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Abstract-Herein, the Tc fracture parameter is shown to have relevance to the mechanics of 
elastic-plastic fracture. Specifically, it is shown to have certain advantages over the currently 
established plastic fracture parameters such as J and CTOA. Finite element analyses of ex- 
perimental data were carried out as a means to obtain a comparison of the effectiveness of the 
plastic fracture parameters. T1 is clearly superior. A note on problems associated with satisfying 
the plastic incompressibility constraint is also included. 

INTRODUCTION 

SINCE the pioneering works of Eshelby[ 11 and independent discovery by Rice[Z], the J-integral 
has been the main focus of elastic-plastic fracture mechanics for the last fifteen years. Its 
interpretation as the strength of the asymptotic fields (which are commonly referred to as HRR 
fields) in a power law hardening material in[3] and (41 gives it strong theoretical justification 
for characterizing the initiation of crack growth. 

However, once crack growth commences, J ceases to be a valid parameter. Hutchinson 
and Paris[S] argue that J is a useful fracture parameter for small amounts of crack growth. 
However, once the crack grows more than a “small” amount, J quickly becomes path depen- 
dent; and hence its far-field value no longer characterizes the near crack tip events. 

With these limitations in mind, Shih[6] and coworkers have developed a practical engi- 
neering approach to elastic plastic fracture mechanics. This approach consists of obtaining a 
lowest bound J-resistance curve for a given material and using this curve as the material prop- 
erty.? The value of J for the structural component being investigated can be readily estimated 
via the scheme present in the handbook[6]. Considering the above stated limitations of J, the 
engineering approach is intended to give conservative assessments of flawed components. How- 
ever, it is uncertain how conservative the J-resistance based crack growth predictions are, if 
indeed, they are conservative. In fact, there is considerable evidence that the J-based predic- 
tions may be nonconservative when the specimen is unloaded to the point where reverse plastic 
deformation occurs in the vicinity of the crack tip[7]. The simplicity of the J-based approach 
is the main source of its limitations. 

A series of studies performed by Kanninen[8, 93 and Shih[lO] were aimed at improving 
the predictive capability of elastic-plastic fracture mechanics. In [91 a number of candidate 
fracture parameters were examined through a combined experimental-numerical approach. The 
most promising of these were J, CTOA (crack-tip opening angle) and G (a form of the plastic 
energy release rate). 

CTOA is defined as the angle at the tip of the crack between the two faces of the propagating 
crack. This parameter has the property that its value remains essentially constant after an initial 

tit has been observed in the laboratory that bend type specimens tend to produce lowest boundJ-resistance curves. 
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transient. During elastoplastic steady-state crack growth, the asymptotic crack tip fields should 
remain constant to an observer fixed at the crack tip. Hence, the fracture condition should 
become constant as crack growth proceeds. As noted above, CTOA has this feature, in contrast 
to the J-integral, which continues to increase throughout the history of steady-state crack 
growth. A disadvantage of CTOA is that a direct experimental measure of its critical value is 
difficult, especially during the early transient stage of crack growth. This problem is circum- 
vented when a combined JKTOA approach is utilized: J-control during initiation and small 
amounts of crack growth, and CTOA subsequent to this. 

Some limitations of the J/CTOA approach are as follows. CTOA appears to be limited to 
mode I crack extension problems where an angle can be clearly defined. Mixed mode crack 
growth could not be described unambiguously using this criterion. Also, for three-dimensional 
problems CTOA could not be easily utilized. Apparently the most severe limitation of this 
approach is due to its inability to adequately describe a situation where “global” unloading 
(i.e. unloading of the structure as a whole) occurs after the crack has propagated a certain 
distance[7]. Thus, while a JICTOA approach ensures a more accurate predictive capability 
than J, its application is still limited to certain types of problems. 

A number of researchers have proposed the LEFM energy release rate (G) as an elasto- 
plastic fracture parameter. However, as discussed by Rice[ 1 l] and later verified by finite ele- 
ment simulations[l2, 131, such a parameter vanishes in the limit of Au --, 0 (a = crack length). 
This suggests that a step size dependence exists in an energy release rate parameter that is 
based on the work of separating the crack faces. Kanninen@] defined a modification of G by 
including the energy dissipated in a computational process zone surrounding the crack which 
apparently compensates for this problem. However, the size of the computational process zone 
then becomes an issue. It was thus concluded in [93 that because of the above difftculties such 
a parameter could not be a very useful plastic fracture parameter. From these statements, it 
should be clear that elastic-plastic fracture mechanics theory needs much further improvement, 

THE AT* FRACTURE PARAMETER 

A number of works dealing with theoretically valid “path-independent” integrals (or more 
precisely, “integrals over finite domains and their boundaries encircling the crack tip”) fracture 
parameters in nonlinear elastodynamic crack propagation, and in quasi-static stable as well as 
fast fracture in elastic-plastic materials characterized by a flow theory, have appeared in recent 
years. No attempt at summarizing this work will be made here, but such a summary can be 
found in [ 141. However, few (if any) investigations of the practical usefulness of these fracture 
parameters have been reported. Here a numerical investigation and the AT* parameter and its 
ability to characterize elastic-plastic fracture will be presented. 

Atluri[lS] presented a path-independent integral and later modified it slightly[l(i]; it is 
defined as follows? (see Fig. 1): 

InjAW - (r; + Ati)Aui,_/} ds 

= 
f 1‘22345 

{njAW - (t; + Ati)AZiiJ 

In eqn (I), ATi is the component of a vector integral (with components aligned with axes in 
Fig. 1). n is the unit normal vector on the path, AW is the increment in stress working density 
and ri is the traction. AT, is useful for mode I problems, T2 for mode II problems, etc.; and 
the vector itself should be used for mixed mode problems. 

iA more general development is provided in Appendix A 
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Fig. 1. Definition of integral path near a typical crack (a) 2-D case (b) 3-D case. 

CRACK- FRONT 

If we add the foi~owjn~ equafity to each side of eqn (I): 

we obtain (Fig. 1) 

G9 

xz I r12365 
njA W - (t; + Ati)Afti,,i -- AtfUi,j ds 

The equality in eqn (2) is seen through the divergence theorem and the equilibrium condition 
The reason for adding eqn (2) to eqn (I) to form eqn (3) will become apparent later. 

It should now be obvious from the developments in eqns (1) to (3) that a seemingly endfess 
number of path-independent integrals with relevance to the mechanics of fracture are possible. 
For example, by adding another equivalence in the same sense as eqn (2) to eqn (3), another 
path-independent integral is created. AI1 such path-independent integrals are such that they are 
defined in terms of a near-field line or surface integral that is equivalent to a far-field line or 
surface integral plus an area or volume integral. It is intended that the near-field integral be 
defined along a path that is close enough to the crack tip such that the fields defining the integral 
are completely determined by the presence of the crack. Mence, cmy path-i~dependenF integral 
should be a potentially valid fracture parameter since its value depends on the crack tip fields. 
In this sense, one can consider the use of a path integral to characterize the fracture process 
to be similar to the critical strain criterion (at a fixed distance fom the crack tip) af Mc- 
Clintock[ 171. 
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Before proceeding, several comments about AT*, as defined in eqn (3), are in order. T* 
is a vector integral. Moreover, note that the first term in eqn (3) is the increment in stress 
working density. Hence, AT+ is applicable regardless of the constitutive relation. An exami- 
nation of the behavior of ATC (or r* = dT”ldr in rate form) under steady- and non-steady-state 
creep conditions can be found in [18, 191. 

The J-integral valid for a deformation theory of plasticity is defined as (Fig. 1): 

= [nl W - tiui,l] ds 

- I “_~ LW.1 - uijEi,.ll dV* 
l 

The path independence of J in nonlinear elasticity, as embodied in eqn (4), prevails due to the 
facts: (i) W is a single valued function of the total strain, i.e. the strain energy density; and (ii) 
the stress state is in equilibrium. Hence, the volume term of eqn (4) tends to zero under con- 
ditions where the deformation theory of plasticity holds. This is obvious since 

w _ cw = aw aEm,, 
.I - - - = IT,,, 

ax ah ax 
c?m.l~ 

Note that eqn (4) follows from the usual definition of J, via the divergence theorem and the 
equilibrium condition. 

One may formally take an increment of J1 as 

AJ, = - (ti + At;)AUi,l - At;u;,l] ds. 

Comparing eqn (5) and the extreme left-hand side of eqn (3), it is clear that the near-field 
definitions of the quantities ATT and AJ, are equivalent.* AJ, of eqn (5) is also path independent 
under the same conditions that J, is path independent. It is thus evident that 

c AT; = J, 

for conditions where J is valid. 
A note about the calculation of ATT of eqn (3) is instructive. Consider a fixed path of finite 

small radius l 1 within which the crack has grown. Let the cracked solid experience any history 
of loading or unloading. Along this path, (AT?) can be calculated by using either the left- or 
right-hand side of eqn (3). Thus, throughout the deformation history: 

(7) 

In eqn (6) the notation JF is meant to signify that W in eqn (4) is calculated according to W = 
2 AW, i.e. it is not the strain energy density used for the usual definition of J1, but rather the 
accumulated increments of stress working density. This means that in a numerical simulation 
of nonlinear crack propagation one may calculate ATT using either the incremental form [eqn 
(3)] or the total form [eqn (4)] provided that W is correctly calculated and stored at each Gauss 
point. However, the far-field form of eqn (3) (path integral plus volume term) is the most natural, 
convenient and numerically accurate means to calculate CA TT. 

It was mentioned earlier that a seemingly limitless number of path-independent integrals 
could be developed which have the potential for characterizing nonlinear fracture. The reason 
for the particular choice of ATT given in eqn (3) can be seen at once by examining eqn (7) for 
classical elastoplasticity. ATT is nearly equivalent to J, for a cracked solid if it is monotonically 

tAT: is meant to be the component of AT* in the x direction. 
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loaded and the crack remains stationary. Therefore, all previous work compiled for these pa- 
rameters are also useful and valid for ATT. Thus, the need for a two-parameter fracture pa- 
rameter (such as J-CTOA of Kanninen18, 91 for plasticity) is eliminated. Also, any physical 
interpretation of J, is directly attributable to ATT when applicable.? 

r* AS A FRACTURE PARAMETER 

AT: should be calculated by using the right-hand side of eqn (3). The volume term is meant 
to be calculated in the limit as c + 0. However, it is not possible to perform such a task and 
obtain meaningful results since, in the process of a numerical simulation of elastoplastic crack 
growth, the solution in the immediate vicinity of the crack tip is inaccurate. Hence, it is nec- 
essary to define AT: along a path of finite radius, say r = es. 

Let us examine this concept in more detail Consider a crack growing in an elastic-plastic 
solid as illustrated in Fig. 2. Suppose we are ultimately interested in the value of p at time t2 
in Fig. Z(c). The process of achieving this goal wili be illustrated in detail. For the initial crack 
length [Fig. 2(a)], T? is calculated as T? = CATS along the path I0 of radius er , where eI is 
small but e1 # 0. ATT is calculated via the left- or right-hand side of eqn (3). Crack growth 
initiates when: 

EAT? = TT = J,=, (8) 

where JfC is the appropriate fracture parameter since, by eqn (6), TT(t,,) = J, for proportional 
loading of a stationary crack. At some future time, say t = tl [Fig. 2(b)], the crack is of length 
a = al. The behavior of the crack at time tl is governed by the value TT (t,) defined along a 
path Ii shown in Fig. 2(b). The fact that TT (r,) on Ii is affected by the events occurring in 
the wake of the advanced crack tip, during the time to to tl, is immediately evident from the 
equivalence of TT (tg ) as evaluated on Il to the sum of the values evaluated over a far-field 
contour I, (ri) and over the domain II, (ri) - I, (t,)] which includes the wake of the advanced 
crack-tip. 

It has been verified in several numerical simulations that T? (r,) evaluated along a closed 
path I2 in the untracked ligament, as shown in Fig. 2(b), is nearly zero, i.e. 

(of 

T: (rl) [pat, 1-2 = 0. 

r 

‘0 -63 "0 t 
i 

Aa 

Fig. 2. (a, b. c) Circular integral paths defined as crack moves through solid. (d) Plot of r* 
along circular path TZ as crack progresses through solid. 

tT* in steady-state creep is nearly equivalent to C* [19]. 
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Fig. 3. Shape of paths used for defining the T+ integral (a) initial crack length (b) crack length 
= al. 

Note that the “far-field” de~nition of T: (tlf on lYZ is meaningless, since the region Tr (tt) - 
r2 (rt) includes the singular point. 

As the crack approaches a = a~ at time t = r~ [see Fig, 2(c)], it eventually “pokes” into 
the path Tz. Near the time before the crack tip penetrates IZ, Tr on TZ is nearly zero; and at 
the instant after the penetration, TT on I2 has a finite value. Since the radius et of the path I2 
can be made arbitrarily small, but not zero, it is clear there is a near discontinuity in TT as the 
crack tip penetrates I2 at time tz. This is illustrated in Fig. 2(d).* It is not possible to capture 
this effect in a finite element simulation of elastoplastic crack growth, since the mesh refinement 
required would be prohibitively small. 

It is also not possible to calculate T? on I2 at time t2 by using the total form of J, around 
the near field path TZ, which is permitted through the validity of eqn (7). This is so because 
the elements along the wake of the extended crack [Fig. 2(c)] were once at the crack tip while 
it passed through them. When the element was at the crack tip, the calculated field variables 
were inaccurate since: (a) finite strain effects are not adequately accounted for, (b) mesh re- 
finement at the crack tip could never be fine enough to accurately describe the asymptotic 
crack field. Hence, if TT is calculated via the r.h.s. of eqn (31, errors are introduced in the 
volume contribution from the wake elements, and if calculated via 1.h.s. of eqn (31, errors are 
introduced in the portion of the path that passes through the wake of the extended crack. 

Since a circular path of fixed radius is nonworkable, the path illustrated in Fig. 3 is utilized. 
This path consists of a straight line portion, which proceeds along the upper flank of the extended 
crack a finite distance e1 away from the crack faces. The path becomes circular at the crack 
tip, with radius el. Then the path proceeds back along the lower flank of the crack. As denoted 
in Fig. 3(b), the straight line portions of the path extend at the same rate as the crack. 

At any time t, TT is calculated via a far-field path integral and the volume term between 
the far-field path and this “Dugdale” path. Thus, at any instant of time, the parameter, T? (t) 
includes the effects of processes occurring in the wake of the advancing crack-tip. It can also 
be calculated on the near-field path itself, but this is an inconvenient method since the path 
continuously changes as the crack-tip proceeds. It is much more convenient to manipulate the 
volume term to redefine a particular path. The value of E1 should be small and is actually limited 
by the refinement of the mesh near the crack tip. More will be said about this later. 

The reason for choosing a path that never “penetrates” the wake region is to avoid nu- 
merical inaccuracies. The straight line portions of the path [Fig. 3(a)] contribute very little to 
Tr. This becomes obvious by observing the form of TT in eqn (31, and noting that nl = 0 and 
f2, Atz should be nearly zero for E] close to the crack faces. That the straight line portions 
contribute little to TT has also been verified numerically. 

Note also that TT = x A T: is calcufated on a fix-cd set of material particles af any crack 
length. This must be appropriately accounted for when calculating TT via the incremental form 
[eqn (3)] since the path is continuously changing. 

+For the elastic case, there is a precise discontinuity in P. 
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Crack growth will commence when TT, as calculated on the Dugdale path, becomes equal 
to JK. The Tf resistance curve should rise after crack initiation; and it is nearly equivalent to 
the J resistance curve during the early stages of crack growth since, as described in [51, the 
HRR field should predominate for small amounts of crack growth. After this initial transient 
period, the TT and J-resistance curves begin to deviate significantly. J continues to rise even 
during steady-state crack growth. T: levels out to a constant value as steady-state conditions 
are approached. This behavior will be illustrated in the results section. 

Instability will be reached when continued crack growth enforces this condition: 

T: = TTR (10) 

(11) 

The R in eqns (10) and (11) indicate that this is the material property (resistance curve). Note 
that dT*lda = 0 during elastoplastic steady-state crack growth. 

BRIEF DESCRIPTION OF FINITE ELEMENT MODEL 

A displacement based finite element model developed from the standard principle of virtual 
work was used to approximate the analysis of elastic-plastic stable crack growth. Eight- and 
four-noded isoparametric elements were used with appropriate shape function modifications 
made to permit a “collapse” to triangular elements. The present finite element formulation 
permits both a tangent modulus and initial stiffness approach (or a combination of the two). 
However, most of the analyses were performed by updating the stiffness matrix on each in- 
crement since, for the large scale plastic deformation experienced in the specimens modeled 
here, this method produced by far the quickest convergence. The yield function was defined 
by a Huber-Mises-Hencky criterion, and the Prandtl-Reuss relations were used to define the 
plastic strain increments. Isotropic hardening was used in all analyses. A modification of the 
Newton-Raphson iteration procedure was made which not only improved convergence time 
but also could prevent divergence in path-dependent elastoplastic problems[ 181. This technique 
proved especially useful since crack growth was modeled while simultaneously applying the 
load in the present work. 

Crack growth was modeled by using the node release technique. For the eight-noded ele- 
ments, the forces were slowly released at each node in a simultaneous, linear fashion to model 
an increment of crack growth. For the four-noded element, one node was slowly released in 
a linear fashion. Crack growth was modeled more accurately by releasing the two nodes in the 
eight-noded element, compared with the one node released for the four-noded element. This 
conclusion was made in part by comparing total energy balance associated with an increment 
of crack growth. No singularities in the element at the crack tip were included since such a 
technique is essentially impossible to implement when using the node release technique. It 
should be noted that the moving singular element method of [20] was implemented and originally 
used for modeling crack growth. However, the interpolation procedures required for remeshing 
can introduce error in the near crack tip field solution, which causes the volume integral of 
eqn (3) to be in error. While it would be possible to remedy this situation by improving the 
interpolation procedure, no attempt was made here to do so. 

THE PROBLEM STUDIED 

The finite element model described in [ 181 was utilized to simulate a series of experiments 
that were performed on compact tension specimens of A533-B steel, as reported by Gudas et 
a1.[21]. Gudas investigated the J-resistance curves with 1 T compact specimens of varying side- 
groove depth and thickness/ligament ratios. The standard specimen with dimensions is shown 
in Fig. 4. All analyses were performed on specimens that had side grooves which penetrated 
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I. 

7’ 63.5 mm I 

Fig. 4. Standard IT compact specimen dimensions used for all elastic plastic analyses. 

20% of the depth, and which had a total thickness of 25.4 mm. Side grooves are grooves which 
are machined parallel to the crack and extend in the direction that the crack should propagate. 

The experiments were simulated numerically by following the displacement-crack growth 
record of the specimen since the experiments were displacement controlled, i.e. the displace- 
ment at the load pin was prescribed instead of the load. A typical record is shown in Fig. 5. 
This figure shows the experimental histories of two identical specimens (labeled l-7, 1-8 per 
notation of [21]) with initial crack length over width (QJw) ratios of 0.5. The load vs crack 
growth history is also shown here. Note that a difference exists between the load histories of 
the two specimens. The difference is due to the fact[22] that the specimens were cut from very 
thick pressure vessels as a part of the Heavy Section Steel Technology (HSST) program of the 
U.S. Nuclear Regulatory Commission. These vessels were actually in service for years and 
the specimens cut from them experienced some material inhomogenity. In fact, the scatter band 
in Jlc produced from these specimens was greater than that for the other steels in [21]. 

Q IO 
s /’ Note.Ths shows the 

/ 
ezqerlmental error 

/ 
from measuring two 

05 ldentacol specimen, 

I I 
I 

0.5 1.0 1.5 2.0 2.5 

a-a&mm) 

Fig. 5. Experimental load and load line displacement curves for two specimens with 
.5. 

a&r = 
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J, was calculated in the experiments according to the expression[21] 

where 

rl= 
w= 
Y= 
bi = 

bN = 
ai = 

Ai,i+ 1 = 

J,_+, = [Ji + (z)~%] [ 1 - ($i(ai+t - d] , (12) 

2 + (0.522) b/w, 
specimen width, 
1 + 0.76 blw, 

instantaneous length of the remaining ligament, 
minimum specimen thickness, 
instantaneous crack length, 
area under the load versus load line displacement record between lines of constant 
displacement at points i and i + 1. 

(4 

0. Ihm) 

(b) 

Fig. 6. (a) Finite element mesh of compact specimen. The shaded region is where crack growth 
occurs. (b), (c) Details of mesh refinement in the shaded region of Fig. 6(a). 
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Three different specimens with a& ratios of 5, .7, and .8 were numerically modeled. The 
input to the analyses consists of the displacement vs crack growth record and the output consists 
of load vs crack growth and the calculated fracture parameters. Side-grooved specimens were 
modeled since very little crack tunneling occurs in such specimens. The apparent reason for 
crack growth with a straight crack front in side-grooved specimens was revealed recently 
through three-dimensiona finite element analyses[23] of a stationary crack. For side-grooved 
geometries, J does not vary appreciably through the thickness. For non-side-grooved speci- 
mens, there is a considerable variation in J through the thickness. Of course, J is a valid 
parameter for crack initiation; and the regions through the thickness where J is largest will 
experience crack growth first. The largest f-values occur in the midthickness of the specimen. 
Hence, crack growth is more rapid at midthickness compared to the free surfaces; and the 
crack grows in a thumbnail fashion-or it “tunnels.” For such specimens, only an average 
crack length can be measured. For this reason, it is desirable to model side-grooved specimens. 

A typical finite element mesh used is shown in Fig. 6(a). One half of the specimen was 
modeled due to symmetry. The details of the mesh refinement in the shaded region where the 
crack grows are revealed in Fig. 6(b). The refinement of the near-tip mesh was varied from 
this, which was the finest, to that in Fig. 6(c), which was the coarsest mesh. These were used 
for mesh sensitivity studies reported in the next section. Plane stress conditions were assumed 
in most of the analyses. Experimental results for both load and J versus crack growth are 
clearly between the results for plane stress and plane strain. However, they appeared to be 
best represented with plane stress conditions. 

The properties in the finite element model assumed a power law hardening material fol- 
lowing the Ramberg-Osgood law, where, in the uniaxiat case, the stress and strain are related 

For A533B steel at 149°C n = 10.075 and B = 765.3 MPa. 

RESULTS 

Before giving a detailed summary of the performance of TT versus the other fracture 

(13) 

parameters, it is worthwhile to show some comparisons between experimental results and the 
numerical analysis, The input to the analysis consisted of the load line displacement versus 
crack growth record. The output, which can be directly compared to experimental quantities, 
is the load and the J-integral, since these quantities were reported in [21]. 

The comparisons between analysis and experiment of load versus crack growth are shown 
in Figs. 7 and 8 for a&? = 5 and 8, respectively. For Q&V = 5, it is seen that the experimental 
results lie between the plane strain and plane stress curves, and they are closer to plane stress. 
For a& = 0.8, it is seen that the experimental results are very close to plane stress. The 
experimental and calculated J-resistance curves for a&* = .5 and 8, respectively, are shown 
in Figs. 9 and 10. The experimental results fall right between the plane stress and plane strain 
results for U&V .5, and are quite close to plane stress for U&V = .8. In fact, it seemed to be 
a general trend that, as the U&V ratio increased, the behavior of the specimens approached 
plane stress conditions. As seen in eqn (12), the experimental J-values were calculated asuming 
that the thickness of the specimen was that value at the side-groove location. If J were to be 
calculated assuming the full thickness specimens, the comparisons between plane stress and 
experiment for J are even better. All numerical results shown henceforth were obtained as- 
suming conditions of plane stress prevail. 

In a series of papers by Ernst[24-261, a theoretically valid and practical method for cal- 
culating the J-resistance curve? in specimens which experience crack growth was developed 
(eqn (12) is from Ref. [26]). This method offers an improvement over the approach of Merkle 

tit should be noted that the procedure of Emst[24-261 is for calculating the “far-field” J from the load-displacement 
diagram. 
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LOAD 

(KN) / ~(PWE STRAIN] 
70- 

60.. 

50,. 

40,. 

I :::I ; : : : * ) 3. : : : ! : : : ; 

0 0.5 1.0 1.5 2.0 

a- a,(m) 

Fig. 7. Load versus crack growth. ao/~~~ = .5. 

and Corten[27]. If J is calculated via the method of Ernst [eqn (12)] using the results of our 
numerical calculations, it compares very favorably with J calculated on a distant contour. This 
is illustrated in Fig. 11 for U&V = 0.5. This good comparison was observed for all specimens. 
Apparently the Ernst procedure is quite accurate. 

The typical behavior of T? for these compact tension specimens is illustrated in Fig. 12 
for aolrc, = S. The J-resistance curve and the T: resistance curves are plotted in this figure 
as a function of e1 where l l is defined in Fig. 3. Ty and J are equivalent up to the initiation of 
crack growth and for small amounts of growth. Then TT levels off at a constant value while J 
continues to rise throughout the history of crack growth. As T? levels off to a constant value, 
it indicates that the fracture process has attained steady-state conditions. 

O-Oolmm) 

Fig. 8. Load versus crack growth, a& = .8. 
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J=xbTp (PLANE STRAIN) 

0 - cb (mm) 

Fig. 9. J-Resistance curves, aoh* = .5 

400:: 

J(ik) -- 

300 

Fig. IO. J-Resistance curves, aoh = .8 
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0.5 1.0 1.5 2.0 

cl-cl,hlnl) 

Fig. 11. J-Resistance curve for a& = .5 calculated via path definition and Ernst formula. 

_A J==aTp T,*(k) 

I 

300.0 

i 

a-a,(mm) 

Fig. 12. P-Resistance curves for various definitions of c. 
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CTOA(RADIANS) 

- AQ-0.1 mm 
ww aa -0.3mm 
- &Q = 0.6mm 

0.7 

0.6-- 

05-- 

0.4-- 

0.3-- 

0.2 

t 
0. I 

t 

t 
I : : : : : ! : : : : : : : : : : : : ! : : ! 

0 0.2 04 06 0.8 IO I2 I4 1.6 I.8 20 2.2 

Fig. 13. CTOA-Resistance curves for various near-field mesh refinements (defined by Lw). 

Several important features about the behavior of TT should be pointed out. For ao/rz+ = 
S, the initial crack length is 25.4 mm; and the initial width is 50.8 mm. As seen in Fig. 12. 
steady-state conditions* are clearly achieved after 1.0 mm or crack growth; and the analysis 
was stopped after about 2.0 mm of crack growth. The minimum value of E defining T? was E 
= 0.3 mm. From Fig. 6(b). E = .3 corresponds to eliminating the first two rows of elements 
along the flank of the crack from consideration. For paths with smaller E, TT was not satisfactory 
due to numerical errors in the elements so close to the crack tip. This was easily determined 
by TF lacking path independence. Ty must be path independent. due to its definition [eqn (3)]. 
That is, the path independence of ATT is due to equilibrium being satisfied and by utilizing the 
divergence theorem. Hence, if a numerical calculation shows that TT is path dependent, in a 
particular region, it is due to numerical errors, and a finer mesh is required in the affected 
region. It is thus clear that the minimum size of E is completely dependent on the mesh re- 
finement near the crack tip. E must be small enough to truly capture the effect of the crack tip 
fields, but not so small that it is within the fracture process zone. This issue will be further 
addressed in a later section, All other results are presented with E = .3 mm. 

CTOA and TT were both found to be independent of mesh refinement at the crack tip. For 
the specimen with aol\i’ = .5, complete analyses were carried out using four different near-tip 
meshes. The most and least refined of these meshes is shown in Figs. 6(b) and 6(c), respectively. 
These meshes consist of crack growth increments of (a - ao) = Au = 0.1, 0.15, 0.3, 0.6 mm. 
The CTOA resistance curves for these four different meshes are illustrated in Fig. 13. (The 
results for Au = .l. .1.5 are nearly identical.) As seen here, CTOA is essentially mesh size 
independent, even for ha = ,6 mm. This result appears quite remarkable, since steady-state 
conditions are achieved at Aa < 1.0 mm. This has apparently not been observed before for 
plane strain analyses[9]. TT shows this same degree of mesh size independence, as shown in 
Fig. 14. As expected, the plastic energy release rate was very dependent on near field mesh 
refinement, and results are not presented here. The far-field J-resistance curve along with the 
calculated load vs crack growth record were completely independent of near-field mesh re- 
finement. In fact, J becomes more and more divorced from crack tip events as the crack extends 
since the volume term of eqn (3) becomes larger and larger. Of course, a fracture parameter 
should not be divorced from crack tip events. 

tSteady-state conditions are achieved when T: levels out to a constant. 
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Fig. 14. P-Resistance curves for different near-field mesh refinement. 

The comparisons from the analyses of the three different specimens with sol = .5, .7, .8 
will now be discussed. First, the J-resistance curves calculated from finite element analyses 
of the three different specimens are shown in Fig. 15. During the initial stages of crack growth, 
where J is considered to be a valid parameter, the curves differ. For example, at a - a0 = .l 
mm, there is roughly a 50% difference in J between aol,v = .5 and u~/M~ = .7. Considering the 
large scatter in JIc values for these specimens, this is not surprising. 

The plastic energy release rate, simply computed as the work done in creating a traction- 
free surface during an increment of crack growth, is shown for the three specimens in Fig. 16. 
This quantity seems to level off at a constant value during steady-state crack growth for a given 
specimen. However, quite a bit of scatter between the curves exists between the different 
specimens. 

a - a. (mm) 
Fig. 15. J-Resistance CUJVeS for specimens with different initial crack lengths. 
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Fig. 16. Plastic energy release rate versus crack growth for three specimens. 

The behavior of the crack tip opening angle is illustrated in Fig. 17 and that of TT in Fig. 
18. Of course, if both T? and CTOA are material properties, then their resistance curves would 
be independent of specimen geometry. The differences between T: resistance curves is not 
small, but the percentage difference is clearly within the scatterband found in JIc. It could also 
be argued the differences in CTOA are also within this scatterband. 

From these results, one might argue that the T? parameter is no better than CTOA. How- 
ever, there are several distinct advantages in T?. With the combined JKTOA approach, a 
decision must be made as to when to switch from J-control to CTOA control. Moreover, from 
Fig. 17, CTOA starts out at some large value, and then decreases until it levels out at a constant 
value. Thus, JICTOA uses a parameter which increases during the initial stages of crack growth, 
then control is transferred to a parameter which decreases. T: increases as J and then levels 
off to its constant value. 
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Fig, 17. CTOA-Resistance curves for three specimens. 
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Fig. 18. F-Resistance curves for three specimens. 

TT enjoys another distinct advantage over CTOA. It is calculated along a path (inset of 
Fig. 18) which avoids numerical solution errors which develop in the elements along the crack 
face in the wake of the extending crack. When the finite element algorithm does not permit 
finite deformations and strains, these crack face elements in the wake cannot be expected to 
produce an accurate solution. CTOA is defined by the displacements in these elements. CTOA 
does become constant in a finite element simuIation of stable crack growth. But this number 
cannot be expected to be accurate. It is merely a convenient numerical device. 

As discussed earlier, the contribution to Tf along the straight line portion of the path should 
be small. This is shown graphically in Fig. 19. TT (for E = 2 mm) is plotted versus crack 
growth. At several crack lengths, the contribution to TT along the straight line portion of the 

500 
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~ 

qiezi33 
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Fig. 19. F-Resistance curve showing the contribution to r* along the straight line portion of 
the path. 
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path is shown. For example, for a - uo = 1.0 mm, the straight line contribution to TT is - .54 
N/mm. 

When path-independent integrals are presented and discussed, there are usually several 
plots presented which show this path independence graphically. With AT* of eqn (3), this is 
not necessary. Since the far-field path is defined from the near-field path via the divergence 
theorem, it is by definition path independent. Indeed, all the results presented above were 
calculated on numerous paths, and the path independence of TT was very good. Deviation from 
path independence was only observed in the path nearest the crack tip (and to some extent, 
the next closest path), where the solution included errors. Lack of path independence of 
ATT along other paths is a sign of either a poor solution or inadequate mesh refinement. Indeed, 
as mentioned earlier, the path independence (or lack of it) near the crack tip can be used as a 
means for determining the minimum size of E possible to define TT for a particular mesh. 

The spread of the plastic zone size can be observed in Fig. 20 as the crack grows from 
initialization to Au = 1.9 for ~7~1~’ = .5. After 0.1 mm of growth, two plastic zones exist in 
the specimen; and after 0.5 mm of growth, the complete net ligament is plastic. The outer 
boundary of the plastic zone stays essentially constant after about 0.9 mm of crack growth. 

The active plastic zone for the plane stress analysis for U~/MJ = 0.5 is shown in Fig. 21. 
The active plastic zone is defined as that region near the crack tip that is currently experiencing 
plastic deformation. The x-axis in these figures is aligned with the crack face, and the origin 
is centered at the crack tip. The angle 0 is measured in a counterclockwise direction, with 0 
= 0” indicating the positive x-axis; and 8 = 180” is aligned with the negative x-axis. 

(a) 

0 
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Fig. 20. Size of plastic zone as crack grows through specimen. 
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Fig. 21. Plots of the current active plastic zone as crack grows through specimen. The crack 
tip is at the origin of the axes. PIane stress (dimensions in mm). 
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Fig. 22. Current active plastic zone for plane strain after 1.9 mm of crack growth (dimensions 
in mm). 

These figures reveal a plastic zone ahead of the crack tip, which extends for an angle to 
the boundary of an elastic zone. A small boundary of reversed loading extends along the crack 
faces in the wake region. The angle to the boundary between the plastic and elastic sectors 
varies according to amount of crack growth. For ha = .5 mm non-steady-state crack growth 
conditions clearly prevail, while at Aa = .9 mm, steady-state conditions are being approached. 
At Au = 1.9 mm, steady-state conditions prevail. The angle to the boundary between plastic 
and elastic sectors is seen to decrease as steady-state conditions are approached. 

Amazigo and ~utchinson[28] developed an asymptotic solution to the steady-state crack 
growth problem for material response which included linear hardening. Reverse loading along 
the face of the crack was neglected in these analyes; and from Fig. 21, it is seen that for plane 
stress, this may be a good assumption. From [28], for an 01 = ET/E ratio of .Ol, eP is given as 
61.1”.1 This is quite close to the numerical results for steady-state crack growth of 8, = 63.4”. 

Figure 22 shows the active plastic loading zone for a&* = .j and plane strain conditions 
during steady-state crack growth conditions for (a - a0 = 1.9). f$ also varies during non- 
steady-state conditions, although not as much as for plane stress. The zone of reversed loading 
in the wake is much larger for plane strain. This has also been noted by Dean and Hutchin- 
son[29]. For plane strain, the solution of Amazigo[28] for (Y = .OI gives eP = 156”. However, 
as noted in [29], this solution may be in error for plane strain since reverse loading in the wake 
was neglected. Drugan et al.[30] present a solution for an elastic-ideally plastic solid wherein 
0, = 123.1”. This is quite close to the numerical value of 6, = 125” for this low hardening 
material (n = IO). In this result, there is no evidence of elastic unloading in the elastic sector 
near the crack tip, which is predicted in[30]. This could be due to inadequate mesh refinement 
in this region. 

A NOTE ON PLASTIC INCOMPRESSIBILITY 

An important observation was made in connection with the plane strain analysis of the 
specimen with a&, = OS. An apparent problem with satisfying the nearly incompressible 
deformation rates was observed. The problem was identified by noting the TT integral was 
becoming path dependent along the paths within the first couple of millimeters of the crack 
tip. The problem became more severe as the deformation proceeded, while being unnoticed 
during the initial stages of crack growth. The eight-noded elements with 2 x 2 integration 
performed very poorly. As a quick-fix solution, the procedure suggested by Nagtegaal et a1.[31] 

tThis value of D is closest to this low hardening Ramberg-Osgood material out on the flat portion of the curve. 
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for handling the plastic incompressibility constraint was implemented into the finite element 
model for four-noded isoparametric elements. This procedure is widely used in finite element 
codes for satisfying this constraint. Plane strain and plane stress analyses using this appropri- 
ately modified four-noded element were performed for the specimen with a&v = 0.5. The plane 
stress results were identical with those produced by the eight-noded elements. The plane strain 
results were clearly better than those for the standard eight-noded elements, but were still not 
satisfact0ry.t All far-field quantities, such as load and far-field J-integral, were essentially 
identical for the two analyses. The problem associated with plastic incompressibility is only 
realized in the solution near the vicinity of the crack tip. In this sense, ATT can be considered 
as a gauge measuring the accuracy of the finite element solution. 

Other sources for the errors in the plane strain solution were investigated. The fact that 
rather large strains experienced in the elements near the crack tip was thought to be a problem, 
since a large deformation, large strain formulation was not included in the finite element model. 
However, the strains in these elements for the plane stress problem are even greater than those 
in plane strain, and no such problem exists in the plane stress results. Also, stress and strain 
contour plots in the crack tip region were observed for both plane stress and plane strain. 
Although these contours are somewhat different for plane stress and plane strain, there was 
nothing to suggest that the gradients for plane strain could not be adequately handled by the 
mesh refinement. Finally, it was thought that the path definition could be a possible source of 
error for plane strain. From Figs. 3 and 22, it is seen that some of the straight-line portions of 
the paths closest to the crack face pass through the region where active plastic loading is 
occurring. This is, of course, not the case for the plane stress analysis Fig. 21 where the active 
loading zone in the wake region is very small. However, the contributions to ATT along these 
straight line portions for plane strain are also small. Hence, this should not be the source of 
the problem. It seems apparent that the error was caused by the locking induced by an inad- 
equate treatment of the nearly incompressible deformation rates which occur near the crack 
tip of this low hardening material (n = 10). 

It is not surprising that the method of Ref. [31] is perhaps inadequate for certain problems. 
In [31] a mixed variational principle is presented, wherein the deviatoric and dilitational strain 
increments are introduced as additional independent variables through appropriate Lagrange 
multipliers. When appropriate discrete approximations for the displacement and dilatational 
strain increments are introduced in the finite element version of this functional, l KK is eliminated 
at the element level. At this point, it is no longer an independent variable but is dependent on 
the displacement approximations. As discussed in [32], the rigorous theoretical validity of the 
modified discrete functional, as a variational basis for obtaining discretized equilibrium equa- 
tions, is not fully authenticated. 

Selective reduced integration and penalty methods (RIP methods) in the study of incom- 
pressible fluids by finite elements has been a popular topic in recent years. Oden and associates 
have studied the effectiveness of these methods, as summarized in [33]. As reported in [331, 
some of the most popular RIP methods are unstable and their effectiveness is problem depen- 
dent. The method of [31] is apparently an RIP method in disguise; and, as such. its accuracy 
is problem dependent, This is an important point because many commercial finite element 
codes utilize the method of [31] to treat the plastic incompressibility constraint. 

No other methods to adequately account for plastic incompressibility were attempted here. 
Of course, the sure way to adequately account for nearly incompressible behavior is to retain 
the dilitational strain increment as an independent variable via a mixed method and keep it 
independent. 

PHYSICAL SIGNIFICANCE OF AT; 

(a) Elasticity and plasticity 

If a body obeys every where a linear elastic stress-strain law, then in a mode I problem 
the stresses at the crack tip can be expressed in terms of a polar coordinate (r, 8) system with 

tThe near-field mesh for the analysis using the four-noded elements had about the same number of degrees of 
freedom as that in Fig. 6(b) for the eight-node element mesh. 
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the origin at the crack tip as 

(14) 

For asymptotic approach to the crack tip, only the first term in (14) is important; and hence 
the geometry of the cracked solid, loading conditions, and crack length will effect the stresses 
at the tip only through the parameter K, the stress intensity factor. For linear elastic conditions, 
the crack should propagate only when the stress intensity factor reaches some critical value. 

The power law hardening solution of Hutchinson[4] and Rice and Rosengren[3] gives the 
asymptotic solution for the crack tip stress field as 

uij = J”(n+‘) - r”(n+l) Fjj (0, n) + (-)(r). (1% 

In this solution, the effect of geometry, remote stresses and crack length are only dependent 
on the parameter J. The crack should propagate only when the value of J reaches some critical 
value. Hence, under conditions where the deformation theory of plasticity is valid, J in eqn 
(15) may be replaced by r” = CAT*. 

Correlating TX with the near-field solution for a growing crack in an elastoplastic solid is 
a much more difftcult problem which is as yet incomplete. To do this, a knowledge of the 
steady- as well as non-steady-state asymptotic solutions for a growing crack in a hardening 
material is required. With such a solution, it should be straightforward algebraic exercise to 
obtain a relationship having the form of eqn (15) by simply applying eqn (3). Such an exercise 
should produce a result such as 

vi./ = F (r*, rr 0, n), 

wherein T* is the strength of the singularity. 

(16) 

With this in mind, it is instructive to brieff y review the current state of the art in elastoplastic 
crack propagation. 

Perhaps the earliest attempt to characterize the asymptotic fields at a growing crack in an 
elastic-plastic solid was made by Chitaley and McClintock[34]. They considered the antiplane 
shear problem and assumed elastic-ideally plastic material behavior. Amazigo and Hutchin- 
son[28] later developed a linear hardening solution for the mode III and mode I problem; and 
they determined that the strength of the singularity was extremely dependent on the hardening 
exponent. The mode I problem for an ideally plastic material was studied independently by 
Slepyan[35], Gao[36] and Rice ef ~1.1371. Later Rice refined and generalized these solutions[38, 
391. It should be noted that the solutions by Rice are valid during non-steady- as well as steady- 
state stable crack growth, whereas those by the others are valid only for steady-state crack 
growth. The plastic strains in the centered fan sector were found to be of order In (A/r) as r 
-+ 0. Unfo~unately, these solutions are of little help for our purposes in attempting to develop 
a relationship such as eqn (16) since there is no singularity in the stresses for an elastic-perfectly 
plastic solid. 

Dean and Hutchinson] have carried out a numerical study of steady crack growth in 
plane strain mode I for both the elastic-perfect plastic (to compare with[37]) and the strain 
hardening cases. They found an active plastic zone along the flanks of the crack faces in the 
wake of the extended crack for all cases, with the depth of the zone dependent on the hardening 
exponent. (This same result was found in [35-381.) More importantly, they determined that the 
crack driving force is a strong function of the hardening exponent; the lower the hardening 
exponent, the greater the resistance to crack growth. This further illustrates the difficulty with 
developing a relation such as eqn (16) since the asymptotic solutions are strongly dependent 
on the material properties. 

Finally Gao[39] has developed a solution for steady-state stable crack growth in a power 
law hardening material. It was found that: 

A 
u- In- ; ( ) 

l/(,1- I) 

E- lnA 
r ( > 

nl(n - I) 
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However, as noted later by Gao[40], there is a deficiency in these solutions, namely, that the 
plastic part of the strain-rate does not vanish as 0 (the polar angle centered at the tip) approaches 
the boundary between plastic loading and elastic unloading sectors. Hence, more complete 
solutions to this problem are required before a relationship between the asymptotic stress and 
strain rates and AT* can be realized. It should also be emphasized that once such solutions 
are available, a unique relationship between the crack opening displacement rate (6 and AT*) 
should be available, as has been developed for the ideally plastic case between f, and J by 
Rice[38], 

DISCUSSION 

The use of a near-field integral such as p as the fracture parameter appears more intuitively 
pleasing than using a parameter defined at one material particle, such as a critical strain at a 
fixed distance from the tip. For a circular path, r* is some critical measure of the crack tip 
fields at all locations around the crack. Its value has a contribution from all the loading and 
unloading sectors in traversing the crack on this path. The critical strain has to be defined in 
one of these sectors; and the location of the sector becomes an issue, especially under non- 
steady-state conditions. T* thus has intuitive appeal. 

However, there are many unanswered questions concerning the validity of r* as a fracture 
parameter. The effect of defining a path that extends in a straight line along the wake instead 
of a circular path is unclear. A circular path would completely traverse the elastic sector and 
the reverse loading sector. Perhaps a finite deformation/strain analysis of a growing crack from 
initiation to stable growth could clear up this issue. Such an analysis should produce more 
accurate results in the elements within the wake region and hence permit circular paths, es- 
pecially if a singularity is included in the elements at the crack tip. It should also be noted that 
strains can become rather large even as far as 1 mm from the crack after a large amount of 
crack growth. 

Another issue concerns the size of the path defined by E that is necessary. p should be 
a specimen and geometry independent parameter if it is calculated on a path of radius E which 
is within a region dominated by a singular crack tip field. This singular field is the HRR field 
before crack growth and then becomes another field such as that given in [33] modified for strain 
hardening during growth. Hence, criteria for r” dominance of the crack tip fields from initiation, 
through the transient period up to stable growth are necessary. 

Criteria for J-dominance of crack tip fields have been investigated. McMeeking and 
Park@411 addressed this issue through a large deformation analysis of blunted crack tips for 
deformation from small-scale yielding into the fully plastic range. The agreement of these fields 
to those calculated by McMeeking[42] for small scale yielding was used as a criterion defining 
the size of the J-dominant region. Shih and German[43] examined the size of the J-dominant 
region by comparing small strain finite element analyses to the HRR field. In both investigations, 
the size of the ~-dominant region was found to be much smaller in tension compared to bend- 
type specimens. The size of the dominant region also depends on the hardening parameter tr. 
It decreases as n becomes larger. 

The results in 1431 suggest the stress fields in bend specimens match the HRR field over a 
distance of r < 3Jlao for a&~ = -75, n = 10 and deformation well into the plastic range (defined 
by boo/J, where “b” is the untracked ligament width). If we assume these criteria apply to 
our analyses wherein we replace J by T*, we find for the most deeply cracked specimen (a~/ 
M’ = .8) TZXeady state1 = 180 N/mm, ?0 = 413 N/mm’ and that I’ < 1.0 mm (for baa/P = 40). 
Thus, the E chosen here of .3 mm is within this dominant region. 

Of course, this is hardly proof that the value of E = .3 mm was sufficient. The above 
criterion is only valid for the HRR field of a srationav crack. However, it is fair to expect the 
region of dominance of the singular field to be some function of the untracked ligament (and 
possibly the degree of crack growth up to stable growth), i.e. E < Mb. Parks1441 discusses this 
subject in the contest of growing crack. However, it is clear that more complete analytical 
asymptotic solutions to the growing crack problem for hardening materials are necessary before 
this goal can be accomplished. 

The engineering approach to piastic fracture utilizing the J-integral has been developed as 
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a convenient means of assessing flawed components simply and quickly. We have seen here 
that T” is equivalent to J for small amounts of crack growth, and then it levels off to a constant 
once steady-state conditions are achieved. Hence, r* is always equal to, or less than, J. Thus, 
an engineering approach to plastic fracture is possible using the r” integral. Tc could be 
estimated by using the J estimation procedure and interpolating from J to r*. r* thus has 
potential to be a useful engineering tool- that is, it should be possible to estimate r* without 
the use of a finite element analysis. 
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APPENDIX A 

Generul.forms of AT’ 
Atluri[l5] defined a path independent integral as follow,s (Fig. 1): 

3T, = R + lim r_U ,~ [n (?:Ae + Au) - n,< (7 + A!).&] ds 
/. 

: J 1,214‘ 
[n CT:,& + ALi) - n,< (7 + A!),Ael ds 

+ lim 
l -cl 

[-D,r:& - p,(f - a),&] dis. (A.11 

In (A.1). T is the Cauchy stress. Pe is the increment in displacement gradient. Ail is a rate potential for Al, AI is the 
first Piola-Kirchhoff stress, V, = g”’ t?~ian”‘) is the gradient operator at time t. We assume an updated Lagrangian 
formulation where we attempt a solution from time t (in configuration r?‘) to time t + dt (with configuration Cx+ ‘). 
R in the above is a volume integral (over V - V,) involving terms containing C, [a(p). Wp]. which is equal to zero 
for an elastic or nonlinearly elastic solid. It must be emphasized that in eqn (A. I) 

with LW being the increment in total stress-working density during the time interval I to (1 + dr). Because of this. AT 
is an incremental path independent integral valid for a solid experiencing crnx type of nonlinear material behavior. 
including plasticity, creep and viscoplasticity. 

Since AU = 1 At’:&. one can show that R of eqn (A.1) can be written as 

R= J 1[C,&‘:Se - ?AIr:T,Ae] dV. 
\ - I’< 

Hence, we can redefine AT from eqns (A. 1) and (A.2) as 

AT = [n (T:A: + ALO - n.((T + A!),Ag)] ds 

(A.2) 

tA.3) 
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For reasons which will become apparent later. we can add the following equivalency to each side of eqn (A.3) (Fig. 
1): 

(A.4) 

to obtain 

AT* = lim 
I *%=!I f‘ 

n (?:A* + AU) - n.((l + A!),&) - n.(&e) ds 

= 
J 

f1?3(( n &:A$ + AU) - n.((T + A$).&) - n.(A$$ ds 

i- hm r=O 
I 

v_v ifA$+:V,Ae -I- V,.(AQe) - V,(I + iA!r):& ‘ 

- p, (f - a).Ae] dV. (AS) 

It should now be obvious from the developments in eqns (A. 1) to (A.2 that a seemingly endless number of path 
independent integrals with relevance to the mechanics of fracture are possible. For example, by adding another equiv- 
alence in the same sense as eqn (A.4) to eqn (A.5). another path independent integral is created. All such path inde- 
pendent integrals are such that they are defined in terms of a near-field line or surface integral that is equivalent to a 
far-field line or surface integral plus an area or volume integral. It is intended that the near-field integral be defined 
along a path that is close enough to the crack tip such that the fields defining the integral are completely determined 
by the presence of the crack. Hence, ang path independent integral should be a potentially valid fracture parameter 
since its value depends on the crack tip fields. In this sense, one can consider the use of a path integral to characterize 
the fracture process to be similar to the critical strain criterion (at a fixed distance from the crack tip) of McClintock[ 171. 

However, as shown earlier. the particular choice of the integral can be very important. Also. a physical interpre- 
tation of AT* as defined by eqn (A.51 can also be postulated. Both of these points were elaborated upon in the section 
describing the specialization of eqn (AS) to the case of opening mode crack extension in a solid where large strains 
and displacements can be neglected. More details of the material presented in this appendix may be found in [If, 181. 


