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Abstract-Using Mandel's director concept, the internal time theory for small deformation devia- 
toric plasticity (as given by Valanls and by Watanabe and Atlurl) is extended to the case of finite 
elastoplasticity. The introduction of the material director triad together with an isoclinic con- 
figuration makes possible an integral representation of the induced stress tensor in terms of the 
deformation history [referred to the relaxed intermediate configuration.] For a class of defor- 
mations in which elastic strains are small, this leads to rate-type constitutive equations similar 
to those in the small deformation theory. The model retains the characteristics of the original 
internal time theory, such as the existence of a v o n  Mises type of yield surface that undergoes 
translation (nonlinear kinematic hardening), as well as uniform expansion in the stress space, 
and of the normality of the tensor of plastic rate of deformation to the yield hypersurface. 

In modeling finite uniaxial compression and finite torsion test data, the present internal time 
theory is found to lead to results very similar to those from a phenomenological theory with 
a priori postulated evolution equation for an arbitrary objective rate (say, the Jaumann rate) 
of the back stress using the general representation for the symmetric tensor function. This lat- 
ter phenomenological theory is a slight modification of the one proposed earlier by Reed and 
Atluri and accounts for large plastic rotations in finite strain deformations. Both models are 
shown (1) to lead to nonosciUatory shear stresses for all magnitudes of shear in a simple shear 
deformation, (2) to predict the correct magnitude (as found in experiments) of axial 
stresses/strains in a finite-strain torsion test, and (3) to correctly model the experimentally noted 
differences in the yon Mises equivalent Cauchy stress (or J2) values in unlaxial compression test 
and torsion test, respectively, at large values of equivalent strains. Both these models may be 
interpreted as theories wherein arbitrary, say, the Jaumann rates of Cauchy stress and Cauchy 
back stress are represented as objective functions of an appropriate number of different types 
of internal variables. The present results (1) indicate that concerns about "appropriate stress rates" 
in current literature are vacuous, (2) point to the need for a deeper understanding of the under- 
lying micromechanics of finite strain plasticity and the need for appropriate additional inter- 
nal variables that may be necessary to model the test data properly, and (3) indicate that the 
"plastic-spin" is not an indispensable internal variable to correctly predict not only the nonoscil- 
latory shear stress but also the correct magnitude of axial strain in a finite torsion test. 

I. INTRODUCTION 

Constitutive modeling of engineering materials undergoing finite elastoplastic deforma- 
tions has received considerable attention due to its importance in such applications as 
ductile fracture, metal forming, or strain localization. On the other hand, the progress 
in computational mechanics has made possible the numerical implementation of some 
very complex models, and there has been an increasing demand for more realistic and 
sophisticated constitutive models not only in small deformation plasticity but also in 
finite strain plasticity. 

The internal time theory, originally proposed by VAI.AmS [1971a,1971b], and later 
modified by him [1980], has recently received attention because of its capability to model 
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certain phenomena in cyclic plasticity and creep. The theory is based upon the concept 
of an internal time variable that is a measure of the memory of a material, of its past 
deformation history. It was able to model the experimental phenomena of cross- 
hardening, cyclic hardening, and initial strain problems, which the earlier theories of 
plasticity could not deal with adequately. In the modified theory (VALAmS [1980], 
WATANABE & ATLURI [1986b]), the concept of a yield surface (including its expansion 
and translation), as well as the "normality condition," may be retained. Moreover, 
WATANABE & ATLURI [1986a] showed that the internal time theory (WATANABE & A'rLURI 
[1986a]), which results in a combined nonlinear isotropic/kinematic hardening plastic- 
ity model, provides a unified basis for phenomenological theories of plasticity presented 
in earlier literature, such as the internal variable theory of CnABOCrm [1977] and the mul- 
tiyield surface theories of KRIEG [1975], DAFALIAS & POPOV [1976], and MROZ [1967]. 
Watanabe and Atluri showed that by an appropriate choice of the kernels in the inter- 
nal time theory, the aforementioned theories or similar theories may be deduced as spe- 
cial cases. The numerical implementation of differential constitutive relations of the 
internal time theory (which are nonlinear in the plastic strain rate), using an "initial- 
strain" type of finite element approach, was first made by VALANIS & FAN [1983]. 
Recently, WATANABE & ATLURI [1985,1986a, 1986b] proposed a new, simpler, and effi- 
cient scheme using a "tangent-stiffness" type of finite element approach (with general- 
ized midpoint radial return) based upon their modified version of the theory (which 
results in a linear relation between the stress rate and the plastic strain rate), with appli- 
cations to elastoplasticity and creep under small deformations. This latter numerical 
implementation scheme of the internal time theory turns out to be no more difficult than 
that of the classical linear kinematic hardening theory of the Prager-Melan type. 

From the preceding description of the characteristics of the internal time theory for 
small deformations, it seems worthwhile to seek its extension for modeling finite 
elastoplastic deformations. The purpose of the present work is to extend the internal time 
theory as modified by WATANABE & ATLURI [1986a, 1986b] to finite elastoplastic defor- 
mations. This requires, first, consideration of the kinematics of finite plastic deforma- 
tions and of the objective rates. In Section II, we therefore give a brief review of the 
basic kinematics, including the well-known multiplicative decomposition (see LEE 
[1982]), and we also introduce the concept of Mandel's director triad and choose the 
relaxed intermediate configuration to be isoclinic (]VIANDEL [1973a, 1973b]). Then we can 
establish an appropriate decomposition of the rate of deformation and introduce an 
appropriate objective rate. This enables us to establish a constitutive equation for the 
elastic rate of deformation. 

In Section III, we first introduce the internal time theory for small deformations as 
developed by WATANABE & ATLUm [1986a], in which the deviatoric stress tensor is given 
by an integral, of the past deformation history, over an internal time. Using the isoclinic 
configuration introduced in Section II, we can postulate a similar integral representa- 
tion for that part of the second Piola-Kirchhoff stress, referred to the isoclinic config- 
uration, that corresponds to the deviatoric Cauchy stress tensor. Rate types of equations 
are deduced from this, and these can be transformed to the desired forms of constitu- 
tive equations in the current configuration. As a consequence of introducing the con- 
cept of the director triad, the antisymmetric part of the velocity gradient includes the 
rate of deformation of orientation (which was named the plastic spin by DA~ALL~S 
[1985]), and the constitutive equation for this plastic spin is postulated using the rep- 
resentation theorem given by WANG [1970]. 

In Section IV, we first consider several examples of material response predicted by 
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the present internal time theory, in situations of uniaxial loading and simple shear load- 
ing, for the hypothetical cases of (1) a purely isotropic hardening (or isotropic soften- 
ing), (2) a purely kinematic hardening, and (3) a combined kinematic hardening and 
isotropic hardening (or softening). For the cases of purely kinematic hardening and com- 
bined kinematic hardening and isotropic softening, the stress response in simple shear 
becomes oscillatory, at large values of strain, when the plastic-spin terms are omitted 
from the present constitutive model based on the internal time theory. For the cases of 
purely isotropic hardening and combined kinematic hardening and isotropic hardening, 
the stress response in finite simple shear is nonoscillatory, even without the introduc- 
tion of the plastic spin into the present material model. 

We next consider the uniaxial compression and torsion tests of the 70-30 brass, which 
has a combined isotropic/kinematic-hardening behavior with an expanding yield sur- 
face, and show how the constants in the present constitutive equations are determined 
on the basis of these tests. We also examine the plane stress simple shear of this mate- 
rial. As opposed to the case of the theory for small deformations (WATANAaE & ATLtnU 
[1986a]), the uniaxial compression/tension test alone is not enough to determine all the 
constants because there are additional constants related to the plastic spin. In the case 
of finite torsion and simple shear of 70-30 brass, which has a combined isotropic/ 
kinematic hardening with an expanding yield surface, the present theory predicts a 
nonoscillatory stress response even without the inclusion of plastic spin as an internal 
variable. The predicted axial-length change in torsion is of a second-order-effect type, 
as in the experimental data obtained by SWIFT [1947]. 

Section V deals with a comparison of the present internal time theory with other 
phenomenological theories that may be postulated ab initio, with a general representa- 
tion for the yield function in terms of higher order tensors and with relevant evolution 
equations for the internal variables being specified a priori, using the representation the- 
orem for symmetric tensor functions. From the point of view of a phenomenological 
approach, the group of terms involving the plastic spin in the evolution equation for the 
back stress in the present internal time theory may be interpreted as an internal variable 
associated with the noncoaxiality of the Cauchy stress and the Cauchy back stress. An 
appropriate choice for the functional dependence of the coefficients in the general rep- 
resentation for an arbitrary objective rate of the back stress, for example, the Jaumann 
rate, may result in a group of terms very much like that involving the plastic spin in the 
endochronic model and thus may have a similar predictive capability as the present 
endochronic theory. This is demonstrated in Section V as far as the finite uniaxial com- 
pression and the simple shear are concerned. For example, a simple modification of the 
evolution equation for the arbitrary objective rate of the back stress, suggested by REED 
& AXLtntt [1985], tO include, in addition, a nonlinear kinematic-hardening term, together 
with an isotropic expansion of the yield surface, produces results very similar to those 
of the present internal time theory with the director concept for the uniaxial compres- 
sion and the simple shear and torsion. This shows that (1) the current concerns regard- 
ing an "appropriate stress rate" in finite plasticity may be vacuous and (2) there is a need, 
instead, for the exploration of additional internal variables that may be necessary to 
model finite strain plasticity. This also indicates that the "plastic spin" is not an indis- 
pensable internal variable to predict results for stress response that are not only nonoscil- 
latory but also in excellent agreement with experimental data for finite compression and 
finite torsion, as well as to predict the second-order nature of axial stress/strain in finite 
torsion. Finally, the general expression for the yield function, which includes higher 
order tensors so that complex anisotropy may be accounted for, is briefly discussed. 
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II. BASIC KINEMATICS 

Let ei be Cartesian unit base vectors. If A (A0eie ~) and B (Bo.e~e j) are two second- 
order tensors and L(Li~kte, eje, el) is a fourth-order tensor, we use the notation AB = 
AimBmjeiej, A:B = A~Bij, and L :A  = LijklA,leiei. 

Consider an elastoplastic deformation of a body from its reference configuration ro 
to a deformed configuration r. We assume the well-known multiplicative decomposi- 
tion of the deformation gradient F (LEE [1982]) 

F = EP (1) 

where E and P are elastic and plastic parts of deformations, respectively. Let ~ denote 
a relaxed intermediate configuration, which is obtained by a process of real or virtual 
unloading of each material element from the deformed configuration. Then E and P are 
gradients of deformation from i to r and from ro to g, respectively. Note that g is not 
unique, and several alternative intermediate configurations differing from each other 
by a rigid rotation field are possible. The above decomposition and its associated invar- 
iance requirements have been discussed in substantial detail by many writers (see DASH- 
t~ER [1986] and the references cited therein). The velocity gradient and the rate of 
deformation are given, respectively, by 

L = lEE - !  + EIPP-IE - l ,  D = [ E E - t ] s  + [ E P P - t E - I ] .  (2) 

where the superposed dot " -"  denotes a time rate of a tensor, and [ ]s, the symmetric 
part of a tensor. Since the relaxed configuration ~ is not unique, each term of the right- 
hand side of eqn (2) depends upon the choice of ~. Therefore we cannot regard [EE-~]s 
as the elastic rate of deformation D e yet. To resolve such a difficulty, MASDEL 
[1973a,1973b,1981] introduced the notion of the director triad which represents the 
orientational nature of materials, and assumed that the thermodynamic state of a 
deformed body is defined by the elastic Green strain tensor with reference to the direc- 
tor triad, the temperature, and certain internal variables Ai. This enables us to estab- 
lish a meaningful decomposition of D into elastic and plastic parts. Moreover, the 
concept of the director triad, and the associated isoclinic configuration in which the 
director triad is lined up with the coordinate system fixed in space ( ~ v . L  [1973b] and 
LOa£T [1983]), makes it possible, as shown in the following, to postulate an integral rep- 
resentation of the stress tensor in terms of the past deformation history, as in the internal 
time theory for small deformations. The introduction of such orientation variables also 
accounts for the effect of finite rotations associated with large plastic deformations and 
has been argued by some, for instance, LOgET [1983] and DArALIAS [1985], as being 
effective in preventing the spurious oscillatory stress response in finite simple shear. The 
director triad itself may, in general, deform independently of the associated material ele- 
ment. For the sake of simplicity, however, we assume that the directors are allowed to 
have only rigid motions. Following MAh~L [1973b] and LOgET [1983], we first choose 
the intermediate configuration ~ to be the isoclinic configuration. Because the orienta- 
tion is not incorporated into a state variable in this configuration, only internal vari- 
ables need to be considered. 

The second Piola-Kirchhhoff stress S, referred to the relaxed intermediate configu- 
ration g, is related to the Cauchy stress a by 

s--IEIE-'*E-' (3) 
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where E -~ and E -t represent the inverse of E and the transpose of the inverse, respec- 
tively. The elastic Green strain ~e referred to ~ is given by 

1 
ee = ~ (ErE - I) (4) 

where I is the identity tensor. It is emphasized there that ¢e is always referred to as the 
director triad because ~ is kept isoclinic. We consider only quasi-static deformations in 
which the temperature effect is negligible. Then the thermodynamic state of a deformed 
body is defined by (Ee, Ai) or (S, Ai), where the Ai are internal variables collectively- 
including scalars, vectors, and second-order tensors-that are regarded as related to per- 
manent deformations of materials. Let ¢, represent the complementary free energy per 
unit mass and p the density for the relaxed configuration ~. The Green strain tensor is 
then given (MANDEL [1973b]) by 

and its time rate is written as 

~e='p a% a ( a~):k,=4s+a'e (5) 

where " : "  represents an appropriate contraction, and d,  the incremental compliance ten- 
sor. Now that ~ is kept isoclinic, the time rates in (5) and PP-~ in (2) are observer- 
invariant. 

The elastic rate of deformation is defined to be the instantaneous recoverable strain 
rate in ~ that is independent of the rate of change of the internal variables. Thus D e is 
given by the transformation of the first term on the extreme right-hand side of eqn (5) 
(MANDFZ. [1981]); then the plastic rate of deformation D p is defined by the difference 
between D and D e. With this in mind, it follows from eqns (4) and (5) that 

0re ) 
D e = E- t [A:S]E -I = E-t  i e -  oAi:Ai E -I 

and 

= [EE-']s- E-t( Ote ) 
\0Ai :Ai E -], (6) 

_, /Oee " \ -I 
D P = D - D e =  [ E P P - ' E - ' ] s + E  ~ i : A i ) E  • 

The elastoplastic coupling term 

E t [  Oee :/~ki) E_ 1 

represents the effect of the change of  the intermediate configuration ~ (by the plastic 
deformation), which is the reference configuration for ee. It disappears only when the 
complementary free energy can be decomposed into the following decoupled form: 

---- ~51(S) 4" ~2(Ai). (7) 
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Using eqns (5), (3), and (6), we obtain for the elastic response the rate form 

D e =  IEIM:# °, 

where 

(8) 

o r  

~.0 __ B : D e, 

where B is the fourth-order tensor of  instantaneous elastic moduli.  

111. INTERNAL TIME VARIABLE THEORY 

In this section, we briefly describe the internal t ime variable theory for  small defor- 
mations, in which the concept of  the intrinsic time variable is introduced to measure the 
past deformat ion  history o f  materials. Based upon this, we extend the theory to large 
deformations,  for which the effect o f  finite plastic rotations is not negligible. 

Let e p denote the plastic strain for the small deformation.  We then define the inter- 
nal time variable ~" and z as in VALAmS [1980] and W^TAI~r~E ~ ArLtrm [1986a]: 

(13b) 

Mu.~ = Ir~ Ir~ E~' E~? A ~ ,  

~o = ~ _ E E - ~ a  _ a E - q ~ t  + a t r ( E E - ~ ) ,  

or, in terms of  the Kirchhoff  stress r, 

D e = M: (~ - E E - I r  - TE-tEt). (9) 

When the hydrostatic stress is not large, the elastic strain is sufficiently small for most 
o f  the plastic deformations.  For such elastoplastic deformations,  the elastic stretch is 
close to the identity tensor, so that it can be written as 

U e = I + ee. (10) 

By the polar decomposit ion theorem, 

E = Reu  e, (I I) 

where R e is the elastic rotat ion tensor; thus we can show 

[l~.E-l]s = O ( e , ) ,  [ E E - t ] a  = [ ieR "t = W o,  (12) 

F,E -~ = h e R  e' + O( i e ) .  

Here O represents the order of  magnitude, [ ]a the antisymmetric part o f  a tensor, and 
W ° the spin of  the director triad. Using these approximations,  we can write eqn (9) as 

D" = M : ~  °, where ~0 = ~ _ WOr + r W o  (13a) 
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d~ = (deP:deP)  t/2, dz  = d ~ / f ( ~ ) ,  (14) 

where de p is the plastic strain increment; f(~') is non-negative and f ( 0 )  = 1. In the 
internal time theory for small deformations, the deviatoric stress tensor o' is given by 

f f  Oe---~P az ' ,  (l 5) 
a' = 2~ a ( z -  z')  oz, 

where a(z)  is a kernel that has an integrable singularity at z = 0. The form for p(z) is 
given as (V~LtA,";IS [1980], WATA~ABE a ATLURI [1986a]) 

p(Z) = ao~(Z) + al(Z) (16) 

where/~(z) is the Dirac delta function and Pl (z) is a nonsingular function. Following 
WATANABE & ATtURI [1986a], we obtain the differential form of the relation: 

~ '  - r 

de p - - -  dz,  dz  >- O, (17) 
ry 

where 

fo z Oe-----~P dz ' ,  = 2/zo0. (18) r(z) = 2l~ az (Z - z ' )  Oz' ry 

The above equation for r(z) can also be cast into a differential form: 

[ h* ~] 
d r = 2 ~  ol(O) de p + - T d  , (19) 

where 

fo  r dOl(Z - Z ' )  ae p h* = ~lz •z----;" dz'.  (20) 

It is very convenient to use the following exponential form (WATA.'~.~BE a ATruRx 
[1986a]) for the kernel a~ (z): 

Pl ( z )  = ~ Pli exp (-c~jz). (21) 
i 

Substitution of eqn (17) into eqn (14) gives the yield condition 

(¢' - r) : (~' - r) = [ r , f ( ~ ) ]  2 == R2(~'), 

where R is the radius of the yon Mises yield cylinder. It follows from this thatf(~') and 
r represent the expansion and translation of the yon Mises type of yield surface in the 
stress space, respectively. We also see that the differential form (17) represents an 
associative flow rule. 
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For infinitesimal plastic deformations in which the rotation of material elements is 
very small, the effect of rotation is safely neglected and thus the integral representation 
(15) is valid. For large plastic deformations involving considerable rotations, however, 
such integral representation cannot be given in the same fashion in the current config- 
uration. Recalling that the relaxed intermediate configuration g is kept isoclinic and is 
thus free from rotation, we find it possible to postulate a similar integral representation 
in g. Toward this end, we first define the internal time variables as 

~: = d~ = [ f ) . : f ) . l V Z ,  f)P = [ [ ' P - q s ,  ~ = ~=/.ftg') 
dt 

for each material point. For ~ > 0, we introduce the internal time rate of deformation 
in g as 

DP/z = [0P- l l s /z  = ~Z s" 

Let S' be that part of the second Piola-Kirchhoff stress in ~ that results from a trans- 
formation of the deviatoric Cauchy stress in r. Now we postulate that S' is given by the 
following integral representation involving the internal time rate of deformation DP/~: 

f0 z S' = 21~ p(z  - z ' ) ( f )P/~  ") dz' , (22) 

which is consistent with eqn (15) for small deformations. 
Using the expression (16), as in the theory for small deformations, we can show that 

•p  = S '  - r ~:, (23a)  
ryf(¢) 

fo z UP F = 2/~ Pl (Z - Z') - ~  dz',  (23b) 

{ h.} 
= 2/z Pl (O)D p + - f  ~: ' (24a) 

fo ~ dp~(z - z') f)" fi*= dz ~, dz'. (24b) 

Here we assume that r as referred to ~ is related to the deviatoric back stress r in ~ in 
the same fashion as S is related to the Kirchhoff stress r. It is recalled that without resort- 
ing to the material director together with the isoclinlc configuration, the type of inte- 
gral (22) would be physically ambiguous. Thus the concept of the director triad has 
enabled us to postulate the integral representation (22), which is similar to (15) in the 
theory for small deformation and from which the evolution eqns (23a) and (24a) are 
derived. In eqn (23a), the assumption of volume constancy during the plastic deforma- 
tion is satisfied, to the first order, for deformations of the type considered that involve 
only small elastic deformations. There are some materials that experience severe volume 
change due to the plastic deformations, for example, porous materials; in this case, the 
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density is a function of  the internal variables Ai. However, we exclude such a class of  
materials here. 

As a consequence of  introducing the director to account for the anisotropy induced 
by plastic flow, the antisymmetric part of  PP-~ represents the rate of  deformation of  
orientation of  material elements with respect to the director triad. Accordingly, the evo- 
lution equation for this antisymmetric part, in terms of  i' and S', is required for a com- 
plete description of  deformation behavior of  a given material. LO~T [1983] and 
DArAtIAS [1983,1985] used the representation theorem by WA~ro [1970] to establish the 
constitutive equation for such plastic spin. We can use a similar scheme to postulate 

[pp_t]  a = mt (rs'.~]f.T- S'i~) ~:-I- m2(i~2S' - S'r2)7.~f 3 + m3(rS'2 - S'2r) g: + . . . .  (25) 

where mi (i = 1,2,3,4,5) are, in general, functions of  r, S' (in the intermediate config- 
uration ~), and g'. 

Assuming that the elastic deformation is small as in the preceding section, we have 
by eqns (10) and (11) 

E = R e + O ( e e )  (26) 

and this relation enables us to make the approximations 

S' = [ E I E - I ¢ ' E  -t --- Retr'Re; g = RetrRe; ~ ~ [ D P : D P ]  1/2 

L = D e + D ° + W ° + W D with W p = [Epp- IE- I ]~  --- (Repp-tRet)~; 

(27) 

D p = ReDrR et. (28) 

Substitution of  the relations (27) and (28) into eqns (23), (24), and (25) yields the fol- 
lowing constitutive equation for the current configuration r: 

T "  - r 
D p=N~: ,  N =  ~ N : N = I  (29) 

r.vf(~') ' 

WO - / / ~ : ,  .q = m l ( r ¢ '  - ~'r)  + m2(r27 ' - r 'r  2) + m3(rT '2 - ~-'2r) + . . . .  (30) 
r:f z r]f 3 

[ t o = 2ft Pl (0) Dp + 7 ' fo ~ d m ( z -  z') Dp Re'h 'Re = dz ~, dz', 

t ° = t - w D r + r w  ° ,  W ° = = R e R e t =  [ L ] ~ - W  p = W - W  p. 

(31) 

Here we have assumed the decoupling of  the complementary free energy (7). Thus, 
eqns (13) and (29) through (31) provide the complete constitutive equations of the inter- 
nal time theory for finite elastoplastic deformations within the range of  small elastic 
strains. As in the small deformation theory, we have the yon Mises type of  yield sur- 
face that expands (or contracts) and translates according to the values o f f (~ ' )  and r, 
and the plastic rate of  deformation D ° is normal to the yield surface. Normality of  D ° 
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to a yield surface in finite strain plasticity was established from Ilyushin's postulate 
applied to a strain cycle involving only infinitesimal plastic strain (HrLL ~, RaCE [1973]), 
or from Drucker's postulate to a similar load cycle (PALor~N ~ DRtrCr~R [1983]). Observ- 
ing that the plastic spin W ~ disappears when there is no anisotropy (mi = 0), we find 
that W ° is reduced to [L]a in this case, and the objective rate for r '  and r as given by 
(13) and (31) becomes the Jaumann rate. It is reemphasized that the present constitu- 
tive equations are valid and consistent with the integral representation (22) only for 
deformations involving small elastic strains because of the nature of the approximations 
(10), (12), and (26). If there exists very high hydrostatic pressure comparable to Young's 
modulus, there will be a significant elastic volume change, and the assumption of small 
elastic strains is no longer valid. 

The expressions for the incremental stress can now be obtained from eqns (29) through 
(31) and from eqn (13). Assuming that the elastic property is isotropic, in which case 
4 and M are constant isotropic tensors, we have 

1 r ,WO N ( ,  D'  = D e' + D p - M ' :  (~.o), + N ( =  ~ (~" + - WOr ') + (32) 

where D' and D e' are the deviatoric parts of D and D e, respectively, and M' is the spa- 
tial incremental compliance associated with the deviatoric part of elastic deformation. 

The "consistency condition" during a plastic process may be written from (29) as 

: N = 0. (33) 

Also, since during plastic flow (f '  - r) = ryNf(~'), we have 

e = s f ' h ,  (34) 

where f '  = df/d~. Using (34) in (32), we obtain 

[ D' = ~ (l~f+ Nf'() + p,(O)N(+ "7 

1 
+ ~ [(r'  - r ) W o -  WD(r'  - r)] + N(. (35) 

Taking the inner product of both sides of eqn (35) with N with using (33), we obtain 

(D ' :N)  = ~ [ r y f '  h*:N} [ ' ~ -  + Pz ( 0 ) +  1 + - 7 -  (36) 

o r  

1 
( =  ~ D ' : N ,  ( ~ 0 ,  DP=N~:  

where 

C =  1 + ptZO) + r~,f' + 
2tz 

(37) 
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Substituting this into eqn (32), we can write the objective rate of  the Kirchhoff  stress 

tensor as 

(~°)'=2~[ D' F ] - ~ N ( N : D ' )  ; ( ~ ° : I ) = ( 2 / ~ + 3 A ) ( D : I )  (38) 

with i "° =~ - w D r  + r W  ° ,  where / "  = 1 if N : N = 1 and N : D'  > 0; otherwise F = 0. 
It is worthwhile to note that the definition of  the plastic process is given in the same fash- 
ion as in the small deformat ion  theory (WATAN~a3E & ATLURX [1986a]). 

Numerical implementation of  the above constitutive equations appears, on first sight, 
to be very difficult because h*, which is needed to compute  C in eqn (37), is given by 
the integral (31). However,  this is not the case when we substitute the exponential form 
(21) for the kernel p~ (z); substituting eqn (21) into (23b) and (24b), we have 

fo bP ~i zplie-~'tz-~') ~'-'''~ dz '  = ~ [i, (39a) r = 2tz i 

ft. = _ 1 ~ oti ri (39b) 
2p, i 

where the definition o f  ri is apparent .  Differentiating each ri with respect to time and 
integrating by parts, we have 

[i = 21ZPli ~)p -- o t i r i~ / f (~)  (no  s u m  o n  i) .  (40) 

For deformations involving small elastic deformations,  we can transform eqns (39) and 
(40) into 

r = ~ r i ,  (41a) 

t o = 2/zPliD p - ~ i r i ~ / f ( ~ ) ,  

1 ~ i  oti ri (41 b)  h* = - 2--'~ . 

with t ° = ti + r i W  ° - WDr i  (no sum on i). 

(41c) 

We can now regard ri as the secondary internal variables, and the back stress r and h* 
can be determined f rom (41). Thus,  the numerical implementat ion o f  the present con- 
stitutive equation is n o  m o r e  difficult than that  o f  the classical combined kinematic/  
isotropic-hardening model.  

A preliminary sketch o f  the above theory was first presented by IM ~ Artrdm [1987]. 
However,  the preliminary numerical results for torsion presented by IM & A~trt~I [1987] 
were recently found to contain certain algebraic errors, and the corresponding figure is 
corrected and included as Figs. 6 and 9 in the present paper.  

We have so far used the rate of  r and r based upon the spin of  the director triad 
W D = W - W r.  Regarding the plastic spin W p as an internal variable, however, we can 
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use the traditional Jaumann rate, and the present finite deformation constitutive model 
based on an internal time concept may be written as in Table I. 

Table l indicates the general internal variable formalism of  the present theory, with 
(1) the evolution equations for D p and the internal variable W p and (2) the evolution 
equations for the Jaumann rates of the Kirchhoff stress and the Cauchy back stress being 
given as general symmetric isotropic tensor-function expansions, in terms of D and D p, 
and the internal variables, W p, ~', and ri. On the other hand, the evolution equation (D) 
in Table l, for W p, is a general skew-symmetric tensor function expansion in terms of  
• ', r, and ~'. Thus it may be noted that in the present model n o  n e w  definitions of a s t ress  

ra te  are  introduced. We still use the familiar Jaumann rate in writing the evolution equa- 
tions for stress, and the back stress. 

IV. STRESS-RESPONSE PREDICTIONS OF THE PRESENT THEORY 

IN U N I A X I A L  A N D  T O R S I O N A L  L O A D I N G  

In this section, we first consider several examples of  material response predicted by 
the present internal time theory, in situations of uniaxial loading and simple shear defor- 
mation for the hypothetical cases of  (1) a purely kinematic hardening, (2) a purely iso- 
tropic hardening (or isotropic softening), and (3) combined isotropic hardening (or 
softening) and kinematic hardening. Next, we consider the available experimental data 
for uniaxial compression and torsion tests of  70-30 brass and show how the constants 
in the present constitutive equations are determined based on these test data. 

Table 1. S u m m a r y  o f  the present internal t ime theory o f  finite strain plasticity 

Plastic process (definition): 

N : D > 0, where N = (z '  - r ) / [ ry f (~ ' ) ]  (A) 

~ =  (DP:DO) j/2 > 0  

In a plastic process,  for  an elastically isotropic material ,  

~.J = ~ ( z , r ,  DP, W P , D )  

= 2/~D + X ( D : I ) I  - 2/~D p - W P r  + TW ° (B) 

~'J = J a u m a n n  rate i ~. - W f  + zW, and the evolut ion equat ions  for  D p and W p are given by 

D p -- [ D : ( ~ '  - r)] ! N - -  (C) 
[T~f(D] 2 C 

'ml(rr' - ~r'r) mz(rZT ' - -  ~r'r 2 )  + m3(rT '2 - z"r) t 
WO = W P ( r , r ' , ~ ) =  [ 7~f  2 + ~'~fJ + . . .  ) ~ (D) 

et, r i(DP: D p) I/2 
~s , .  (rl - Wr~ + r~W) = rS(DP,WP.r j )  = 2t~p. D p - - WPr~ + r~WO 

i i 

Elastic process: 

N : D < 0  

~s  = 2 p D  + ~ (D : I ) I  

f (~  
(no sum on i )  (E) 

(F) 

(G) 
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We first need to choose the form of  the functionf(~')  in eqn (23a), which represents 
the uniform expansion (isotropic hardening) or contraction (isotropic softening) of  the 
von Mises yield cylinder. For finite deformations of most materials, a linear function 
forf(~ ' )  is not sufficient to fit the expansion (or contraction) of the yield surface over 
the range of  deformations considered, and an exponential or power-law type function 
of  ~" will be more appropriate. Thus, we take 

f ( f )  = F ( z )  = A + (1 - A ) e  -kz, (42) 

where A represents the value of f(~') as deformation goes to infinity. The function f is 
given in terms of z rather than ~" because the use of  F ( z )  makes it possible to obtain an 
analytical expression for h* in the uniaxial deformation, as does the linear function, 
while the use of F(~') does not. In principle, however, there is enough latitude in the 
choice of  this function as long as it can fit the real expansion (or contraction) behavior 
of  a yield surface, although the determination of  the constants may be laborious, when 
f(~') is not a simple function. 

For the kernel Pl (Z), we rewrite the expression (21) as 

Eo Et e_,~,~ E2 e_~2 z 
p, (z)  = 7 + - d  + - d  + . . . .  0 < ot I < Ot 2 < Ot 3 < i x 4 . . . ,  

where Young's modulus E is introduced to normalize the constants E0, El,  Ez, E3 . . . . .  
For simplicity we retain only the first two terms. 

We use a Cartesian coordinate system; for the uniaxial loading, the z coordinate is 
chosen to be the loading direction, and for the plane stress simple shear deformation, 
the x coordinate is chosen to be normal to the plane. 

For convenience, we introduce the yon Mises type equivalent stress and equivalent 
plastic strain rate: 

0reqq = 3x/~2 = lYb0rb , ~eqq = ( 2 / 3 ) I / 2 ( D P : D P )  i/'z = (2/3)i/2~ :, 

where ,/2 is the second invariant of  the deviatoric true stress. For simple shear deforma- 
tion, we define the shear strain by 

7o = t a n  B = "~"3(Eeqq, 

where B is the shear angle. 

IV. 1 Purely isotropic-hardening material 

For a purely isotropic-hardening material, the stress responses for the uniaxial load- 
ing and the plane stress simple shear cases are plotted in Fig. 1. We have taken A = 5, 
k = 3, and *'2, = 100. Because of  the assumption of  the rigid-plastic deformation, there 
are no normal stresses in the case of  plane stress simple shear deformation of  an isotropic 
material, and the plot for the case of  simple shear agrees with that for the uniaxial load- 
ing, when 4grr~ and eeqq are used. 
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~eqq 
Fig. 1. Prediction of the internal time model in the cases of uniaxial loading and the plane stress simple shear, 
with a purely isotropic-hardening, rigid-plastic material model. 

IV.2 Purely kinematic-hardening material 

For a purely kinematic-hardening material, we take A = 1.0 and the following material 
data: 

oq = 1.5, Ty = 80, ~f6pEo/E = 20, ~r61dF, l /E = 1,200. 

In the present and all the subsequent examples, we retain only the first term in eqn (30) 
for plastic spin and assume that m~ = constant. As seen from Fig. 2, the effect of  the 
plastic spin is insignificant when the deformation is small, and we have the same 
responses for all values of  mj .  However,  as the deformation proceeds, the effect of  
finite plastic rotation manifests itself, and the simple extension of  the theory for small 
deformations without accounting (mr = 0) for the plastic spin produces an unaccept- 
able oscillatory stress response, which was noticed first by LEt-~XNN [1972] for the sim- 
ple shear deformation of  a material with a purely linear kinematic hardening. An 
appropriate nonzero value for m~ can be determined so that the oscillatory response 
may disappear in the response prediction of  the present constitutive equation, as shown 
in Fig. 2. 

IV.3 Combined isotropic hardening (or softening) and kinematic hardening 

There are two types in this category: one with an expanding yield surface and the other 
with a contracting yield surface. The overall behavior o f  the latter type may result in 
increasing hardening as deformations proceed, although the yield surface may contract. 
An overaged 2024 aluminum is an example of  this type, when a small strain offset is 
used for yielding (HErL~O, STOUT, a Mn.LER [1987]). The numerical example for the 
material with a contracting yield surface is given first. (The example for the expanding 
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Fig. 2. Prediction of the internal time model for the cases of uniaxial loading and simple shear with a purely 
kinematic-hardening, rigid-plastic material model. 

yield locus will be given later in connection with modeling the test data for 70-30 brass). 
Let us take the following material constants: 

A = 0.4, k = 2.0, oq = 0.8, ry = 100, ~f6#Eo/E= 30, ~/6#Et/E= 1,000. 

Let us then plot the results in Fig. 3. As in the preceding example for a purely kinematic- 
hardening material, we have oscillatory stress response without introducing the plastic 
spin for an additional internal variable. Thus, the plastic spin, introduced as an addi- 
tional internal variable, turns out to make the present constitutive equation versatile 
enough to be capable of modeling all of the aforementioned materials. 

IV.4 Modeling of  test data for 70-30 brass, with a combined isotropic-hardening 
and kinematic-hardening model of  endochronic theory 

Finally, we consider the uniaxial compression and torsion tests of the 70-30 brass and 
show how the constants in the present constitutive equations are determined based upon 
these tests. We also examine the plane stress simple shear of the 70-30 brass, which has 
a combined isotropic/kinematic-hardening behavior with an expanding yield surface. 

In the theory for small deformations, only the uniaxial tensile test data are enough 
to determine all the constants in the constitutive equations (see WATANABE k ATLUm 
[1986a]). In the present theory for finite deformations, however, the constants mi, 
which are related to the plastic spin and therefore do not appear in the small deforma- 
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Fig. 3. Prediction of the internal time model for the cases of uniaxial loading and simple shear with a com- 
bined isotropic-softening and kinematic-hardening, rigid-plastic material model. 

tions, cannot be determined by the uniaxial test alone, because the right side of  eqn (30) 
disappears identically. To determine m,. we need another test in which f '  is not coax- 
ial with r; for this purpose, we may consider the torsion o f  a thin tube with both ends 
being free to extend. 

The expansion and translation of  a yield surface can be determined from the uniax- 
ial tests. In practice, the uniaxial tension test is restricted to small strains by necking; 
on the other hand, the uniaxial compression test is limited by barreling and the end 
effects from the platen. However, by lubrication and continuous remachining, the com- 
pression test may be carried out to a finite strain (Hvcr~R, Sxoux, • E~I~ [1982]). By 
unloading the specimen with various compressive strains (and applying tension if the 
reverse yield point is not reached during the unloading), we can find the yield point on 
unloading or at the reverse loading, and these data will enable one to characterize the 
expansion and translation of  a yield surface ~ a function of  the logarithmic strain. Once 
the form for f ( / ' )  is chosen, we can determine the constants inf (~ ' ) ,  and then the con- 
stants in p, (z) can be determined so that the response predicted by the theory fits the 
uniaxial test data. Finally, the constants mj can be determined using the torsion test. 

The uniaxial ¢ompre.ssional data and the torsional stress-strain data of  the 70-30 brass 
by Sxotrr [1986] are given in Fig. 4. For  the uniaxial compression we can obtain the 
explicit expressions for the stress components under the assumption o f  rigid plastic 
deformation.  From these we can show that the slope of  the axial stress-strain curve is 
proportional  to E o / E  as z or ~" goes to infinity. For  the 70-30 brass the hardening is 
almost saturated, as can be seen from Fig. 4, so that E0 is taken to be zero. To deter- 
mine the constants A and £-, we need loading-unloading or loading-unloading-reverse- 
loading tests, that is, ¢ompression-unloadilg, or compression-unloading-tension tests 
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Fig. 4. Test data for uniaxial compression and torsion (70-30 brass) (STOUT [1986]). 

in this case. Because no uniaxial compression-unloading-tension test data for finite strain 
deformation of  brass are available, we assume A = 2.5, k = 2.0. (This rough assump- 
tion has been made from the test data of  HELLING, STOUT, *, MrLLER [1987] for a small 
strain range based upon the small offset strain definition ~ = 5 x 10-6), and the axial 
yield stress is approximately read as 150 Mpa from the uniaxial compression test data 
in Fig. 4, which gives ry = 122.5. Then we can determine the constants al  and El so 
that they fit the uniaxial test data (see Fig. 5). To determine the remaining constant mi, 
we use the torsion of  a thin tube with both ends being free to elongate. For simplicity, 
we retain only the first term in eqn (30) and assume that mt = constant, as in the pre- 
vious example. A tube elongates under torsion without the axial constraint (Swn:T 
[1947], BILU~rGTON [1976]), and there will be an axial compressive stress if the length 
change is prevented during the test. For  a very short tube, as used in the finite torsion 
test (Fig. 4), because o f  the end effect, which constrains the radius change, the actual 
deformation will be between the two extremes, although there is no axial force applied. 

For convenience, the shear strains 1'o and 1¢, based upon the original and the current 
dimensions, are introduced: 

~fo = R O / L ,  3" = rl'l/l, 

where R and r are the original and the current radius of  the tube, L and ! are the origi- 
nal and the current length, respectively, and 12 is the total twisting angle. 

Assuming rigid-plastic deformation once again, we obtain the stress-strain curves for 
various values of  m, ,  for finite torsion with no axial constraint, as shown in Fig. 6. 
When the deformation is small, the effect o f  the plastic spin on the predicted response 
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Fig. S. Prediction of the internal-time model for uniaxial compression (70-30 brass). +: test data, STOUT 
[1986]. 
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Fig. 6. Prediction of the internal time model in the case of torsion of a thin tube (70-30 brass). ,~: short tube 
test (STOUT [1986]). 
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of the present material model is insignificant, as seen from Fig. 6. As the deformation 
proceeds, the response predicted by the present model does depend on the magnitude 
of  m~ in the plastic-spin term, as shown in Fig. 6. However, the agreement of  the pres- 
ent predictions with the experimental data is good for all values of  ml,  including when 
mr is zero: that is, the effect of  plastic spin is ignored. Thus, the stress response of  the 
present material model in finite torsion is nonoscillatory even without considering the 
effect o f  plastic spin, when the material model becomes one of a combined nonlinear 
isotropic hardening and kinematic hardening. It should be noted at this point that the 
preliminary results presented in IM & ATLL'm [1987], which show oscillatory stress 
response in torsion for the case mt = 0, are incorrect due to certain recently discovered 
algebraic errors, and the corrected results are given in the present Figs. 6 and 9, 
respectively. 

The axial elongation is predicted to be small, as seen in Fig. 7, and compares favor- 
ably with the test result obtained by Swi f t  [1947], which is probably a lower bound 
because tubes of  finite thickness were used in his test. 

A proper value of  m~ needs to be determined so that the numerical prediction of  
the shear stress and the axial length change fit the test result. In the present example, 
m~ = 0 gives the best fit for the shear stresses but appears to give too large a value of  
the axial elongation. On the other hand, ml = 1.5 gives the best fit for the axial elon- 
gation, but overestimates the shear stress. Some value of  m~ between 0 and 1.5 may be 
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Fig. 7. Axial extension in torsion of  a thin tube (70-30 brass). 
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an appropriate choice within the accuracy of  the present theory. However, this is only 
speculative, because no variables have been included in the present constitutive equa- 
tion to account for a possible distortion of  the yield surface, and it is natural to expect 
some discrepancy between the present numerical prediction even with m) = 0 and the 
test result. If  there were an exact agreement between the present model and the experi- 
ment, it would be, in all likelihood, a fortuitous one. In addition, the values of  the con- 
stants A and k used in the present numerical example are not the true values as 
determined from the experiment but just very rough approximations guessed from the 
small strain test data. For  these reasons, we do not try to make an exact comparison 
between the numerical prediction and the test result. We take m) = 0.5 and plot the 
shear stress together with the axial stress in Fig. 8. 

As pointed out earlier, the tube used in a finite strain torsion test is very short, and 
the end effect that constrains the radius change may not be small. If  the radius of  a very 
short thin tube is large enough to neglect the curvature effect in deformations, the defor- 
mation in the short tube test may be close to the simple shear. We therefore compare 
the prediction for the plane stress simple shear with the results of  the short tube test and 
the preceding prediction for the torsion. As in Figs. 9 and 10, there is no oscillation even 
for mm= 0 again, and the prediction for the plane stress simple shear is as close to the 
test result as that for the torsion; the difference between the simple shear and the tor- 
sion is very small (Fig. 11). The normal stress turns out to be small in the simple shear 
(Fig. 10). 
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Fig. 8. Prediction of the internal-time model for the cases of uniaxial and torsional (m~ = 0.5) ioadings 
(70-30 brass). 
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Fig. 11. Comparison of shear stress responses in torsion and simple shear (70-30 brass), respectively. 

According to the predictions by the present theory as well as the test results of Sroox 
[1986], the flow curve for the uniaxial compressive loading lies above the flow curve for 
the torsional loading (for all values of  m~ ), when both flow curves are plotted in terms 
o f  the equivalent stress and strain of  the von Mises type. This is the case for all test 
results (HEc~ER, S t o u t ,  & EASn [1982]). From a micromechanics viewpoint, there are 
two major sources of  such difference in the flow stresses at finite strains: One is the dif- 
ferent rates of  work hardening that result from different dislocation densities and inter- 
actions, depending on each strain path, and the other source is the difference in texture 
developments that have an effect on the mean value of  the relevant direction cosines link- 
ing the applied stress to the critical resolved shear stress (SrmrCmTAVA, JONAS, & CANOVA 
[1982], WEsRr~tm~ ~ HECrd~R [1983]). It is not straightforward to relate such observa- 
tions in a quantitative way to the present phenomenological approach. The difference 
in the flow curves between the two deformation modes may be explained phenomeno- 
logically by the change in the yield s u r f a c e - t h e  expansion and distortion of  a yield sur- 
face as well as its translation, depending on the strain paths. In the present model, only 
a uniform expansion or contraction of  the yield surface and its translation are taken into 
account, not the distortion of  the yield surface and the associated anisotropy, depend- 
ing on the s t ra inpath  (Srotrr,  M ~ r L ~ ,  HELLIr~O, ~ C,~a,~ovx [1985]). Incorporation of  
additional variables into the present model to account for the anisotropy associated with 
such distortion may give a better prediction. 

One might be tempted to try to fit the torsion test data closer for small values of  
3,o/X/3 = 0.1 - 0.3 in Fig. 6 by retaining more terms in the evolution eqn (30). However, 
the influence of  W p term upon the response in torsion is negligible when deformations 
are small, and it will not help to retain more terms in (30) in order to fit more closely 
the test data for small ~,qq. The fit for small ~eqq may be better when the distortion of  
the yield surface and the associated anisotropy is accounted for,  as discussed above. 
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V. ALTERNATE FINITE STRAIN PLASTICITY MODEL: GENERAL EVOLUTION EQUATIONS 

FOR BACK STRESS AND YIELD-FUNCTION EXPANSION BEING GIVEN A PRIORI 

In the preceding sections, we have established an internal time theory for finite strain 
plasticity using Mandel's director concept. Regarding the plastic spin as an internal vari- 
able in the rate-type equation, we can write the evolution equations for the stress and 
the back stress using the traditional Jaumann rate as given in Table 1. The resulting con- 
stitutive equation turns out to be a combined isotropic/kinematic-hardening theory in 
which the translation of  the yield surface depends nonlinearly on D p, the function 
f(~ ' ) ,  and the internal variable W p, while the expansion (or contraction) of  the yield 
surface depends solely on f(~ ' ) .  In contrast with the aforementioned approach based 
upon an internal time concept, we may use an approach in which we begin ab initio with 
general expressions for the evolution equation of  the back stress tensor and of  the radius 
of  the von Mises yield cylinder. This approach is more general and we can end up with 
constitutive equations similar to those in Table 1 by choosing appropriately desired 
forms for the evolution equation for r and the radius of  the yield cylinder. In this sec- 
tion, we briefly discuss the general expressions for the evolution equation for the back 
stress and for the radius of  the yield cylinder. 

In general, the back stress tensor does not need to be deviatoric. We denote by a the 
tensor of  the Cauchy back stress, and let r be its deviatoric part, as before. For conve- 
nience, we introduce a parameter 2h to nondimensionalize a and set a = a/2h. 

Using the representation theorem by W^r~c [1970], we can now write in the follow- 
ing way the evolution equation for k J  using the general representation for the symmet- 
ric tensor function: 

~J 
& J =  - -  = f h l +  

2h 
f/2D p + ~3a + ~14D p2 4" ~'/50t 2 4" ~'/6(tvD p 4" DPa)  

4" ~/7(DP2a 4" aD p') + f/8(DP¢~ 2 4" a 2 D  p) 4" f/9(DP2a 2 4" a2Dp2) ,  (43) 

where ~ are functions of  the following invariants: 

trD p, trD p2, trD p3, trot, tra 2, tra 3, t r (DPa ) ,  t r ( a ' D P ) ,  tr(otDP2), tr(a2Dp2). (44) 

Excluding the 04, ~7, and r/9 terms from the right-hand side of  eqn (43) so that the 
remaining equation is homogeneous in time, we can rewrite the expression as 

&J = iY 
2h 

where 

= 71I + 72 Dp + 73 a 4- 74~ 2 4- 75(aD p + DPa)  + 76(DPa 2 4" a2Dp),  

(45) 

71 ----~1, 72 ~'-'~2, 73 = ~3, 7 4 = ~ 5 ,  75 = ~6, 76 = ~8" 

One may write similar evolution equations for ~ directly in terms of  r and D p. The 72 
term can be  used to represent the linear kinematic-hardening rule, and the 73 term may 
be identified with the nonlinear kinematic-hardening behavior as in Table 1, when 73 
may be considered to be a nonlinear function of  the invariants of  D p, (DP) 2, etc. 
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In order to have a term similar to the plastic spin term rW p - WPr (as in eqn (E) of  
Table 1), which is decoupled with the remaining terms, one may add an antisymmetric 
term as given by AGAH-TEHRAm, LEE, MALLET, & OSAT [1986]. However, noting that 
eqn (45) is a general expression, we see that appropriate choices for the functional depen- 
dencies of  the coefficients 7/, on the arguments listed in eqn (44) may lead to a term sim- 
ilar to that o f  rW ° - War,  which essentially accounts for  the noncoaxiality of  r '  and 
r. For example, we consider the following simple evolution equation of  the back stress, 
suggested by ReED & ATLURI [1985] as an extension of  Prager's rule: 

Pl/2h = ( 1 + 2cq2 / (2h )2}D p - c [ ( r / 2h )  :D p] ( r /2h) ,  (46) 

where q2 is the second invariant of  r. This equation is obtained as a special case of  the 
expansion for r, similar to eqn (45). The evolution equation in (46) is simple, yet it pro- 
duces no oscillation in shear stress and gives a reasonable magnitude of  normal stress, 
in finite simple shear deformation,  for  all magni tudes  o f  shear strain. The above evo- 
lution equation (46) may be modified easily to include a nonlinear kinematic harden- 
ing term. For instance, by taking 

~12 = 1 + 2 c q 2 / ( 2 h )  2, 73 = n ( D P : D P )  I/2 - c ( r / 2 h )  :D p, others zero, 

we can obtain a new evolution equation: 

f J / 2 h  = D p + c ( 2 q 2 / ( 2 h ) 2 D  p - ( r /2h )  [ ( r /2h)  :DP]}  + n(DP:DP)I /2r /2h  (47) 

(where q2 = ( r : r ) / 2 ) ,  which now includes the nonlinear kinematic hardening term. 
Observing this evolution equation closely, we see that the second term vanishes identi- 
cally for the case of  uniaxial loading, but does not disappear for the simple shear defor- 
mation. Like the plastic spin constant m,, the constant c may thus be used to fit the 
response for the simple shear or torsion without changing the response for the uniax- 
ial loading. In this sense the second term in eqn (47) may be similar to the plastic spin 
term of  the internal time theory or the antisymmetric term in the evolution equation 
given by AOAH-TeHRANI, LeE, MALLET, ~, ONAT [ 1986]. 

For the purpose of  comparison with the internal time theory, we consider a special 
case of  the previous internal time theory: (1) in the kernel p~ (z) of  (21), all constants 
Pti (i = 0,2,3 . . . .  ) are set equal to zero, except PI1; (2) in the expansion for W °, as in 
(30), all constants m,. are set equal to zero except mr. In this special case, the Jaumann 
rate o f  the back stress, eqn (E) in Table 1, reduces to 

[PI/21zPl(O)]=DP+[(rWP--WPr)/21zPl(O)]-- I etf~)(DP:DP)l/'Zr/21zpl(O)] 

= Do + 21tpz (0)  m! {[r/2/~pz (0)] [r/2/~pl (0)] O p 
r vf(~') 

- 2 [ r /2~m (0)] DO[r/2/zp~ (0)] + DP[r/2t~pl (0)] [r/2/~p, (0)]} 

- [ ' ~ ) ( D ° : D P ) S / 2 r / 2 ~ p ~ ( O ) ] .  (48) 
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One can notice the essential similarities between eqns (48) and (47). The second term in 
the right-hand side of  (48) accounts for the effect of  noncoaxiality between r and D p. 
Thus, the second term in (48) vanishes for uniaxial deformations, while it is nonzero in 
the case of  simple shear. Although the second term in the right-hand side of  eqn (47) 
does not so evidently account for the noncoaxiality between r and D p in exactly the 
same way as does the second term in the right-hand side of  (48), it is similar to the sec- 
ond term in the right-hand side of (48) in the sense that while both disappear for uniaxial 
deformations, both are nonzero in simple shear and can be used to fit the response for 
the simple shear deformation. 

We now consider the responses predicted by the present ab initio specified combined 
isotropic/kinematic-hardening model, with ~Y being specified as in eqn (47), and the 
equation for evolution of the radius of  the yield cylinder being specified as 

R 2 =  ( T ' - r ) :  ( T ' - r )  = ~f[A + (1 - A ) e x p  (--~Eeqq)) 2 (49) 

where t~eq q is the equivalent plastic strain. 

V. 1 Purely kinematic-hardening material 

For a purely kinematic-hardening material, we take A = 1.0 and (3/2)n/2r~ = 100 in 
eqn (49) and 2h = 740 and n = - 1 . 0  in eqn (47). The responses predicted by the pres- 
ent model for uniaxial loading and simple shear, respectively, are shown in Fig. 12. As 
expected, the term involving the constant c in (47) vanishes identically for uniaxial load- 
ing but is nonzero in shear. An appropriate nonzero value of  c is necessary to predict 
nonoscillatory stress response in simple shear. The results in Fig. 12 are entirely analo- 
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Fig. 12. Prediction of the a priori specified kinematic-hardening model [eqn (47)], for the cases of uniaxial 
and simple shear loading: rigid-plastic, pure kinematic-hardening material. 
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gous to those in Fig. 2, and it can be seen that the term involving c in (47) plays essen- 
ti.'t'_' -he same role as the term involving ml in the plastic spin in (30). 

V.2 Combined isotropic softening~kinematic hardening 

In this example, the yield surface contracts as the deformation proceeds. We assume 
the followiL.z material constants: A = 0.5, ~ = 1.8, and (3/2)1/2ry = 60 in eqn (49) and 
2h = 700 and n = - 0 . 9  in eqn (47). The response predictions in uniaxial loading and 
simple shear are shown in Fig. 13. These results are entirely analogous to those in 
Fig. 3, with the term involving the constant c in (47) playing essentially the same role 
as that involving mt in (30). 

V.3 Modeling o f  test data using eqns (47) and (49) 

For purposes of  quantitative comparison with the endochronic theory, we take 2h = 
2/zpt (0) and A = 2.5, as in the internal time theory. The constants n and ~ are deter- 
mined such that the prediction of  the theory fits the uniaxial response measured in the 
experiment, and we compute the stress response for the simple shear depending upon 
various values of  c (Fig. 14). The assumption of  rigid-plastic deformation has been made 
as in the previous section. To confirm the nonoscillatory behavior of  shear stress as ~m, 
goes to infinity, we plot the shear and axial stresses versus %a  up to 10 for the simple 
shear idealization of the torsion of  a thin tube in Fig. 15. 

As seen from a comparison of  Fig. 14 with Fig. 9 and from Fig. 15, the present com- 
bined kinematic/isotropic-hardening model according to eqns (47) and (49) gives results 
very similar to those from the internal time theory with the plastic in the previous sec- 
tion. The second terms in the right-hand side of  eqns (47) and (48) are similar to each 
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Fig. 13. Response prediction of the model, with a combined kinematic-hardening [eqn (47)] and isotropic- 
softening [eqn (49)], both being specified ab initio. 
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Fig. 14. Prediction of the combined isotropic/kinematic-hardening model, with general expansions for the 
evolution equations being specified ab initio. +: test data for uniaxial compression; z test data for torsion 
of short tube (STouT [1986]). 
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Fig. 15. Comparison of predictions of shear and normal stresses from the combined isotropic/kinematic- 
hardening model with the general expansions for the evolution equations and from the internal time theory 
for large values of e¢qq in simple shear. (Similar results were obtained for torsion of a thin tube.) 

other in a phenomenological  sense, and the two evolution equations are similar to each 
other at least as far as the uniaxial compression and the simple shear are concerned. This 
observation,  along with the results in Figs. 14 and 15, indicates that plastic spin is not 
an indispensable concept for an internal variable theory o f  finite strain plasticity. 



190 S. IM and S.N. ATLUItl 

We now discuss the following general form of the yield function for (REEs [1984]) the 
deviatoric plasticity: 

1 
f =  ( C  O + G o) (r~- - re.) + ~ (Cokz + Gokl) (r~i - r O) (rja - rkt) 

1 
-F -~ ( Coidm n 4- Goktm n ) ( r b --  r O ) ( r~t - rkt)  ( ~'mn --  rmn ) = ~ ( Wp ),  (50) 

where C o, GO, Cokl, Gokl, Coktm., and Gok~m. are second-, fourth-, and sixth-order 
tensors related to initial and flow-induced anisotropy, respectively, and ~b is associated 
with the isotropic hardening and a function of  the plastic work Wp or accumulated 
plastic strain. For an initially isotropic material, C o and Coklm. disappear identically 
and Co.kt = ¢~ikrjl. It can be shown that the linear terms in eqn (50) account for the dif- 
ference between the tensile yield stress and the compressive yield stress and that the quad- 
ratic terms can be used to model the inclination of the yield surface and the cubic terms 
can be identified with the distortion observed in the initial and subsequent yield surface 
(REEs [1982, 1984]). By prescribing appropriate expressions for the above tensors, we 
can obtain a general hardening theory that may account for even the distortion of a yield 
surface by plastic flow. 

As a closing remark, we point out that there is a unifying concept between the inter- 
nal time theory and other phenomenological plasticity theories, such as the internal vari- 
able theory of CHAeOCrm [1977], the multiyield theory of MROZ [1967], the two-surface 
theory of KRmG [1975], and the bounding surface model of DArALtAS ~ POPOV 
[1975,1976]. By an appropriate choice of the kernels in the internal time theory, the 
aforementioned theories or similar ones may be deduced as special cases (see WAa'A~ABE 
& ATLURI [1986b] for details). 
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