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Abstract--This paper investigates the factors relating to element stability, coordinate invariance and 
optimality in 8- and 20-noded three-dimensional brick elements in the context of hybrid-stress formu- 
lations with compatible boundary displacements and both a priori and a posteriori equilibrated assumed 
stresses. Symmetry group theory is used to guarantee the essential non-orthogonality of the stress and 
strain fields, resulting in a set of least-order selections of stable invariant stress polynomials. The 
performance of these elements is examined in numerical examples providing a broad range of analytical 
stress distributions, and the results are favourably compared to those of the displacement formulation and 
a stress-function based complete stress approach with regard to displacements, stresses, sampling, 
convergence and distortion sensitivity. 

INTRODUCTION 

The necessity to model curved boundaries and to 
have freedom from restrictive problem simplifications 
makes versatile three-dimensional isoparametric ele- 
ments an essential part of any finite element reper- 
toire. Eight- and 20-noded serendipity shape func- 
tions provide the assumed displacement field within 
each contiguous element, and the associated nodal 
displacements form the primitive variables of the 
displacement formulation [ 11. In this pioneering 
single-field approach, all stress interpolations are 
dictated by the displacement field, with attendant 
limitations in performance; and the hybrid-stress 
method has been conceived in order to introduce 
more flexibility into the choice of stress distributions. 
Specifically chosen stress polynomials at the element 
level, in conjunction with the foregoing global 
boundary-compatible displacement field, constitute 
the two-field set of unknowns for which a solution is 
obtained through stationarity of a modified com- 
plementary energy principle. The principal variants 
on this technique are the use of a priori equilibrated 
stresses in a conventional hybrid-stress functional[2], 
a posteriori equilibrated stresses in an Hellinger- 
Reissner functional[3, lo], and a combination of 
these two[4] with extra element displacements as 
Lagrange multipliers. Notwithstanding the functional 
employed, the integrity of the finite element depends 
upon the chosen stress polynomials; and the primary 
aim of this paper is to present a proven set of 
polynomials for 8- and 20-noded bricks. 

A good element must be stable (i.e. no spurious 
kinematic modes), coordinate invariant [5], and opti- 
mal with respect to computer resources. Further- 
more, it must have a symmetrical, positive definite, 
and self-consistent stiffness matrix which will produce 
convergence in the limit of discretization. The key to 
satisfying these requirements lies in non- 
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orthogonality of the assumed stress and strain fields, 
a criterion which can readily be achieved by means of 
symmetry group theory, which has been described in 
two preceding papers[6,7]. Confirming that invari- 
ance does not demand complete stress polynomials, 
numerous satisfactory selections of the resulting irre- 
ducible invariant incomplete stresses are possible 
and, although the theory is exact only in relation to 
cubes, it is shown herein that it can reliably accom- 
modate curvilinear elements in both a priori and a 
posteriori equilibrated stress formulations. 

In the case of a posteriori equilibrated stresses, the 
stress tensor is expressible in either Cartesian or 
natural curvilinear base vectors; and differences be- 
tween these schemes arise in heavily distorted ele- 
ments. The robustness of each formulation is exam- 
ined in distorted cantilever applications under pure 
moment and end-shear loadings 

Some of these ideas germinated in the classical field 
of stress function theory, notably the early in- 
vestigations of Ahmed and Irons[8]; and in this light, 
a stress-function approach is included for compara- 
tive purposes. Also discussed in a secondary context 
are issues of numerical integration and sampling. 
Previous papers in this area[6,7] dealt chiefly with 
element stability through eigenvalues and the stiffness 
matrix trace. However, the current paper is a more 
comprehensive study of these elements under prac- 
tical conditions of loading, and its results are found 
to discredit the trace as a useful measure of element 
capability. 

Further discussion of invariance and the applica- 
tion of the patch test to these elements will appear in 
a forthcoming paper[l8]. 

1. THEORETICAL BASES FOR THE 

PROPOSED ANALYTIC APPROACHES 

(i) Hybrid stress fwrctional with an a priori equili- 
brated Cartesian stress field 

The following preliminaries are necessary for prob- 
lem definition. A linear elastic solid with geometry 
described by Cartesian coordinates xi has Cartesian 
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stress and strain tensors uij and tV respectively. The 
external Surface S of the body is divided into regions 
S,, upon which surface tractions care prescribed, and 
S,,, whereon the displacements U, are specified, while 
the body forces per unit volume are ignored for 
simplicity. The complementary energy density per 
unit volume, B(c,), is such that Q = as/&,. Dis- 
cretization of the solid produces contiguous finite 
elements V, (m = 1,2,. . .) with boundaries 
aV’, = pm + S,,,, + S,,,, where p, are inter-element 
boundaries. The shape functions of each element are 
defined in terms of normalized local curvilinear coor- 
dinates & 

The hybrid-stress variational functional [3]: 

HS(u,, t-ii) = c is - We) dV 
m vfn 

incorporates a stress field a!, which is selected to 
satisfy dii = gji (Angular Momentum Balance) and 
trVj = 0 (Linear Momentum Balance) a priori. How- 
ever, by means of a Lagrange Multiplier t7, which is 
effectively chosen to be the boundary displacement 
field ui, it can be shown [9, lo] that the stationarity 
of HS(u,, 6,) leads to the a posteriori Euler equations: 
(i) compatibility aB/aati = $u, + u,,) in V,, (ii) trac- 
tion reciprocity (njo,,)+ + (n,oji)- = 0 at pm, (iii) trac- 
tion boundary condition (n,~,,) = < at S,m, and (iv) 
displacement b.c. ui = U, at S,,,. 

With a view to writing functional HS(a,, ~2,) in a 
computational format introduce vector notation, in- 
cluding a concise (6 x 1) vector r~ for symmetrical 
tensor uii. Accordingly the complementary energy per 
unit volume, with compliance coefficients C,,, be- 
comes: 

B(u,) = fU&iTk, 3 ;g T. co (1.2) 

and HS(uv, z&) can be written as: 

(l.lb) 

As per established hybrid stress procedures[2], the 
stress within an element is represented as a sum- 
mation of equilibrated polynomial stress modes A 
with undetermined parameters fi and boundary dis- 
placements are interpolated from nodal displace- 
ments q thus: 

a=A.fi in V,,, (1.3) 

g=L.q at av,. (1.4) 

These approximations lead to the working expres- 
sion: 

HS@,q)=~(-;/lT=fl +/lT.G-j -Q'y} 
m 

(l.lc) 

wherein 

H= AT.C.Adv (1.5) 

G= s RT.Ldv 
av, 

(1.6) 

QT= 
s 

fT.Ld.s, with t =Rb at av,,,. (1.7) 
&I 

Extremization of (1. lc) w.r.t. /j produces the element 
level equations: 

Hj =G.q or fi =H-‘.G.q (1.8) 

and the standard global stiffness form k results from 
a variation of (1.1~) in familiar fashion: 

k ‘9 = [G%-' . G]g = Q. (1.9) 

The stress modes chosen in (1.3) must clearly 
accommodate all reasonable load distributions, but it 
is found that these modes have a further key role in 
the elimination of spurious kinematic modes also. If 
s is the number of stress parameters b per element, d 
the number of generalized nodal displacements per 
element, and r the number of rigid body modes then 
a reliable stiffness matrix k should have rank (d - r). 
The (s x s) matrix H is derived from the positive 
definite energy density B(u,) and hence is itself 
positive definite, i.e. has rank s. However, by virtue 
of an equilibrated stress field ud and the divergence 
theorem, matrix G can be written as: 

bTGq = n,u,& ds = 
s 

u,+&)ds (1.10) 
vrn 

from which it is apparent that the rank of G is, at 
best, the minimum of (s, d - r), where ~&z&k) = 0 for 
the r rigid modes. The overall rank of k is thus the 
minimum of (s, d - r) also and, in pursuit of com- 
putational optimality, the number s = (d - r) of 
stress parameters is desired. The chosen (d - r) stress 
modes must be such that: 

j_ 
(~&i~) d V > 0; L&Q # 0 (1.11) 

V” 

as a result of which the homogeneous equation: 

Gq=Q (1.12) 

should have, as its non-trivial solutions, only the r 
rigid body modes qr,h (r.6 = 1,2.. . r). 

The importance-of requirement (1.11) is under- 
scored by its presence in the Ladyzhenskaya- 
Babuska-Brezzi (LBB) convergence condition [l l] for 
this formulation. This condition states that if there 
exists a constant fl > 0 such that: 

Then the finite element problem has a unique solu- 
tion. Furthermore, when /I is independent of mesh 
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parameter h, convergence is then established.‘Equa- 
tions (1.11) and (1.13) are necessary and sufficient 
conditions for stability, respectively. 

One possible approach to the eradication of kine- 
matic modes lies in the painstaking assembly of the 
G matrix from complete equilibrated polynomial 
stresses and strain tensors derived from the element 
displacement field. The rank of G may be computed 
by Gaussian elimination and stresses added or re- 
moved until the desired (d-r) value is reached. 
However, this rudimentary procedure fails to address 
the requirement of coordinate invariance in the over- 
all stress interpolation, a problem which inspires an 
excursion into the realm of symmetry group theory. 

This branch of group theory is not without atten- 
dant mathematical restrictions and strictly applies to 
perfect cubes only. Nevertheless it serves to motivate 
a very effective approximation for distorted blocks, 
both in the context of the current hybrid-stress 
variational principle and in a later Hellinger-Reissner 
treatment. In addition to maintaining a priori invar- 
iance in the stresses, it provides a convenient sparse 
quasi-diagonal G matrix from which stress selections 

The constant and linear stress terms: 

1 
l-1: u,(l) = 6, [I 1 

1 

r 2~ -Y -1 r0 -x 01 

can easily be made. The details of the theory are 
presented elsewhere[d 7,121, and it suthces to repeat 
only results here. The symmetry group of a cube, 
involving an identity transformation, 9 rotations, 6 
reflections, and 8 rotation-reflections, comprises a 
total of 24 transformations arranged in 5 conjugate 
classes; and these transformations operate on poly- 
nomial subspaces in accordance with 5 irreducible 
representations ri (i = 1,2, . . .5). The subspaces 
spanned by Ti do not necessarily coincide with 
Cartesian subspaces, however, and it is accordingly 
necessary to orthogonally project Cartesian sub- 
spaces of interest onto these irreducible subspaces to 
apply the theory. Hence, with reference to a 20-node 
block, the quadratic displacement space and a com- 
plete equilibrated cubic stress space are projected, 
after initial rearrangement into subspaces invariant 
under the symmetry group operations, onto natural 
irreducible invariant displacement and stress sub- 
spaces respectively. These displacements give rise to 
54 strain subspaces and the associated 90 stress 
subspaces are presented below[7& 

r 0 0 -x1 

(1.14) 



412 E. F. PIJNCH and S. N. ATLXJRI 

An equilibrated stress field with homogeneous quadratic variation: 

1 

-y* + z* 

r,: up = 6 24 x*-z* 

-x* + y* 1 

2(y2+z*) 0 0 --cy2+z2) 0 0 

r,: n3@) = 6*5 0 -(x2+z2) +62fi 0 2(x2+z7 0 0 0 1 -(x2+y2) [ 0 0 0 1 -(x2+y2) 

0 2xz 

[ 2xz 0 

- 2yx 

(Y’-z’) 1 + 63, [ 

0 -2yz (z2-x2) 

S,c4’ = 634 -2yz 0 -2xy @2--z*) 0 (z’-x2) 2xy 2XY 1 0 

i 

0 (x2 -Y2) 2YZ 
+& (x*-y*) 0 - 2xz 

2YZ -2xz 0 I 

r 0 2xz 0 ~XY 1 r 0 2yz -(x2 + 

2XY 

z’) 1 0 

i 

0 0 

I 0 2yz 

0 -(y’+ 

0 

-cy*+z*) * 

z2) 2YZ 1 
(1.15) 
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The equilibrated bo~ogeneo~ cubic stress fieId: 

z 

2 

I 

x(Y* -i- 22) -yz* -y*z 0 --x2* 0 0 0 -xyz 

uJ9) = 6, [ 

-yz* 

0 0 1 + 67, [ --x2* 

y(x2 j-z*) 

-x% 1 +a72 0 -y2z 0 0 0 -x*z 0 [ 0 -xy2 -x*y -x”y 1 z(x2+yZ) 

[ 

0 0 x3 - 3xy2 

U‘j’O) = 

6,, 0 0 +a, y3-3x2y 
x3-3xy2 y3--3Jx2y 0 1 [ 

0 y3 - 3yz* 23 - 3y*z 

y3-3yz2 

0 z3-3y% 0 0 1 0 

0 

[ x3-3x22 

x3 - 3X.9 0 

+% 

0 3X2Z 

0 .23--3x*2 23 - 1 0 

0 0 -(x3 + 3yZx) 0 -a3 + 3yz2) (z3 $3y2z 

r,: up = 
6, 

[ 
0 0 ti’+ 3x2y) 

1 

+-a,7 

i 

-(y’+ 3yzZ) 0 0 
-(x3 f 3y2x) (_$ + 3xZy) 0 (z3 + 3y2z 0 0 1 
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The optimahty criterion .s =. (d - r) dictates the 
selection of 54 = (60 - 6) stress parameters and a 
fortuitous orthogonality relation in group theory[J2]: 

guarantees the quasi-diagonal form of G, where b&j 
and $1 belong to distinct (i it.j) irreducible represent- 
ations rj and i”> From inspection of the non-zero 
blocks of the G, the choices giving the desired 54 
parameter stress field from the stresses of (1.14-16) 
are [7]: 

$i) Ah ~nst~t and linear terms ai’! a$‘), ar), qi2), 
uq , a?), @f-l, af) of (1.14). 

(ii) Either aiz) or af) of (1.15). 
(iii) Both @ and ar. 
(iv) Any two of as3j, ai4), a’$) and any one of a$‘), 

UP’. 
(v) Both ai3’ and a!$; any one of a$‘), ,$l”) and any 

one of a$@, fr$). 
(vi) Any urre of a$*), u$“) and any three of at), t#, 

afp’, a5”. 

A total of 384 choices of a 54 parameter ‘least 
order’ stable invariant stress field therefore exist for 
a 20-noded element. The 8-noded cube is clearly a 
subset of the 20-node case and the least order selec- 
tion in this instance corresponds to 18 = (24 - 6) 
terms. The eight choices of 18 parameter stable 
invariant stress field for the 8-noded block are listed 
as foJJows[6] from (J.14, 15): 

(i) include a?), a$‘), a$‘” (both terms), @sz) (both 
terms), and a$” (all 3 terms); 

(ii) include rr$‘) (all 3 terms) or uf) (all 3 terms); 
(iii) include &) (all 3 terms) or aQ’ (all 3 terms); 
(iv) include ug4j (ail 3 terms) or ai’) (ah 3 terms). 

The foregoing irreducible invariant stress seiec- 
tions, defined in the local (i.e. centroidal) Cartesian 
coordinates of a cube, are of least order and generate 
reliable stiffness matrices. ~otwithstan~ng this, they 

(1.16) 

form incomplete polynomials and may not each 
contain the cardinal stress states of pure bending et 
al. Accordingly, an assessment of each one under 
service Joadings is made to determine the most suit- 
able choices, and these are recorded in the numerical 
results section. For noncubes the irreducibility prop- 
erty of these stress subspaces is compromised as a 
result of which the G matrix loses its distinct quasi- 
diagonal format. Consequently the proposed stress 
selections become astute approximations to optimal 
ieast-order interpolations and are shown {Section 2) 
to yield reliable stiffness matrices of correct rank at 
even moderateJy large distortions. 

(ii) ~~~l~~ger-~~~~~er f~~~t~on~~ with m a posteriori 
~quiIi~~~ted local stress j&id 

Considerable success has been achieved in ap- 
proaches where the ~uilib~um constraints are re- 
laxed on some[4] or all stress terms[3] by means of 
displacement field Lagrange multipliers. Choosing to 
relax all these constraints, expression (1.1) becomes 
the Hellinger-Reissner functional: 

wherein the stress field cii satisfies only angular 
moments balance (CT# = cii, and qf = uj- at p,,, a 
priori. Stationarity of HR(gir, ui) leads[Q, 101 a paste- 
riori to: (i) Compatibility dS/acr, = 4(~, + +) in V,, 
(ii) Linear momentum balance cjiJ = 0 in V,, (iii) 
Traction reciprocity .(ll”li>’ f &a&’ = 0 at pm. (iv) 
Trac-boundary condrtton (n,aji) = t, at S,, and (v) 
Displacement b.c. aj = iii at S,,. 

Taking advantage of the variation of natural coor- 
dinates in curvilinear elements, the stress tensor is 
expressed as an unequi~brat~ summation of natural 
coordinate polynomials 8 with unknown coefhcients 
II; 

a=A.fi in V, (1.19) 
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Define: 

where L is the Boolean matrix of (1.4). With G in this 
form functional (1.18) reduces to working expression 
(1. lc) and the derivation follows Section 1 (i) exactly 
thereafter. 

The foregoing least-order stress polynomial selec- 
tions in natural coordinate variables g, are introduced 
into AE, but these do not necessarily form stable 
irreducible invariant interpolations. The numerical 
results of Section 2 will establish whether or not this 
formulation is more responsive to curvilinear stress 
distributions than the Q priori eq~librated Cartesian 
approach and also whether or not stability and 
invariance are approximately achieved at moderate 
element distortions. 

In distorted bricks, this a posteriori approach leads 
to two? distinct formulations according to whether 
the least-order polynomials @(&) are taken to be 
Cartesian components of the stress tensor thus: 
u = a”(&)egj,, or the curvilinear components: 
d = aye&, where gi are natural covariant base 
vectors. For linear ela.?tic materials in the latter case 
functional (1.18) is written as: 

The displacement components remain Cartesian, 
but the amount of imputation is substantially in- 
creased since the covariant metric tensor gii =gi*~ 
and the Jacobian & = (ax”/a@ are extensively in- 
volved. Also, practical considerations require that the 
stresses be printed in physical components. The ques- 
tion of whether these additional calculations are 
justified and whether, h~othetic~ly, the curvilinear 
formulation, with a vector system that changes in 
harmony with distortion, can better accommodate 
geometrical variations will be examined numerically 
in Section 2. 

(iii) A~p~~cutio~ of stress f#nct~o~~ 
The familiar Airey stress function [I 3] is the equiv- 

alent, in two-dimensional problems, of a general 
3 x 3 stress function tensor for three dimensions. a 

KIther possible representations for v are discussed in 
[18, 191, while the performance of the attendant elements is 
discussed in [18]. 

tensor which can be written in diagonal Maxwell 
form as (p = &,<gi. For any Cartesian polynomials Cpii 
an a priori equilibrated stress field d is guaranteed 
through the expressions: 

Q22 = ax,z + ax,2; 613 = 031 = 
av2 -- 

ax,ax, 

a24 a2d2 
a33 =G +Y&$ @23 =“32 - - - 2. (1.22) 2 3 

Stress functions 4,. #2, & are clearly of at least 
second order, but their ~l~orni~ composition is 
dictated by the desired characteristics of the sibling 
stress field and may not always be transparent. 
Spurious zero energy modes may be present, as was 
the case in early formulations[8], unless all critical 
stress function terms are ~co~rat~[l4]. At the 
expense of optimality, a crude corrective procedure 
might involve adding stress-function terms in com- 
plete orders until stability is achieved; but even where 
some terms can thereafter be eliminated through trial 
and error or through ~ompatibiiity conditions, con- 
siderable red~dancy invariably remains. Compli- 
cating the situation further is the fact that stress 
function polynomials guarantee equilibrium but not 
coordinate invariance so that a near-optimal stable 
stress field may still fail in this regard[l5]. Accord- 
ingly, the two incomplete stress-function models cited 
herein, SF8-48 and SF20-90 as detailed in[7& have a 
substantial number of redundant terms but generate 
the required invariant stable complete quadratic and 
cubic stresses, respectively. 

2. THE ~ME~CAL ARENA 

Having resolved the issues of stability and invari- 
ance, it remains to test element performance in a 
variety of typical stress distributions. The notation 
LOS: I-APR, L08: l-APO, L08: i-APC is used to 
denote least-order a priori calibrated, a ~o~ter~or~ 
equilibrated Cartesian component and a posteriori 
equilibrated curvilinear component formulations, re- 
spectively, in eight-noded bricks. A similar con- 
vention applies to 20-noded elements. 

Unless stated otherwise numerical integrations are 
performed with Gaussian quadrat~e. A 3 x 3 x 3 
Gauss rule, exact for eight-noded undistorted ele- 
ments, gives discrepancies of 5.2% or less in distorted 
bricks while, correspondingly, the exact rule for 
undistorted 20-noded elements (4 x 4 x 4 Gauss) 
gives errors of the order of only 0.141% in distorted 
cases. 

(i) Eight-noded brick elements 
The eight possible least-order stress selections are 

presented in Table 1 together with computed data on 
the deflections of a unit cube under five listed cardinal 
stress states. Although hydrostatic pressure, pure 
tension, and pure shear are exactly reproduced within 
all elements, differences arise in the pure bending and 
torsion modes. Both displacement method (DM8) 
and the complete quadratic str~s-function approach 
(SF8-48) are excessively stiff in bending, whereas of 
the least-order options only L08: 7 and L08: 8 are 
exact. None of these low-order elements have the 
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Table I. Displacements produced by the cardinal stress states in an &node block 

ElCZIil~lIt Selection Trace/E Hydrostatic PUXX l&e Pure Pure 
Pressure Tension Shear Bending TOIXiOII 

LO&l FS, 853, g: 4.0139 100. 100. 100. 350.00 84.36 

L08:2 G;, ?,3, q; 4.0416 100. 100. 100. 350.00 84.36 

Lo&3 2 2 4 24' C5' L‘s 4.2638 LOO. mo . 100. 287.50 84.36 

LOB:4 2 2 6 !?4' !?5' 35 4.2916 100. 100. 100. 287.50 84.36 

L08:5 $, c,', $ 4.3888 100. 100. 100. 162.50 84.36 

LOS:6 ~2, ~53, c$ 4.4166 100. 100. 100. 162.50 64.36 

LO8:7 & err, $ 4.6388 100. 100. 100. 100 .oo 84.36 

LO&:8 & & 95" 4.6666 100. 100. 100 * lrJO.00 84.36 

SF8-48 - 5.1875 100. 100. LOO. 78.43 84.36 

DM8 - 5.3333 100. 100. 100. 66.66 84.36 

Notes: (i) All least-order (LO) elements contain the selections: 
11 1 1 

(II' C2' ?3' and $5 

(ii) The computed displacements (of a unit cube) are expressed as per- 
centages of the analytic values. 

(iii) E = 1, \I = 0.25 

sophistication to modei pure torsion and, further- 
more, the results show that the stiffness matrix trace 
is not a good index of element s~~bjlity. 

On a larger scale, the 4 x 1 x 1 cantilever beam of 
Fig. 1, with end shear and moment loadings, is 
analyzed using four cube elements, the results appear- 
ing in Table 2. Due to the sparse stress polynomials 
in these elements, careful sampling of the stress field 
is necessary in order to obtain acceptable accuracy. 
Bending stresses are best in the transverse centroidal 
plane (i,e. r = 0) of each element, but shear stresses 
are less predictable. For the least-order hybrid stress 
element with Q priori stress equilibrium 
(L08:7-APR), sampling at the 2 x 2 x 2 Gauss 
points in optimal in shear while the transverse cen- 
toidal plane is the best location in the cases of SF&48 
and DM8. Of the eight-node elements, none can 
accommodate a parabolic shear dist~bu~o~, produc- 
ing instead an equivalent constant one. Nonetheless, 
the superiority and effectiveness of the least-order 
hybrid stress approach is clearly apparent in this 
example. 

EII 
MENT 

4x,x, CANTN. 

END SHEAR 

Fig. f . Mesh for eight-noded element beam-bending study. 

Distortion sensitivity is of vital importance in 
practical finite element applications, and its effects 
are investigate here through a two~Iement can- 
tilever problem under pure moment and end shear 
loadings (Fig. 2a, b). Plotting tip deflection against 
distortion parameter (lOOA/L), it is seen that all 
hybrid stress elements undergo pronounced stiffening 
even at small distortions in contrast to the less 
sensitive displa~ment model, a feature also observed 
by KangIlS]. However, curvilinear formulation L08: 
7-APC is the most adaptive of the elements shown 
and recovers some flexibility at extreme distortions. 

The bending stress in the critical region near the 
support is presented in Fig. 2(c, d) for these two load 
conditions and, notwithstan~ng the displa~ment 
curves, it is apparent that the stress tensors in LOX: 
7-APR and LO8:7-APO are affected least over the 
entire range of distortion. 

Severely contorted bricks (Fig. 3) violate the postu- 
lates of symmetry group theory so that the stiffness 
matrices of LOS: l-APR and LO8: 7-APO lose their 
self-consistency through differences in stitBress 
coefficients at corresponding nodes A and B. It is 
noteworthy that, of the four fo~uiations considered, 
none deveiop kinematic modes in this particular 
element (Table 3) although only LO8: l-APC, with 
natural base vectors, and DM8 can generate self- 
consistent stiffness matrices in every instance. 

(ii) ~~e~ty-n~~d brick &meats 
Since all least-order selections contain the critical 

constant and linear stress terms, they are broadIy 
similar in behaviour. Table 4 displays a representative 
set of choices, of which LO20: 1 and LO20: 12 are 
thought to be extremes of flexibility and stiffness, 
respectively, though none are as stiff as the stress- 
function (SF20-90) and displacement (DM20) formu- 
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Table 2. Results for 4 x 1 x 1 cantilever beam (8-noded bricks) 

L 
Case I: End Shear case 11: End Moment 

TiP Bending Tip Bending 
Displacement (X) stresses* (X) Displacement CL) stresses* (X) 

LOB: 7-APR 101.030 100.000 99.02 100 .DO 

SF8-48 80.845 82.157 78.07 82.25 

DM8 66.400 75.070 63.90 75.23 

* 
On average, with sampling in the transverse centroidal plane (< = 0) of each 
element. 

10X 2 X2 CANTILEVER 

3X3X3 GAUSS 

h LOB: 7 - APR 
B L06:7-APO 

Q CO6: 7 - APC 

8 

‘-0 

L I 

0 20 40 60 60 

% DISTORTION (I00 b/L) 

Fig. 2(a). Tip displacement in a two-element cantilever under pure moment (distorted eight-noded 
elements). 

10X2X2 CANTILEVER 

E*0.3XIO pi 

END 

SHEAR 

A LO6:7-APR 

0 LO0 :7-APO 

0 LO6:7-APC 

. CM8 

L 
0 20 40 60 80 

% OISTORTION (IOOWL) 

Fig. 2(b). Tip displacement in a two-element cantilever under end shear (distorted eight-noded elements). 
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IOQ- STRESS c,x UNDER * LO8 7-APR 

END SHEAR LOADING 0 LO8.7-APO 
0 LO8 7-APC 

1 

\ 

. OMB 
75 

I 
0 20 40 60 60 

Fig. 2(c). Bending stress in a two-element cantilever under Fig. 2(d). Bending stress in a two-element cantilever under 
pure moment (distorted eight-noded elements). end shear (distorted eight-noded elements). 

NATURAL COORDINATES t., .I I lations. The greater scope of 20-noded elements 
MUTUALLY AT 45’ 

& 

vis-d-vis the eight-noded species is underscored in 
5;EENGWS = 2.0 Table 5 wherein all cardinal stress states except 

torsion are exactly reproduced in a unit cube. In pure 
torsion, the least-order selections are superior to the 

Fig. 3. Rhombohedral brick. others but the choice of aj8 instead of aj7 is found to 

Table 3. Eigenvalue in severely distorted bricks (Fig. 3) 

LO8: l-APR LO8:7-APO L08:1-APC DM8 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

Trace 8.716 8.087 9.406 10.114 

0.000 0.000 0.000 0.000 

0.000 0.000 0.000 0.000 

0.000 0.000 0.000 0.000 

0.000 0.000 0.000 0.000 

0.000 0.000 0.000 0.000 

0.000 0.000 0 .ooo 0.000 

0.006 0.004 0.015 0.053 

0.028 0.011 0.019 0.074 

0.029 0.019 0.019 0.081 

0.040 0.041 0.023 0.094 

0.061 0.090 0.042 0.197 

0.073 0.115 0.098 0.198 

0.138 0.124 0.185 0.236 

0.157 0.162 0.213 0.279 

0.213 0.212 0.345 0.456 

0.286 0.234 0.409 0.500 

0.318 0.417 0.439 0.500 

0.469 0.500 0.456 0.500 

0.527 0.500 0.771 0.512 

0.793 0.500 0.793 0.619 

0.960 0.512 0.960 1.047 

1.372 0.950 1.372 1.090 

1.540 1.646 1.540 1.646 

1.708 2.032 1.708 2.032 
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Selection 

LOXI: 

LO20:16 

LO20:17 

LO2O:lR 

SY20-90 

i)M20 

Table 4. Least-order stress combinations (20-node) 

Choice (as numbered previously) 

(iv) fvif 
8 4G5 6 

a5 a5 5 OS 

8 456 
u5 O5 55 "5 

Tract? 

E 

18.963 

19.420 

19.480 

19.573 

19.553 

20.385 

21.526 

20.761 

19.116 

21.592 

19.850 

19.400 

23.536 

31.467 

(ii) E = 1.; J = 0.: EXACT integration throuxhout 

Table 5. Displacements produced by the cardinal stress states in a 20-node bIock 

Element Key Hydrostatic PUIY Pure Pure PUl? 
Term PressWe Tension Shear Bending TOYSiCJIl 

LO20:5 
8 

O3 
100. 100. 100. 100. 101.050 

LO20:6 
a 

O3 100. 100. 100. 100. 101.050 

Lo20:17 8 
u3 

100. 100. 100. LOO. 101.050 

Lo2o:la 7 
ci3 

100. 100. 100. 100. 96.457 

9220-90 -- IOO. 100. 100. 100. 95.745 

DMZO - 100. 100. 100. 100. 95.350 

NOtt33: ii) The computed displacements (of a unir cube) are expressed as per- 
centages of the analytic values. 

(ii) All least-order selections are a priori equilibrated (APR). 

(iii) E = 1: v = 0.25 
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have an important bearing on accuracy. Selections LOZO: 5,617 model torsion through stress terms eJ2) and 
e$‘) thus: 

- 3.75xyz 0.625z(‘y2 - x2) - 0.78y(I -0.8x2 - 1.6~~ 
@torsion = 0.625z(y2 - x2) 0.625~~~ 0.78x(1 - 0.8x2 - 1.6~~) 

- 0.78y(l - 0.8x2 - 1.6~~) 0.78x(1 - 0.8x2 - 1.623 0 1 
whereas LO20: 18, with torsion terms q@’ and aso), 
involves: 

- 2.678~~~ - 1.339z{x2 - y’) - 0.513y(l + 2.6x2) 
etcmion = - 1.3392(x2 - y2) 2.678~~~ 0.513x(1 + 2.6~‘) 

- OSl3y(l +2.6x2) 0.513x(1 + 2.6~~) 0 1 
of which combination [pro), e,@q is the better approx- 
imation to the pseudo-analytical closed-form expres- 
sion: 

0 0 
- 

etorsion = [ 0 

0 

* 
-y(l-4x3 

x(1 -4y2) x(1 - 4y3 

y(l -4x3 1 0 

(2.3 

A 16 x 4 x 4 cantilever beam forms the basis for 
testing these elements in a beam-bending application 
with four-element (Fig. 4a) and eight element (Fig. 
4b) discretizations. Under parabolic end shear load- 
ing, Table 6 gives a comparison between element 
performances and the effect of mesh refinement, the 
stress field being sampled at 2 x 2 x 2 and 3 x 3 x 3 
Gauss points per element. Similar data for pure 
moment loading appears in Table 7, and the follow- 
ing observations apply to both tables. 

(a) All four element types are satisfactory in beam- 
bending, and the discrepancies are quite small 
throughout. 

(b) Extra discretization causes little or no im- 
provement in tip displacement results while stresses 
generally deteriorate, excepting SF20-90. 

(c) The 2 x 2 x 2 Gauss points are the best sam- 
pling locations for bending stresses. 

(d) For parabolic end shear loading, all elements 
show unreliable shear stress distributions (not tabu- 
lated), with discrepancies of over 20”/,, irrespective of 
the sampling scheme. Selective reduced integration 
(SRI) of shear stiffness terms has little effect and 
produces matrix singularity in least-order elements. 

4 ELEMENT MESH 

16X4x4 CANTILEVER 

E=03XIO’ps, 

8 ELEMENT MESH 

Fig. 4. Meshes for ZO-noded element beam-bending study. 

However, in pure moment loadings, the shear stresses 
deviate from zero by negligible amounts. 

(e) Least-order selections LO20: 1 and LO20: 12 
have slightly different responses to the applied load- 
ings, but the differences are minimal overall. 

(f) No element is simultaneously optimal with 
respect to tip displacement and bending stresses. 

Returningto the 10 x 2 x 2 two-element cantilever 

Table 6. Parabolic end shear loading on cantilever beam 

Element Tip Waximwn Discrep. in Computed 
Displacement fx) Bending Stresses* (Xt 

4-EL &EL 2 x 2 Gauss Points 3 x 3 Gauss Points 

4-EL &EL 4-EL E-EL 

LOZO:l-APB ~03.074 102.600 0.372 3.886 0.906 6.319 

L020:12-Al'R 103.139 102.595 1.183 2.742 2.433 4.700 

SFZD-90 lOL.511 101.919 1.011 0.739 1.483 2.522 

DM20 99.286 100.771 0.378 2.610 2.172 5.040 

* 
Rntries expressed a~ a percentage of the maximum bending stress in the 
beam. 
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10X2X2 CANTILEVER 

PURE WOMEN1 

A LOZO’I-APR 

D LO20ll- APO 

LO20 :I - APG 

l DM20 

0 20 40 60 60 

% DISTORTION (iOOOi’L1 

Fig. S(a). Tip displacement in a two-element cantilever under pure moment (distorted 20-noded elements). 

-I LEVER 

E =0.3X10 psi 

Y =0.3 

4X4X4 GAUSS 

END SHEAR 

A LOX):I-APR 

D LO201 I-APO 

a LO2O:b APC 

l DMPO 

8 
20 40 60 60 

% DISTORTION 1100 WL) 

Fig. .5(b). Tip displacement in a two-element cantilever under end shear (distorted 20-noded elements). 
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h LO2o:I -APR 

13 LOZO:I-APO 

0 LOZO:I-APC 

5 

t 

. DM20 

g 50 

z 

Fig. S(c). Bending stress in a two-element cantilever under pure moment (distorted 20-noded elements). 

5 
z 

75 
A LO20: I-APR 

0 L020:1-APO 

o L020:I-APC 

l DM20 

b: 
w 

25 

ii 

I 

STRESS uxx UNDER 

=; END SHEAR LOADING 

0 20 40 60 80 

% DISTORTION (100 b/L) 

Fig. 5(d). Bending stress in a two-element cantilever under end shear (distorted 20-noded elements). 

problem for a distortion study, radical changes in 
element characteristics are seen to occur with the 
introduction of a quadratic displacement field. For 
pure moment loading (Fig. 5a), elements LO20: 
I-APR, LO20: l-APO, and LO20: I-APC are virtu- 
ally unaffected by distortion while DM20, although 
initially stable, stiffens drastically in the upper range. 
In the case of end shear loading, a peculiar situation 
arises whereby LO20: l-APR becomes significantly 
more flexible at moderate distortions due to the 
presence of a “soft” mode. Except at extreme values 

of (lOOA/L) LO20: l-APO and LO20: l-APC are 
ideal while the displacement method fails catastroph- 
ically as before. Comparing the effects of the two 
loading cases, it is apparent that distortion reduces 
internodal shear stiffness in all least-order 20-noded 
hybrid-stress elements to a greater (LO20: l-APR) or 
lesser (LO20: l-APO) extent. 

Distorted 20-noded elements are more robust than 
their eight-noded counterparts and have superior 
bending stress distributions through the beam thick- 
ness. For both loadings, the bending stress at the 

Table 7. End moment loading on cantilever beam 

Element Tip Maximum Discrep. in Computed Kiuimum Discrep. in 
Displacement (%) Bendinr Stresses" (%) stlcar Stresses" (%) 

4-EL ~-EL 2 x 2 Gauss Points 3 :i 3 Gauss Points 4-EL II-EL 

4-EL R-EL 4-EL B-EL 

L020:1-APR 99.053 98.394 2.356 3.089 3.244 4.467 2.622 3.267 

L020:12-APR 98.672 96.548 1.156 2.867 2.276 4.711 4.089 2.533 

SF20-90 97.364 98.124 0.978 0.578 2.489 2.067 2.689 3.511 

DM20 96.396 97.476 0.444 2.020 2.400 4.730 2.978 4.022 

Entries expressed as a percentage of the maximum bending stress in the beam. 



critical support Gauss point (Fig. 5c, d) is just as 
reliable as the computed displacements and follows 
the same basic trend as well, with LO20: I-APR, 
LO20: l-APO, and LO20: l-APC performing ex- 
tremely well throughout while DM20 deteriorates 
once more. 

Applications of isoparametric three-dimensional hybrid-stress finite elements 

3.5 

i 

4 

The heavily distorted brick of Fig. 3 causes a 
breakdown of formulations LO20: l-APR and LO20: 
I-APO; but zero energy modes do not appear in any 
case, as before. 

The testing scheme for least-order elements now 
proceeds logically to the classical curvilinear prob- 
lems of thick cylinders and spheres. Selections LO20: 
IZAPR, LO20: I-APO, and LO20: l-APC are 
judged to be the most effective representatives of their 
formulations in these applications. 

- 3.0 
.E 

-n 

Q L020:I-APO 

0 LO20- I-APC 

TO - EXACT 

x 

A sector of a thick cylinder in plane strain under 
internal pressure is analyzed using two elements (Fig. 
6), and the radial displacements are plotted in Fig. 
7(a) for LO20: IZAPR and DM20, Fig. 7(b) for 
LO20: l-APO and LO20: I-APC. Although good at 
other points, formulating LO20: l-APC gives ex- 
tremely poor values of displacement and stress at the 
element centroid, these values being omitted from the 
figures. The stress-function approach (SF20-90), with 

2.0 I 

50 7.5 10.0 

RADIUS (in) 

Fig. 7(b). Radial displacement in a thick cylinder under 

22.5’ 

O< 

E =0.3 XlO’pti 

4X4X4 GAUSS 

Pi =lOOOpsi 
PO= 0 

Fig. 6. Thick cylinder mesh. 
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internal pressure. 

internal displacement 11.3 x 10m4in. and external 
value 1.53 x 10e4in., is chronically overstiff and is 
also omitted, but the others show accurate profiles in 
the order: LO20: I-APC, DM20, LO20: IZAPR, and 
LO20: l-APO. In respect of stresses, the sampling 
points are chosen at the 3 x 3 x 3 Gauss points, 
although values at the 2 x 2 x 2 Gauss points are not 
significantly different. Radial stresses for LO20: 
IZAPR and DM20 appear in Fig. 8(a), LO20: 
l-APO and LO20: I-APC in Fig. 8(b). The corre- 
sponding circumferential stresses are shown in Figs. 
9(a, b); and it is obvious that no formulation is 
simultaneously best for both components. LO20: 
IZAPR is most accurate for radial stresses while 
LO20: l-APO is superior for circumferential values. 

d LOZO:I-APR 

0 OM20 
- EXACT 

Changing from this r -* stress distribution to the 
r3 distribution of an internally pressurized thick 
sphere[lf], the six element radially-refined mesh of 
Fig. 10 is used, and a priori least-order selection 
LO20: 12-APR proves to be optimal in all respects. 
Radial displacements appear in Figs. 1 l(a, b); and the 
2 x 2 x 2 Gauss points are the sampling locations for 
stresses. Radial and circumferential stress distribu- 
tions for LO20: 12-APR and DM20 are in Figs. 
12(a, b); and those of LO20: l-APO and LO20: 
I-APC are shown in Figs. 13(a, b). SF20-90 gives 
internal and external radial displacements of 
243 x lo-5 in. and 0.56 x lo-5 in., respectively, and 
is clearly too stiff once more. 

2.0 I, 

5.0 7.5 la0 

RADIUS (in) 

mtemal pressure. 

As a final example, the thermoelastic problem of 
steady-state heat conduction through a thick sphere 
provides r -’ and r -3 stress variations in a combina- 
tion of virtual pressure and body-force loadings. 
Figure 14(a, b) show radial displacements for the 
sphere and six-element mesh of Fig. 10, indicating 
that LO20: 1ZAPR and LO20: l-APO are excessively 
stiff but LO20: I-APC almost matches the displace- 
ment method in accuracy. Radial stresses (Fig. 
15a, b), which are sampled at the 3 x 3 x 3 Gauss 

Fig. 7(a). Radial displacement in a thick cylinder under 
._ . 



424 

RADIUS ( in ) 

E. F. PUNCH and S. N. ATLURI 

17%. 

Fig. 8(a). Radial stress in a thick cylinder under internal 
pressure. 

RADIUS (in) 0 

, 7.5 lo. 

5.0 7.5 10.0 

RADIUS (In) 

Fig. 9(a). Circumferential stress in a thick cylinder under 
internal pressure. 

0 

-250 

.- 
“a 

-500 

z 

: 

L 

-I 

2 

d -750 

Fig. 8(b). Radial stress in a thick cylinder under internal 
pressure. 

A LO20:1- APR 

0 OM20 

- EXACT 

1 J 

points, show two distinct regions: the inner region of 
rapidly varying stress where selection LO20: 12-APR 
is optimal (r < 3.25) and the outer portion (r > 3.25) 
where DM20 coincides almost exactly with the 
smooth stress distribution. The centroidal values of 
LO20: 1ZAPR are excellent, suggesting that its con- 
stant stress parameters are dominant, but the charac- 
teristics of LO20: l-APO and LO20: l-APC are very 
poor. Circumferential stresses vary smoothly in the 
sphere (Fig. 16a, b), and the order of accuracy is 
clearcut: DM20, LO20: I-APC, LO20: l-APO, 
LO20: l-APR. The centroid continues to be the best 
sampling point for LO20: 12-APR, but the cases for 
LO20: l-APO and LO20: 1 -APC are less well defined. 
Stress-function formulation SF20-90 fails to produce 
acceptable results, as before, and is ignored. 

Radial displacement y at interior surface r = 2 in. 
of the pressurized sphere is a convenient parameter 
for a convergence study of the subject elements. The 
two-, four-, and six-element discretizations of Fig. 10 
with 96, 168, and 240 degrees of freedom, re- 
spectively, yield results (Fig. 17) which confirm that 
each formulation is convergent, although Lo201 
12-APR, LO20: l-APC, and DM20 are superior to a 
posteriori formulation LO20: l-APO, converge from 
below and do not require fine meshes for reasonable 
accuracy. 
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1750 - 

600, I 

5.0 I 7.5 10.0 

RADIUS (in 1 

Fig. 9(b). Circumferential stress in a thick cylinder under 
internal pressure. 
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Fig. 10. Meshes for thick sphere analysis. 
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Fig. 11(a). Radial displacement in a thick sphere under 
internal pressure. 
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Fig. 11(b). Radial displacement in a thick sphere under 
internal pressure. 
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0 
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- EXACT 

RADIUS (in) 
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- EXACT 

Fig. 12(a). Radial stress in a thick sphere under internal 
pressure. 

A LO20 IZ- API? 

o DMZO 
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20 4.0 60 a0 

RADIUS (in) 

Fig. 12(b). Circumferential stress in a thick sphere under 
internal pressure. 

Replacing the 4 x 4 x 4 Gaussian quadrature with 
an equivalent 27-point nonproduct rule [ 171 should 
produce a major improvement in computational 
economy; but it is found, in the case of the two- 
element pressurized thick cylinder of Fig. 6, that the 
resulting stiffness matrices are, on average, 70.18% 
(LO20: lZAPR), 85.87% (LO20: l-APO), and 
70.44% (LO20: I-APC) too stiff. 

CONCLIJSIONS 

Application of symmetry group theory to the 
hybrid-stress method leads to a clarification of ideas 
on element stability and invariance, with most of the 
resulting selections of stable irreducible invariant 
stress polynomials performing well in cube and curvi- 
linear element problems. The eight-noded elements 
can tolerate only mild distortions, and all least-order 
formulations are superior to the displacement 
method in this case. 

Fig. 13(a). Radial stress in a thick sphere under internal 
pressure. 
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0’ 1000 
rr 
” 
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2.0 40 SD 
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Fig. 13(b). Circumferential stress in a thick sphere under 
internal pressure. 

For 20-noded bricks, least-order a priori equili- 
brated and a posteriori equilibrated curvilinear- 
component formulations can sustain extreme dis- 
tortions and are marginally superior to the 
displacement method in almost all stress states. The 
a posteriori equilibrated Cartesian-component formu- 
lation is not as accurate; and complete stress poly- 
nomial interpolations, obtained from a stress- 
function approach, are satisfactory only in constant 
and linear stress situations since they become acutely 
overstiff in curvilinear applications. 

A large number of competent least-order stress 
selections exists, each having small differences in 
overall behaviour; and the choice of stress selection 
can be dictated by its accuracy with respect to the 
most critical parameter in a design problem. Non- 
product, reduced, and selective reduced integration 
schemes are not effective for these elements, but stress 
sampling at either the 2 x 2 x 2 or 3 x 3 x 3 Gauss 
points provides acceptable values. 



Applications of isoparametric three-dimensional hybrid-stress finite elements 

Ti = 100” C 

T,, = 0 
0 = l.22xl~5 1% 

E = 2.1 x IO’ N/cnlZ 

Y = 0.3 

4X4X4 GAUSS 

B LO20: 12- APR 

0 OM20 

- EXACT 

421 

20 30 40 5.0 6.0 7.0 80 

RADIUS (cm) 

Fig. 14(a). Radial displacement in a thick sphere under steady-state heat conduction. 
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Fig. 14(b). Radial displacement in a thick sphere under steady-state heat conduction. 
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Fig. IS(a). Radial stress in a thick sphere under steady-state heat conduction. 
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Fig. 15(b). Radial stress in a thick sphere under steady-state heat conduction. 
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Fig. 16(a). Circumferential stress in a thick sphere under steady-state heat conduction. 
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Fig. 16(b). Circumferential stress in a thick sphere under steady-state heat conduction. 
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Fig. 17. Convergence study. 

Not withstanding the unfavourable cost factors 
currently associated with the hybrid-stress formu- 
lation, the qualitative aspects of these results give 
positive reinforcement to continued research in this 
area in the future. 
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