6), it may be seen that /i�x� � 0 when wi�x� � 0.
In practical applications, wi�x� is generally chosen such
that it is non-zero over the support of nodal points xi. The
support of the nodal point xi is usually taken to be a circle
of radius ri, centered at xi. The fact that /i�x� vanishes, for
x not in the support of nodal point xi preserves the local
character of the Moving Least Squares approximation.

In implementing the MLS approximation, the basis
functions and weight functions should be chosen at ®rst.
The Gaussian weight function with compact supports is
considered in the present work. The Gaussian weight
function corresponding to node i may be written as

wi�x� �
exp�ÿ�di=ci�2k�ÿexp�ÿ�ri=ci�2k�

1ÿexp�ÿ�ri=ci�2k� 0 � di � ri

0 di � ri

(
�7�

where di � jxÿ xij is the distance from node xi to point x;
ci is a constant controlling the shape of the weight function
wi and determines the support of node xi. In the present
computation, k � 1 was chosen. Even though the de®nition
of all constant ci is more or less arbitrary, they do effect the
computational results signi®cantly. Belytschko et al. (1994)
recommended a method to chose constants ci, however,
better methods to chose these constant should be explored.

Here, distinction between ``the domain of de®nition of
an MLS approximation for the trial function at a point''
(herein after simpli®ed as ``the domain of de®nition of a
point'') and the support of a node should be noted. The
domain of de®nition of a point x is a sub-domain which
covers all the nodes whose weight functions do not vanish
at x, and the support of node xi is a sub-domain (usually
taken as a circle of radius ri) in which the weight function
wi in the MLS approximation, associated with node xi, is
non-zero (see Fig. 1 and Mukherjee and Mukherjee 1997).

The size of support, ri, of the weight function wi asso-
ciated with node i should be chosen such that ri should be
large enough to have suf®cient number of nodes covered
in the domain of de®nition of every sample point �n � m�
to ensure the regularity of A. A very small ri may result in
a relatively large numerical error in using Gauss numerical
quadrature to calculate the entries in the system matrix.
On the other hand, ri should also be small enough to
maintain the local character of the MLS approximation.Fig. 1. The distinction between ui and ûi
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3
The meshless local Petrov-Galerkin formulation
for elastostatics
We consider the following two-dimensional problem in
linear elasticity on the domain X bounded by the boun-
dary C:

rij;j � bj � 0 in X �8�
where rij is the stress tensor, which corresponds to the
displacement ®eld ui; bi is the body force; and � �;i de-
notes o� �=oxi. The corresponding boundary conditions
are given as follows:

ui � �ui on Cu �9a�
ti � rijnj � �ti on Ct �9b�
where �ui and �ti are the prescribed displacements and
tractions, respectively, on the displacement boundary Cu

and on the traction boundary Ct, and ni is the unit out-
ward normal to the boundary C.

In the Galerkin ®nite element and element free Galerkin
methods, which are based on the global Galerkin formu-
lation, one uses the global weak form over the entire do-
main X to solve the problem numerically.

In the present local Petrov-Galerkin formulation, we
start from a weak form over a local subdomain Xs, and use
the MLS approximation to develop a truly meshless
method, where the local sub-domain Xs is located entirely
inside the global domain X. The local sub-domain Xs is
conveniently taken to be a sphere (in 3-D, or a circle in
2-D) centered at a point x in question. A generalized local
weak form of the differential equation (8) and the boun-
dary conditions (9), over a local sub-domain Xs, can be
written as:Z

Xs

�rij;j � bi�mi dXÿ a
Z

Csu

�ui ÿ �ui�mi dC � 0 �10�

where ui and vi are the trial and test functions, respec-
tively, and Csu is a part of the boundary oXs of Xs, over
which the essential boundary conditions are speci®ed. In
general, oXs � Cs [ Ls, with Cs being a part of the local
boundary located on the global boundary and Ls being the
other part of the local boundary over which no boundary
condition is speci®ed, i.e., Cs � oXs \ C and
Ls � oXs ÿ Cs (see Figure 2). If the sub-domain Xs is
located entirely within the global domain X, and there is
no intersection between the local boundary oXs and the
global boundary C, the boundary integral over Csu

vanishes. In Eq. (10), a penalty parameter a� 1 is used
to impose the essential boundary conditions, as the MLS
approximation will be used to approximate the trial
function, and it is not easy to directly impose the essential
boundary conditions, a priori, in the MLS approximation.

Using rij;jmi � �rijmi�;j ÿ rijmi;j and the divergence theo-
rem in Eq. (10) yields the following expression:Z

oXs

rijnjmi dCÿ
Z

Xs

�rijmi;j ÿ bimi�dX

ÿ a
Z

Csu

�ui ÿ �ui�mi dC � 0 �11�

in which oXs is the boundary of the sub-domain Xs and ni

is the outward unit normal to the boundary oXs.
It should be noted that Eq. (11) holds irrespective of the

size and shape of oXs. This is an important observation
which forms the basis for the following development. We
now deliberately choose a simple regular shape for Xs and
thus for oXs. The most regular shape of a sub-domain should
be an n-dimensional sphere for a boundary value problem
de®ned on an n-dimensional space. Thus, an n-dimensional
sphere (or a part of an n-dimensional sphere for a boundary
node), is chosen in our development (see Fig. 2).

In the following development, the Petrov-Galerkin
method is used. Unlike in the conventional Galerkin
method in which the trial and test functions are chosen from
the same space, the Petrov-Galerkin method uses the trial
functions and the test functions from different spaces. In
particular, the test functions need not vanish on the boun-
dary where the essential boundary conditions are speci®ed.

Imposing the natural boundary condition,
ti � rijnj � �ti on Cst in Eq. (11) we obtain:Z

Ls

timi dC�
Z

Csu

timi dC�
Z

Cst

�timi dCÿ
Z

Xs

�rijmi;j ÿ bimi�dX

ÿ a
Z

Csu

�ui ÿ �ui�mi dC � 0 �12�

in which Cst is a part of oXs, over which the natural
boundary condition, ti � �ti, is speci®ed. For a sub-domain
located entirely within the global domain, there is no
intersection between oXs and C, Ls � oXs and the integrals
over Csu and Cst vanish.

In order to simplify the above equation, we deliberately
select the test functions mi such that they vanish over Ls,

Fig. 2. The local domains, the supports of nodes, the domain
of de®nition of a point, and the domain of in¯uence of a node: (1)
The domain of de®nition, Xx, at any point x, is the domain over
which the MLS is de®ned, i.e., Xx covers all the nodes whose
weight functions do not vanish at x. (2) The domain of in¯u-
ence for a node y is the union of all Xx; 8 x 2 Xs (taken to be a
circular domain of radius r0 in this paper). (3) The support of
node yi is a sub-domain in which the weight function wi corre-
sponding to this node is non-zero
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the circle (for an internal node) or the circular arc (for a
node on the global boundary C). This can be easily ac-
complished by using the weight function in the MLS ap-
proximation as also a test function, with the radius ri of
the support of the weight function being replaced by the
radius r0 of the local domain Xs, such that the test function
vanishes on Ls. Using these test functions and rearranging
Eq. (12), we obtain the following local symmetric weak
form (LSWF) in linear elasticity, as:Z

Xs

rijmi;j dX� a
Z

Csu

uimi dCÿ
Z

Csu

timi dC

�
Z

Cst

�timi dC� a
Z

Csu

�uimi dC�
Z

Xs

bimi dX : �13�

We can apply two (for 2-D problems) or 3 (for 3-D
problems) independent sets of test functions in Eq. (13), to
give:Z

Xs

rijmki;j dX� a
Z

Csu

uimki dCÿ
Z

Csu

timki dC

�
Z

Cst

�timki dC� a
Z

Csu

�uimki dC�
Z

Xs

bimki dX �14�

where mki denotes the ith component of the test function in
the kth set.

For brevity, Eq. (14) can also be written in a matrix
form as:Z

Xs

emr dX� a
Z

Csu

vu dCÿ
Z

Csu

vt dC

�
Z

Cst

v�t dC� a
Z

Csu

v�u dC�
Z

Xs

vb dX �15�

where em denotes the strain matrix from the test functions,
and r denotes the stress vector from the trial functions.
For 2-D elasticity,

r �
r11

r22

r12

8<:
9=;; em � e�1�11 e�1�22 c�1�12

e�2�11 e�2�22 c�2�12

" #
m

�16�

in which the superscript (i) denotes the ith set of test
functions, and

v � m11 m12

m21 m22

� �
; u � u1

u2

� �
; t � t1

t2

� �
;

b � b1

b2

� �
: �17�

It should be noted that the two sets of test functions in v
must be independent. The simplest selection for v is

mij � mdij; or v � mI

where dij is the Kronecker delta, I is the identity matrix,
and m is taken as the weight function in the MLS approx-
imation, with the support ri being replaced by r0, the size
of the local sub-domain.

In the present formulation, the equilibrium equation
and the boundary conditions are satis®ed, a posteriori, in

all local sub-domains and on their Cs, respectively. Theo-
retically, as long as the union of all local domains covers the
global domain, i.e., [Xs � X, the equilibrium equation and
the boundary conditions will be satis®ed, a posterior, in the
global domain X and on its boundary C, respectively.
However, from our computation, the present formulation
yields a very satisfactory result even when the union of all
local domains does not cover the global domain.

4
Discretization and numerical implementation
The following development focuses on 2-D problems in
linear elasticity. As known test functions are used in the
MLPG, the use of the MLPG for one point (and hence for
one local domain) will yield only two linear equations of û.
Note that the trial function u within the sub-domain Xs, in
the MLS approximation, is determined by the ®ctitious
nodal values ûi, within the ``domain of de®nition'' for all
points x falling within Xs. The MLPG Eq. (15), gives two
algebraic equations relating all these ûi. Thus, one obtains
twice as many equations as the number of nodes. There-
fore, we need as many local domains Xs as the number of
nodes in the global domain to obtain as many equations as
the number of unknowns. In the present implementation,
the local domain is chosen as a circle, centered at a node xi.

To obtain the discrete equations from the MLPG (14),
the MLS approximation (3) is used to approximate the test
function u. Substitution of Eq. (3) into the MLPG (15) for
all nodes leads to the following discretized system of linear
equations:Xn

j�1

Z
Xs

em�x; xi�DBjûj dX� a
Xn

j�1

Z
Csu

v�x; xi�S/jûj dC

ÿ
Xn

j�1

Z
Csu

v�x; xi�NDSBjûj dC

�
Z

Cst

v�x; xi��t dC� a
Z

Csu

v�x; xi�S�u dC

�
Z

Xs

v�x; xi�b dX �18�

where v�x; xi� is the value of the test function matrix,
corresponding to node i, evaluated at the point x,

N � n1 0 n2

0 n2 n1

� �
; �19�

Bj �
/j;1 0

0 /j;2

/j;2 /j;1

264
375 ; �20�

D is the stress-strain matrix:

D �
�E

1ÿ �m2

1 �m 0
�m 1 0
0 0 �1ÿ �m�=2

24 35 �21�

with

�E � E for plane stress
E

1ÿm2 for plane strain

�
�22a�
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�m � m for plane stress
m

1ÿm for plane strain ,

�
�22b�

and

S � S1 0
0 S2

� �
�23�

with

Si � 1 if ui is prescribed on Cu

0 if ui is not prescribed on Cu ,

�
i � 1; 2 :

�24�
Equation (18) can be simpli®ed into the following linear
algebraic equations in ûj:XN

j�1

Kijûj � f i; i � 1; 2; . . . ;N �25�

where, N is the total number of nodes,

Kij �
Z

Xs

em�x; xi�DBj dX� a
Z

Csu

v�x; xi�S/j dC

ÿ
Z

Csu

v�x; xi�NDSBj dC ; �26�

and

f i �
Z

Cst

v�x; xi��t dC� a
Z

Csu

v�x; xi�S�u dC

�
Z

Xs

v�x; xi�b dX : �27�

It can be easily seen that the system stiffness matrix in the
present method is banded but unsymmetric. The locations
of the non-zero entries in the system ``stiffness'' matrix
depend upon the nodes located inside the domain of
in¯uence of the node.

5
Numerical examples
In this section numerical results will be presented to il-
lustrate the implementation and convergence of the pres-
ent MLPG method. In all examples, the body forces are set
to be zero. For the purpose of error estimation and con-
vergence studies, the displacement L2-norm and the en-
ergy norm are considered. These norms are de®ned as:

kuk �
Z

X
uT � u dX

� �1
2

�28�

kek � 1

2

Z
X

eT � D � e dX

� �1
2

�29�

The relative errors for kuk and kek are de®ned as

ru � ku
num ÿ uexactk
kuexactk �30�

and

re � ke
num ÿ eexactk
keexactk �31�

In our computation, the test function matrix v is simply
chosen as mI, where m is taken as the weight function in the
MLS approximation, with the support ri being replaced by
the radius r0 of the local sub-domain, and r0=ci being taken
as 1.

5.1
Patch test
Consider the standard patch test in a domain of 2� 2 as
shown in Fig. 3 [Belytschko et al. (1994)]. This is a
Dirichlet problem for the solution

u1 � a0 � a1x1 � a2x2

u2 � b0 � b1x1 � b2x2

�
�32�

where a0; a1; a2; b0; b1 and b2 are constants. The displace-
ments are prescribed on all boundaries according to Eq.
(32). Satisfaction of the patch test requires that the dis-
placements of any interior node be given by the same
linear functions (32) and that the computed stresses and
strains be constant in the patch.

Since the exact solution is linear, a linear basis for the
MLS approximation is able to represent this solution. Note
that the shape functions and their derivatives from the
MLS approximation are no longer piecewise polynomials,
and the numerical integration scheme will not yield ac-
curate values for the matrices in the linear system (25). In
this example, 9 Gauss points are used on each section of
Cs, and 5� 8 points are used in each local domain Xs for
numerical quadratures.

The nodal arrangements of all patches are shown in
Fig. 3. In all cases, ci � 1 and ri=ci � 4 are used in the

Fig. 3a±c. Nodes for the patch test
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computation. In Fig. 3, the coordinates of node 5 for mesh
c1, c2, c3, c4, c5 and c6 are (1.1, 1.1), (0.1, 0.1), (0.1, 1.8),
(1.9, 1.8), (0.9, 0.9) and (0.3, 0.4) respectively.

The computational results show that the present
meshless method based on the present MLPG passes all the
patch tests in Fig. 3.

5.2
Cantilever beam
The behavior of the present MLPG formulation is also
studied in the cantilever beam problem (see Fig. 4), for
which the following exact solution is given in Timoshenko
and Goodier (1970):

u1 � ÿ P

6 �EI
x2 ÿ D

2

� �
�3x1�2Lÿ x1� � �2� �m�x2�x2 ÿ D��

�33a�

u2 � P

6 �EI
�x1�2�3Lÿ x1� � 3�m�Lÿ x1� x2 ÿ D

2

� �2
"

� 4� 5�m
4

D2x1

�
�33b�

where

I � D3

12
:

The stress corresponding to Eqs. (33a) and (33b) are

r11 � ÿ P

I
�Lÿ x1� x2 ÿ D

2

� �
; �34a�

r22 � 0 ; �34b�

r12 � ÿ Px2

2I
�x2 ÿ D� : �34c�

The problem is solved for the plane stress case with
P � 1;E � 1;D � 1; L � 8 and the penalty parameter
a � 106. Both m � 0:25 and m � 0:4999 are considered, to
study the locking property of the present MLPG approach.
Regular meshes of 52 �13� 4�, 72 �18� 4� and 92 �23� 4�
nodes are used.

In all cases, ri � 6h and ci � ri=4 are used, with h being
the mesh size. In the formulation, the size of each local
sub-domain should be big enough such that the union of
all local sub-domains covers as much as possible of the
global domain. In this example, the size (radius) of the
local sub-domain of each internal node is taken as h2,
the mesh size in the x2 direction, and that of each boun-
dary node is taken as D=2. In the computation, 9 Gauss
points are used on each section of Cs, and 6� 9 points are
used in each local domain Xs for numerical quadratures.

The convergence with mesh re®nement of the present
MLPG formulation is studied for this problem. The results
of relative errors and convergence rates are shown in
Figs. 5 and 6 for displacements and strain energy respec-
tively. The mesh size h in these ®gures is de®ned as the
distance in x1 direction between two neighboring nodes
with same x2 coordinate. It can be seen that the conver-
gence rates for displacements and strain energy of the
present formulation exceed the corresponding
convergence rates of the displacement-based FEM method,
which are 2 and 1 for a linear basis, and 3 and 2 for a
quadratic basis [Hughes (1987), Strang and Fix (1973)].

Figures 5 and 6 also show that the present MLPG ap-
proach does not exhibit any volumetric locking, even

Fig. 4. Nodes for the cantilever beam
with a parabolic-shear end load

Fig. 5a, b. Relative errors and convergence rates for the
displacement norm for the cantilever beam problem: a for
m � 0:25, b for m � 0:4999
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though no modi®cation is made for nearly incompressible
materials with m � 0:4999 in the plane stress case.

Figure 7 shows the normal stress r11 and the shear
stress r12 for m � 0:25 at x1 � L=2 � 4 for the present
MLPG formulation with 52 and 72 nodes. The shear stress
and normal stress are almost as same as the exact solutions
for 72 nodes, which are generally hard to obtain for the
standard FEM. It is noted that the results for the present
formulation satisfy the traction free boundary conditions
at x2 � 0 and x2 � D � 1 almost exactly.

5.3
Infinite plate with a circular hole
We consider an in®nite plate with a central hole:
�x1�2 � �x2�2 � a2 of radius a. The plate is subjected to a
uniform tension, r � 1, in the x1 direction at in®nity. The
exact solution for stresses is
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where �r; h� are the polar coordinates and h is measured
from the positive x1-axis counterclockwise.

The corresponding displacements, in plane strain case,
are given by
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Due to symmetry, only a part, 0 � x1 � 4 and 0 � x2 � 4,
of the upper right quadrant of the plate is modeled as
shown in Fig. 8. Symmetry conditions are imposed on the
left and bottom edges, i.e., u1 � 0; t2 � 0 is prescribed on
the left edge and u2 � 0; t1 � 0 on the bottom edge, and

Fig. 7. a The normal stress r11 and b the shear stress r12 at
x1 � L=2 for the cantilever beam problem

Fig. 6a, b. Relative errors and convergence rates for the energy
norm for the cantilever beam problem: a for m � 0:25, b for
m � 0:4999
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the inner boundary at a � 1 is traction free. The traction
boundary conditions given by the exact solution (35a)±
(35c) are imposed on the right (x1 � 4) and top (x2 � 4)
edges (see Fig. 8). In the computation, a plane stress case
with E � 1:0 and m � 0:25 is considered.

The initial mesh of 54 nodes, with 6 nodes in the r
direction and 9 nodes in the h direction, is considered as
shown in Fig. 9a. Subsequently, the number of nodes is
increased to 99 �11� 9� and 135 �15� 9� to study the
convergence of the present MLPG approach. The nodes are
arranged regularly in the h direction and irregularly in the
r direction.

Both linear and quadratic bases are considered. We use
ci � li and ri � 4ci in the calculation, where li is de®ned as
the jth smallest distance between node i and the other
nodes. The size of a local sub-domain is chosen as the
minimum distance between the node in question and the
other nodes. In the computation, 11 Gauss points are used
on each section of Cs, and 6� 9 points are used in each
local domain Xs for numerical quadratures.

The convergence for displacements and strain energy
is shown in Fig. 10. The mesh size h in this problem is
de®ned as the largest distance between neighboring

Fig. 9a, b. Plate with a central circular hole: nodal arrangement

Fig. 8. Plate with a central circular hole on fourfold symmetry;
tractions at the outside boundaries are prescribed according to
the in®nite plate solution

Fig. 10a, b. Relative errors and convergence rates for the problem
of a plate with a circular hole: a for the displacement norm, b for
the energy norm
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nodes which form a quadrilateral. For the present MLPG
formulation, even though the convergence rates from the
quadratic basis are higher than those from the linear
basis, the convergence rates for displacements and strain

energy with the linear basis exceed those of the con-
ventional FEM, which are 2 and 1 respectively [Strang
and Fix (1973), Hughes (1987)], while the convergence
rates with the quadratic basis are not as good as those
of the FEM, which are 3 and 2 respectively. We note
that the convergence rates for the present formulation
depend on the constant ci and ri in the weight functions.
Optimal values of ci and ri should be explored in order
to obtain better results.

The stress r11 at x1 � 0 obtained by the present MLPG
method for linear elasticity with a quadratic basis is also
depicted in Fig. 11. It can be seen that the steep stress r11

is well approximated by the present method when 135
nodes are used.

5.4
A finite plate with an elliptical hole
A ®nite plate with an elliptical hole, with various aspect
ratio, has been analyzed by MLPG. Fig. 12a � 16a shows
the points used for the analysis of the plate, where the ratio
between the major and minor axis ranges from 2 � 10. The
plate is 7� 7 in with the semi-major axis a � 1:0 in on
x-axis. The plate is subjected to uniform far ®eld tension
at y � �7:0.

Fig. 12. a The distribution of points and b the normal stress rxx

at y � 0 for the problem of a ®nite plate with a elliptical hole
�a=b � 2�

Fig. 11. Normal stress r11 at x1 � 0 for the problem of plate
with a hole

Fig. 13. a The distribution of points and b the normal stress rxx

at y � 0 for the problem of a ®nite plate with a elliptical hole
�a=b � 4�
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Figure 12b � 16b shows the stress ryy along the x-axis
for the plates with various elliptical holes. When the stress
concentration factors for the holes are determined from
the stress solution at the point (1.0, 0.0), they are 4.31,
7.57. 12.26, 20.28, and 31.42 for a=b � 2; 4; 6; 8 and 10
respectively. The stress concentration factors for an ellip-
tical hole in an in®nite plate, subjected to the uniform far
®eld stress, are 5, 9, 13, 17, 21. The comparison between
the stress concentration factors for an elliptical hole in an
in®nite plate, and the stress concentration factors in a ®-
nite plate obtained in the example is shown in Fig. 17. As
expected, the error in the numerical solution becomes
larger as the a=b becomes larger. However, it is seen from
Fig. 12b � 16b that the extreme high stress gradient are
well caputred by the MLPG method.

It is seen from Fig. 12a � 16a that high density of nodes
are necessary in the region of high stress gradient. Nu-
merical experiments showed that the size of in¯uence
domain and the location for the nodes in the high stress
gradient region have signi®cant in¯uence on the accuracy
on the solution for stress concentration factors. Further
study is necessary for the improvement in robustness and
accuracy of the MLPG method in solving problems with
high stress concentrations.

6
Conclusions and discussions
The MLPG for solving problems in linear elasticity,
based on a local symmetric weak form and the moving
least squares approximation, is developed and numeri-
cally implemented in the present work. As is the case
with other meshless methods based on a global
Galerkin weak form, the present method also possesses
the following advantages over the ®nite element
method.

� The present method is considerably more accurate for
computing the displacements and stresses than the ®-
nite element method.

� No smoothing technique is required to compute the
stresses and strains, as the original result is smooth
enough.

� No element connectivity is needed; and only randomly
distributed nodal points are constructed.

Convergence studies in the numerical examples show that
the present method possesses an excellent rate of con-
vergence for displacements as well as for the strain energy.
The numerical results show that using both linear and
quadratic bases in the approximation function can give

Fig. 14. a The distribution of points and b the normal stress rxx

at y � 0 for the problem of a ®nite plate with a elliptical hole
�a=b � 6�

Fig. 15. a The distribution of points and b the normal stress rxx

at y � 0 for the problem of a ®nite plate with a elliptical hole
�a=b � 8�
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quite accurate numerical results, although a quadratic
basis will yield a better result than a linear basis, in gen-
eral. The numerical results also show that the present
method does not exhibit volumetric locking for nearly
incompressible materials, without any modi®cation.

Compared with the other meshless techniques, discus-
sed in literature, based on a global Galerkin formulation
(for instance, the EFG method), the present approach is
found to have the following advantages.

� Absolutely no elements are needed in the present for-
mulation, either for interpolation purposes or for inte-
gration purposes, while shadow elements are required
in the EFG method to evaluate volume integrals.

� No special integration scheme is needed to evaluate the
volume and boundary integrals. The integrals in the
present method are evaluated only over regularly-
shaped sub-domains and their boundaries. The local
boundary in general is the surface of a ``unit sphere''
centered at the node in question.

In essence, the present method possesses a tremendous
potential for solving linear and nonlinear boundary value
problems, especially for those problems with discontinu-
ities, and moving boundaries.
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