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Abstract--A new boundary integral equation is derived directly for velocity gradients in a finite-strain 
clasto-plastic solid. These integral equations for velocity gradients do not involve hyper-singularities 
(when the source point is taken to the boundary) of the type found in the alternate case when the 
integral equations for velocities are differentiated to derive an integral relation for velocity gradients. 
Hence the new formulation obviates the need for a two tier system of computing the velocity gradients, 
which existed in the alternate case. A genera&d mid-point radial return algorithm is presented for 
determining the objective increments of stress from the computed velocity gradients. Moreover, a mid- 
point evaluation of the generalized Jaumann integral is used to determine the material increments of 
stress. The constitutive equation employed is based on an endochronic model of combined isotropic/ 
kinematic hardening finite plasticity using the concepts of a material director triad and the associated 
plastic spin. The problem of a thick cylinder under prescribed internal velocity is considered for 
illustrative purposes. The solution derived from the present formulation is compared with that of the 
standard formulation and the exact solution. 

1. INTRODU~ION 

The boundary element method (BEM) is based upon 

classical integral equation formulations of boundary- 
value/initial-value problems. Although such formu- 
lations were originally thought to be primarily of 
theoretical interest, the engineering applications of 
this method in linear elastostatics and potential 
problems can be traced to the works of Jaswon [l], 
Symm [2], Massonnet [3] and Hess and Smith [4], 
Later this method was applied to a wide range of 
time dependant and vibration problems, and those 
involving fluid flow and material nonlinearities. 
Recently, this method has been extended to solve 
material as well as geometrically nonlinear problems 
in solid mechanics. (See for example [5-a].) 

The well known finite element methods are rooted 
in symmetrical variational statements and Galerkin 
approximation techniques. In these methods, the 
trial and test function spaces are usually alike, and 
the resulting coefficient matrices are symmetric and 
sparse. On the other hand, the integral equation 
methods can be considered to be derivable from 
unsymmetric variational statements and Petrov- 
Galerkin schemes. In these methods, the trial and 
test function Spaces are quite different from each 
other. The test functions correspond to fundamental 
solutions, in infinite space, of the differential operator 
of the problem, and hence are usually infinitely 
differentiable except possibly at singular points. The 
trial functions in the integral methods are required 
to be differentiable and continuous to a lesser degree 
than in the finite element technique, for the same 
problem. If the fundamental solution can be derived 
for the entire differential operator of the problem, 
the integral representations involve only boundary- 

integrals, whose discretizations lead to the boundary 
element method. 

However, in geometrically and materially nonlinear 
problems of solid mechanics, if the fundamental 
solutions to only the highest-order linear differential 
operators of the problem are used as test functions, 
the integral representations, say for velocities, involve 
not only boundary integrals, but also domain 
integrals. Discretizations of these integral equations 
would then lead to the so called ‘field-boundary 
element method’. 

The solution methodology employed so far in the 
field-boundary element method (Mukhejee and 
Chandra [9]) for such a class of problems was first 
to obtain integral representations for velocities. The 
velocity gradients were then obtained by point-wise 
analytical differentiation of integral expression for 
velocities. This technique was found to lead to higher 
order singular integrals when the source point 
remained in the interior of the domain. Furthermore, 
when the source point is taken in the limit to the 
boundary of the domain, these integral expressions 
for velocity gradients were found to lead to hyper- 
singular integrals intractable from a mathematical 
point of view. This predicament thus necessitated a 
two tier system of evaluation of the velocity gradients: 
(i) point-wise analytical differentiation of the integral 
expressions for the deformations in the interior, and 
(ii) numerical differentiation of velocites at the 
boundary. 

A new boundary integral equation is derived for 
velocity gradients in a finite elasto-plastic solid. 
These newly derived expressions involve kernels with 
singularities of order lower than those obtained by 
direct analytical differentiaton of the integral 
representations for velocities. Hence these integral 
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equations for velocity gradients do not involve 
hypersingularities (when the source point is taken to 
the boundary) and obviate the need for a two tier 
system of computing velocity gradients. A general&d 
mid-point radial return algorithm [7, 83 is presented 
for determining the objective increments of stress 
from the computed velocity gradients. Moreover, a 
mid-point evaluation of the generalized Jaumann 
integral is used to determine the material increments 
of stress [lo, 111. The constitutive equation employed 
for the analysis (note however, the choice of the 
constitutive model does not place any restrictions in 
the present formulation and the one chosen here is 
for illustrative purposes only) is based on an 
endochronic model of combined isotropic/kinematic 
hardening finite plasticity using the concepts of a 
material director triad and the associated plastic 
spin [7,8]. The problem of a thick cylinder subjected 
to prescribed internal velocity is considered for 
illustrative purposes. The solution derived from the 
present formulation is compared with that of the 
standard formulation (the two tier approach of 
computing velocity gradients) and the exact solution. 

2. KINEMATICS 

An updated Lagrangian approach is employed 
here. x, denote the current spatial coordinates of a 
material particle. Let S, be the Truesdell stress rate 
referred to the current configuration. The relation 
between the Jaumann rate of the Kirchoff stress (H,) 
and S,, takes the following form: 

where Du is the symmetric part of the velocity 
gradient v,.~ i.e. 

Du=f (vt.)+ v,.,). 

The spin W, is given by 

wu=; (v,,- v,,J 

The rate forms of the linear and angular momentum 
balance are 

(“0 + 5, v,. t )., +i‘- 0 (4) 

SU = s,,. (5) 

3. CONSTITUTIVE EQUATION 

The constitutive theory of combined isotropic/ 
kinematic hardening plasticity at finite strains 

(presented elsewhere [7, 81 can be summarized as 
follows: Let N be the normal to the yield surface in 
the deviatoric Kirchoff stress space, and D be the 
symmetric part of the velocity gradient. If the process 
is a plastic process, i.e. N : D>O, then the plastic 
component of the velocity strain, and the plastic- 
spin have the following evolution equations: 

j- (D:N) 
c 

(6) 

(7) 

rr= m,(rr’- 

<fZ 

r’r) + m,(r% - t’r’) + m,(rr’* - Pr) 

f:/’ 
3 (8) 

where r is the back stress tensor and s’ is the 
deviatoric Kirchoff stress. J(c) and r represent the 
expansion and translation of the von Mises type 
yield surface in the Kirchoff stress space. Here WP 
is the plastic spin, c the internal time variable and 
I; the Kirchoff yield stress. The evolution equations 
for T’ and r are given by 

(t’)‘= 2&Y-N<] + r’Wp - WV (9) 

(t’ : 1)=(2~+3;1)(D : r) (10) 

i’=2fi p,(O)Dp 
[ 

+ h*(IY : W)“2 f 1 
+r* Wp-WP*r. (11) 

Here ( *)’ denotes the Jaumann derivative of ( ). 
In the present formulation we have restricted our 
attention to elastically isotropic and homogeneous 
solids. For isotropic hardening, Wp =0, r = 0. 

4 FIELD-BOUNDARY ELEMENT FORMULATION 

Let v, be the trial functions for velocity and i, be 
the test functions. The weak form of eqn (4) is 
written as 

b ~(~u+r,&~,,+j;13, 
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where ep is the component of a unit load along the 
x, axis. Let 

and 

4 = v,: ep (14) 

@iAt,.,= t:e,, (15) 

where J$., is the elasticity tensor. Integrating eqn 
(12) by parts, applying the divergence theorem, and 
making use of qns (13-15), we obtain 

Here &, is the source point and x, the field point. 
When &ER, C=l and when &,EQ smooth dR, 
C= l/2. If eqn (16) were to be directly differentiated 
with respect to the source point 5, to obtain the 
velocity gradients vI. p the resulting integral equation 
would involve hyper-singular kernels r& (when 
4~ an) at the boundary. To avoid this [12], instead 
of using the test function i, as in eqn (12), we take 

s;. I to be the test function. Integrating the resulting 
equation by parts, applying the divergence theorem, 
and making use of eqns (13-15) we have the 
following expression: 

-(%r:.. dQ 
.” 

where J,(c) is the Jacobian of the deformation 
gradient at time g as defined to the reference time 
p, Q(c) is the rotation of the material element at q 
as referred to time p; and Q(t) is the rotation at I 
as referred to p. Here Q(t) is the solution of the 
equation 

+ Ym7, + v,.m~,l,~ (17) e(r) = WOQW. (21) 

where [ 1, refers to the quantity [ ] evaluated at When considering the time interval r to r+Ar, the 
the source point e,,, and F refers to the free terms time discrete approximations to eqns (20) and (21) 

when evaluated in the sense of Cauchy Principal 
Value (see [12] for explicit expressions of f). The 
singularities which appear in qn (17) are tractable 
even when the source point is taken to the boundary. 
(This will be discussed in a subsequent section.) It 
should be noted at this point that an iterative 
scheme between eqns (16) and (17) has to be 
implemented since the velocity gradients appear in 
the integral equation for velocities [eqn (16)]. 

Once D, is computed from the above algorithm 
the objective stress rate $ is,computed as follows 
(for the case of isotropic hardening). 

(1) Check if the process is elastic or plastic. 
(2) Define a generalized mid-point normal to the 
yield surface 

(3) Define &=(N@: D)/C, where C, is a material 
parameter in the endochronic theory, as given in 

C7. 

-$ NJ. 
8 

(4) 
(r’:I)=(2~+3rZ)(D:f). (19) 

Once the objective stress rates are computed 
suitable objective time integration algorithm is 

to obtain of stress. 

5. OBJECTIVE TIME INTEGRATION ALGORITHM 

The material increment of stress is computed from 
the objective increment of stress Ati, by accounting 
for the possible finite rotations in each time step. 
The generalized mid-point time-discrete approxima- 
tions within the time interval f to r+ Ar, to the 
Jaumann integral [ 10, 1 l] take the following form: 

r(t)=J; YOQWWQ' (20) 

+ .’ I J,(S)Q(r)Q'(s)t'(dQ(s)eT(t) 
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can be written as Here N0 is the shape function associated with point 
0, and 1,(x:) corresponds to the nodal traction at 

(22) 
the source point, i.e. point 0. The singular integral 
I, also can be written in the following form: 

where 4 = t,(4) 
I 

(N. - l)v;,(x,, 5,) d(dR) 
m 

t,=t+At, Ate=eAt, III-(+W : W)“* 

t(l+Ar)=J,-‘(t+At)Q(B= l)t(t)Q’(e= 1) (23) 
+$(x:) $,(x,7 5,) d(Jfi) 

I ti 

+At,(r&XB= l)Q;+-‘Q,Q’(e= 1). = I, + qxp,. (26) 

6. NUMERICAL IMPLEMENTATION (REGUWRIZATION) 

OF SINGULAR INTEGRALS 

6.1 Boundary integrals 

As seen from eqn (17), the boundary integrals in 
the velocity gradient expression involve Cauchy 
principal value integrals. Hence proper care needs 
to be exercised in evaluating these. 

As shown in Fig. 1, BOC is the boundary segment 
where the source point 0 lies and let P be the field 
point. The straight line EOD is a tangent to the 
curve BOC at 0 and let EC and BD be perpendiculars 
to the line EOD. The points B and C are the ends 
of the segment under consideration. Let r be the 
distance between the source point 0 and field point 
P. For illustrative purposes, let us consider the 
integral 

For simplicity, the shape function N,, can be taken 
to be linear. The integral I, in the above equation 
is regular and hence tractable from a numerical 
point of view. From here onwards, we will consider 
only the integral f, which appears to be singular. As 
per Fig. 1, the integral I, would take the following 
form: 

I- 4- I v,:t dS. 
Boc 

(27) 

Due to the inherent property of the v$ kernel, it 
could be expressed (for two-dimensional problems) 
in the following form: 

v* =Ae) 
ILL r ’ 

f(e) = -f(e+ 4. 

I, = I &,>v,:,(x,. t) WQ). (24) 
dn 

Here, r is the distance between the source point and 
field point. 8 is the angle made by the line.connecting 

When the traction components $ are expressed as the source point and field point with the x-axis. 

nodal tractions multiplied by the associated shape Substituting the expression for vz t in eqn (28) into 

functions, the resulting singular integral to come out eqn (27) we have 

of I, would take the following generic form: 

I, = /(e) dS 

I,= i 

! Boc r 
Nj,CQ$. &,,,r 4,) d(W. (25) 

.m 

+‘ ‘+dS+i ‘9d.S. 
1 w r &x2 

X Note that here, the angles a and p are constants 
and 0 varies as the field point moves along the arc 
(Fig. 1). The integrals along BO and OC in eqn (29) 

0 ; Source Point : 6, 
are regular and hence are numerically tractable. Let 

P ; Field point 
us define the sum of the integrals over the straight 

E : x, lines DO and OE as in I,. Thus 

C 
COB ; Boundary 

Fig. 1. Numerical evaluation of singular line integrals. 
(30) 
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Evaluating IS in the sense of Cauchy Principal 
Values, we have 

V* 
‘y(B) 

IP. * 
=2’ 

r 
(36) 

+ C.P.V. 

Here, r is the distance between the source point and 
field point. 8 is the angle made by the line connecting 
the source and field points with the x-axis. Due to 
the inherent property of Y(e) it can be seen that 

=lim { -ln(c)Lf(a)+f(B)] +ln(rJ 
r-0 * ‘f’(e) de=O. (37) 

+ ln(r,)f(a)} + C.P.V. (31) 

Here, rE and r, are distances between the source 
point and points E and D respectively. C.P.V. 
denotes Cauchy Principal Value terms which arise 
out of the integral fY It so happens that, when eqn 
(17) is considered as a whole, all Cauchy Principal 
Value terms arising out of the singular kernels vz, 
and tz cancel out and hence, in effect, there are no 
free terms arising out of the line integrals in eqn 
(17). Therefore, it is sufficient to consider eqn (31) 
without the C.P.V. terms. 

As shown in Fig. 2, let us consider a set of 
neighboring elements such that the source point is 
located at 0. This scenario could be considered as 
a general situation when the source point lies in the 
interior. Introducing shape functions in eqn (35) and 
extracting out the singularity (the procedure adopted 
is similar to the case of line integrals [eqn (26)]), the 
resulting singular integral becomes 

Since EOD is a straight line (Fig. 1). 
J2= 

I 
v;u da. 

” 
(38) 

/l=a+fr. (32) 

Hence, from eqns (18) and (21) it is clear that 

Integrating v& in all the neighboring elements 
(Fig. 2) of the source point, eqn (38) turns out to be 

f(o)+f(B)=O. (33) 

Therefore, eqn (20) takes the following form: = lim 
1 I 
-2r*R(e) VB) r dr de 

J . 
(3% 

e-0 .Q , 

I,=ln 
0 
z f(o). (34) 

The above mentioned procedure of regularizing 
the singular integral is explained in the context of a 
two-dimensional problem for the v:., kernels. It 
should be noted here that the kernels nrE&, and 
tz( =n9Esrp9v: ,) appearing in eqn (13) will have a 
similar procedure of regularizing the singular 
integrals, since the components of the normal nt (or 
nJ are constant over the straight line EOD (Fig. 1). 
Without any loss of generality a similar procedure 
could be adopted in the context of three-dimensional 
problems as well. 

Here N is the adjacent neighboring domain element 
surrounding the source point and R(0) is defined in 
Fig. 2. Making use of the property of the function 
in qn (37) we could reduce the above mentioned 
integral into a regular integral as follows: 

J2= WB) WV@1 de. (40) 

6.2 Domain integrals 

As seen from eqns (16) and (17) both the velocity 
and velocity gradient expressions involve Cauchy 
Principal Value integrals in the domain. For 
illustrative purposes, let us consider the integral 

(35) I-: ABCDA 

We may write vz+ (for two-dimensional problems) Fig. 2. Numerical evaluation of singular domain integral 
as when source point is in the interior. 
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:ABCDEFGA 
bQ:ABCDEFOA 

Fig. 3. Numerical evaluation of singular domain integral 
when source point is on a smooth part of the boundary. 

Let us next consider the scenario when the source 
point is on a smooth part of the boundary (Fig. 3). 
Introducing shape functions and extracting out the 
singularity in eqn (35), the singular integral turns 
out to be 

J,= 
I 

v& dR. 
OL 

Applying the divergence theorem to the non-singular 
region (a,, + R,, -e) (Fig. 3) we have 

v,:, dr + n:v,Ldr+ 
.?E 

=J4+J5+J6. (42) 

Upon further analysis it is clear that J, gives rise to 
a Cauchy Principal Value line integral, which then 
can be evaluated by a similar procedure discussed 
for line integrals in the previous section. J, gives rise 
to free terms arising out the singular integrals in the 
domain, which are already taken into consideration 
in eqn (17) and taking the appropriate limiting 
values J, can be shown to be zero. 

7. NUMERICAL RESULTS 

The velocity gradients in the standard formulation 
are obtained by direct differentiation of the velocity 
integral equation [eqn (16)]. The resulting equation 
gives rise to hypersingularities as the source point is 
taken to the boundary. Hence the velocity gradients 
on the boundary are obtained by numerically 
differentiating the velocities at the boundary. The 
flow chart for the standard formulation is given in 
Fig. 4. The present method, the integral equation 
for the velocity gradients involves integrable singu- 
larities [eq. (17)] and hence is applicable when the 
source point is in the interior as well as on the 
boundary. The flow chart for the present method is 
given in Fig. 5. 

The problem of a thick cylinder under prescribed 
internal radial velocity is considered for illustrative 
purposes. The dimensions, material properties, and 
boundary conditions are given in Fig. 6(a). Since the 
problem is symmetric about the angular direction, a 

START. 7 
SOLVE VELOCITIES AND RATE OF TRACTIONS 
AT THE BOUNDARY. 

OBJECTIVE TIME 
INTEGRATION. 

CALCULATE VELOCITY GRADIENTS AND VELOCITIES 
AT THE INTERIOR. I 

I CALCULATE VELOCITY ORADIENTS AT THk BOUNDARY 
BY THE BOUNDARY STRESS-STRAIN ALGORITHM. 

CALCULATE RATE OF PLASTIC STRAIN AND PLASTIC SPIN 
BY ‘MIDPOINT RADIAL RETURN ALGORITHM 

1 CONVERGE? 1 NO YES 

L5 STOP 

Fig. 4. The flow chart of the conventional method. 
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UP-DATE THE MATRlCES’ 

SOLVE VfiLOClTltS AND RATE OF TRACTIONS 
AT THC BOUNDARY I OBJRCTlVE TIME 

1NTECRATION. 

SOLVE VELOC1TY GRADtENTS AT TXE BOUNDARY. 

CALCULATE VELOCITY GRADIENTS AND VELOCITIES 

CALCULATC RATE OF PLASTIC STRAIN AND PLASTIC SPIN 
BY *hitDPDlfff RADIAL RRTURly ALOOfffTUM’. 

CONVERGE ? YlW 

Fig. 5. The flow chart of the present method. 

E - 6.8 GPa (-?~~*f/~*) 
v - 0.49 
uI - El700 
H’ = E/70 

(1) Mesh 1 7B.E. and 2D.E 

12) Mesh 2 12B.B. and 8D.E. 

(b) 
Fig. 6. Expansion of a thick cylinder under prescribed 

internal velocity. 

(3) Mesh 3 18B.E and 18D.E. 

Fig. 7. Boundary and domain mesh discntizations. 
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Table 1. Summary of numerical quadratures employed for lint integrals 

Case Type of integration 
Number of 

integration points 

R> 1.2d 

R< 1.2d 

dog-sing~a~ti~ 

Gauss numerical quadrature 

Gauss numerical quadrature. Element sub-divisions: up to 4 

Gauss numerical quadrature. Element subdivision: up to 4 
(quarter point coordinate t~n~o~ation) 

3 

610 

10 

l/r-singularities 
(Cauchy Principal Value 

integral) 

(1) The use of rigid body motion 
(2) Dividing the integral into two parts: 
(i) l/r singular integral on the straight line 

(ii) non-singular integral on the curved line 

Analytically 
10 

R: distance between the source point and and an element; d: element size. 

Table 2. Summary of numerical quadrature employed for domain integrals 

Case Type of integration scheme 
Number of 

integration points 

R, 1.2d 

1.2d,RaO,6d 

O&i&R 

(l/f) singularities 

Non-product formula (see Stroud [13]) 

Non-product formula 

Non-pr~uct formula 

@Element subdivisions 
*Use of Jacobian singularities 
@Non-product formula in each subdivision 

7 

12 

20 

7 

(l/?) Singularities 
(Cauchy Principal Value 
integral) 

*Dividing the integral into two parts 
(I) (l/r) singular domain integral (see the case of (l/r) 

singulariti~) 
(2) Line integral surrounding the source point. Gauss 

quadrature is applied in each line segment 

10 

R: distance between the source point and an element; rt element size. 

20” section [Fig. 6(b)] is considered for convenience, 
with appropriate boundary conditions. Quadratic 
elements are used for both line and domain elements. 
The quadrature scheme employed for the line as 
well as domain integrals is presented in Tables 1 
and 2. Three different meshes (of progressive mesh 
refinement) are considered (Fig. 7) for the analysis. 
A small deformation analysis (up to 1% radial 
expansion at the inner radius) is considered as a 
first step to ascertain the nature of the convergence 
and accuracy of both formulations. As seen in Figs 
S-10 the present formulation gives accurate rest&s, 
even with a coarse mesh. Using the standard 
formulation the results progressively improve as the 
mesh is refined. The non-dimensionalized stresses at 
various radial sections for the mesh descretizations 
given in Fig. 7, at a radial expansion of l.OS%, are 
given in Figs 11-13. The present method gives rise 
to stresses in a uniform manner (without much 
variation between nodes of equal radial distance) as 

1.0 - 

> 
10 

P 0.5 - 

__________-__ ; Direct Solution 
-o----- ; Present Method 
---A---- ; Conventional Memod 

0.0 IL___ 
0.0 0.005 0.01 

a, 1 Ri 

Fig. 8. Pressure-radial displacement curve (mesh 1, small 
deformation analysis). 
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1.0 

* 
‘0 
. 
n. 0.5 

0.0 

___________-- ; Diict Sohuion 
-o- ; Present Method 
---A-.- : convemionrd Method 

0.0 0.005 0.0 1 

A& 1 R, 

Fig. 9. Pressure-radial displa~ment curve (mesh 2, smali 
deformation analysis). 

compared to the standard formulation which gives 
rise to abrupt variations of stresses (see also [El). 
This could be attributed to the two tier system for 
the evaluation of veIocity gradients for the standard 
formulation. 

Next, a large deformation analysis is performed 
with the same mesh discretizations as given in Fig. 
7. Radial deformations up to 30% are considered. 
As shown in Fig. 14, the present method gives 
somewhat acceptable results when the standard 

1.5 

I.0 

0.7s 

$0' 
21 

0' 

____------_-_ ; w S&don 

--9--- : r4eaenf Merhed 
----*---- ; Conveational Melhad 

-0-- __* _* ___~cT_ &B 

1.0 

> 
‘0 
. 
P, 0.5 

0.0 

_________ _-__ ; 
--: 
--_--.- ; 
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Diict sohttkm 
Reseat Method 
Conventional Method 

0.0 0.00s 0.01 

6 1 RI 
Fig. 10. Pressure-radial displacement curve (mesh 3, small 

deformation analysis). 

formulation fails to even generate results due to 
numerical degradation for mesh 1. The results for 
the subsequent meshes improve with mesh refinement 
(Figs 15 and 16). The nondimensionahzed stresses at 
various radial sections, for different mesh discretiza- 
tions, at a radial expansion of 14.55%, are given in 
Figs 17-21. In all cases considered the present 
method yiefds more accurate results than the 
standard formulation. 

____ __ ___-__ _____ *____*- __*_._ *_* O-l/O 
A-.-. -.__&._.-----A 

-0 _____ ____ -n. 8-B’ 

__________. : Direct Solution 
-o----- ; RcaentMeIhai 
--_-A--- ; conv&ioari Method 

1 L L 

- 10 0 IO 

Angle 80 

Fig. 11. Stress distributions along various sections (mesh 1, small deformation analysis: AR,!& =O.OIOSL 

c&3 30: 1/2-r 
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I.2 

1.0 

0.75 

> 
$0 
. 

e: 

O.SU 

0.25 

0.0 
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E-F 

D-w 1.0 

C-C 

(L75 

* 
B-B lb 

. 

0” 

0.50 

A-A 

0.23 

-o- ; Present MeIhod 

-.-A--__ : Conventionat Methed 

_-_-*_- ; Convcotiod h&hod 

I s I 1 I 0.0 t I 1 I 

-10 -5 0 5 10 -10 -5 0 5 10 

Angle eo 
Angle eo 

Fig. 12. Stress dist~butions along various sections {mesh 2, small deformation analysis; Ar,/R, =O.OlOS). 

I.0 

0.75 

> 
lb 
. 

: CI 

0.50 

0.25 

0.0 

D-D’ 

1.0 

C-C 

0.75 

> 
+o 

B-B 
. 

et 
050 

.4-4@--Sp&&/Q~A 

0 

-o- ; ReKnt Method 

--__&__ : Cowenliond Method 

A-A 

0.25 

I , 8 I t 0.0 , 
-10 -5 0 5 10 -10 -5 0 5 10 

Angle e” Angle 0’ 

Fig. 13. Stress distributions along various sections (mesh 3, small deformation analysis; AR,/R, =O.OlOS). 

e--a --a-ia--iB-0~8 

A-A’ 

B-B 

C-c 

D-D‘ 

-o- : Resent Method 

--_-A-._ ; Conventional Method 

A-A 
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2.0 

1.0 

0.0 

Fig. 

2.0 

1.5 

1.0 

0.0 

c 
______- -----. ; Direct &luth 

-_o- ; Present Method 
---d--- : Conventionll Method 

0.0 0.1 0.2 0.3 
AR, I R, 

14. Pressure-radial displacement curve (mesh 1, large 
deformation analysis). 

c 
___________-. ; Direct Solution 
-_o- ; Present Method 
--__A-_- : Convcnlional Method 

.I4 
I I * 

0.0 0.1 0.2 0.3 
AR, I R, 

Fig. 15. Pressurcradial displacement curve (mesh 2, large 
deformation analysis). 

2.0 
____________. : 
-o- ; 
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Fig. 17. Stress distributions along the section B-B’ (mesh 2, large deformation analysis; AR,/R,=0.1455). 
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Fig. 18. Stress distributions along the section C-C’ (mesh 2, large deformation analysis; AR,/R, =0.1455). 
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Fig. 19. Stress distributions along the section D-D’ (mesh 2, large deformation analysis; 
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Fig. 20. Stress distributions along the section B-B’ (mesh 3, large deformation analysis; ARJR, =0.1455). 

R CONCLUSION 

The present method, based on a direct integral 
representation of velocity gradients, which are of the 
non-hyper-singular type at the boundary, leads to 
much better numerical results for boundary stress 
rates than the convential method wherein the integral 
representations for velocities are differentiated to 
obtain deformation rates and stress rates. This 
improvement in numerical accuracy of the present 
method over the conventional method can be 
attributed to the two tier system of evaluation of 
velocity gradients in the conventional methods. 
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