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Abstract-The problem of large deflections of thin flat plates is mderived here using a novel integral 
equation approach. These plate deformations arc governed by the von Karman plate theory. The 
numerical solution that is implemented combines both boundary and interior elements in the discretization 
of the continuum. The formulation also illustrates the adaptability of the boundary element technique to 
nonlinear problems. Included in the examples here are static, dynamic and buckling applications. 

INTRODUCTION 

The boundary integral equation approach for the 
solution of initial and boundary value problems in 
continuum mechanics has proved to be an extremely 
efficient and effective technique. This has received 
considerable attention from many in the research 
community over the last 20 years. Initially, the 
method was restricted to linear problems, but 
recently extensions have been made to include 
nonlinear problems that have encompassed both the 
geometric and material varieties. The central feature 
of all integral equation approaches lies in the exist- 
ence of a fundamental solution to the governing 
differential equation. The difficulty in the nonlinear 
case is that this solution, even if it exists, is unknown, 
and consequently alternative schemes must be pur- 
sued. One viable alternative is to use the fundamental 
solution in infinite space of just the linear portion of 
the equations. The price that must be paid here is that 
the equations will now contain domain integrals in 
addition to the boundary integrals. These domain 
integrals will primarily be associated with the non- 
linearities in the system. Thus, the apparent advant- 
age in reducing the dimensionality, as is the case in 
linear boundary element problems, is now lost in the 
nonlinear case. 

The nonlinear problems that will be discussed in 
this paper relate to the large deformations of thin flat 
plates. The linear theory of KirchhotT is valid only 
when the transverse deflections are approximately 
less than the thickness of the plate. The extension 
to large deformations where the nonlinear terms arc 
retained in the kinematic relationships was first 
provided by von Karman [I]. This leads to a pair of 
coupled nonlinear fourth order equations for the 
transverse displacement and the stress function for 
the inplane stress resultants. The stress function was 
basically a compatibility condition for the in-plane 
displacements. These equations were first solved by 
Levy [2], using a series solution, for a variety of 
rectangular plates. Some of the earlier finite element 
implementations for large deformations were con- 
ducted by Brebbia and Connor [3] and by Bergan and 
Clough [4] and involved conventional displacement 
based elements with the strain energy expressed in 
terms of the three displacement components. In [4], 
the so called Q19 elements were used for the trans- 
verse displacements and regular four noded quadri- 
lateral elements for the in-plane displacement. More 
recently significant advances have been made in 
continuum mechanics theories for large deformations 
incorporating the use of hybrid finite element 
procedures [S]. 

As shall be seen, however, the integral equation Despite the versatility of the finite element method, 
approach possesses a number of benefits over other it may not always be the most convenient approach 
available numerical schemes. The modeling of the to use and this is borne out in the applications that 
interior unknowns may not face such stringent inter- are proposed in this paper. Accompanying the fourth 
element continuity requirements as are found in order operator is the requirement that in the finite 
the finite element method. Additionally, an incre- element method, the C’ continuity requirement for 
mental procedure most likely will be. used and in such the displacements must be satisfied in and across each 
a scheme the interior integrals may be evaluated in element. This is one of the principal difficulties in the 
terms of the results of the previous increment and implementation of the finite element method. While 
so the only unknowns in this instance would be most of the current research on plate finite elements 
the boundary incremental unknowns. In general, a is aimed at Co elements, the problems of spurious 
singular (fundamental) solution approach to non- zero energy modes associated with such elements 
linear problems may best be viewed as a ‘mixed appear almost insurmountable. As will be seen, the 
boundary element/interior element method’. boundary element approach will be free of these 
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restrictions. Another drawback that the finite element The above governing differential equations 
method suffers from is that many elements are re- (la), (1 b) are complemented by the appropriate 
quired when the in-plane dimensions of the plate are mechanical and geometric boundary conditions as 
large and consequently there will be many unknowns outlined in [ 121. If the inertia in the plane of the plate 
involved. It is advantageous to use the boundary can be neglected, then it is possible to introduce a 
element technique because it will achieve a given stress function [13] for the in-plane stresses N%,r_ This 
accuracy with fewer degrees of freedom and this has assumption is valid when the transverse modes under 
been illustrated in [6,7] for the case of linear elastic consideration are widely separated from the funda- 
plate vibrations. This results in an increased efficiency mental in-plane mode, and this assumption will be 
when the boundary element scheme is used. These invoked here. This stress function approach results in 
were some of the factors that motivated the use of the two equations (la) being replaced by a single 
integral equation approach in the present analysis. fourth order equation for the stress function. This 

The weighted residual method is frequently used in approach will not be pursued here since the form of 
finite element formulations, but in the boundary eqn (1) permits a more general range of applications. 
element method Betti’s reciprocal theorem is very Also, with the use of stress functions, there isconsider- 
often used. However, it is found to be convenient able difficulty in the implementation of the in-plane 
also to express boundary element approaches in a displacement boundary conditions. The apparent ad- 
weighted residual form also. This has been discussed vantages in two fairly similar fourth order equations 
in a recent publication by Atluri [8] and the suitability is lost and this will be discussed in more detail later. 
of the approach to a wide variety of nonlinear Therefore, in deriving the integral constr~nts, eqn (1) 
problems has been illustrated. Indeed it is correct will be used (with the in-ptane inertias neglected). It 
to say that both the boundary element and finite may be noted that these equations are identical to the 
element methods may be classified as members of the static set if the negative of the transverse load is 
weighted residual family. The distinction between the considered to be the transverse inertia. 
two lies in the choice of the test functions. This will Integral equations representations will now be 
be addressed in greater detail later. formulated for the three displacement components 

The remainder of this paper will concentrate on and also the normal slope on the boundary. Firstly, 
an integral equation approach for large deformations eqn (I b) will be considered so as to establish an 
of ptates. The technique has been well documented expression for the transverse displacement. 
for linear static problems by Stern [9] and for linear In the classical boundary element approaches [ 141, 
dynamic analyses by Bezine [6]. An extension of the Betti reciprocal theorem was used to establish the 
these techniques is now proposed for the nonlinear integral constraints. This theorem is limited to linear 
probiem. Several examples will also be presented to elasticity, however particular forms of the reciprocal 
illustrate the versatility of the present approach. work theorem may be used in nonlinear problems 
These include dynamic and buckling problems in [15]. A more versatile technique will be employed 
addition to some static applications. here; namely, a weighted residual scheme and at the 

same time a very careful choice of the test function 

BOUNDARY ELEMENT TECHNIQUE FOR is made. In the nonlinear problem there is no singular 
LARGE DEFLECTIONS OF PLATES solution to the nonlinear differential equation as is 

The fo~ulation of the von Karman equations has 
the case for linear problems. The alternative scheme 

been well documented [IO] and here the dynamic 
that is adopted here is to use the singular solution 

analog of these equations will now be introduced [ 1 I]. 
of the static equation which in this case is the 
biharmonic operator. The implication of this is that 

NBo,s=rnz& (a,#I = 1,2) (la) 
a number of the integrals will involve some interior 
components which relate to the nonlinear and time 

DV4u3=W.Bu3,8h+~ -m4, (lb) 
dependent portions 161. 

Using the weighted residual approach, eqn (1 b) 

where m is the distributed mass, I) is the bending 
may be recast as follows: 

rigidity of the pfate and p is the transverse load. 
The in-plane displacement is denoted by u, while {DV’u, - (N,s’u&,, - p + mti, )uf dA = 0. (3) 

the transverse displacement component is I+. The 
in-plane stress resultants are represented by NmB. A 
comma is used to indicate differentiation with respect 

Here, the weighting (test) function u: is the fore- 

to position while a dot indicates temporal differen- 
mentioned singular solution and this well known 

tiation. It is important to remember that the above 
solution is given by: 

equations are nonlinear and this is also evidenced by uF(p,q) = 1/8xr lnr2; r = llp,q 11. (4) 
the kinematic relationship 
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e=p= 1/2(u,.~+ US..+ kdki~)-w~~ (2) 

Physically, u: is the transverse displacement at q due 
to a unit transverse load at a point p in an infinite 
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plate and here lower case letters denote interior 
points, while upper case letters will indicate boundary 
points. Subsequently, the asterisk notation is used 
to denote the test function or derivatives of it. The 
boundary conditions are also expressed in a weighted 
residual format as follows: 

V:(u,-li,)dS=O (Sa) 

Ml% k” - &,)dS = 0 (Sb) 

u$(M,-&,)dS=O (SC) 

s u$(V,- p,)dS =0 
5, 

(Sd) 

In the above, M,,,,, M,,, and V,, are the normal 
moment, the twisting moment and the effective shear 
force respectively. The boundary is split into a 
portion with geometric boundary conditions (S,) 
and with mechanical boundary conditions (S,). The 
notation (( )) indicates a jump in the quantity ( ) at 
a comer where there are a total of K sharp comers 
in all. Prescribed quantities on the boundary are 
indicated by an overbar. Detailed expressions for the 
bending moment and shear force in terms of both the 
trial function (u,) and the test function (u:) have been 
given in [ 131. 

Using the weighted residual form of the governing 
differential equation (4), combined with boundary 
conditions, and using repeated integration by parts, 
it is possible to establish the following integral 
relationship [ 131: 

D 
I 

u,V”u$ dA + {u, V: - us,, ML + ut, Mm 
A I s 

- u: V,W - &u:W,) - u,W:)} 

- {N.PuJ.,~.~ I }dA + (mii,)ufdA 
A I A 

= pu:dA. 
s 

(6) 
A 

The term jAu,V4u$ dA in the above equation is of 
critical importance since ut is the singular solution of 
the biharmonic operator which is written as 

v’u:(P,q)=6(P -4). (7) 

Here the d notation is used for the Dirac delta 
function and using the special properties of this 
function under the integral sign, the following 
well-known result may be established: 

u~(qV”u:@,q)dA = uAP). (8) 

This equation may now be substituted into eqn (6) 
and so an integral relationship has been developed for 
the transverse displacement I+(P). In the interest of 
clarity, the distinction between S, and S, is ignored in 
eqn (6) and the ‘bar’ denoting the prescribed quantity 
has also been dropped. This equation is for the 
interior point p and it is now necessary to transform 
this to an expression for the displacement at a 
boundary point P. This must be done with caution 
due to the discontinuous nature of the kemals 
when the source point coincides with the field point. 
When this is done, the following relationship may be 
derived at the boundary: 

$cu3(P)+; {u,V:-U~~,M;+U:,M, 
5 s 

-u;v,}dS-$f:(u:<M,,,)-u,(M:)} 

where KR is the included angle at the boundary. 
A number of points need to be discussed in relation 

to the above equations. It is evident that this equation 
contains some volume integrals and these are specifi- 
cally related to the nonlinear and time dependent 
portions of the differential equation. Unlike a finite 
element discretization, the interpolating functions 
will not be constrained by the C’ continuity condi- 
tion. In the case of a linear statics problem, there will 
no longer be interior integrals containing unknown 
terms and consequently the equation may then be 
termed a boundary constraint equation. However, 
even in this case, a single equation at each boundary 
point will be insufficient to solve a well posed engin- 
eering problem. This is because two quantities are 
specified on the boundary but there are also two 
unknowns. Thus a second integral equation is sought 
at the boundary and this will result in a pair of 
coupled integral equations. This may be achieved 
conveniently by considering another appropriate 
fundamental solution of the biharmonic equation and 
this is basically a directional derivative of the earlier 
solution and is given by 

111) **=&rInrcos& (10) 
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where 4 is the polar angle in a cylindrical coordinate 
system. A second equation may now be established at 
the boundary for the normal slope using a derivation 
similar to that outlined above [l3] and this equation 
is repeated here: 

X~~;,~P+~-IU~.:;IP+$I {(&-&(p))v:* 
s 

-u,,,M;;+u;:M,,-u:*V,}dS 

-; iIu;*<Mm) -(u, - u,(0W:*)} 

-;j 
A 

{N.pu,.,u$}dA +;j (mii,)u;*dA 
A 

(11) 

The quantities K, and K* depend on the particular 
coordinate system (<,, &) at the boundary 

Equations (9) and (I 1) are now sufficient to solve 
a linear static problem with transvcrsc normal 
loading. The only volume integral will not contain 
any unknowns, being a term of the form jApu:dA, 
and this integration may be easily performed by 
splitting the interior into cells. Here, two of the four 
quantities, u3, r+,,, M,,, and V,, will be prescribed 
on the boundary and two will bc unknown. Once 
these boundary quantities have been calculated, the 
required interior values may be estimated. 

The formulation for the nonlinear problem still re- 
mains incomplete due to the presence of the in-plane 
quantities. The appropriate differential equations 
here are the homogeneous forms of eqn (1 a) since the 
in-phase inertia is being neglected. Here again the 
differential equations are recast in weighted residual 
form along with suitable forms of the boundary 
conditions 

I Np..s u, dA = 0 (12) 
A 

s 
(Tz - NB,nS)u,tdS = 0 (13a) 

St 

s (u, - ii.) T,* dS = 0, (l3b) 
S” 

where T: = T:(u:) and nB represents the compon- 
ents of the normal vector at the boundary. For 
convenience in the subsequent analysis, the in-plane 
stress component Nzs is written as the sum of the 
linear and nonlinear factors, where N& denotes the 
linear part and N$ denotes the nonlinear part 

N,, = N;, + N$. (14) 

As in the transverse displacement case, the diverg- 

ence theorem is again applied to eqn (12) and, on 
combination with the boundary condition, this leads 
to the expression 

s 
N&u,dA - N;p&,dA 

A s A 

+ 
s 

(T,u: - T:u,)dS =O. (15) 
s 

In this equation, the following notation has been 
added: 

Gs, = f(G4 + n;.,. (16) 

Since the in-plane stress resultants N,, contain non- 
linear terms, there is no singular solution available 
to the homogeneous form of eqn (la). Consequently, 
the choice for u: is the fundamental solution of the 
(linear) plane stress problem. The displacement in the 
a direction at q due to a unit load in the y direction 
at p is given by uzi(p. q) and this fundamental 
solution is well known to be [14] 

u*= - 
9 g,,(: _y_)I(3-4c)&lnr -r,;r,J (17) 

V 
~=-_. 

I+v 
(18) 

Using this solution and again exploiting the proper- 
ties of the Dirac delta function on the first term of eqn 
(IS), an integral equation is found for the in-plane 
displacement components at the boundary: 

+ S(T,u; - T:n,) d& (19) 
I 

where the constant cm8 depends on the included angle 
on the boundary and c,~ = 6,, in the interior. 

Equation (19) consists of two equations at the 
boundary for the in-plane displacements u, and ul. 
Again the interior term is evident and this is of course 
due to the nonlinear portion of the stress resultants. 
In the linear plane stress problem, this term will not 
be present and the system of equations will be entirely 
in terms of boundary unknowns. 

The stress function approach for the in-plane 
deformation, that was mentioned earlier, initially 
appears to be an attractive alternative to the equi- 
librium eqns (la) when the in-plane inertias are 
neglected. This is due to the presence of the fourth 
order operator governing both the stress function and 
the transverse displacement, facilitating the use of the 
same singular solution in both instances. However, 
the imposition of prescribed displacement boundary 
conditions presents extreme difficulties and this may 
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not be accomplished in a direct fashion [16]. The 
mathematical analogies that exist between linear 
plate bending and a stress function approach to the 
in-plane problem break down when it comes to the 
imposition of the boundary conditions since the 
stress function equation is merely a compatibility 
constraint. This was the basis of an earlier formula- 
tion by Tanaka [17]. As has been demonstrated the 
equilibrium equation approach is much simpler and 
both the in-plane displacement and stress resultant 
boundary conditions may be applied with little diffi- 
culty. Hence the adoption of this scheme is favored 
here. This formulation also allows for the in-plane 
inertias to be included if so desired. 

NUMERICAL IMPLEMENTATION 

In the preceding section, four integral constraints 
equations have been derived [eqns (9), (1 l), (19)]. 
These are basically four coupled equations which 
completely determine the large deformation problem 
of a thin flat plate, since at a general boundary point 
there will be four specified quantities and four un- 
knowns. Formulating the problem in terms of total 
deformation is perfectly acceptable in the linear case. 
However, in the nonlinear situation, an incremental 
formulation, which leads to a piecewise linear incre- 
mental solution, must be pursued. In this approach, 
the prescribed boundary conditions are applied in 
small but finite increments and in a time dependent 
problem, these increments correspond to the time 
steps. Each state of deformation is labeled, and in the 
notation employed here, the state before the addition 
of the (N + I)th load is referred to as C, and the 
next state is labeled C, + , . Here all quantities will 
be referred to the initial or C, configuration. This is 
commonly known as the ‘Total Lagrangian’ formu- 
lation. It differs from the ‘Updated Lagrangian’ 
formulation where the quantities are referred to the 
previous (C,) configuration. 

The subscript N will be used to indicate a quantity 
in the Nth state, while the additional increment will 
be denoted with a A as follows: 

Au, = u;+’ -u:. (20) 

Equation (19) is now written in incremental form at 
state C,, , : 

c&$‘+ Au,) = J ([N;) + A(N”,,&,,,B,dA A 
+ J {(T;+AT,)u;- T$(u:+Au,)} dS. (21) s 

Similar expressions have been derived for the trans- 
verse displacement [eqn (9)] andits normal slope [eqn 
(1 l)] and these are given in the Appendix. 

It is important to note that each equation contains 
the equilibrium constraint at the previous (Nth) state. 

The next step is to discretize the boundary and the 
interior int,o elements in terms of the incremental 
variables. On the boundary the terms uj, u ,.“, M,,, 
V,, u, and T, are interpolated in terms of nodal values 
in each one dimensional element. In the interior, the 
transverse displacement and its time derivatives must 
be interpolated over each element in addition to the 
two in-plane deformation variables. For convenience, 
the terms relating to the stress resultants N, will be 
interpolated in terms of the corresponding kinematic 
values. Again it is significant to point out that the 
interior interpolating functions need not satisfy the 
C’ continuity requirement. 

Using eqns (A. I) and (A.2) with higher order terms 
neglected, two equations may be set up at each 
boundary node implementing the above described 
discretizations 

Gr Au,, + J, A&, + P, Au, + RF 

+ A?!, + CrAuw = 0, (22) 
where 

Au,,: 

AF,: 

Au,,: 

Au,: 

the set of incremental nodal boundary un- 
knowns from the set {Au,.,, A.M,,,,, AV.} 
vector of forces due to prescribed boundary 
and external transverse loading conditions 
incremental nodal transverse displacements 
both on the boundary and in the interior 
incremental nodal in-plane displacement 
unknowns both on the boundary and in the 
interior 
correction vector from equilibrium at the 
Nth state. 

The definitions of the matrices G,, J,, Pr and C, 
may be deduced immediately from the appropriate 
integrals in eqns (A.l) and (A.2). These equations 
must be complemented by a second system set up at 
each.of the interior nodes (single equation per node). 

G, Au,, + J,Ai), + P,Au> + RF 

+ A??, + C,Au, = 0. (23) 

Equation (21) may now be used to develop a further 
system of matrix equations; two at each boundary 
point and two at each interior point: 

P,Au, + 8: + AF, + H, Af, + C, Au,, = 0. (24) 

Afe are the unknown nodal traction values and the 
definitions of the matrices again follow from eqn (21). 

The three matrix systems of equations (22x24) are 
sufficient for solving the general large deformation 
problem. The number of equations equals the total 
number of unknowns in the vectors Ah,, AL,, Au,, 
and AQUA. Equations (22) and (24) may then be solved 
for AfpB, Au,,, and Ay, in terms of the remaining 
unknowns to yield the following incremental system: 

MAO,, + KAp,, = A[, (25) 
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where A_f includes the incremental force vector and 
the equilibrium correction vector RN. In a static 
problem the dynamic term in the above equation will 
no longer be present. 

The K matrix in eqn (25) must not be confused with 
the stiffness matrix in a conventional finite element 
approach. Also, because of the nonlinear nature of 
the problem, it must bc rcmcmbcrcd that K is no 
longer constant and it is a function of the current 
state of deformation. It is perhaps best to label this 
matrix here as a coefficient matrix and in general it 
is fully populated and unsymmetric. Likewise the 
matrix M in dynamic problems will have a similar 
structure to the K matrix. 

Because the coefficient matrix K depends on the 
state of deformation, it must be updated periodically 
during the incremental process. The available proce- 
dures include such schemes as the Newton-Raphson 
or the modified Newton-Raphson techniques and 
these have been well documented in the literature. 
The particular choice usually governs the converg- 
ence rate in each step. A variant of these was 
discussed earlier in the introduction [8] wherein the 
interior terms are approximated by their values at 
the previous load step. This is similar to a linear 
boundary element scheme with a complicated system 
of body forces that are due to the nonlinear deform- 
ations. This is analogous to a finite element method 
where the stiffness matrix corresponding to linear 
elasticity is used throughout. 

Several alternatives were pursued here with 
varying degrees of success. The linear elastic stiffness 
approach was found to converge extremely slowly 
and consequently it was discarded. The modified 
Newton-Raphson scheme behaved somewhat better 
but the full Newton-Raphson algorithm was the 
favored approach in this analysis. Since the co- 
efficient matrix in the boundary element scheme is not 
as large as in the usual finite element approach, the 
reduction of this matrix at each iteration cycle is not 
as critical and, moreover, it was found that the 
solution converged very rapidly in this instance. 

RESULTS 

Several classes of problems in the domain of large 
plate deformations were analyzed to examine the 
effectiveness of the singular solution approach devel- 
oped here. Included are static, dynamic and buckling 
problems, and comparisons will be made with some 
of the more classical series solution test cases that are 
available in the literature. 

The earliest solution to the static von Karman 
thin plate equation was provided by Levy [2] from 
extensive investigations into aircraft sheet stringer 
panels. While these were basically textbook problems 
for rectangular plates with a restricted class of 
boundary conditions, they have become the bench- 
mark solutions over the years for the large array of 
numerical techniques that have followed [4, 51. These 

a = 16" 

h = 0.1" 

E = 30x106 psi 

U = 0.316 

Fig. 1. Simply supported square plate with 8 x 8 mesh in the 
interior. 

modem methods, the singular solution approach 
being one, are no longer confined to simplified 
geometries and idealistic boundary conditions and 
can be readily applied to more meaningful problems 
that arise for the design engineer. 

The thin plate analyzed here was assumed to be 
simply supported, and a uniformly distributed trans- 
verse load p was applied. The plate was square and, 
due to symmetry, just one quadrant was modeled (see 
Fig. 1). It was also assumed that there was no 
displacement perpendicular to the side of the plate, 
i.e. on x, = 0, then u1 = 0. This was one of the bound- 
ary conditions imposed by Levy in his series solution. 
The thickness ratio was h/a = l/160, Poisson’s ratio 
was assumed as 0.316 and Young’s modulus was 
30 x 106psi. Linear interpolation functions are used 
for the boundary unknowns. In addition here the 
in-plane displacements and tractions must also be 
discretized on the boundary. A linear interpolation 
field is also used in this instance, while in the interior, 
the unknowns (which comprise the three incremental 
displacement components) are also linearly interpo- 
lated. Since the incremental values in the interior 
include partial derivatives of these displacement 
components, the interpolation must be linear at least 
so that there will be a contribution from the nonlinear 
terms. The central deflection, using a 4 x 4 mesh to 
model the quadrant, is presented in Fig. 2 and is com- 
pared with the results of Levy[2], and the excellent 
agreement is obvious. The membrane stresses were 
also calculated at various locations in the plate and 
these are plotted in Fig. 3 where a comparison is 
again made with Levy and also with the finite element 
analysis of ,Bergan and Clough [4]. Here, the field/ 
boundary element scheme contained 95 nodal un- 
knowns while the finite element method [4] had 125 
unknowns. Despite the smaller number of unknowns, 
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Fig. 2. Central deflection of a square plate under uniform 
transverse load. 

the present approach appears to give results that are 
closer to the analytical solution as shown in Fig. 3. 
These stresses were calculated using numerical 
differentiation, and extremely accurate solutions were 
obtained. Explicit expressions may also be derived for 
these stresses and also for the bending moments and 
the shears, but this was not carried out here due to 
the excessive algebra involved. 

Buckling problems were also investigated by sub- 
jecting the plate to a uniaxial compression in one 
direction, and buckling was then induced by applying 
a small load in the transverse direction. Again the 
plate was simply supported and the two edges had 
displacements prescribed, and the other two sides 
were free in the sense that self-equilibrating loads 
were applied to maintain the edges straight. A mesh 

sah p6h 

- LEVY 
12.5 

- - - PRESENT ANALYSIS 

/ 

NTFR D!iFLECTK)(I 
p THICKNESS 

Fig. 4. Post-buckling deflection for square plate. 

similar to that used in the nonnal loading case is used 
and the central deflection is plotted in Fig. 4 as a 
function of the average compressive stress on the 
sides with prescribed displacements. Again the cor- 
relation of the post-buckling behavior with the series 
solution is very good. 

A dynamic response analysis was also conducted, 
permitting the influence of the large amplitudes 
on the period of free vibration to be investigated. 
The incremental acceleration term Ati, must also be 
discretized in the interior, and again a linear interpo- 
lation similar to the other interior unknowns is used. 
The period and amplitude were calculated from the 
dynamic response plot of the initial value problem 
with the Newmark Beta method used for the time 
integration. The results for a square plate, with the 

LEVY 

BERGAN B CLOUW 

PRESENT ANALYSIS _. 4&s,C 

0 
0 2 4 6 6 II 

TRANSVERSE LOAD p/pi 

Fig. 3. Membrane stresses for square plate. 

C.A.S. 21,1--H 
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Fig. 5. Influence of large amplitude on period of vibration. 

same boundary conditions as the static problem, are 
illustrated in Fig. 5 and are compared with perturb- 
ation procedure carried out by Chu and Herrmann 
[18]. In this reference, the stress function approach 
was used for the in-plane portion, thus neglecting the 
in-plane inertia, and then both the transverse dis- 
placement and stress function were expressed in terms 
of a trigonometric series. It is seen that the period 
decreases rapidly with increasing amplitude, and this 
feature will also be evident later in the nonlinear 
control examples. 

The preceding three examples all demonstrate that 
the ‘mixed boundary element/finite element’ singular 
solution scheme gives accurate results for relatively 
few degrees of freedom and illustrate that it is a viable 
alternative to some of the other available numerical 
schemes. A somewhat similar procedure has also 
been developed recently for the nonlinear shallow 
shell problem [19] and this also shows considerable 
promise. 

CONCLUSIONS 

A singular solution approach for large deform- 
ations of a thin flat plate has been outlined in this 
paper and it is apparent that the results obtained 
in both the static, dynamic and buckling cases are 
extremely accurate and compare favorably and effici- 
ently with other available numerical procedures. This 
is an example where the boundary integral equation 
procedure has been extended to nonlinear problems 
yielding a so-called mixed boundary element/interior 
element procedure. Advantages of this approach over 
finite element techniques already have been enumer- 
ated and these include the reduction in number of 
degrees of freedom and simplified interpolating 

functions for the plate bending problem. The exten- 
sion of these ideas to shell problems also has been 
alluded to and this is currently the subject of further 
investigation. 
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APPENDIX A 

For completeness, the incremental equations for the 
transverse displacement and its normal derivative at the 
boundary are given here: 

- KuJ’+ A(u,..)lWn + Pfi’n + AM&:, 

+ higher order terms} dA 

+$ m[t$‘+Ad,]u;dA =A (p+Ap)uTdA 
s A 
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