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CONTROL OF DYNAMIC RESPONSE OF A CONTINUUM 
MODEL OF A LARGE SPACE STRUCTURE 
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Abstract-The problem of active control of the transient dynamic response of large space structures. 
modeled as equivalent continua. is investigated here. The effects of initial stresses. in the form of in- 
plane stress resultants in an equivalent plate model. on the controllability of transverse dynamic 
response. are studied. A singular solution approach is used to derive a fully coupled set of nodal 
equations of motion which also include nonproportional passive damping. One approach considers a 
direct attack on this system of nodal equations. An alternative scheme implements a reduced-order 
model of coupled ordinary differential equations which are obtained in terms of the amplitudes of the 
pseudomodes of the nominally undamped system. Optimal control techniques are employed to develop 
a feedback control law. Algorithms for the efficient solution of the Riccati equation are implemented. 
Several examples are presented which involve the suppression of vibration of the transient dynamic 
response of the structure using an arbitrary number of control force actuators. 

I. INTRODUCTION 

It is currently intended that very large, low-mass 
structures will play important roles in space mis- 
sions, which include such activities as communi- 
cations, earth resource surveillance, and multipur- 
pose large space platforms. It is envisaged that 
these structures will be extremely large (perhaps 
occupying several square miles); and this, coupled 
with the minimum weight requirements, will result 
in a very high degree of structural flexibility and 
thus in low levels of dynamic frequencies. The cen- 
tral problems in the design of these large space 
structures (LSS) are vibration suppression and 
shape control. These undesirable deformations are 
due to disturbances such as unbalanced rotating 
machinery on board, thruster firings, slewing/point- 
ing maneuvers, thermal transients, etc. Therefore, 
during the course of their intended use, these struc- 
tures must be controllable: (i) attitude control, 
which involves the control of the spacecraft so as 
to maintain a given sun pointing or earth pointing 
accuracy, and (ii) shape or configuration control. 
which involves the suppression of vibration of crit- 
ical members, such as flexible antennae, which de- 
grades the overall pointing accuracy. Thus, the in- 
teraction of a highly flexible large space structure 
with control systems, whether they are active and/ 
or passive, is one of the more challenging problems 
in large space structure technology. 

A problem of the opposite variety arises in 
aeroelasticity, wherein the aerodynamic forces act- 
ing on the elastic body have the equivalent influ- 
ence of negative damping, i.e. the surrounding fluid 
medium acts as an energy supplier to the vibrating 
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elastic body. Therefore, in parallel with the subject 
of aeroelasticity, we have the emerging subject of 
servoelasticity-that of control of the dynamic mo- 
tion of deformable structures. Similar problems also 
arise in the design of tall buildings and bridges, 
wherein it is required to control the dynamic motion 
to amplitudes within the bounds of human comfort 
levels, say under seismic loads or wind loads. 

Some of the topics relevant to the issue of LSS 
controllability are now summarized: (i) In the usual 
free or forced vibration response analysis of struc- 
tures, efficient algorithms based on many thou- 
sands of degrees of freedom exist: but in the optimal 
control problem, the algorithms are currently lim- 
ited to just a few degrees of freedom. Thus, there 
is a need for innovative algorithms for the control 
of medium-sized and large-sized systems. (ii) In ear- 
lier studies of the LSS control problem, it was usu- 
ally assumed that damping was either negligible or 
else proportional to the mass or stiffness matrices. 
The free-vibration modes of the system are then 
obtained. The orthogonality properties of these 
modes lead to a completely decoupled system of 
second-order differential equations. A control is 
then implemented for each mode individually and 
this is known as Independent IModal Space Control 
(IMSC)[I, 21. One drawback of this relatively sim- 
ple approach is that it requires as many control 
force actuators as the number of modes controlled, 
and this may not always be feasible. In addition, 
when damping is present, either due to material 
hysteresis or due to deliberate introduction of 
damping mechanisms or due to deliberate design of 
LSS joints[3], the concept of modal decomposition 
is not applicable. Therefore, it is desirable to im- 
plement a control based on the fully coupled system 
of equations of motion with an arbitrary number of 



control force actuators that is perhaps much less 
than the order of the system that is controlled. 

The LSS. in general. may be viewed as three- 
dimensional frame- or truss-type structures, de- 
pending on the joint design such as sleeve-stiffened 
beam joints or truss-pin joints, respectively. The 
beam joints would induce bending moments at the 
nodes of each member, thus requiring the modeling 
of the LSS as a three-dimensional frame. However. 
truss-pin joints would allow the members to rotate 
freely about the joints. and so the members may be 
modeled as tension-compression members. How- 
ever. it may be prohibitively expensive for the di- 
rect modeling of an entire LSS as a three-dimen- 
sional frame or truss. Thus, a combination of 
equivalent continuum models[l. 51 and detailed 
three-dimensional frame/truss modelsl6. 71 may be 
necessary. These equivalent continuum models in- 
volve the modeling of repetitive lattice grids by 
equivalent beams or plates. 

In this paper, we restrict our attention to situ- 
ations wherein an equivalent two-dimensional 
model is sufficient for the purposes of the control 
and suppression of the overall vibratory response 
of the LSS. The current state in modeling for pur- 
poses of studies of the control of the dynamic re- 
sponse, has been primarily one-dimensional and lin- 
ear in nature[ I, 1. 81, for example. axial motion of 
one-dimensional members[ I ] and the transverse 
motion of a beamP]. In earlier studies by the au- 
thors. control of an equivalent continuum model of 
a plate has been investigatedl9). 

Cameron and his coworkersIlO. I I j provide 
state-of-the-art studies on dynamics and control of 
large space antennae. A finite element model of the 
antenna, with 1240 degrees of freedom, was used 
to obtain the first twelve nonrigid modes of vibra- 
tion of the antenna assembly, of which only seven 
correspond to the distortional modes ofthe antenna 
dish. More than seven modes may be necessary for 
more precise shape control, in which case, the total 
number of degrees of freedom would have to be 
much higher. This underscores the need for alter- 
nate concepts of reduced-order structural modeling 
of the LSS. The issues to be addressed are: (i) for 
a system with a given number of degrees of freedom 
M what is the accuracy of that first IV modes? and 
(ii) if the first N* modes are to be accurately eval- 
uated, what is the minimum number of degrees of 
freedom M* that is needed? 

In the present paper, the control problem of the 
equivalent continuum model of a plate governed by 
a fourth-order plate bending theory is investigated. 
A boundary element approach is used to discretize 
the equation of motion. Nonproportional passive 
damping is included, and this does not permit the 
decoupling of the equations of motion. Two sepa- 
rate approaches are considered. both of which em- 
ploy optimal control techniques. The first involves 
a direct attack on the coupled nodal system of equa- 
tions. The other approach involves the use of 

‘-global” basis functions. and these functions are 
the undamped normal modes of the system. In the 
presence of nonproportional damping. the equa- 
tions of motion. eien in these “global” basis func- 
tion amplitudes will still be coupled. However. it is 
usually necessary to control just a number of the 
predominant modes and so the order of the coupled 
system of equations can be reduced. This modal 
truncation may, hovvever. lead to the undesirable 
spillover phenomenon[9]. The optimal controi tech- 
niques require the solution of the Riccati matrix dif- 
ferential equation. efficient solution techniques for 
which are explored here. The contents of the paper 
are as follows. Section 2 deals vvith the discreti- 
zation of the equation of motion using the boundary 
element method. Section 3 deals uith algorithms for 
the control of the coupled system of equations. 
Some illustrative examples are presented in Sec. J. 
and certain concluding remarks are given in Sec. 4. 

2. BOUNIfARY ELEMENT .APPROACH TO THE EQUATIO3 

OF SWTIOS OF A PLATE 

Here it is assumed that the LSS may be modeled 
by an equivalent plate model. Further. we restrict 
the amplitude of vibration to be small. so that the 
following linear dynamic equation of motion for a 
fourth-order plate applies: 

where Lf. c. and fit represent the equivalent dis- 
tributed bending stiffness. distributed damping, and 
distributed mass of the system. In addition. we as- 
sume that initial stresses exist in the form of known 
in-plane stress resultants N,, . iY,2. and V22. .yU are 
the in-plane coordinates of the plate and f is the 
force. The force may be expressed in two parts as 
follows: 

where ~7 and c denote, respectively, the “externally 
prescribed” and the “yet-to-be-solved control” 
forces. If eqn (2. I) is discretized using the finite 
element method, it is well known that (i) the trial 
and test functions must be C’ continuous in and 
across each element. (ii) when the planar dimen- 
sions of the LSS are much larger than the equivalent 
thickness, a large number of elements are needed. 
(iii) even to obtain the first few global shape func- 
tions corresponding to undamped free vibration. a 
large number of finite element nodal equations ha\e 
to be considered. 
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Another approach is to model the structure using 
the boundary element method. Let it.* be a test 
function and I\’ a trial function. and therefore eqn 
(2. I) in vveighted residual form is 

I 
L,(W) II.* dR = 

I 
L:(W) II.* dR. (2.3) 

L! 11 

where L, and f.: are the differential operators on 
the left- and right-hand sides of eqn (2. I ). respec- 
tively. II+ is taken to be the singular solution of the 
biharmonic operator. Using repeated integration by 
parts. it is easy to obtain the following integral re- 
lation for n’(x,. I): 

(2.4) 

where 

p = I, VP E a; p = I/ VP E aR (IT is the 
included angle at P: r)R is the boundary of R); 
II. s: normal and tangential directions to XI: 
!?I,,(\\.). w,(~I.): normal and tangential moments as 
functions of II*; 
V,,(w): effective shear as a function of W; 
(( )): denotes a jump in ( ) at a corner on i10 with 
K corners: 

tc**(P. Q) = & r2 In r, r = jl PQ 11; (2.5) 

L(0). M(I~**). T(w*). and V(w*): normal slope. 
normal bending moment. tangential moment, and 
Kirchhoff shear, respectively, derived from MS*. 
A second equation, that for &G)~r,,, where n,, is 

the unit outward normal at the boundary dR may 
be written as 

The foregoing equations for b\,(P). i.e. eqns (2.4) 
and (2.6). permit the solution of the general dy- 
namic response boundary value problem wherein, 
in general. two of the four quantities 11’. d~~Ydn, 
,n,,(n.), and V,,(w) may be specified at SIR and the 
other two are unknowns. 

Note that there are no interior elements used to 
discretize the biharmonic operator in this scheme. 
Also, it is evident that for the integral in R. there 
are no continuity requirements on the trial function 
n’. Thus, in the present discretization, (i) )I’. i~nYrl/~. 
~z,,(n.). and V,,(w) are interpolated in each (one-di- 
mensional) element at the boundary &I. and (ii) ar- 
bitrary interpolating functions are used for II’, &v/ 
dt, and r)‘~\*ldt’ in each (two-dimensional) element 
within 0 to discretize the integral over R in eqns 
(2.4) and (2.6). 

The use of eqns (2.4) and (2.6) at the boundary 
in conjunction with the above described discreti- 
zations leads to 

G,.wR + L,.f - J,%, - C,+v, + P,.w,, = 0. (2.7) 

Here it is assumed that the boundary conditions are 
homogeneous and so the vector wR is the vector of 
boundary unknowns. i.e. the unknowns in the set 
I(‘. a\c~ldtl, tn,, , V,,. Cl. may be calculated from the 
appropriate boundary integrals. f, W,, and G, are, 
respectively, the vectors of force, velocity, and ac- 
celeration at the interior nodes in R: and Lr, Jr.. 
Cr., and PI. are related to the appropriate interior 
integrals. 

A second equation may be sought to express w, 
in terms of the nodal values of force, velocity. and 
acceleration in the interior. This second equation 
may be obtained by considering eqn (2.4) for var- 
ious interior nodal displacements as 

w, = G.,wR + L,f - J,ti, - C,k., + P,w,. (2.8) 

where the matrices G,. L,. J,. C,. and P, are ob- 
tained through the appropriate integrations indi- 
cated in eqn (2.4). Using eqn (2.7). it is possible to 
eliminate ws and obtain 

W/l = -Cl:’ [L,.f - Jr+, - C,-i, + P,.w,]. 

(2.9) 
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Hence. use of eqn (1.9) in eqn (2.8) leads to Since c is not proportional to either M or K. 

fJ, - G,Gr’Jr%, + (C,, - G,GI_‘C,-)rjy, 
normal modes that would decouple eqn (3.3) do not 
exist. One method is to consider a direct attack on 

+ (1 - P, + G,G~‘Pr)w, = (L, - G,Gr_‘L,-)f. 
the nodal system of equations with an arbitrary 
number of actuators r7r s n. Another approach is 

(2. IO) to use a set of “global shape functions”, and this 
will be outlined later. 

It is noted that a procedure analogous to the In the first approach. eqn (3.3) is recast in state 
above has been used by Sternf 121 and Bezinef 131 variable form as follows: 
in connection with problems of elastostatic re- 
sponse and calculation of frequencies of free vi- S=AS+BF. (3.4) 
bration, respectively. Equation (2.10) may be 
solved directly to analyze the transient dynamic re- where 
sponse problem. However, the central issue here is 
to design the control actuator forces so that the dy- 
namic response of the system (2.10) is either 
damped out completely or damped to a predeter- F’ = if,, , fzr., . . . . fm 1. (3.6) 

mined level in a finite settling time t{. The optimal 
control techniques that will be implemented for this 

0 I 

task will be outlined below. 
A= 1 -ii_i-‘C ’ 

(3.7) 
__$j-‘K 

3. CONTROL OF DYNAMIC RESPONSE OF THE 
DISCRETIZED SYSTEM (3.8) 

Earlier it was assumed that the forces f(.r,. t) 
consisted of two parts-due to the external trans- 
verse loading and due to the actuator forces. In the 

Thus, S is a 2n x 1 vector, A is 2n x 2n. B is 

following, the external loading is taken to be zero. 
2n x m. Further, the observations of P sensors are 

The control forces are designed so as to minimize 
described by 

the response of the system due to an initial dis- 
turbance w(.Y,, 0) = N*,~(x,) and iv&, 0) = iv&,). 

y=DS. (3.9) 

The control forces f,. are exerted by point force 
actuators located at discrete positions in the plate 

The control forces may be designed using the 

as follows: 
theory of linear optimal control[ 141. Here F is cho- 
sen so as to minimize a quadratic performance 

I,, index of the form 
fc-(Xor t) = c B(x, - X:;.)fr;(t), (3.1) 

i= I 
J=f (S’ Q S + F’ R F) dt, (3. IO) 

where W.r, - xc:) denotes a Dirac delta function 

at .r!:. where .rcf. is the location of the ith actuator. 
If the dimension of w, in eqn (2.17) is n, we seek 

where tj- is the final settling time, and Q and R are 

the number of actuators m to be such that M < !I. 
weighting matrices which will determine the mag- 

Likewise, it is assumed that viscous-type pas- 
nitudes of the actuator forces and the quantitative 

sive dampers are located at discrete locations XC: 
decay of the vibration amplitudes. 

given by 
From the minimization of eqn (3.10), we ob- 

tainIl4J the equation for the feedback control 

c(.r,) = 5 ax, 
forces. 

- xh’:,C,, (3.2) 
j=l F = - R-‘B’KS, (3.11) 

where. in general. p s M 5 n; and the locations of 
the dampers XL’: may be totally independent of the 

where K is the solution of the Riccati matrix dif- 

actuator locations. The resulting discretized damp- 
ferential equation 

ing matrix, in general. is not proportional either to 
the discretized “mass” matrix jJs - G,GtJrl or to 

It = -KA - A’K + KBR-‘B’K - Q, 

the discretized “stiffness” matrix [I - P, + K(rf) = Q. (3.12) 

G,G,y ‘Pr]. Therefore, the passive damping de- 
scribed by eqn (3.2) will facilitate the investigation The solution to eqn (3.12) may be written as[15] 

of nonproportional damping. 
Equation (2. IO) is now rewritten generically as K(r) = K,, + Z-‘(t), (3.13) 

i%F, + Fit, + Kw, = bf, (3.3) where K,, is the solution of the steady-state Riccati 
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equation The above algorithm. along with certain modi- 
fications to the algorithm for finding and ordering 

-K,,sA - A’ K,, + K,,B R-'B'K,, - Q = 0. the eigenvalues of an upper Hessenberg matrix has 

(3.14) 
presently been implemented to solve eqn (3.14). For 
the number of equations considered (-100). the 

and Z(t) is the solution of Schur vector algorithm has been found to be many 
times faster than standard iterative approaches. 

Z(t) = ;i Z(r) + Z(r) ;II - B R-‘B’. 
Z(rr) = (Q _ K,,,)_, . (3. I j) 3.1 Re&wf order model 

As mentioned earlier. another solution tech- 

where 

;i; = A - B R-' B'K,,. (3.16) 

A closed form solution of eqn (3.15) exists and is 
given by [I61 

Z(r) = Z,, + e X’r-rf’ [Z(t,) - Z,,Y] e x’rcr-ri, . 

(3.17) 

with 

Ti Z,, + Z,,T A’ = B R- ’ B'. (3.18) 

The solution of the nonlinear Riccati equation is 

one of the most limiting factors in the optimal con- 
trol problem. An efficient technique that is used to 
solve the steady-state equation (3.14) is that based 
on Schur vectors[ I71 which is at least an order of 
magnitude less expensive in computational time as 
compared to the simpler iterative methods. In the 
Schur vector approach, the Hamiltonian of the sys- 
tem (3.14) is defined as 

A -B R-'B' 
H= 1. (3.19) 

L -Q -A' 1 

To solve eqn (3.14), an orthogonal 
tion U is found such that 

where 

transforma- - -- 
Cf = +’ c I&, (3.26) 

A = diag[Xi], i= l,...,N, (3.27) 

(3.20) 
b’ = 5’ b. (3.28) 

Note that c’ is not diagonal and so eqn (3.25) still 

nique for the dynamic response equation (3.3) is to 
use a “global shape function” method. This has the 
advantage of reducing the dimensionality of the 

equations, As a first step, we seek global eigen- 
solutions of the system 

X’M”, = Rw,. (3.23) 

The system (3.27) has eigenvalues hi and eigen- 
vectors 4;. i = I, 2, . . . , n, which possess the 
usual orthogonal properties. 

It is well known that the higher modes calculated 
through any discrete system tend to be inaccurate. 
Also, it is usually necessary to control just the first 
N modes (N < II). Thus, the vector w, expressed 
in terms of the first N global modes is 

w, = 5r;, (3.24) 

where & is the matrix whose columns are N global 
eigenvectors of eqn (3.23), and 5 is a vector of un- 
determined coefficients. When eqn (3.24) is used, 
the system of equations (3.3) transform to 

I 5 + i? & + A 5 = b’ f,., (3.25) 

U'HU=T= 

where T is a quasi-upper-triangular matrix with (I 
represents a coupled system of N equations with 

x I) or (2 x 2) blocks on the diagonal correspond- 
reduced dimensionality (N 5 n). This equation is 

ing to real or complex eigenvalues. In addition, the similar in form to eqn (3.3). and likewise it is recast 

real parts of the T,, eigenspectrum are negative 
in state variable form as 

while those of the Tz2 eigenspectrum are positive. 
The eigenvalues are also arranged in decreasing 

+l = A*q + B*F, (3.29) 

order. If one writes the matrix U from (3.20) as 
where 

U,l UIZ 
U= 

[ I, (3.21) Il’ = 1511 52. . . , 5,,; i;, , k 2, . ( in] 

&I uzz (3.30) 

then the solution to the steady-state Riccati equa- and F, A*. B* have analogous definitions as in eqns 
tion may be written as[l7] (3.6)-(3.8). 

The control forces for this system (3.29) are de- 
K,, = Uy U,'. (3.22) signed using the procedures outlined earlier. 
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Table I. Finite elements versus boundary elements. I \I 
Eigenvalue for S. S. plate:. (The accuracy of both 

methods is compared *ith the analytical re~ult[Z!].t 

FE41 [I91 BE>1 

No. of eqns ci diff. No. of eqns 0 diff. 

39 - 2.9 22 T 2.7 
9; - I.1 36 - 1.6 

175 -0.81 6-I +0.91 

Numerical results are presented herein for the 
direct approach using the full set of’ nodal equations 
and also for the case involving the global shape 
functions. The domain integrals in the dynamic re- 
sponse equations involve the terms f, . II’. du,/dr. and 
a’~~Yk: and interpolation of the displacement and 
its time derivatives assumes these quantities to be 

piecewise constants within each element. However, 
on the boundary, where the unknowns are 1%‘. ifs/ 
CM, ))I,, . and V,,. the interpolation is assumed to be 
linear in each element. Some examples are also con- 
sidered where the displacement on the boundary is 
interpolated by a cubic polynomial. Recall that in 
the finite element method. the biharmonic operator 
is discretized in the interior requiring C’ continuity 
of the trial and test functions for 11’. This has been 
a source of major difficulty in the development of 
the finite element method. 

The effectiveness of this boundary element ap- 
proach is investigated in a number of classical plate 
eigenvalue problems. The questions of interest are: 
(a) what is the number of degrees of freedom re- 
quired in the two methods. i.e. the standard finite 
element and the present boundary element meth- 
ods, to achieve a desired accuracy in the first few 
modes? and (b) how many fundamental modes can 
be computed with the desired accuracy for a given 
number of degrees of freedom in the two methods’? 

In an attempt to answer those two questions. 
both simply supported and cantilever plates were 

Corner Nodes Supported tn Free Free Case x 

Thickness h 

Moss m 

BendIng Stiffness D 

Fig. I. X x 8 element mesh for square plate of length II. 

examined. For a simply supported square plate of 
length n, comparison of the boundary element and 
finite element methods is made in Table I. It is ev- 
ident that for comparable accuracy a far greater 
number of equations is required in the displacement 
based finite element method (a rectangular plate 
bending element in this case). 

In the studies involving a cantilever plate of 
length (1. cubic interpolation for the displacement 
was used in the boundary elements. Results for the 
cantilever plate are presented in Table Z where the 
first four eigenvalues are given for various types of 
elements. The percentage difference for each of 
these from the Rayleigh-Ritz method is also given. 
It must be noted that the results from Ref. [IO] tvere 
obtained using mixed elements: and so even though 
these results are better than the boundary element 
results, the cost will be much greater. However. it 
is seen that when compared to the conventional dis- 
placement based finite elements, the boundary ele- 
ment method gives superior results for a given num- 
ber of degrees of freedom. 

Table 2. Comparison of finite elements and boundary elements for cantilever plate 

Rayleigh-Ritz191 

,Mixed elements[ IO] 

Displacement 
finite elementsi 1 I I 

Boundary elements 

3.494 

60 3.450 
(-- 1.2) 

90 3.424 
(-2.0) 

25 3.500 
(+0.2) 

36 3.491 
(-0.1) 

8.547 

8.641 
(+ 1.1) 

8.291 
(-3.0) 

8.812 
(+3.l) 
8.720 

(t2.0) 

21.44 

21.68 

(+ 1.1) 

20.37 
(-5.0) 

22.51 
(+5.0) 
22.13 

(+3.2) 

27.46 

27.89 
(7 1.6) 

25.26 
(-8.0) 

29.47 
(t7.3) 
28.74 

(-4.6) 

( ): % difference from Rayleigh-Ritz 
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Table 3. Comparison of the first 17 eigenvalues from a 
(8 x 8) boundary element mesh (simply supported 

plate) 

S.S. plate Elact S.S. plate 
ei_eenvnlues-BE\1 eieenvalues[23] 

19.92. 19.74 
50.31 19.31 
50.3 I -19.3-I 
81.53 78.96 

102. II 98.70 
102. I-1 98.70 
IS.63 1’8.30 
134.63 IX30 
177.29 167.78 
177.29 167.78 
189.67 177.65 
211.17 197.39 
211.17 197.39 
Z68.l-l 246.74 
268.-t-l 246.74 
277.15 256.60 
177.15 256.60 

To answer the second question. the first 17 ei- 
genvalues for a simply supported plate, computed 
using the 8 x 8 mesh of Fig. I, are listed and com- 
pared with the analytical results of Timoshenko[23] 
in Table 3. As might be expected for a simply sup- 
ported square plate, several of the eigenvalues are 
coalescent and the maximum error in the seven- 
teenth eigenvalue is about 8%. 

In the control problems considered here, the 
LSS is modeled as a free-free plate described by a 
fourth-order bending theory which has been out- 
lined earlier. In the case of a free-free plate, the 
rigid motion was suppressed by supporting the plate 
at three corners as shown in Fig. 2. Also, in all the 
following control examples, the interpolation for 
displacement along the boundary is assumed to be 
linear. For the direct approach, two sets of meshes, 

m Comer Nodes 

a _ Tivckness h 

Moss m 

Bendmg Stiffness 

L 

D 

Fig. 2. 4 x 4 and 5 x 5 element meshes for square plate Fig. 4. Force in actuator 16 with actuators at all nodes and 
of length (1. no damping or initial stresses (4 x 4 mesh). 

.;. 

-0 I i 

Fig. 3. Displacement at node 16 with actuators at all nodes 
and no damping or initial stresses (4 x 4 mesh). 

(4 x 4) and (5 x 5) respectively, were employed 
over the entire plate as shown in Fig. 2. The dis- 
placements were assumed constant over each of 
these interior elements, and discrete actuators and 
dampers were considered to be located at the cen- 
ters of these elements. Various forms of the weight- 
ing matrices Q and R of eqn (3.10) were assumed, 
and different combinations of point force actuators 
and viscous dampers were investigated. In the in- 
terest of simplicity, the final time 11 in eqn (3.10) 
was taken to be infinity; and hence, only the steady- 
state Riccati equation was solved, using the tech- 
niques outlined in Sec. 3. 

The displacement at Node I6 of the plate (with 
4 x 4 mesh), with no passive damping and no initial 
stresses when an initial velocity (iv*(O) = 16.0) is 
applied at Node 16, is shown in Fig. 3. In addition, 
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Q=a,cg[O 2 0 2 .] 

P=dtcq[l.O 1.0 ] 

t~,‘ijn=~.=t~ -j 

Fig. 5. Displacement at node 16 with actuators and passive 
dampers at all nodes but no initial stresses (C* = 0.75). 

point force actuators are at the center points of each 
of the 16 interior elements. Note that all quantities 
are expressed in a dimensionless form. The weight- 
ing matrices are taken to be 

Q = diag[0.2, 0.2, . . . , 0.21 

and 

R = diag[l.O, 1.0, . . . , 1.01. 

The corresponding force exerted by the actuator 
at Node 16 is shown in Fig. 4. The additional effects 
of passive damping are examined by assuming a 
value of C* = 0.75 (eqn 3.2) at each of the sixteen 
interior nodes, with all other parameters remaining 
the same as in the previous case. The displacement 
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I m~w,.(o)=i:,(o)= I6 0 

O=diag[O.Z 0 2 .] 
R=dlag[l.O 1.0 .] 
C/fi=C’= I 50 

025 h-6 0 75 1 00 I 2j 

Fig. 6. Displacement at node I6 with actuators and passive Fig. 8. Displacement at node I6 with actuators at all nodes 
dampers at all nodes but no initial stresses (C” = 1.5). and no damping but with N:, = (n’/D) I\‘,, = 1.0. 

-0 21 

Fig. 7. Displacement at node I6 with actuators at nodes 

IO, I I, and I2 and no damping or initial stresses. 

for this situation is shown in Fig. 5, while Fig. 6 
illustrates the effect of increasing C* to 1.5. The 
beneficial effect of passive damping control on the 
actively controlled system is evidenced in a com- 
parison of Figs. 3, 5, and 6. An example in which 
only three control force actuators (located at Nodes 
9, IO, and 1 I) are employed to control the vibration, 
with no passive damping, is presented in Fig. 7. The 
maximum displacement is larger in this situation 
and the vibrations take longer to damp out. 

An example demonstrating the effect of the in- 
itial stresses is shown in Fig. 8. where all the other 
relevant parameters are similar to those in the first 
example (Fig. 3). The initial stresses here consisted 
of a tensile stress resultant in the XI direction of 
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-0 04 

Fig. 9. Displacement at node 25 with actuators at all nodes 
and no damping or initial stresses (5 x 5 mesh). 

magnitude NT, = (a’/D) N,, = 1.0, while the other 
two stress resultants, i.e. Nz2 and N12, were taken 
to be zero. In a (frame/truss)-type structure, this 
corresponds to some of the members initially 
stressed. As might be expected, when these re- 
sultant forces are tensile in nature, the deflections 
will be less due to the extra stiffening effect. This 
is in fact the case, and it was found that the peak 
displacement amplitude is 13% less here as com- 
pared to when there are no initial stresses (Fig. 3). 

Some examples, based on a 5 x 5 mesh in the 
interior, are given in Figs. 9-l 1; and these results 
show similar trends to those for the 4 x 4 mesh. 
Here, an initial velocity (riv* = 16.0) is applied at 
Node 25, and Fig. 9 shows the corresponding dis- 
placement at Node 25 with no passive damping or 

02 

00 

-0 ISJ 

Fig. I I. Displacement at node 25 with actuators at nodes 
18. 19, and ‘0 and no damping or initial stresses. 

initial stresses and actuators at all the nodes. The 
force in the actuator at Node 25 is given in Fig. IO. 
Figure I I demonstrates the effect of using just three 
actuators at Nodes 18, 19, and 20. 

Now we discuss some results pertaining to the 
global basis function approach for the control prob- 
lem. In these examples, we consider an 8 x 8 
boundary element mesh shown in Fig. I and seek 
to control the first I7 undamped modes. Figure I2 
shows the displacement at Node 16 of a free-free 
plate, subjected to an initial velocity at Node 16, 
when controllers are assumed to be located at each 
of the 16 nodes indicated in Fig. I. The weighting 
matrix R in this case is again chosen to be the iden- 
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Fig. IO. Force in actuator 25 with actuators at all nodes Fig. 12. Displacement at node I6 with 16 actuators and no 
and no damping or initial stresses (5 x 5 mesh). damping or initial stresses (8 x 8 mesh). 
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Ii 
,' r 2 N,,(O)=';,(O)=16 " 
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ii 

o=dIag20[h: A: x: A: ] 
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- 153 
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Fig. 13. Force in actuator 16 with 16 actuators and no 
damping or initial stresses (8 x 8 mesh). 

tity I, while Q is chosen to be 

Q = diag ZO.O[hi, hi. hi, Ai, . .I. 

Figure 13 shows the force generated by the actuator 
at Node 16. Figure 14 shows results similar to those 
in Fig. 16 when only four actuators are used to con- 
trol the free-free plate; and these actuators are lo- 
cated at Nodes 13, 14, IS, and 16. 

These examples serve to illustrate the feasibility 
of the present algorithms for dynamic response con- 
trol of nonproportionally damped discretized con- 
tinuum models of an LSS using as many actuators 
as desired (with the number of actuators in general 
being less than the number of degrees of freedom). 

O=dmg20 [A: A.: x: A: I 
S=dmg[l.O I.0 .] 

/ 

-0 3 11 
-0 9 ! 

Fig. 14. Displacement at node 16 with four actuators at 
nodes 13, 14. 15, and I6 and no damping or initial stresses 

(8 x 8 mesh) 

5 - CO.%CLUDISG RE.bI.4RKS 

In this paper a boundary element approach. 
based on the singular solution of the biharmonic 
operators, has been presented for controlling the 
transient dynamic response of a flat plate taken to 
represent the continuum model of a large space 
structure. Nonproportional damping is considered, 
and control of the response using a nodal system 
of equations in addition to a global shape function 
approach (with a corresponding reduction in di- 
mensionality) is examined. An arbitrary number of 
active control force actuators as well as passive 
dampers is assumed to be present, and the form of 
damping considered leads to a fully coupled system 
of equations. 

Implementation of the Schur vector approach in 
solving the steady-state Riccati equation has been 
carried out. and it is found to be much more eco- 
nomical than the standard iterative approach. Sev- 
eral example problems illustrating the various 
methodologies have been presented. 
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