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In troduc t ion  

In the variational formulation of  finite element models for 
mechanics problems, boundary conditions are classified as 
either essential or natural. The traction boundary condi- 
tions are identified as natural in many commonly-used 
finite element models. A valid finite element mode must 
satisfy explicitly the essential boundary conditions, since 
the latter are satisfied implicitly as a posteriori conditions 
of the formulation. 

Though assumed solutions can be arbitrary regarding 
natural boundary conditions, the arbitrariness can affect 
the accuracy of solutions, because the weighted error 
residuals of  all the Euler equations of  the variational 
principle should be minimized to obtain solutions. As 
a possible alternative to refining finite element meshes for 
improving the accuracy of solutions, an explicit enforce- 
ment of  the natural boundary conditions can be considered. 
In this work, the nature of  the implicit enforcement of  the 
natural boundary conditions of  a problem through a varia- 
tional formulation is investigated. Systematic methods to 
enforce natural boundary conditions explicitly to improve 
the accuracy of  solutions are developed for two finite 
element models. 

Consider a boundary value problem defined by VZu = f 
in a domain D and some boundary conditions at boundary 
B. The problem has a variational principle that the 
stationary condition of  a scalar functional I with respect to 
an admissible solution u (which satisfies u = h on B, if such 
a condition exists) yields the interior equation and a natural 
boundary condition, au/an = g on B where n is the outward 
normal to B. The functional I is: 

f (Vu.Vu + 2fu)dV+ 2 fgu dS (1) 

D B 

* This paper was presented at the Third International Conference on 
Finite Elements in Water Resources, University of Mississippi, 
19-23 May 1980 

An approximate solution can be assumed as: 
?l 

u .  = ¢o +  kak 
k = l  

where $o satisfies any existing essential boundary con- 
ditions, Sk are homogeneous on B, and a~ are undetermined 
parameters. Substituting u,, into I and extremizing I with 
respect to u . :  

D 

d L O n  \ k = l  

(2) 

B 

Equation (2) implies that the 'sum' of  the weighted error 
residuals of  the interior equation and the natural boundary 
condition is set to be zero as a consequence of the 
extremization. 

It is seen from equation (2) that all or part of the follow- 
ing advantageous results can be expected by an accurate 
enforcement of  the natural boundary conditions in some 
explicit manner: (1) accurate satisfaction of the natural 
boundary condition; and (2) improvement of accuracy of 
solution of the interior equation by a separate minimiza- 
tion of  the interior error residual from that of  the boun- 
dary condition. 

Na tu ra l  b o u n d a r y  c o n d i t i o n s  in the  f in i te  e l e m e n t  
m e t h o d  

In this section, methods enforcing the natural boundary 
conditions explicitly in the compatible displacement model 
and the hybrid stress model are considered. In the discus- 
sion, the usual Cartesian tensor notation is used and a 
comma followed by an index denotes partial differentiation. 
Matrices and vectors are indicated by a bold face or index 
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notations. Transposed matrices and vectors are indicated by 
a prime symbol. 

Compatible displacement finite element model 
The compatible displacement t'mite model is: 

7rCD(Ui)= ~m { f ( lo i / e i i - - f f iu i )  d V -  f TiuidS} 
vm Sam (3) 

where V m is the ruth finite element with Sam being the 
portion of the boundary with prescribed tractions Ti, Fi are 
body forces, ui are displacements which satisfy geometric 
boundary conditions, and eil and Oil are strains and stresses 
derived from ui through strain displacement and constitutive 
relations respectively. 

If ui are assumed as u = Nq where N are functions which 
interpolate nodal degrees of freedom q, the stationary 
condition of ~rCD can be written as: 

(C  1 ~-C2)~ q = l .  f (~o'-I- F')N dV 

Vm 

- f  ( T ' - T ) N d S I S q = O  (4) 

Sa m 

Here, oij are represented by aa and T are boundary tractions 
derived from oi/. Equation (4) implies that, by the 
extremization of  7rc D the sum of  the integrals of interior 
(C1) and boundary (C2) error residuals weighted by N is set 
to be zero. 

Explicit enforcement of  traction boundary conditions 
In this model, the natural boundary conditions are 

identified as traction boundary conditions. When a nodal 
value of  each prescribed traction component can be ex- 
pressed by a single degree of freedom in q, the traction 
boundary conditions can be enforced explicitly by sub- 
stituting given values to the appropriate degrees of  freedom. 
This method is identical to the way to treat geometric 
(essential) boundary conditions and equation (4) will 
enforce C1 = 0 since C2 = 0. However, in many cases, 
boundary tractions are expressed by combinations of 
several components of q. In these cases, a Lagrange multi- 
plier method or a least-square method can be used. 

In a Lagrange multiplier method, the traction boundary 
conditions T - iF = 0 are augmented to the energy principle 
with Lagrange multipliers X as constraint conditions to the 
original system. The known (unknown) boundary tractions 
can be expressed in terms of their value at a number of 
discrete points on the boundary as T = Ohgn (T = ~ngn), 
where n is the number of boundary points, and ~n are 
functions which interpolate the nodal values of  tractions at 
n points, gn (gn). There exist unique relations between gn 
and q asgn = Cnq. Then, the constraint term can be given as: 

a /  Q /  

Sa m Sara 
= ( q ' C ' .  - A .  (5) 

When C1 and (72 are expanded the modified version of 
equation (4) by these constraint conditions can be written 

a s :  

(q 'K-O '  + AnCn) Sq +(q'Cn-~n)SAn=O (6) 

where K and Q are the element stiffness matrix and general- 
ized nodal force vector, respectively. Through some mani- 
pulations, equation (6) will give the modified stiffness 
equation: 

Kq = O - Cn( CnK - '  Cri) -1 ( CnK-1Q - g n )  

for an element with traction prescribed boundaries due to 
an explicit enforcement of the traction boundary condi- 
tions. Following the usual Finite element solution proce- 
dures, q can be evaluated. In equation (6), the term with 
5An represents the traction boundary conditions expressed 
in a pointwise manner. By increasing the number of boun- 
dary matching points, accurate enforcement of the boundary 
conditions even on a curved boundary is possible. 

In the previous Lagrange multiplier method, the original 
principle is modified by the Lagrange multiplier term. Thus, 
the minimum total potential energy principle cannot be 
preserved. To avoid this inconsistency, a least-squares 
method can be used. The assembled stiffness equations can 
be augmented by the assembled constraint equations, 
C*q *= ~*, where * indicates that they are system quanti- 
ties. The resulting overdefined system of equations can be 
solved by a least-squares method as: 

~ - *  q*=(K*'K*+C*'C*)-I(K*'Q*+Cngn) (7) 

Hybrid stress finite element model 
The hybrid stress model 1 is: 

~H3(Oii , ffi)= ~ ( f A(oi/)dV- f Tiff i dS 
Vm Sm 

+ f TiffidS) (8 )  

Sa m 

where A is the complementary energy density, oii are equili- 
brated stresses, ti i are compatible boundary displacements 
with fi'i = ui on Sam and ffi = fti on Sum which is displace- 
ment prescribed portion of the boundary of the ruth ele- 
ment, Sin. It can be seen that the traction boundary and 
interelement traction continuity conditions are enforced as 
a natural consequence of the extremization of ~rH$. Thus 
oi/can be arbitrary regarding those conditions. When the 
appropriate finite element assumptions, a = P~ in V m and 
ff = Lq on Sra are made, and nns is extremized, the integral 
which will enforce traction boundary conditions is written 
as" 

f (Ti - ~) Sffi dS = f (~l'R' - T') LSq dS (9) 

sa m sa m 

In the above, P are functions in equilibrium, # are arbitrary 
parameters, L are boundary coordinate functions which 
interpolate nodal displacements q uniquely, and R is derived 
from P through Cauchy's formula. 

It is seen from equation (9) that, for extremization of 
the functional rrHS, the integral average of  the residual 
error in tracUon boundary conditions, weighted with 
respect to each of the functions of L at Sam, is set to be 
zero. The number of weighted residual equations which is 
the same as the number of admissible q's at Sofa is, in 
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general, considerably less than the number of assumed 
traction modes (number of fl's). From the general theory 
of weighted residual methods, 2 this implies that the 
satisfaction of traction boundary conditions through 
equation (9) will not be numerically accurate. In the 
following, methods are discussed for enforcing traction 
boundary conditions accurately, without increasing the 
number of q's in So m. 

pliers. The element stiffness matrix expression of the 
present method is identical to that of equation (12) when C 
is replaced by Cn. This point matching technique has an 
obvious advantage over the earlier method in that no 
additional numerical integrations are needed at Sore. Also, 
by increasing the number of matching points, the accuracy 
can be improved to any desired level. For further details of 
these methods see Atluri and Rhee.3 

Explicit enforcement o f  traction boundary conditions 
When the geometry of Sort is simple, it is possible to 

choose o to satisfy traction boundary conditions inherently. 
However, when the shape of Sore is not simple, it is not 
generally possible. In this case, accurate methods to enforce 
traction boundary conditions can be considered through 
modifications to *rHS. 

By replacing ffi o n  So m with independent Lagrange 
multipliers, ui, and limiting ffi on interelement boundaries, 
Pm only, the two boundary integrals of equation (8) can be 
expanded as: 

- f Tiff i dS-fTiffi d s -  f (Ti-Ti)ui dS (10) 

Su m Pm So m 

Thus, for each finite element, one assumes u = B~v at So , 
besides ff (at Pm only) and o, where B are arbitrary poly -m 
nomials in the boundary coordinates and ct are undeter- 
mined parameters. Substituting o, u, and ff into 7rHS with 
boundary integrals replaced by equation (10) and extremiz- 
ing nHS with respect to fl and (~, one obtains for each 
element: 

H [ 3 - U - G q  - C'¢~ = 0 C[3-Q=O 

where 

O'H# = 2 fAdV 
Vm 

and 

G= f R'L dS 
Pm 

V= f R'adS 
Su m 

Q= f B 'TdS 

SOm 

(1 la,b) 

C = f B 'RdS 

So  m 

Through some algebraic manipulations, the stiffness matrix 
corresponding to q can be obtained as: 

K = a '[Zt-' - H-IC'(Cn -' C')-' CU-q a (12) 

Equation (1 lb) represents traction bounda..ry conditions. 
By increasing the number of functions in B, the error 
residual in the boundary conditions can be orthogonalized 
with respect to as many functions as desired, and the 
accuracy of the conditions can be as high as desired. 

Alternatively, one may use the concept of boundary 
point matching techniques at an arbitrary number (n) of 
points of Sore. In this method, the constraint conditions 
on the chosen stress field become T n = f~.  Then, the point- 
wise boundary traction constraint term can be given as 
(C n - Tn)' A n where Cn is obtained by substituting the 
coordinates of  n points on So m into the matrix R of equa- 
tion (9) and An is a vector of pointwise Lagrange multi- 

Example  problems 
Though applicable to any boundary value problem with 
homogeneous or nonhomogeneous natural boundary con- 
ditions, the present concept is considered to be especially 
efficient for problems in which the natural boundary condi- 
tions cause severe response characteristics. This class of 
problems is often found in solid mechanics; examples are 
structures with cracks or free cut-outs. In this section 
several plate bending problems are considered as examples. 
The formulation of a plate bending problem based on the 
Kirchhoff hypothesis has close similarities to that of many 
common mechanics problems. For example, the stream 
function formulation of the two-dimensional incompressible 
Stokes flow problem has a very similar variational principle 
to that of plate bending. In dealing with this fluid flow 
problem, the same kinds of elements and the same computer 
program (with slight changes) for the plate bending problem 
can be used. However, in this report, numerical examples 
are limited to solid mechanics since problems with the 
above mentioned characteristics are not easily available in 
other fields. 

Compatible displacement model/or bending o /  a plate 
Ignoring body forces for the problem of bending of a 

plate (with Poisson's ratio v and flexural rigidity/)) under 
uniform pressure p, the functional in equation (3) becomes: 

= + W , y y  + 2 V W , x x W , y y  ~ c .  2 [w~x 2 

+ 2 ( 1 - v )  2 - p w }  W,xy ] dV (13) 

The slope of the transverse displace function w, should be 
continuous as well as w because of the Kirchhoff hypothesis. 
Thus, unknown parameters, q usually include w and its 
first derivatives as principle unknowns and sometimes 
higher order derivatives. Extremizing equation (13)with 
respect to admissible w, the interior fourth-order differential 
equation and natural boundary conditions which depend 
on the shape of  the boundaries are obtained. For simply- 
supported boundaries, the natural boundary condition is 
the vanishing of bending moment, and for free boundaries, 
the natural boundary conditions consist of the vanishing of 
bending moment and shearing force. To enforce these 
boundary conditions explicitly, either the Lagrange multi- 
plier method or the least-squares method should be used, 
since bending moment and shearing forces are expressed by 
combinations of several higher order derivatives of w in 
general. 

Hybrid stress model/or bending era plate with a through 
flow 

The main concern in fracture analyses is the evaluation 
of  a fracture parameter which governs the crack growth 
behaviour. In linear analyses, the stress intensity factor has 
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been established as a reliable fracture parameter. Through lo-' 
analytical studies, the qualitative feature of crack tip stress 
distributions in the problem of bending of a plate with a 
straight through flaw is known. Based on a Reissner plate 
theory, the dominant crack tip stresses can be given as: 4 1(5 2 

KI Kn 
= - - f1(0)  +. - -~_r  .[2(0) Mxx x/2r 

K i n .  0 ~ ~ 
Qx = --E-~V z r  s in  2 '  e tc .  ( 1 4 )  "~ 

I_ 

where Mxx and Qx are bending moment and shearing force, ,., lO.. 4 
respectively, KI, KH, and Km are respectively opening, 
sliding, and tearing mode bending stress intensity factors, r 
and 0 are polar coordinates emanating from the crack tip 
with 0 being 2~r along the crack surface which coincides 16" 
with negative x coordinates, and I"1(0) and f2(O) are known 
functions of 0. 

In the evaluation of stress intensity factors by the finite 
element method, the most efficient method is that of incor- 16 e 
porating the asymptotic solution as shown in equation (14) 
in elements in the vicinity of the crack front, s However, in 
a conventional element, the nature of near-tip asymptotic 
solutions causes problems in interelement continuity 
requirements of fmite elements in general. Thus, the present 
hybrid stress model can be a desirable formulation for this 
class of problem, since stress functions can be assumed 
arbitrarily as long as they are in equilibrium as discussed 
previously. 

As applied to the plate bending problem under normal 
pressure p where transverse shear is accounted for, the 
functional in equation (8) can be written as: 6 

~rHS= ~ { ~ f (M'DM + 

Vm 

(15) 

F igure  1 

Sm So m 

where M / = [MxxMyyMxy], Q' = [QxQy]. Also, D is the com- 
pliance matrix, D1 = 12(1 + v)[Eh with E and h being Young's 
modulus and the thickness of  the plate, respectively, 
D2 = 12v]5Eh, and P = [pp01. 

In each singular element near the crack tip, the moments 
and shear forces are assumed as: 

M = N[J + Ns[3 s + Nt[] t + N t 

Q = Noa + NQ~t  + Op (16) 

where the functions N and NQ with undetermined para- 

- f f 

_i_ _1 
a12 - '  e l 2  - '  

b 

P 
L i -  

Fin i te  e l e m e n t  gr ids (a),  c i rcu la r  p la te ;  (b) ,  a n n u l a r  p l a t e  
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Figure 2 Circular plate (a), central displacement, (o); strain energy 
(zx); (b), central bending moment,  (o); edge tangential moment (zx) 

meters fl correspond to self equilibrated moment and shear 
fields, respectively. Further [3's = [KIKIIJ, 13t = Kin, and thus 
Ns, Nt and NOt are the corresponding singular functions as 
given in equation (14). Finally, Np and Qp are particular 
solution functions corresponding to p. Boundary displace- 
ments near the crack tip of singular elements have r l-s 
functions for transverse displacement, and x/r functions for 
rotations. These displacement functions are consistent with 
plate bending theory as well as crack tip material behaviour. 
By substituting the assumptions for singular elements given 
in equation (16), and similar assumptions for the far field 
elements (with only simple polynomial type stresses), into 
equation (15) and following the usual hybrid stress model 
procedures, nodal displacements and the stress intensity 
factors are directly solved. Further details can be found in 
Rhee.6 

Numerical examples and discussions 
Four different plate bending problems which have 

traction free boundaries are treated. They are simply- 
supported circular plate, two annular plates, and a free- 
supported rectangular plate with a through flow. In the 
analyses, only quarter sections of all the plates are modelled 
because of symmetry. The boundaries with the traction- 
free conditions have varying degrees of importance to each 
of the problems in c h a r a c t e ~ g  structural behaviour of 
the problems. The crack surfaces with traction-free condi- 
tions are considered very critical configurations of the 
cracked plate, but a ~nply-supported circular plate boun- 
dary with moment-free conditions may not be so critical to 
the response characteristics. 

Circular and annular plates under uniform pressure 
(Figure ] ) are solved by the compatible displacement model 
using the high precision triangular element.7 The circular 
boundaries of each element are approximated by quadratic 
curves. For all the plates, only available bending moment 
free conditions are explicitly imposed by a Lagrange multi- 
plier method with two matching points, which coincide 
with comer nodes. In Figures 2 and 3, the errors ofvarious 
solutions are plotted. Solid marks represent the results 
without and open marks with explicit enforcement of the 

106 Appl Math. Modelling, 1981, Vol 5, April 



t LD 

10 0 

10 -1 _ 

10 -2 

5x10 c 

m 

a 

30 35 40 45 50 55 coON 
Simply supported outer edge 

Figure 4 

lo c ~ ~  

b ~1 
1 0  ~ I I I I I I 

30 35 40 45 50 55 60 N 
Clemped outer edge 

Figure 3 Annular plate. (a), (o), maximum displacement; (&), 
strain energy; (o), outer tangential moment. (b), (o), maximum 
displacement; (z~), strain energy; (u), i0ner edge tangential moment; 
(o) ,  outer edge tangential and radial moment 
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(opening) type responses, the singular stress functions 
include only the terms with KI. Through a series of 
numerical analyses, it was found that the optimum value of 
c depends on the thickness of the plate, h (Figure 5a). The 
ratio c/a which gives the peak value for K] for each h/a is 
taken to be the optimum for the particular h/a ratio. 
Figure 5b shows the variation of K1 for different h/a ratios a--2  t4 

- 1 2 o l -  

b y 
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x 
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appropriate traction-free conditions. In the circular plate, [~ o 5 
strain energy and displacement solutions start with larger ~'V 
error, but the solution converges faster as the grid is refmed 
(Figure 2) by explicit enforcement of the traction boundary 
conditions. The ( - ) ' s  in the figure indicate that sign changes 
occur in errors. In the annular plates, the accuracy of all the 
solutions is improved always by the explicit enforcement of ,g 

the traction-free conditions (Figure 3). The degree of ~, 
improvement is higher than in the previous circular plate. ~ o 4 - 
Especially, the improvement in stresses is considerable. 

In Figure 4, the cracked plate (with dimension L x L, 
L = 1 O) under symmetric bending moment M is shown with c_ 
a typical finite element grid. Point 2 of Figure 4b is the 
node at the tip of a crack (with dimension 2a) and the 
square elements A and B (with dimension c) are the crack b 
tip elements with singular stress functions. In the formula- o 3 I 

0 1  
tion, shear deformability is considered only for those 
singular elements. Since the problem permits only mode I Figure 5 
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for the case when 2 a l l  = 0.1. K1 is the analytical solution 
for the infinite domain,4Kp is the computed result for the 
finite domain when the crack surface traction-free condi- 
tions are satisfied explicitly by the selection of  stress fields 
to satisfy these conditions inherently, and K,wl is the 
computed solution for the finite domain with arbitrary 
equilibrated stress fields. From Figure 5b ,  it can be con- 
cluded that the explicit enforcement of  the traction 
boundary conditions is mandatory to obtain meaningful 
results for K~. 

Conc lus ions  

Systematic methods to impose natural boundary con- 
ditions of a problem explicitly to improve the accuracy of  
solutions have been developed for the compatible displace- 
ment and hybrid stress finite element models. Several 
example problems with natural boundary (traction-free) 
conditions, which have varying degrees of  importance to 
the structural responses of  the appropriate system have 
been considered. Through numerical analyses, it was found 
that the more important the traction free boundaries are to 
the response characteristics of  the system, the more 

improvement of  the accuracy of solutions can be obtained 
by an explicit enforcement of  the natural boundary 
conditions. 
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