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a b s t r a c t

In this paper, the inverse Cauchy problem for Laplace equation defined in an arbitrary plane domain is

investigated by using the collocation Trefftz method (CTM) with a better postconditioner. We first

introduce a multiple-scale Rk in the T-complete functions as a set of bases to expand the trial solution.

Then, the better values of Rk are sought by using the concept of an equilibrated matrix, such that the

resulting coefficient matrix of a linear system to solve the expansion coefficients is best-conditioned

from a view of postconditioner. As a result, the multiple-scale Rk can be determined exactly in a closed-

form in terms of the collocated points used in the collocation to satisfy the boundary conditions. We

test the present method for both the direct Dirichlet problem and the inverse Cauchy problem. A

significant reduction of the condition number and the effective condition number can be achieved

when the present CTM is used, which has a good efficiency and stability against the disturbance from

large random noise, and the computational cost is much saving. Some serious cases of the inverse

Cauchy problems further reveal that the unknown data can be recovered very well, although the

overspecified data are provided only at a 20% of the overall boundary.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The inverse Cauchy problem for an elliptic equation arises in a
number of applications, such as the vibrations of structures, the
non-destructive evaluations, the detection of corrosion inside a
pipe, and so on. Unfortunately, in a practical solution of the
inverse Cauchy problem it is highly ill-posed; hence, the numer-
ical solution does not depend continuously on the Cauchy data,
and a small error in the given data may lead to an inappropriate
solution. This indeterminancy was pointed out by Hadamard [1].
In the past decades, the Cauchy problems for elliptic equations
have been studied extensively [2–20]. In this paper, we consider
the inverse Cauchy problem for the Laplace equation in an
arbitrary plane domain, by recovering the boundary data on the
inaccessible boundary from the overspecified Cauchy data on an
accessible boundary. Owing to its extremely ill-posed nature, we
must tackle this type inverse problem witzh a suitable numerical
algorithm. The inverse Cauchy problems have been solved by
using different numerical methods [21–30], such as, the boundary
element method [21,22], the modified collocation Trefftz method
[5–7], the method of fundamental solutions (MFS) [23,28,29], the
finite element method [26], the boundary particle method [27],
ll rights reserved.
iteration schemes [15–18], the Fourier regularization method
[5,19], and the generalized Tikhonov regularization method [30].

Liu [31] has reformulated the Laplacian Cauchy problem defined
in a rectangular domain into a first-kind Fredholm integral equation,
and then furthermore, by a Lavrentiev type regularization method
into a second-kind Fredholm integral equation. Upon taking advan-
tage of the separable property of the kernel function and the
eigenfunctions expansion technique, Liu [31] derived a closed-
form regularization solution of the second-kind Fredholm integral
equation. Yeih et al. [32] have extended the result of Liu [7] to solve
the inverse Cauchy problem of Laplace equation in a multiply
connected domain, by using the generalized multiple-source-point
boundary-collocation Trefftz method with multiple characteristic
lengths.

Liu and Atluri [33] first applied the group-preserving scheme
[34] to solve the Cauchy problem of an elliptic equation in a small
strip. Recently, Abbasbandy and Hashemi [35] extended the
group-preserving scheme to solve the inverse Cauchy problem
of Laplace equation in a larger strip; however, they did not take
the noisy data into account, when the numerical integration
scheme is essentially unstable and is vulnerable to the distur-
bance of noise. Recently, Liu and his coworkers [36–38] have
successfully applied the Lie-group integration method, namely
the mixed group-preserving scheme (MGPS), which is a combina-
tion of the forward group-preserving scheme [34] and the back-
ward group-preserving scheme [39], together with the Lie-group
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shooting method (LGSM) [40] to directly integrate the inverse
Cauchy problem as an initial value problem. It is interesting that
after a suitable spring-damping regularization method, the MGPS
together with the LGSM can overcome the essential instability of
Cauchy problem although by viewing it as an initial value
problem, and can solve the inverse Cauchy problem with a strong
robustness against a large noise.

This paper is arranged as follows. In Section 2 some basic
formulations about the Trefftz method of Laplace equation are
described, where a single characteristic length and a multiple-
scale characteristic lengths are introduced. In Section 3.1 we
derive the closed-form formulae of the scaled lengths Rk by using
the concept of equilibrated matrix, while in Section 3.2 we
demonstrate the present CTM from a view of postconditioner
with the better scales. The condition number and the effective
condition number are introduced in Section 4, where a new solver
namely the optimal iterative algorithm with an optimal descent
vector (OIA/ODV) for solving nonlinear algebraic equations is
employed to compute the minimum eigenvalue, which is used
in the computation of effective condition number. The CTM
together with the better scales postconditioner used to solve
the inverse Cauchy problem are described in Section 5, while the
numerical tests are undertaken in Section 6. Finally, the conclu-
sions are drawn in Section 7. The present method is easily
extended to other elliptic type equations, like as the biharmonic
equation. However, this issue will be presented in other place.
2. A multiple-scale Trefftz method

The exact solutions are the best numerical solver, because they
automatically satisfy both the governing equations and the
boundary conditions. When the exact solutions are in general
not available, one usually needs numerical methods to solve the
proposed problem, which can be classified into three main types:
satisfying the governing equations, like the method of funda-
mental solutions, satisfying the boundary conditions, like as the
eigenfunctions expansion method, and that not satisfying both
the governing equations and the boundary conditions, like as the
radial basis functions expansion method.

The Trefftz method is known as a meshless numerical method
for solving boundary value problems, where the approximate
solution is expressed as a linear combination of functions which
automatically satisfy the governing equations. It is only necessary
to consider the boundary conditions. The Trefftz method has
recently become popular, since it is a numerical method for easily
and rapidly solving the boundary value problems. The accuracy of
the numerical solution obtained by the Trefftz method sensitively
depends on the distribution of collocated points in satisfying the
boundary conditions and especially on the number of the Trefftz
trial functions. Since the resultant system of linear equations is
highly ill-conditioned, the numerical solution may be unstable.
Hence, we need to consider the reduction in the condition number

of the resulting linear system. Li et al. [41,42] have given a fairly
comprehensive comparison of the Trefftz, collocation and other
boundary methods. They concluded that the collocation Trefftz
method (CTM) is the simplest algorithm and provides the most
accurate solution with the best numerical stability. However, the

conventional CTM may have a major drawback that the resulting

system of linear equations is extremely ill-conditioned. In order to
obtain the accurate solution of the linear equations, some special
techniques, e.g., the Tikhonov regularization, conditioning by a
suitable preconditioner, and truncated singular value decomposi-
tion (SVD), are required [3,12,13].

In order to overcome these difficulties, which unavoidably
appear in the conventional CTM, Liu [43–46] has modified the
Trefftz method, and refined this method by taking a single
characteristic length into the T-complete functions, such that,
the condition number of the resulting linear equations system can
be immensely reduced. Then, Liu [47] found that the excellent
property of the modified Trefftz method can be used to modify
the MFS by relating the coefficients obtained from these two
methods by a linear transformation, which is later known as one
of the Laplacian preconditioners and postconditioners [48].

Nevertheless, the above method, which uses a single charac-
teristic length in the series expansion can easily result in an
unstable solution for the degenerate scale problems and singular
problems, when one utilizes the very high-order T-complete
functions [49,50]. Liu et al. [48] were the first to overcome this
problem through a new proposal of a multiple-characteristic-
length Trefftz method for the Laplace equation evaluated in an
arbitrary plane domain.

Here we consider the boundary value problem specified over a
finite plane domain, posed by the Laplace equation and a Dirichlet
boundary condition on a non-circular boundary:

Du¼ urrþ
1

r
urþ

1

r2
uyy ¼ 0, ror, 0ryr2p, ð1Þ

uðr,yÞ ¼ hðyÞ, 0ryr2p, ð2Þ

where hðyÞ is a prescribed boundary function, and r¼ rðyÞ is a
given contour to describe the boundary shape of the interior
domain O. The contour G in the polar coordinates is specified by
G¼ fðr,yÞ9r¼ rðyÞ, 0ryr2pg.

Liu [43–45] has proposed a modified Trefftz method, by
supposing that

uðr,yÞ ¼ a0þ
Xm
k ¼ 1

ak
r

R0

� �k

cos kyþbk
r

R0

� �k

sin ky

" #
, ð3Þ

where

R0Zrmax ¼ max
yA ½0,2p�

rðyÞ ð4Þ

is a constant which is greater than the maximum length of the
problem domain O. Besides, m is a positive integer chosen by the
user, and a0,ak,bk, k¼ 1, . . . ,m are unknown coefficients to be
determined.

Recently, Chen et al. [49] have applied the modified collocation
Trefftz method (MCTM) to solve the Laplace equation with a
discontinuous boundary value problem, a singular problem and a
degenerate scale problem, by using the much higher-order terms
with m larger than 100, and they showed that the MCTM is more
powerful and robust against noise than other numerical methods.

A slender body has a large aspect ratio; for example, an ellipse
with semiaxes a and b is slender if the aspect ratio a=b is quite
large. Under this condition the above expansion in Eq. (3) by a
single characteristic length R0 may be ineffective and unsatisfac-
tory because when we require that a=R0o1, the other power
terms ðb=R0Þ

k will be very small, which appear in the collocation
for satisfying the boundary condition, leading to a large round-off
error in the computation of the unknown coefficients. For a
remedy of the above shortcoming, Liu et al. [48] have replaced
Eq. (3) by the following expansion involving a multiple-scaling-

lengths Rk:

uðr,yÞ ¼ a0þ
Xm
k ¼ 1

ak
r

R2k

� �k

cos kyþbk
r

R2kþ1

� �k

sin ky

" #
, ð5Þ

where Rk, k¼ 2, . . . ,2mþ1 is a sequence of positive constant
numbers to be determined below. In the original version of Liu
et al. [48], Rk are left unspecified, which are selected by the user
dependent on the problem.
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Therefore, for the two-dimensional Laplace equation a set of
multiple-scale Trefftz basis functions is available

1,
r

R2k

� �k

cos ky,
r

R2kþ1

� �k

sin ky, k¼ 1,2, . . .

( )
: ð6Þ

This set forms a new T-complete basis with some suitable length
scales, and the trial solution of u can be expanded by these bases.
The efficiency of this multiple-scale Trefftz method (MSTM) to
solve the Laplace equation in a slender ellipse with a very large
aspect ratio equal to 200, will be demonstrated in Section 6.1.
Previously, Liu et al. [48] have developed a multiple-scale Trefftz-
collocation Laplacian conditioner to regularize the ill-conditioned
linear systems. This concept of multiple-scale collocation Trefftz
method has also been later employed by Chen et al. [51] to solve
the sloshing wave problem.
3. The determination of a multiple-scale Rk for the direct
problem

3.1. A better multiple-scale

By imposing the boundary condition (2) on Eq. (5) we can
obtain

a0þ
Xm

k ¼ 1

ak cos ky
rðyÞ
R2k

� �k

þbk sin ky
rðyÞ

R2kþ1

� �k
" #

¼ hðyÞ: ð7Þ

Here we employ the collocation method to find the coefficients
a0, ak and bk. Eq. (7) is discretized at a number of collocated points
ðrðyjÞ,yjÞ : ¼ ðrj,yjÞ by

yj ¼
2ðj�1Þp

n
, n¼ 2mþ1, j¼ 2, . . . ,n ð8Þ

and y1 ¼ ap (usually, a¼ 0:5 is better than a¼ 0) is an angle being
selected differently from the above angles yj, j¼ 2, . . . ,n. When
the index j runs from 1 to n we obtain a system of linear equations
of order n¼ 2mþ1:

Ax¼ b, ð9Þ

where x¼ ½a0,a1,b1, . . . ,am,bm�
T is the vector of unknown coeffi-

cients, b¼ ½h1,h2, . . . ,h2m,h2mþ1�
T is the vector of discrete bound-

ary values, and A is a coefficient matrix:

A :¼

1 r1
R2

cos y1
r1
R3

sin y1 . . . r1
R2k

� �k
cos ky1

r1
R2kþ 1

� �k
sin ky1

1 r2
R2

cos y2
r2
R3

sin y2 . . . r2
R2k

� �k
cos ky2

r2
R2kþ 1

� �k
sin ky2

^ ^ ^ ^ ^ ^

1 rn�1
R2

cos yn�1
rn�1

R3
sin yn�1 . . . rn�1

R2k

� �k
cos kyn�1

rn�1
R2kþ 1

� �k
sin kyn�1

1 rn
R2

cos yn
rn
R3

sin yn . . . rn
R2k

� �k
cos kyn

rn
R2kþ 1

� �k
sin kyn

:

2
666666666664

. . . r1
R2m

� �m
cos my1

r1
R2mþ 1

� �m
sin my1

. . . r2
R2m

� �m
cos my2

r2
R2mþ 1

� �m
sin my2

^ ^ ^

. . . rn�1
R2m

� �m
cos myn�1

rn�1
R2mþ 1

� �m
sin myn�1

. . . rn

R2m

� �m
cos myn

rn

R2mþ 1

� �m
sin myn

3
777777777775

, ð10Þ

where we use rj ¼ rðyjÞ and hj ¼ hðyjÞ for the simplicity of
notations.

Previously, Liu et al. [48] have proposed a multiple-scale with
R2k ¼ R2kþ1 ¼ rðy2kÞþR0, where R0 is a given constant, to solve the
Laplace problem in the above mentioned slender ellipse. So far, it
has been the common practice to select judiciously a suitable
single constant R0, in order to achieve the accurate numerical
solution.
Usually, the linear system (9) will be severely ill-conditioned,
if m is quite large. So we have to look for values of Rk which will
render the linear system (9) to be less ill-conditioned. The
problem is now how to search for a suitable multiple-scale
Rk,k¼ 2, . . . ,n, such that the condition number of A is reduced
as much as possible. Theoretically, there are theories of optimal
scaling proposed by Bauer [52], van der Sluis [53], and Gautschi
[54]. A matrix is equilibrated if all its rows or columns have the
same norm, and under this condition the matrix is best condi-
tioned. Here, the norm of the first column of A is

ffiffiffi
n
p

. According to
the idea of ‘‘equilibrated matrix’’ [55,56], we can choose the
multiple-scale Rk,k¼ 2, . . . ,n by

R2k ¼
1

n

Xn

j ¼ 1

r2k
j ðcos kyjÞ

2

0
@

1
A

1=ð2kÞ

, k¼ 1, . . . ,m, ð11Þ

R2kþ1 ¼
1

n

Xn

j ¼ 1

r2k
j ðsin kyjÞ

2

0
@

1
A

1=ð2kÞ

, k¼ 1, . . . ,m ð12Þ

such that each column of the matrix A in Eq. (10) has the same
Euclidean norm equal to

ffiffiffi
n
p

, i.e.,

Xn

k ¼ 1

A2
k1 ¼ � � � ¼

Xn

k ¼ 1

A2
kn ¼ n, ð13Þ

where Aij denotes the ij-th component of A.
When the above scales Rk,k¼ 2, . . . ,n in Eqs. (11) and (12) are

used, we have a definite coefficient matrix A in Eq. (10), which is
determined by the collocated nodes ðri,yiÞ and the scales Rk. Then
we can apply the conjugate gradient method (CGM) to solve the
linear system (9).

3.2. A new postconditioner

If we let

a0 ¼ a0, ak ¼
ak

Rk
2k

, bk ¼
bk

Rk
2kþ1

, i¼ 1, . . . ,m, ð14Þ

where Rk
2k and Rk

2kþ1 are respectively the k-th powers of R2k and
R2kþ1, we can obtain the original linear system

Bx ¼ b ð15Þ

to determine the unknown coefficients vector x ¼ ½a0,a1,b1,
. . . ,am,bm�

T, where the coefficient matrix B is given by

B :¼

1 r1 cos y1 r1 sin y1 . . . rk
1 cos ky1 rk

1 sin ky1

1 r2 cos y2 r2 sin y2 . . . rk
2 cos ky2 rk

2 sin ky2

^ ^ ^ ^ ^ ^

1 rn�1 cos yn�1 rn�1 sin yn�1 . . . rk
n�1 cos kyn�1 rk

n�1 sin kyn�1

1 rn cos yn rn sin yn . . . rk
n cos kyn rk

n sin kyn

:

2
6666664

. . . rm
1 cos my1 rm

1 sin my1

. . . rm
2 cos my2 rm

2 sin my2

^ ^ ^

. . . rm
n�1 cos myn�1 rm

n�1 sin myn�1

. . . rm
n cos myn rm

n sin myn

3
7777775
: ð16Þ

Let P be a matrix defined by

P¼

1 0 0 . . . 0 0

0 1
R2

0 . . . 0 0

0 0 1
R3

. . . 0 0

^ ^ . . . ^ ^ ^

0 0 0 . . . 1
Rm

2m
0

0 0 0 . . . 0 1
Rm

2mþ 1

2
66666666664

3
77777777775

ð17Þ
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and then we can observe the following relation between the
coefficient matrices of Eqs. (9) and (15):

A¼ BP: ð18Þ

In this sense we can say that the present better scaling technique
is equivalent to find a better postconditioner P to reduce the
condition number of B.
4. The effective condition number

In order to observe the phenomenon of the improvement of
the ill-conditioning of the linear system (9) than the linear system
(15), we will plot the condition number of A with respect to the
number m of bases in Section 5, which is defined by

CondðAÞ ¼ JAJJA�1J: ð19Þ

The norm used for A is the Frobenius norm: JAJ2
¼
Pn

i,j ¼ 1 A2
ij.

Therefore, we have

1

n
CondðAÞr

smax

smin
rCondðAÞ, ð20Þ

where s is the eigenvalue of A.
Conventionally, smax=smin is used to define the condition

number of A. For the present study we use Eq. (19) to define
the condition number of A. In the computation of CondðAÞ we
need to compute A�1. To directly apply the CGM to finding A�1 by
AA�1

¼ In, we have to solve for an n�n matrix A�1 :¼ ½uT
1, . . . ,uT

n�,
where the i-th column of A�1 is computed via Aui ¼ ei, in which ei

is the i-th column of the identity matrix In. Because most
elements of ei are zeros, this process can converge rather fast
even the convergence criterion e¼ 10�8 is used in the CGM.
However, for more ill-conditioned matrix of A, the convergence
is slow and the numerical results of CondðAÞ are not so good.

The above quantity of CondðAÞ to assess the numerical stability
in the solution of Eq. (9) has two major drawbacks that it does not
take the data of b on the right-hand side into account, and that it
is too conservative to over-estimate the bound of relative error by

JDxJ

JxJ
rCondðAÞ

JDbJ

JbJ
: ð21Þ

As addressed by Li et al. [57] and Lu et al. [58], a more efficient
method is considered the effective condition number:

Cond_eff :¼
JbJ

sminJxJ
, ð22Þ

where smin is the minimal singular value of matrix A, and JxJ is
the 2-norm of x. The effective condition number gives a more
effective bound of relative error by

JDxJ

JxJ
rCond_eff

JDbJ

JbJ
: ð23Þ

smin is popular and important in linear algebra, and it can be
calculated easily by existing mathematical softwares. However,
we wish to report a new method of our own. In order to calculate
smin we turn it to a nonlinear algebraic equation:

Cn�n � ðCnÞn¼ 0, ð24Þ

where C¼ATA and n is the unit eigenvector of C and the
eigenvalue is calculated by

smin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n � ðCnÞ

p
ð25Þ

since

smin ¼ sminðAÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðATAÞ

q
, ð26Þ

where lðATAÞ is the minimal eigenvalue of C¼ ATA.
In terms of the components of Eq. (24) we can derive the
following n nonlinear algebraic equations (NAEs):

Fi :¼
Xn

j ¼ 1

Cijnj�
Xn

p ¼ 1

Xn

q ¼ 1

npCpqnqni ¼ 0, i¼ 1, . . . ,n, ð27Þ

where Cij is the ij-th component of C.
The Jacobian matrix Bik of the above NAEs is written as

Bik :¼
@Fi

@nk
¼ Cik�2

Xn

q ¼ 1

niCkqnq�
Xn

p ¼ 1

Xn

q ¼ 1

npCpqnqdik, i,k¼ 1, . . . ,n,

ð28Þ

where dik is Kronecker delta symbol. When the Jacobian matrix B
is expressed as above we can apply the following NAEs solver:
optimal iterative algorithm with an optimal descent vector (OIA/
ODV) [59] to solve Eq. (27):
(i)
 Select g in the range of 0rgo1, give an initial value of n0

and compute F0 ¼ Fðn0Þ.

(ii)
 For k¼ 0,1,2 . . ., we repeat the following computations:

Rk ¼ BT
kFk,

Ck ¼ BT
kBk,

Pk ¼Rk�
JRkJ

2

RT
kCkRk

CkRk,

vk
1 ¼ BkRk,

vk
2 ¼ BkPk,

ak ¼
1

1þok
,

bk ¼
ok

1þok
,

uk ¼ akRkþbkPk,

vk ¼ akvk
1þbkvk

2,

nkþ1 ¼ nk�ð1�gÞ
Fk � vk

JvkJ
2

uk, ð29Þ

where

ok ¼�
vk

1 � v
k
2

Jvk
2J

2
40: ð30Þ
If nkþ1 converges according to a given stopping criterion
JFkþ1Joe, then stop; otherwise, go to step (ii).

5. Inverse Cauchy problem

The detection of corrosion inside a pipe is a very important
technique in engineering application. Here we consider a mathe-
matical modeling of this problem and give an effective numerical
algorithm for a method to detect the corrosion by an electrical field
in the pipe. Given the Cauchy data uðx,yÞ and the Neumann data
@u=@nðx,yÞ at the point ðx,yÞAR2 with an unit outward normal
nðx,yÞ on the accessible part G1 :¼ fðr,yÞ9r¼ rðyÞ,0ryrbpg of a
noncircular contour, we consider an inverse Cauchy problem of the
Laplace equation Duðx,yÞ ¼ 0 in two dimensions to find the
unknown function uðx,yÞ on an inaccessible part G2 :¼ fðr,yÞ9r¼
rðyÞ,bpoyo2pg where G2 ¼G=G1.

Now we turn our attention to the inverse Cauchy problem of
Laplace equation and consider

Du¼ urrþ
1

r
urþ

1

r2
uyy ¼ 0, ð31Þ

uðr,yÞ ¼ hðyÞ, 0ryrbp, ð32Þ
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unðr,yÞ ¼ gðyÞ, 0ryrbp, ð33Þ

where hðyÞ and gðyÞ are given functions and br1. The inverse

Cauchy problem is specified as follows: To seek an unknown

boundary function f ðyÞ on the part G2 of the boundary under Eqs.

(31)–(33) with the overspecified data on G1.
This problem is to solve the Laplace equation under an over-

specified Cauchy data on a partial noncircular boundary. Usually,
it requires bZ1, which is specified by Mera et al. [60] as a
necessary condition for numerically solving the inverse Cauchy
problem. However, in the present study we can let bo1, even
b¼ 0:4, without losing the accuracy in the recovered boundary
condition.

When the contour is a circle, Liu [5] has applied a modified
Trefftz method to recover the unknown boundary data for the
inverse Cauchy problem, but one needs to consider a regulariza-
tion technique by truncating the higher-mode components of the
given data. Then, Liu [7] employed the modified collocation
Trefftz method with a single characteristic length to solve the
inverse Cauchy problems in simply and doubly connected
domains. Recently, Liu [30] has developed a very powerful
optimally generalized regularization method to solve the Cauchy
problem of Laplace equation by using the MFS, of which b¼ 0:4
can be used.

In the polar coordinates we can derive [7]

unðr,yÞ ¼ ZðyÞ @uðr,yÞ
@r �

r0

r2

@uðr,yÞ
@y

� �
, ð34Þ

where

ZðyÞ ¼ rðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ðyÞþ½r0ðyÞ�2

q : ð35Þ

From Eqs. (34) and (5) it follows that

unðr,yÞ ¼ ZðyÞ
Xm
k ¼ 1

rkðyÞ
kak

rRk
2k

�
kbkr0

r2Rk
2kþ1

( )
cos ky

"

þ
kbk

rRk
2kþ1

þ
kakr0

r2Rk
2k

( )
sin ky

#
: ð36Þ

By imposing the conditions (32) and (33) on Eqs. (5) and (36) we
can obtain

a0þ
Xm

k ¼ 1

akCk

Rk
2k

þ
bkDk

Rk
2kþ1

" #
¼ hðyÞ, 0ryrbp, ð37Þ

Xm
k ¼ 1

akEk

Rk
2k

þ
bkFk

Rk
2kþ1

" #
¼ gðyÞ, 0ryrbp, ð38Þ

where

CkðyÞ :¼ rk cos ky, ð39Þ

DkðyÞ :¼ rk sin ky, ð40Þ

EkðyÞ :¼ Zrk k

r cos kyþ
kr0

r2
sin ky

� �
, ð41Þ

FkðyÞ :¼ Zrk k

r
sin ky�

kr0

r2
cos ky

� �
: ð42Þ

Eqs. (37) and (38) are then imposed at mþ1 different collo-
cated points ðrðyiÞ,yiÞ :¼ ðri,yiÞ in an interval of 0ryirbp:

a0þ
Xm

k ¼ 1

akCi
k

Rk
2k

þ
bkDi

k

Rk
2kþ1

" #
¼ hðyiÞ, ð43Þ

Xm
k ¼ 1

akEi
k

Rk
2k

þ
bkFi

k

Rk
2kþ1

" #
¼ gðyiÞ, ð44Þ
where for simple notations we use Ci
k ¼ CkðyiÞ, Di

k ¼DkðyiÞ, Ei
k ¼ Ek

ðyiÞ and Fi
k ¼ FkðyiÞ.

Let

yi ¼ iDy, i¼ 1, . . . ,m, ð45Þ

where Dy¼ bp=m. When the index i in Eqs. (43) and (44) runs
from 1 to m we obtain a linear equations system with dimension
n¼2mþ1:

1 1
R2

C0
1

1
R3

D0
1 . . . 1

Rm
2m

C0
m

1
Rm

2mþ 1
D0

m

1 1
R2

C1
1

1
R3

D1
1 . . . 1

Rm
2m

C1
m

1
Rm

2mþ 1
D1

m

0 1
R2

E1
1

1
R3

F1
1 . . . 1

Rm
2m

E1
m

1
Rm

2mþ 1
F1

m

^ ^ ^ ^ ^ ^

1 1
R2

Cm
1

1
R3

Dm
1 . . . 1

Rm
2m

Cm
m

1
Rm

2mþ 1
Dm

m

0 1
R2

Em
1

1
R3

Fm
1 . . . 1

Rm
2m

Em
m

1
Rm

2mþ 1
Fm

m

2
66666666666664

3
77777777777775

a0

a1

b1

^

am

bm

2
6666666664

3
7777777775
¼

hðy0Þ

hðy1Þ

gðy1Þ

^

hðymÞ

gðymÞ

2
6666666664

3
7777777775
:

ð46Þ

Corresponding to the uniformly distributed collocated points on
the upper partial contour, y0 ¼ 0 is a different collocated point
being supplemented to provide the first equation in Eq. (46).

We denote the above equation by

Bx¼ b, ð47Þ

where x¼ ½a0,a1,b1, . . . ,am,bm�
T is the vector of unknown coeffi-

cients, and b represents the right-hand side of Eq. (46). Now the
problem is how to search a suitable multiple-scale Rk,k¼ 2, . . . ,n,
such that the condition number of B can be reduced greatly.
According to the same idea of ‘‘equilibrated matrix’’ as demon-
strated in Section 3.1, we can choose the multiple-scale Rk,k¼ 2,
. . . ,n by

R2k ¼
1

mþ1
ðC0

k Þ
2
þ
Xm

j ¼ 1

½ðCj
kÞ

2
þðEj

kÞ
2
�

2
4

3
5

0
@

1
A1=ð2kÞ

, k¼ 1, . . . ,m,

ð48Þ

R2kþ1 ¼
1

mþ1
ðD0

kÞ
2
þ
Xm

j ¼ 1

½ðDj
kÞ

2
þðFj

kÞ
2
�

2
4

3
5

0
@

1
A

1=ð2kÞ

, k¼ 1, . . . ,m,

ð49Þ

where
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ1
p

is the norm of the first column of the matrix B. It
can be seen that the multiple-scale Rk,k¼ 2, . . . ,n are fully
determined by the collocated nodes ðri,yiÞ, i¼ 0,1, . . . ,m.

When the matrix B is determined, the conjugate gradient
method (CGM) can be used to solve Eq. (47) obtaining x. Inserting
x into Eq. (5) we have a solution of uðr,yÞ:

uðr,yÞ ¼ x1þ
Xm
k ¼ 1

x2k
r

R2k

� �k

cos kyþx2kþ1
r

R2kþ1

� �k

sin ky

" #
ð50Þ

and thus the data to be recovered on G2 are given by

f ðyÞ ¼ x1þ
Xm

k ¼ 1

x2k
rðyÞ
R2k

� �k

cos kyþx2kþ1
rðyÞ

R2kþ1

� �k

sin ky

" #
,

bpoyo2p: ð51Þ
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6. Numerical tests

6.1. Example 1: a direct problem in a slender ellipse

In order to validate the performance of the present collocation
Trefftz method (CTM) proposed in Section 3.1, we first consider a
direct Laplace problem defined in an ellipse with semiaxes a and
b, whose contour in the polar coordinates is written as

rðyÞ ¼ abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 sin2 yþb2 cos2 y

p : ð52Þ

For the purposes of comparison, the exact solution of the Laplace
equation is given by

uðx,yÞ ¼ ey cos x¼ er sin y cosðr cos yÞ ð53Þ

and thus the Dirichlet data hðyÞ on the whole boundary can be
obtained by inserting Eq. (52) for r into the above equation.

First, we fix a¼ 10b¼ 10 in order to investigate the behavior of
the newly derived multiple-scale Rk. We investigate the ill-
conditioning of the linear system (9) by using the proposed Rk,
which were defined in Eqs. (11) and (12). The method with which
is named the collocation Trefftz method (CTM). The original
method as proposed by Liu et al. [48] with R2k ¼ R2kþ1 ¼

rðy2kÞþR0, where R0 is a given constant, is named the multiple-
scale Trefftz method (MSTM). In Fig. 1 we compare the condition
numbers of the coefficient matrix A obtained from these two
methods in the range of 5rmr20. It can be seen that the
condition numbers of A obtained by CTM are much smaller than
those obtained by MSTM with R0 ¼ 15. Due to the rapidly
increased condition number of A with respect to m, the results
are not so good, because it is very hard to accurately compute A�1

used in the condition number. Thus we turn to the effective
condition number defined by Eq. (22). It can be seen that the
effective condition numbers are much smaller than that of the
condition numbers for both the MSTM and CTM. Moreover, the
effective condition number of the CTM is also smaller than that of
the MSTM about two orders.

Then the number m is taken to be 100. We plot the values of Rk

and rk ¼ rðykÞ with respect to k from k¼2 to k¼ n¼ 2mþ1¼ 201
in Fig. 2(a), and then the contours of both Rk and rk are plotted in
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Fig. 1. For example 1 of the direct Laplacian problem, comparing the condition

numbers and the effective condition numbers obtained by MSTM and CTM.
Fig. 2(b). The contour of Rk almost encloses the contour of rk, in
addition that at some exceptional points. It is evidence enough
that the present construction of Rk can provide a larger value than
rk for larger k, which can avoid the ‘‘blow-up’’ of ðr=R2kÞ

k and
ðr=R2kþ1Þ

k appearing in Eq. (5), which are the main contributions
from the higher-modes to the solution of u. In Fig. 3 we compare
the above exact solution along a unit circle with a radius r¼ b¼ 1
with the numerical solutions obtained by the original multiple-
scale Trefftz method (MSTM) with R2k ¼ R2kþ1 ¼ rðy2kÞþR0,
where R0 ¼ 15, and the present CTM, of which Fig. 3(b) shows
that the accuracy of CTM is much better than that of MSTM. The
accuracy can be improved several orders by the CTM than
the MSTM.

Next we consider a more-illposed case with a¼200b¼200. In
Fig. 4(a) we compare the exact solution with the numerical solu-
tions obtained by a single-characteristic-length Trefftz method with
R0 ¼ 400 and by a multiple-scale Trefftz method with R2k ¼ R2kþ1 ¼

rðy2kÞþR0, where R0 ¼ 30. For both cases we use m¼30. The
convergence criteria used in the CGM for the solutions of unknown
coefficients are both given by 10�10. Obviously, the multiple-scale
method is better than the single-scale method. From Fig. 4(b) it can
be seen that the accuracy obtained by the multiple-scale Trefftz
method is increased by almost three orders as compared to that
obtained by the single-scale Trefftz method. Moreover, the accuracy
of CTM is better than that of MSTM, where the maximum numerical
error of CTM is 1:77� 10�2, while that of MSTM is 3:36� 10�2. In
Fig. 5 we compare the residual errors of CTM and MSTM, of which
the CTM converges with 937 iterations and the MSTM converges
with 1197 iterations. Thus, we can conclude that the performance of
the CTM is better than the MSTM, no matter from the convergence
speed or from the accuracy. Here, ‘‘iterations’’ appeared in the
coordinate axis means that the number of steps spent in the
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iterative algorithm CGM before the convergence criterion is satis-
fied. In other figures the ‘‘iterations’’ has the same meaning.

6.2. Numerical examples for the inverse Cauchy problem

Before embarking numerical tests of the present method to
solve the inverse Cauchy problems, we are concerned with the
stability of the best-conditioned collocation Trefftz method
(CTM), in the case when the boundary data are contaminated by
random noise, which is investigated by adding a different level of
random noise on the boundary data. We use the function
RANDOM-NUMBER given in Fortran to generate the noisy data
R(i), which are random numbers in [�1,1]. Hence we use the
simulated noisy data given by

ĥðyiÞ ¼ hðyiÞþsRðiÞ, ĝ ðyiÞ ¼ gðyiÞþsRðiÞ ð54Þ

as the inputs to Eq. (46), where s is the level of noise.

6.2.1. Example 2

We first consider a simple example with the exact solution

u¼ x2�y2 ¼ r2 cosð2yÞ: ð55Þ

Therefore, the data on the upper contour are given by

hðyÞ ¼ r2 cosð2yÞ, 0ryrbp, ð56Þ

gðyÞ ¼ ZðyÞ½2r cosð2yÞþ2r0 sinð2yÞ�, 0ryrbp, ð57Þ

where the contour is described by an epitrochoid boundary
shape:

rðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþbÞ2þ1�2ðaþbÞ cosðay=bÞ

q
ð58Þ

with a¼4 and b¼1.
First we investigate the ill-conditioning of the linear system (46)

by using the newly proposed Rk, which were defined by Eqs. (48)
and (49). The method is labelled the collocation Trefftz method
(CTM), while the original method with R2k ¼ R2kþ1 ¼ rðy2kÞþR0,
where R0 is a given constant, is named the multiple-scale Trefftz
method (MSTM). In Fig. 6 we compare the condition numbers of the
coefficient matrix in Eq. (46) in the range of 5rmr20. It can be
seen that the condition numbers obtained by CTM are smaller than
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those obtained by the MSTM with R0 ¼ 10. For the purpose of
comparison we also compute the effective condition number
defined by Eq. (22). It can be seen that the effective condition
numbers are much smaller than that of the condition numbers for
both the MSTM and CTM. Moreover, the effective condition number
of the CTM is also smaller than that of the MSTM about two orders.

We then apply the CTM and MSTM to this example, where
m¼3, b¼ 1 and s¼0 were used. In Fig. 7(a) we compare the
residual errors obtained by CTM and MSTM, and the convergence
speeds are both with 10 iterations. The CTM leads to very high
accuracy as shown in Fig. 7(b) by displaying the absolute error,
which is better than that obtained by the MSTM.
6.2.2. Example 3

Then we consider an example with the exact solution:

u¼ ex cos y¼ er cosy cosðr sin yÞ, ð59Þ

where the contour is described by an epitrochoid boundary
shape:

rðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþbÞ2þ1�2ðaþbÞ cosðay=bÞ

q
ð60Þ

with a¼2 and b¼1. Under the following parameters m¼35,
b¼ 0:8 and s¼0 for the first case, m¼45, b¼ 1 and s¼0.001 for
the second case, and m¼10, b¼ 0:7 and s¼0.01 for the third case,
we compare the numerical solutions obtained by CTM for these
three cases in Fig. 8, which are rather accurate.
6.2.3. Example 4

In this example a complex amoeba-like irregular shape is
adopted:

rðyÞ ¼ expðsin yÞsin2
ð2yÞþexpðcos yÞcos2ð2yÞ: ð61Þ

We consider the following exact solution:

uðx,yÞ ¼ cos x cosh yþsin x sinh y ð62Þ

from which the exact boundary data can be derived.
In Fig. 9, by comparing the numerical solutions with exact

solution for m¼10, b¼ 0:4 and s¼0 for the first case and m¼8,
b¼ 0:9 and s¼0.01 for the second case, we can see that the
present CTM is a stable method to recover the unknown boundary
data. Amazingly, although the data are only over-specified on a
20% of the overall boundary with b¼ 0:4 and only with data
measured at 10 points, we can still recover other boundary data
with an excellent accuracy with the maximum error as being
0.053. Also, the present CTM is robust enough against the noise
which is being imposed both on the Dirichlet and the Neumann
data with a level of 1%, and we still can obtain very accurate
solution with the maximum error being 0.064.

To our best knowledge, in the open literature there exist no
other numerical methods that can treat this type Cauchy problem
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with b¼ 0:4. Previously, Liu [5] used the modified Trefftz method
can treat a Cauchy problem with b¼ 0:5.
7. Conclusions

We have proposed a collocation Trefftz method (CTM) with a
better conditioning to solve the direct and inverse Cauchy
problems for the Laplace equation defined in an arbitrary plane
domain. In contrast to the previous multiple-scale Trefftz method
(MSTM), where one needs to judiciously to select suitable values
of R0 or Rk to obtain accurate solution, in the presently proposed
CTM, we could base the selection of the better values of Rk on the
concept of equilibrated matrix to derive the multiple-scale Rk in a
closed-form, which are fully determined by the collocated points.
By comparing the condition numbers of the MSTM and the CTM,
the latter can reduce the condition number and the effective
condition number about one to three orders than the former. We
have assessed the performance of the present method of CTM for
both direct and inverse Cauchy problems, of which the CTM has
led to a significant improvement of the accuracy than the MSTM
in several orders due to a better postconditioning. We can conclude
that the presently best conditioned CTM has good efficiency and
stability against the disturbance from a large random noise, and
the computational cost of CTM is much reduced which does not
need a trial and error to select the suitable scales. It was revealed
that the unknown data can be recovered very accurately by
utilizing the CTM, although the overspecified data were provided
at a few measured points on only a 20% (partial) of the boundary.
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[11] Slodička M, Van Keer R. A numerical approach for the determination of a
missing boundary data in elliptic problems. Appl Math Comput 2004;147:
569–80.

[12] Cimeti�ere A, Delvare F, Jaoua M, Pons F. Solution of the Cauchy problem using
iterated Tikhonov regularization. Inverse Problems 2001;17:553–70.

[13] Chang JR, Yeih W, Shieh MH. On the modified Tikhonov’s regularization
method for the Cauchy problem of the Laplace equation. J Marine Sci Technol
2001;9:113–21.

[14] Chi CC, Yeih W, Liu CS. A novel method for solving the Cauchy problem of
Laplace equation using the fictitious time integration method. CMES: Comput
Model Eng Sci. 2009;47:167–90.

[15] Jourhmane M, Nachaoui A. An alternating method for an inverse Cauchy
problem. Numer Algorithm 1999;21:247–60.

[16] Jourhmane M, Nachaoui A. Convergence of an alternating method to solve
the Cauchy problem for Poisson’s equation. Appl Anal 2002;81:1065–83.

[17] Essaouini M, Nachaoui A, Hajji SE. Numerical method for solving a class of
nonlinear elliptic inverse problems. J Comput Appl Math 2004;162:165–81.

[18] Jourhmane M, Lesnic D, Mera NS. Relaxation procedures for an iterative
algorithm for solving the Cauchy problem for the Laplace equation. Eng Anal
Bound Elem 2004;28:655–65.

[19] Fu CL, Li HF, Qian Z, Xiong XT. Fourier regularization method for solving a
Cauchy problem for the Laplace equation. Inverse Problem Sci Eng 2008;16:
159–69.

[20] Fu CL, Feng XL, Qian Z. The Fourier regularization for solving the Cauchy
problem for the Helmholtz equation. Appl Numer Math 2009;59:2625–40.

[21] Lesnic D, Elliott L, Ingham DB. An iterative boundary element method for
solving numerically the Cauchy problem for the Laplace equation. Eng Anal
Bound Elem 1997;20:123–33.

[22] Mera NS, Elliott L, Ingham DB, Lesnic D. An iterative boundary element
method for the solution of a Cauchy steady state heat conduction problem.
CMES: Comput Model Eng Sci. 2000;1:101–6.

[23] Jin B, Zheng Y. A meshless method for some inverse problems associated with
the Helmholtz equation. Comput Methods Appl Mech Eng 2006;195:
2270–88.

[24] Marin L, Lesnic D. The method of fundamental solutions for inverse boundary
value problems associated with the two-dimensional biharmonic equation.
Math Comput Model 2005;42:261–78.

[25] Chapko R, Kress R. A hybrid method for inverse boundary value problems in
potential theory. J Inverse Ill-Posed Problems 2005;13:27–40.

[26] Chakib A, Nachaoui A. Convergence analysis for finite element approximation
to an inverse Cauchy problem. Inverse Problems 2006;22:1191–206.

[27] Chen W, Fu ZJ. Boundary particle method for inverse Cauchy problem of
inhomogeneous Helmholtz equations. J Marine Sci Technol 2009;17:157–63.

[28] Shigeta T, Young DL. Method of fundamental solutions with optimal
regularization techniques for the Cauchy problem of the Laplace equation
with singular points. J Comput Phys 2009;228:1903–15.

[29] Lin J, Chen W, Wang F. A new investigation into regularization technique for
the method of fundamental solutions. Math Comput Simulation 2011;81:
1144–52.

[30] Liu CS. Optimally generalized regularization methods for solving linear
inverse problems. CMC: Comput Mater Contin. 2012;29:103–27.

[31] Liu CS. An analytical method for the inverse Cauchy problem of Laplace
equation in a rectangular plate. J Mech 2011;27:575–84.

[32] Yeih W, Liu CS, Kuo CL, Atluri SN. On solving the direct/inverse Cauchy
problems of Laplace equation in a multiply connected domain, using the



C.-S. Liu, S.N. Atluri / Engineering Analysis with Boundary Elements 37 (2013) 74–83 83
generalized multiple-source-point boundary-collocation Trefftz method &
characteristic lengths. CMC: Comput Mater Contin. 2010;17:275–302.

[33] Liu CS, Atluri SN. An iterative and adaptive Lie-group method for solving the
Calderón inverse problem. CMES: Comput Model Eng Sci. 2010;64:299–326.

[34] Liu CS. Cone of non-linear dynamical system and group preserving schemes.
Int J Non-Linear Mech 2001;36:1047–68.

[35] Abbasbandy S, Hashemi MS. Group preserving scheme for the Cauchy
problem of the Laplace equation. Eng Anal Bound Elem 2011;35:1003–9.

[36] Liu CS, Kuo CL. A spring-damping regularization and a novel Lie-group
integration method for nonlinear inverse Cauchy problems. CMES: Comput
Model Eng Sci. 2011;77:57–80.

[37] Liu CS, Kuo CL, Liu D. The spring-damping regularization method and the Lie-
group shooting method for inverse Cauchy problems. CMC: Comput Mater
Contin. 2011;24:105–23.

[38] Liu CS, Chang CW. A novel mixed group preserving scheme for the inverse
Cauchy problem of elliptic equations in annular domains. Eng Anal Bound
Elem 2012;36:211–9.

[39] Liu CS, Chang CW, Chang JR. Past cone dynamics and backward group
preserving schemes for backward heat conduction problems. CMES: Comput
Model Eng Sci. 2006;12:67–81.

[40] Liu CS. The Lie-group shooting method for nonlinear two-point boundary
value problems exhibiting multiple solutions. CMES: Comput Model Eng Sci.
2006;13:149–63.

[41] Li ZC, Lu TT, Huang HT, Cheng AHD. Trefftz, collocation, and other boundary
methods—A comparison. Numer Methods Partial Differential Equations
2007;23:93–144.

[42] Li ZC, Lu TT, Hu Hy, Cheng AHD. Trefftz and collocation methods. South-
ampton, Boston: WIT Press; 2008.

[43] Liu CS. A modified Trefftz method for two-dimensional Laplace equation
considering the domain’s characteristic length. CMES: Comput Model Eng Sci.
2007;21:53–65.

[44] Liu CS. An effectively modified direct Trefftz method for 2D potential
problems considering the domain’s characteristic length. Eng Anal Bound
Elem 2007;31:983–93.

[45] Liu CS. A highly accurate solver for the mixed-boundary potential problem
and singular problem in arbitrary plane domain. CMES: Comput Model Eng
Sci. 2007;20:111–22.
[46] Liu CS. A highly accurate collocation Trefftz method for solving the Laplace
equation in the doubly connected domains. Numer Methods Partial Differ-
ential Equations 2008;24:179–92.

[47] Liu CS. Improving the ill-conditioning of the method of fundamental solu-
tions for 2D Laplace equation. CMES: Comput Model Eng Sci. 2008;28:77–93.

[48] Liu CS, Yeih W, Atluri SN. On solving the ill-conditioned system Ax¼ b:
general-purpose conditioners obtained from the boundary-collocation solu-
tion of the Laplace equation, using Trefftz expansions with multiple length
scales. CMES: Comput Model Eng Sci 2009;44:281–311.

[49] Chen YW, Liu CS, Chang JR. Applications of the modified Trefftz method for
the Laplace equation. Eng Anal Bound Elem 2009;33:137–46.

[50] Chen YW, Liu CS, Chang CM, Chang JR. Applications of the modified Trefftz
method to the simulation of sloshing behaviours. Eng Anal Bound Elem
2010;34:581–9.

[51] Chen YW, Yeih W, Liu CS, Chang JR. Numerical simulation of the two-
dimensional sloshing problem using a multi-scaling Trefftz method. Eng Anal
Bound Elem 2012;36:9–29.

[52] Bauer FL. Optimally scaled matrices. Numer Math 1963;5:73–87.
[53] van der Sluis A. Condition numbers and equilibration of matrices. Numer

Math 1969;14:14–23.
[54] Gautsch W. Optimally scaled and optimally conditioned Vandermonde and

Vandermonde-like matrices. BIT Numer Math 2011;51:103–25.
[55] Liu CS. An equilibrated method of fundamental solutions to choose the best

source points for the Laplace equation. Eng Anal Bound Elem 2012;36:
1235–45.

[56] Liu CS. Optimally scaled vector regularization method to solve ill-posed
linear problems. Appl Math Comput 2012;218:10602–16.

[57] Li ZC, Huang HT, Chen JT, Wei Y. Effective condition number and its
applications. Computing 2010;89:87–112.

[58] Lu TT, Chang CM, Huang HT, Li ZC. Stability analyses of the Trefftz methods
for the stick-slip problem. Eng Anal Bound Elem 2009;33:474–84.

[59] Liu CS, Dai HH, Atluri SN. Iterative solution of a system of nonlinear algebraic
equations FðxÞ ¼ 0, using _x ¼ l½aRþbP� or l½aFþbPn

�, R is a normal to a
hyper-surface function of F, P normal to R, and Pn normal to F. CMES:
Comput Model Eng Sci. 2011;81:335–62.

[60] Mera NS, Elliott L, Ingham DB. On the use of genetic algorithms for solving
ill-posed problems. Inverse Problem Sci Eng 2003;11:105–21.


	Numerical solution of the Laplacian Cauchy problem by using a better postconditioning collocation Trefftz method
	Introduction
	A multiple-scale Trefftz method
	The determination of a multiple-scale Rk for the direct problem
	A better multiple-scale
	A new postconditioner

	The effective condition number
	Inverse Cauchy problem
	Numerical tests
	Example 1: a direct problem in a slender ellipse
	Numerical examples for the inverse Cauchy problem
	Example 2
	Example 3
	Example 4


	Conclusions
	Acknowledgements
	References




