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An exact finite deformation elasto-plastic solution for the outside-in
free eversion problem of a tube of elastic linear-hardening material
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An exact solution is obtained in this paper for the elasto-plastic outside-in free
eversion problem of a tube of elastic linear-hardening material using a tensorial
formulation. The solution is based on a finite-strain version of Hencky's
deformation theory, the von Mises yield criterion, and the assumptions of volume
incompressibility and axial length constancy. All expressions for the stress, strain
distributions and the eversion load are derived in an explicit form. In addition,
with both the linear-elastic and strain-hardening-plastic responses of the material
being included and with the thickness effect of the tube being incorporated, this
solution provides a rigorous and complete theoretical analysis of the elasto-plastic
eversion problem, unlike existing solutions. Two specific solutions are also
presented as limiting cases of the solution. Also provided are some numerical
results and the related observations to show quantitatively applications of the
solution.

1. Introduction

Thin-walled tubes of ductile metals, when subjected to axial compressive loads,
may exhibit several distinct types of behaviour, such as axial diamond buckling,
eversion (called inversion in engineering literature) and axial splitting. It has been
found that all three modes of deformation provide efficient energy absorbing
mechanisms. Consequently, such axially-compressed tubes have found wide
applications in motor-vehicle, aerospace and nuclear industries as major com-
ponents of crashworthy structures to absorb impact energy and/or to mitigate
impulsive loading effects.

Since the tube eversion (either inside-out or outside-in) can be realized in a
controllable manner, this kind of energy absorbing mechanism has a greater
application potential from the viewpoint of engineering design. Indeed, it has
been found that the invertube is an excellent energy absorber having high
predictability and giving a square type deceleration pulse; see (Al-Hassani et al.,
1972).
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260 XIN-LIN GAO AND SATYA N. ATLURI

(a) Inside-out (b) Outside-in

FIG. 1. Free eversion.

Basically, there are two kinds of tube eversion devices; see, for example,
(Al-Hassani et ai, 1972), that is, free eversion with tube held in suitable fixtures
(Fig. 1), and enforced eversion with tube guided by a suitably shaped die (Fig. 2).
Since the enforced eversion is governed by material properties of the tube (for
example, Young's modulus, Poisson's ratio, yield stress and tangent modulus) as
well as by geometrical parameters of both the tube and die (for example, tube
diameter and thickness, die radius and angle), it is possible only for certain very
limited cases with proper combinations of geometrical parameters and material
properties; see, for example, (Das & Banerjee, 1982). Moreover, the enforced
eversion process also suffers from the drawbacks of having the interface friction
and possessing a very large transition range in the load compression curve. On the
contrary, in a free eversion process the everted tube, acted upon by an eversion
load, will assume a natural configuration geometry which depends only on the
initial geometry and material behaviour of the tube. Also, it bears no interface

(a) Inside-out (b) Outside-in
FIG. 2. Enforced eversion.
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AN EXACT SOLUTION FOR THE PROBLEM OF A TUBE 261

friction and experiences a very short transient period. Therefore, the free
eversion of tubes can be expected to find more applications than the enforced
eversion. To this end, of course, a better understanding of the mechanism of the
free eversion is required.

The first theoretical analysis for the free eversion of metal tubes is due to Guist
and Marble (1966). In their analysis, a rigid-perfectly plastic material model was
used and a linear variation of the hoop strain across the tube thickness was
assumed. With these and several other assumptions, they were able to derive an
approximate analytical expression for estimating the optimal value of the eversion
load by using an elementary energy balance method and an optimization
(minimization) procedure. However, a very large discrepancy was observed
between the theoretically predicted values and experimentally measured results in
both the eversion load and the radius of the everted tube. Especially, for the
latter it was found that the optimal value of the radius depends only on the ratio
of initial tube radius to thickness and is greater than the measured value by a
factor of nearly two. This apparent paradox was overlooked by subsequent
researchers in their attempts to refine the foregoing original analysis (see
(Kinkead, 1983) and references cited therein). As a result, more rigorous and
complete theoretical analyses that can include both the linear-elastic and
strain-hardening-plastic responses of the material, and can represent the thickness
effect of the tube, remain to be provided.

The aim of this paper is to present such an analysis. We consider only the
steady-state eversion phase, since it is dominant in a free eversion process. In
Section 2.1, a finite deformation analysis of a generic tube segment is carried out
to derive the kinematic relations of the problem, with its initially uneverted state
as the reference configuration and its totally everted state as the deformed
configuration. Volume incompressibility and axial length constancy are assumed
to ensure a definite kinematic analysis, and the Hencky (logarithmic) strains are
adopted to measure the finite deformation. This is followed by the formulation of
the constitutive relations required to solve the deformation problem in Section
2.2. Here an elastic linear-hardening material model is applied, and a finite-strain
version of Hencky's deformation theory is invoked in the tensorial form, as was
recently derived in (Gao, 1994b). That formulation is a generalization of the
small-strain version of Hencky's deformation theory to finite strains along the line
of Atluri (1984a,b). Following these preliminary considerations, the boundary-
value problem is then formulated and solved in Section 3 in a systematic manner
to obtain the elasto-plastic stress and strain distributions and eventually to
compute the steady-state eversion load. We consider in this formulation two
cases only: the case with the everted tube being in a plastic state and the case with
the everted tube being in an elastic state, but both with finite strains being
involved.

Section 4 is devoted to extensions and applications of the solutions derived in
Section 3. Two specific solutions are presented here as limiting cases of these
solutions. Also presented are certain numerical results to show quantitatively
applications of the solutions. A summary is given in the fifth and last section.

Regarding notation we, following Ogden (1984), use a direct (symbolic)
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2 6 2 XIN-LIN GAO AND SATYA N. ATLURI

notation, as this form is coordinate-free and is easier and quicker to interpret than
the index notation which is fittest for the rectangular Cartesian coordinate system.

2. Preliminaries

2.1 Kinematics of the finite deformation

To derive the kinematic relations of the problem, we need to decide on a
deformed configuration as well as a reference configuration with respect to which
the deformation is measured. This may be done on the basis of considerations of
both the physical and mathematical aspects.

For the present study, our main concern is to derive, in a rigorous manner, an
analytical expression for computing the axial load needed for everting the tube
(called the (steady-state) eversion load hereafter). It has been experimentally
observed that in a free eversion process a circular tube is turned into a circular
tube and that the eversion load remains essentially constant (see, for example,
(Guist & Marble, 1966)) after a negligibly short transition period. Furthermore, it
has been shown in (Guist & Marble, 1966) and most subsequent studies that the
tube length may be taken to be unchanged after eversion. This implies that the
eversion load is independent of tube length. Hence, we can consider, for our
primary purpose, a generic tube segment of some (arbitrary) length L and
sufficiently far away from the bending ends of the everting tube, with its
uneverted state as the reference configuration and its everted state as the
deformed configuration.

The kinematic analysis of an eversion problem such as this may be found in
most standard texts and monographs (see, for example, (Ogden, 1984)). To
facilitate our analysis, it is reformulated here with a different emphasis.

We describe the deformation by taking r = r(R), 8 = 0, z = -Z, where
(R, 0, Z) and (r, 6, z) are, respectively, the Lagrangian and Eulerian coordinates
of a material point. Then it follows that the mapping X—»r, that is,

X = ReR(0) + Ze2; A^R=sB, O=S0=S2TC,

r = rer(0) + ze,, r = r(R), 6 = 0, z = -Z, (1)

represents the deformation of this problem, where A, B and L are the inner and
outer radii and length of the uneverted tube segment, respectively; and b, a and L
are, respectively, the outer and inner radii and length of the everted tube
segment, corresponding to A, B and L defined above in order. Note that (1) is
applicable for both the inside-out and outside-in eversion cases. Also, we mention
in passing that {eR, e©, ez} is the right-handed orthonormal basis for the reference
configuration and {er, ee, e J is the corresponding basis for the deformed
configuration. The deformation gradient F, defined by dr = F dX, can then easily
be shown to be

^ (2)
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AN EXACT SOLUTION FOR THE PROBLEM OF A TUBE 263

where the prime denotes differentiation with respect to the argument of the
function. Then it follows that

7 - d e t F =- r ' (K) ^ , (3)

where / , as defined, is the local ratio of current to reference volume of a material
volume element (see, for example, (Ogden, 1984)). Further, it is required that / ,
as a physical quantity, should satisfy J > 0, that is,

!•'(/?) <0 . (4)

Now it follows from (2) that the right Cauchy-Green strain C is

^ , (5)

which is positive-definite and symmetric. Then by applying the polar decom-
positon theorem and the square-root theorem (see, for example, (Gurtin, 1981)),
we will find from (4) and (5) that the right-stretch tensor U (of F) is

which is also positive-definite and symmetric. We know that U, as a Lagrangian
tensor, is the fundamental element of all Lagrangian strain measures.

Similarly, we can compute from (2) and (4) that the left Cauchy-Green strain
Bis

R2

and thus it follows that the left-stretch tensor V (of F) is

V = Bi = -r '(/?)e r®e r + ^ e e ® e e + e, <8>e,, (8)

which is already in the spectral form represented in terms of its principal vectors
{e,, ee, ez} and the associated principal stretches (values) {A,; i = 1, 2, 3} =
{—r'(R), r(R)/R, 1}. As an Eulerian tensor, V is the essential component of all
Eulerian strain measures represented by the general form (Vm - l)/m, with I the
identity tensor and m any real number (see, for example, (Ogden, 1984)). In
particular, when m = 0, this yields, by a suitable limiting process, the result

H = In V, (9)

which is known as the Hencky (logarithmic) strain. Being associated with the true
stress and inclusive of engineering strain, this strain measure is well known and
has been widely used in metallurgical and material engineering, where it is
regarded as the 'natural strain' or 'true strain' (see, for example, (Nadai, 1937;
Parks & Durelli, 1969; Freed, 1995)).

Since In V is coaxial with V and has principal values of In A, (/ = 1,2, 3), with
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2 6 4 XIN-LIN GAO AND SATYA N. ATLUR1

A, being the principal stretches of V (Ogden, 1984), we then have the spectral
representation of the Hencky strain measure for the present problem as

(10)n ^
A

which is obtained from (8) and (9).
Note that the principal vectors of U, that is, {eR, e©, ez} as seen from (6), are

identical with the base vectors of the reference configuration and are essentially
fixed in the present problem. Thus it can be concluded (see (Gurtin & Spear,
1983) and references cited therein) that the simple additivity of the Hencky strain
measure exists in this case for arbitrarily large deformations. Consequently, this
measure can effectively be applied to represent the additive total strain required
for formulating the finite-strain version of deformation theory.

To measure the deformation of a material element using H, we require explicit
expressions of the principal stretches A,. To this end, we assume that the tube
material is incompressible, as in all previous works on this subject mentioned in
Section 1. It then follows that / = 1, that is,

- 1 , (ID

which results from (3). The solution of this ordinary differential equation, subject
to the kinematic boundary conditions prescribed in (1), can easily be found to be

r2 = C-R2; C^A2 + b2 = B2 + a2, (12)

with C, as defined, acting as a constant parameter. Here unknown quantities a, b
are to be determined from the kinematic constraint condition of global volume
incompressibility, that is,

B2 - A 2 = b2 - a2, (13)

and a suitable natural boundary condition.
Now it follows from (10) and (12)i that the Hencky strain for the present

problem is

(14)

or in components,

1 C - r2 l C - r 2

I H Ier = er • Her = - In —-5—, ee = ee • Hee = —- In —1—, ez = ez • He, = 0.

(15)

Clearly, ee{r) here is neither a linear nor a constant function of r. This differs
from what was presumed by Guist and Marble (1966) and other subsequent
researchers. Equations (15)lt2 imply that there does exist the thickness effect due
to the non-uniform strain distributions along the r-direction.

Obviously, once a, b (and thus C) become known, the strain distributions
across the tube thickness (a^r^b) will readily be determined from (15). To this

 at U
niversity of C

alifornia, Irvine on January 11, 2011
im

am
at.oxfordjournals.org

D
ow

nloaded from
 

http://imamat.oxfordjournals.org/


AN EXACT SOLUTION FOR THE PROBLEM OF A TUBE 265

end, however, we still need to exploit the natural boundary conditions. Hence, it
is required to know the stress field first.

2.2 Constitutive relations

The constitutive equations relate the material stress responses to the deforma-
tions produced by external forces (agencies). Thus they are essential for
determining the internal stress field.

For the present problem with er + eg - 0 and ez = 0, as shown in equations (15),
there exist the proportional relations er/eg=-l, ejer = 0 = ejeg for any
material point. Consequently, deformation theories can effectively be employed
to solve the finite deformation eversion problem in question (see, for example,
(Lee-Wu, 1962)). Naturally, a finite-strain version of deformation theory is
required for application.

As shown by Gao (1994b), for an isotropic incompressible elasto-plastic
material with Poisson's ratio v = \ the Hencky (or more inclusively Hencky-
Ilyushin-Nadai) deformation theory (Nadai, 1950; Mendelson, 1968) for finite
strains can be represented in the tensorial form:

a = - ^ H - p I , (16)
3 ee

where a is the Cauchy stress conjugated to the Hencky strain H (for isotropic
incompressible materials with / = 1) (see (Atluri, 1984a, (3.49b)) or the later
paper (Hoger, 1987)), p is the constraint pressure and I is the identity tensor
which, for the present cylindrical polar coordinate system, has the form

I = er<g>er + e e ®e e + ez®ez . (17)

The expressions of the Eulerian effective stress ae and strain ee in (16) depend on
the yield criterion as well as on the stress-strain curve to be used.

For our present purpose of deriving an exact analytical solution, we adopt an
elastic linear-hardening material model. This kind of material, when in a complex
stress-strain state, may be characterized, by using the Eulerian effective stress
and strain, as

lor. + E^ee-e,) , ee>es,

where as, es are, respectively, the yield stress and strain, with e, = aJE; E is
Young's modulus; and El is the tangent modulus. It has been found that this
material model can represent the stress-strain relations of many high-strength
steels (Gao, 1993) in spite of its simplicity in mathematical expressions.

As for the yield criterion, we choose the von Mises yield criterion, which is
generally regarded as more accurate than the Tresca criterion, the other most
commonly used yield criterion (see, for example, (Johnson & Mellor, 1983)).
Consequently, the Hencky deformation theory, as presented in (16), is specialized
as the J2 deformation theory. For the present case of outside-in eversion (that is,
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2 6 6 XIN-LIN GAO AND SATYA N. ATLURI

r/R<l) there are ez = 0 and er= —eg>0, and hence the effective strain
associated with the von Mises yield criterion, which is a positively increasing
function of strain, can be determined as

*< = f3er. (19)
Equations (16) to (19) consist of the constitutive relations required to solve the

present finite deformation elasto-plastic problem. Depending on whether the
everted tube is yielded, equations (18) need to be further specified to fit with the
appropriate case.

As noted in (Gao, 1994b), the only difference between the two different
versions of Hencky's deformation theory is simply the Eulerian description
against the Lagrangian description. Hence, it may be concluded that the
finite-strain version theory (16) is, in the spirit of Atluri (1984b), a natural
extension of its small-strain counterpart to the range of finite strains. Conse-
quently, the applicability of the former is the same as that of the latter provided,
of course, that the Hencky strain is an effective measure (that is, with its
additivity being retained) of large strains involved in a finite deformation
problem. This means that (16) is a generalized version of Hencky's deformation
theory.

3. Formulation of the boundary-value problem

Since we are considering the eversion of a (thin-walled) tube, it may be assumed
that the whole everted tube is in either a plastic state or an elastic state. This
excludes the presence of a partially elastic, plastic state, which is typical for a
thick-walled shell or plate (Gao, 1993,1994a,b). Consequently, we only need to
distinguish between the purely elastic and plastic cases.

From (12)2, (15), and (19) it follows that

4
< 0 (21)

Then differentiation with respect to r gives

dee 2 b2

dr / 3 {b2 + A2- r*)r

for a «£ r =s fo. This implies that

Thus by setting eemax
 = £* and using (20), (22), and (12)2, we obtain

'•a'm (23)

where ae
a (<B), as defined, provides a lower bound for the purely elastic case,

that is, when a > a%T the everted tube will be in an elastic state.
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AN EXACT SOLUTION FOR THE PROBLEM OF A TUBE 2 6 7

Similarly, by setting eemin = es and using (20) and (22)2 , we find that

b>m (24)

where b%r (<A), as defined, furnishes an upper bound for the fully plastic case,
that is, whenever b^b^ the everted tube will be in a plastic state.

Using the assumptions and analyses developed thus far, the finite deformation
elastic-plastic problem can now be formulated as a boundary-value problem and
solved analytically.

3.1 Solution for a plastically everted tube

When b ^bp
a, the everted tube will be in a plastic state with the whole tube wall

being yielded.
The governing equations, which embody the kinematic relations obtained in

Section 2.1 and the constitutive relations presented in Section 2.2, are as follows:
the equilibrium equations (in the absence of body forces)

diva = 0, (25)

the kinematic (geometrical) equations given in (14), and the constitutive
equations listed in (16), (18)2 and (19). The boundary conditions (lateral) are

-t(e r)|,- f l = 0, t(er)|,-6 = 0, (26)

where t, defined by t(m) = am, is the traction vector associated with the normal
vector m.

Equations (25), (14), (16), (18)2, (19) and (26) define the boundary-value
problem for solving the stress-strain fields in the everted tube (a=sr=sfc) in a
plastic state. It should be noted that no compatibility equations appear here. The
reason for this is that the strain components in (15), as logarithmic functions of
the principal stretches A,, measure uniquely the deformation of the tube with the
parameter C known. This ensures that the strain components are themselves
compatible.

Now this boundary-value problem can be solved in the following manner.
Substituting (18)2 and (19) into (16) and using (14) will result in

These are the final expressions of the constitutive relations for the present case.
Inserting (27) into (25) and carrying out the algebraic manipulations, we finally
obtain

This equation may be regarded as the basic governing equation of the
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2 6 8 XIN-LIN GAO AND SATYA N. ATLURI

boundary-value problem in question. Integrating (28) from i to r gives the
constraint (hydrostatic) pressure as

where p(b) is determined from (26)2 and (27) as

^ ' V <30>
With p(r) known, the Cauchy stress is then obtained from (27), (17), (29) and
(30).

Equations (27) and (29) together with (14) represent the general solution for
the present problem, with b and a involved in these equations (through C) acting
as undetermined parameters. To get definitive a and H, we still need to find these
parameters in terms of known geometrical quantities A, B and L, and material
constants crs, E and Ex. These relations can be derived from the remaining
boundary conditions.

From (26), and (27) it follows that

while setting r = a in (29) yields

^)+\E,ln-, (31)
EI 3 a

(32)

Thus eliminating p(a) from (31) and (32) and doing some algebra will result in

This establishes the first relation needed for solving a and b. Here the case for
Ei = 0, that is, a plastically everted tube of elastic perfectly plastic material, has
been excluded, as it cannot occur according to our model. The reason for this is
that (31) and (32) cannot be satisfied simultaneously by any tube (with a-tb) if
£ , = 0 .

The second relation needed is furnished by the kinematic constraint condition
given in (13).
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AN EXACT SOLUTION FOR THE PROBLEM OF A TUBE 269

Combining (13) and (33) and doing some algebraic manipulations will then lead
to the following non-dimensional system:

E A l+fl2 1 1 17 b7 y / a2
(34)

where K = B/A is the initial diameter ratio of the tube, and

a = alB, b = b/B (35)

are non-dimensional values of a and b. Here use has also been made of (12)2. For
given K, es and EJE, a and b can be solved from equations (34) using an
iteration procedure (for example, the Newton-Raphson method).

With the stress, strain fields being fully determined, we are now in a position to
compute the eversion load as follows.

From the only remaining boundary condition, that is, the axial natural
boundary condition, it follows that

I (36)

where Z denotes the area of the end cross-section: a^r^b, 0 =s 0 « In, z = L/2;
P stands for the eversion load. Using equations (27) in (36) gives

(37)

Clearly, (37) and (29) show that P is independent of length L, as expected.
Substituting (29) into (37) and carrying out the algebraic manipulations will finally
yield

- ^ = - - f y 3 j l - ^ ) + £1ln^^-2L2ln-2rc 3L \ El ab \ a

(38)

This is the expression for computing the eversion load P. Clearly, (38) shows that
P depends on both material properties and geometrical parameters of the tube.
This expression can be non-dimensionalized to give

2nasB
2

1 r> i oc -I

Then for given £„ EJE and K, when a and b are determined from equations
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2 7 0 X1N-LIN GAO AND SATYA N. ATLURI

(34), the associated non-dimensional eversion load, P/(2ncrsB
2), will readily be

computed from (39).

3.2 Solution for an elastically everted tube

When a > a'a, the everted tube will be in a purely elastic state.
Using the same basic assumptions as those for the plastically everted tube, and

the following constitutive relations:

a = jEH-pl (40)

to replace (16), (18)2 and (19), the boundary-value problem for determining the
stress-strain fields in an elastically everted tube (a=£r=£&) will be formed with
(25), (14), (40) and (26). We mention in passing that without the involvement of
the effective strain ee in these governing equations, which differs for inside-out
and outside-in eversion, the solution of this boundary-value problem is not
confined to the case of outside-in eversion.

This problem can be solved by following procedures similar to those used in
Section 3.1. The solution gives the Cauchy stress as

1 a2 + B2 — r2

a = -E\n ~2

where the constraint (hydrostatic) pressure p(r) is

1 a + B r
-E\n ~2 (e r®e r-ee®ee)-p(r)(e r<8>e r + ee<g>e9 + ez<g>ej, (41)

ra I 2 B2

(42)

wherein use has been m a d e of t h e b o u n d a r y condit ion in (26)].
Equa t ions (41) and (42) together with (14) represent the general solution for

t h e present problem, with a, b as t he paramete r s to b e determined from the
remaining boundary conditions of this case.

F r o m (26)2 and (41) it follows that

p(b) = -Eln-, (43)
3 b

while from (42) it follows that

2 _ . A 2 _ b. a2 + B2 1 _ A ]

3 b 3 a ab 3 „=,«

Then eliminating p{b) from (43) and (44) and rearranging will give

21n-ln-^-i^[(yn-(^Yl = 0. (45)
a ab „=]/! L\C/ \CJ J

This provides the first relation needed for solving a and b, with C given in (12)2.
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AN EXACT SOLUTION FOR THE PROBLEM OF A TUBE 271

The second relation containing a, b is furnished by the kinematic constraint
condition given in (13).

Combining (13) and (45) and doing some algebra will lead to the following
non-dimensional system:

J_
K2

bl+a2 v 1 [/ P \n ( a2 \"1
a ab n=\n LVl + a2/ Vl + a z / J

(46)

where K = B/A, d = a/B and b = b/B, as_defined previously for the plastically
everted tube. From equations (46), a and b can be obtained by using an iteration
procedure for given K.

Obviously, for this case the geometry of the everted tube is explicitly
dependent only on the initial tube geometry. This differs from that for the case
with the everted tube in a plastic state (see equations (34)). On the other hand, it
should be noted that any solution of equations (46) is subject to the restriction of
a>a'a. For given initial tube geometry with A, B known, this restriction is
actually a constraint condition associated with e5, a material property. This means
that even for this case the geometry of the everted tube is still qualitatively
dependent on material properties.

As for the plastically everted tube, applying the only remaining axial natural
boundary condition gives

(47)

wherein the superscript e denotes the elastically everted tube. Again, we note that
the eversion load P is independent of length L.

Substituting from (42) for pe(r) and carrying out the algebraic manipulations
will finally yield

2\ u 1 j _ =-2P I f 1 . P + illK2) _ ft 1 + a
——7 = ~ 1 —j In -, - 2b2 In - In — —
2nEB2 6lK2 1+a 2 a ab

This will be used to compute the non-dimensional eversion load, P/(2nEB2), for
the elastically everted tube, on the substitution of a and b determined from
equations (46). Equation (48) shows that this non-dimensional eversion load
explicitly depends only on K. This differs from that for the plastically everted
tube, which depends on es and EJE as well as on K (see (39)).
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4. Analyses and applications of the solutions

From the analytical expressions of the solutions obtained in the preceding section,
two specific solutions may now be derived. Some numerical results are also
provided here to show quantitatively applications of the solutions.

4.1 An upper-bound solution for a plastically everted tube

Whenever b =£ bp
a, the whole wall of the everted tube will be in a plastic state.

Hence, bp
a provides an upper bound value for outer radius of the plastically

everted tube.
Let b = bp

a in equations (34); then we obtain the system

1
a =•

Ka
•exp(-/3eJ)

1

/3
2

\ 1
21n(A:a) + v/3ejnf1n

2

_ r #* n
Li+expf-y3cf)J y

exy(-j3es) I "
(49)

•exp(-/3£j

Clearly, (49) can be satisfied only by some specific value of K, if the tube material
is given. This means that this limiting case is possible only for the tube whose K is
the root of (49)2, with material properties es and E\IE as constant parameters.
From an alternative point of view, these two conditions place a restriction on the
choice of material for a tube with known value of K. However, since there are the
two independent variables es and E\IE involved, this latter case is indeterminate
in nature unless es (or EJE) is presumed. As a result, it is preferable to use the
former approach in solving (49)2.

Once K and a are determined from equations (49), the stress and strain
distributions become known immediately from (27), (29) and (15), and the
corresponding eversion load from (38) or (39).

4.2 A lower-bound solution for an elastically everted tube

When a **a%r, only the inner surface of the tube wall becomes yielded, while the
rest of the everted tube is still in an elastic state. Thus, ae

a furnishes a
lower-bound value for inner radius of an elastically everted tube.

Let a = a% in equations (46); then we obtain the system

= l - ^ 5 + exp(-/3eJ),

6

_ y 1 f[ ?: 1" _ I" exP(-/3£l) ri =
„., n2 Ul + exp (- /3 £,) J Ll + exp ( - /3 es) J J " J

(50)
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T A B L E 1

Values of the non-dimensional eversion load for the
plastically-everted tube^

0002
0002
0002
0002
0002
0002
0002
0-002
0002
0002

EJE

002
010
0-25
0-50
0-80
002
010
0-25
0-50
0-80

a

0-80
0-80
0-80
0-80
0-80
0-85
0-85
0-85
0-85
0-85

K

1-488833
1-312871
1-291403
1-284484
1-281929
1-356554
1-216158
1-198687
1-193048
1190962

P/(2na,B2)

5-84126 x 10"6

1-51992 X1O~5

1-99080 X1O~5

2-47955 X 10'5

1-55449 X10"4

1-57952 X10"6

9-20892 X 10"6

4-82202 X 10"5

7-71284 X 10"5

1-09911 X 10~4

t The accuracy of the calculated data in this table and in
Table 2 may be improved by using more specialized compu-
ter programs.

Similarly, it follows from (50) that this limiting case is possible only for the tube
whose K is the root of (50)2 if the tube material is given. By solving this system
we obtain the unknowns K and b.

The stress and strain distributions are then obtained from (41) and (15)
respectively, and the corresponding eversion load from (48).

4.3 Numerical results

Some numerical values (magnitudes) of the non-dimensional eversion load
corresponding to various material constants and geometric parameters are listed
in Table 1 (plastic case) and Table 2 (elastic case). These values are obtained
from (34), (39) and (46), (48) using the MATHEMATICA program of Wolfram
Research Inc.

From the numerical data given in Tables 1 and 2 as well as the analytical
expressions obtained previously, the following points may be observed.

(1) The strain-hardening effect has a significant influence on the non-
dimensional eversion load for the plastically everted tube. From Table 1 one can

TABLE 2
Values of the non-dimensional eversion load

for the elastically-everted tube

K P/(2KEB7)

0-800
0-850
0-875
0-950
0-975

1-281074
1-190264
1-151425
1053637
1-025868

3-222376
1-993030
1-664739
6-635673
1-811713

X
X
X
X
X

10"7

lO"7

lO"7

10"8

io-8
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see that the larger EJE is, the larger P/(2nasB
2), becomes, no matter how large

a is.
(2) For the plastically everted tube, the non-dimensinal eversion load also

depends explicitly on the yield strain es and the initial diameter ratio K. However,
Table 1 implies that the influence of the strain-hardening effect (through EJE) is
more pronounced than that of K (at least for the cases calculated, where values of
K are close).

(3) For the elastically everted tube, the non-dimensional eversion load
increases with the initial diameter ratio of the tube which is, in fact, the only
influencing factor involved. Table 2 shows that for all values of a considered the
larger K is, the larger P/(2nEB2) is.

These points are as expected. Hence, they should be quantified and incorpor-
ated in an actual design to obtain a safe and economic free eversion device.

5. Summary

An analytical solution is presented in this paper for the elasto-plastic outside-in
free eversion problem of a tube of strain-hardening material. The finite
deformation involved in the problem is measured by using the Hencky (logarith-
mic) strains. Both the linear-elastic response and strain-hardening effect of the
material are taken into account by using an elastic linear-hardening material
model. The elasto-plastic constitutive relations of the problem are represented by
using a finite-strain version of Hencky's deformation theory and the von Mises
yield criterion.

This solution gives the stress-strain distributions in the tube and the steady-
state eversion load in explicit formulae, from which these quantities can be
determined completely in terms of the given initial geometrical parameters and
material properties of the tube. This differs from previous solutions.

The thickness effect of the tube is fully incorporated in this solution by
removing unjustified assumptions regarding the strain-stress distributions across
the tube thickness. It has been shown that both the initial geometrical data and
the material properties of the tube have influences on the geometry of the everted
tube, though for the elastically everted tube the latter come into play only
implicitly. This kind of dependence is also exhibited in the expressions for the
steady-state eversion load. Also, it has been shown that even the free eversion of
the kind described is not always possible. Specifically, we have shown that the
eversion of an elastic perfectly plastic tube is impossible, and the two limiting
cases described in Section 4 are possible only for certain tubes with appropriate
combinations of geometrical parameters and material properties. However, these
points are not made clear in previous studies possibly due to a lack of rigorous
analytical expressions.

Finally, it should be pointed out that the present solution, as an exact one, is
based on the assumptions of steady-state eversion, volume incompressibility, axial
length constancy, isotropic hardening, monotone loading, no end effects, and the
deformation theory being applicable. For other cases, further investigations may
be required regarding the applicability of this solution.
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