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Abstract-In this paper the following topics are addressed: (i) the physical meaning of path-independent 
integrals for elastodynamically propagating cracks introduced earlier by Atluri, Bui and Kishimoto et al. (ii) 
the relation of these integrals to the energy release rates, for propagating cracks and (iii) the relation 
between these integrals and the time-dependent stress-intensity factors K,(t), Ku(t) and Km(t) in general 
mixed mode dynamic crack propagation. Finally, a new path-independent integral which has the meaning of 
energy-release-rate for a propagating crack, is introduced. 

I. INTRODUCTION 

DYNAMIC FRACTURE mechanics can be broadly defined as the mechanics of solid bodies containing 
stationary or propagating cracks, wherein the effects of inertia are accounted for. In such cases, a 
knowledge of time-dependent asymptotic stress and displacement fields near the crack-tip is esential in 
understanding the process and nature of fast fracture of solids. Once such asymptotic fields near the tip 
of a propagating crack are determined, other important parameters of relevance in dynamic fracture 
mechanics, such as the dynamic stress-intensity factors and dynamic energy release rates can be 
determined. 

On the other hand, since the work of Eshelby[l] and Rice[21, the subject of the so-called 
path-independent integrals has received much attention due to its several attractive features in ap- 
plication. The well-known J-integral of Eshelby, and Rice (which is in fact the component, of a vector 
integral J, along the crack axis), and which is limited to linear and nonlinear elastostatics, has the 
physical meaning of energy-release per unit self-similar growth of a crack in a loaded cracked-body. 
Recently Atluri[3] has derived some very general conservation laws for both finite-elastic solids, as well 
as those described by rate-sensitive or rate-insensitive incremental constitutive laws, wherein body 
forces, inertia and arbitrary crack-face conditions (traction as well as deformation) were accounted for. 
On the basis of these conservation laws, Atluri[3] also investigated path-independent integrals in the 
case of dynamic crack propagation in elastic as well as inelastic solids. In the case of elasto-dynamic 
crack-propagation, it was found[3] that the path-independent integral (which in fact also involves an 
integral over the domain between the crack-tip and the chosen far-field path) derived in[3] does not have 
the physical meaning of energy release per unit dynamic crack-extension. Instead, the path-independent 
integral in[31 was shown[31 to have the physical meaning of the rate of change of the Lagrangean, of the 
solid in dynamic motion, per unit crack extension. This conclusion of[3] is at variance with that of 
Kishimoto et al.[5], who give the physical interpretation of an energy-release rate to their path- 
independent integral for dynamically propagating cracks. It should, however, be pointed out that the 
path-independent integrals of Bui[4] and Kishimoto et al. [5] are slightly different from those of Atluri[3]. 
The principal difference between those of Atluri[3] and Bui[4] mainly stems from the fact that: (i) 
Atluri[31 uses a path that is fixed in space (thus, in the case of a finite body, the path is chosen such that 
a propagating crack-tip is at all times surrounded by this path which is fixed in space), while (ii) Bui 
considers a path of fixed shape that is traversing with the crack-tip (thus, to an observer moving with the 

crack-tip, the path appears to be fixed). On the other hand, the difference in the integrals of [3] and [5] is 
only in the nature of the mathematical form (as will be seen later). 

Among the objectives of the present paper are: (i) to directly show the relation between the 
path-independent integral of[31 and the dynamic energy release rate for a propagating crack, (ii) to 

derive explicit expressions for both the path-independent integral of [3] as well as the energy release rate 
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in terms of the time-dependent stress-intensity factors K,(t), K,(t), and Km(t) for a general mixed 
mode problem, and (iii) to show that the integrals in[5], even though slightly different in form as 
compared to those in[31, still do not have the meaning of energy-release rates ror propagating cracks; 
and (iv) since the relations between the integral in[3], on the one hand and those in [4] and [5] on the 
other are explicitly stated, it then follows that the integrals in [4] and [5] can be related (but not equal) to 
the energy-release rate, or the dynamic K-factors. 

In this paper we introduce a new path-independent integral which does have the meaning of 
energy-release-rate per unit crack extension for dynamically propagating crack. To start out with, in 
the present paper, we first summarize the general (eigen) solutions of the asymptotic fields near the tip of 
an elasto-dynamically propagating crack under combined Mode I, II and III conditions. In doing this, 
Radok’s[6] complex variable formulation of the dynamic plane-elasticity equation is slightly modified 
and also extended to the Mode III case. The eigen solutions, including the singular stress and the 
corresponding displacement fields, are explicitly expressed in a moving coordinate system which appears 
fixed to an observer moving with the crack-tip. Simple formulae for determining the stress-intensity 
factors from the complex potentials are also given. 

Next the dynamic energy release rates for all the three Modes I, II and III, are determined, in terms 
of the stress-intensity factors, using the singular stresses and the corresponding displacements, and the 
concept of crack-closure energy. 

Then, the path-independent integrals and the energy release rates are directly evaluated from the 
expressions given in[3], using the singular stress and the corresponding displacement fields obtained 
earlier. Useful formulae relating the path-independent integrals of]31 to the energy release rate on the 
one hand, and the dynamic K-factors on the other, are established. Discussions of the apparent 
contradictions in the physical interpretations of the path-independent integrals, for elasto-dynamically 
propagating cracks, as given in Refs. [3, 51 are presented. 

2. GENERAL SOLUTIONS FOR ELASTODYNAMICALLY PROPAGATING CRACKS 

We consider the dynamic propagation of a crack with a constant crack-tip velocity C in a linear 
elastic isotropic planar body. Let X and Y be spatially fixed Cartesian coordinates in the plane of the 
body, and 2 be the thickness coordinate of the body such that Y = 0 defines the plane of the crack. We 
assume that the fields of elastic displacement and stresses are independent of Z. Now we introduce the 
moving coordinate system x, y, z, which remains fixed with respect to the moving crack tip, such that 
x = X - Ct (see Fig. 1). It is now possible to reduce the boundary value problems of elastodynamics to 
problems of the complex variable method. As a result, the following expressions for the stresses and 
displacements can be derived [see, for instance, 61 

a, = -Re [(l+ 2/3,*- p2*)@‘(z1)+~‘(zJ1 (la) 

uy = Re [( 1 + p2*)@‘(z,) + V(z2)] (lb) 

oxxy = Im 2p,@‘(z,) + 
[ 

Q$Q v)(z*)] 
2 

a,, = Re WWI (14 

0 
uz = 

: plane stress 
V(U~ + uy) : plane strain 

pu = - Re [Q(zJ + WzJl 

(lf) 

(W 

p = Im [ P@(zJ + $ W2)] (2b) 
2 

w = Re KNz2)l @cl 
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Fig. 1. Coordinate systems for a propagating crack 

where @(z,), V(zJ and fI(zJ are complex potentials which are functions of the complex variables 
z, = x + i&y = rj e’“j(j = 1,2) where i = d- 1 and p,* = 1 - C2/Cd2; p2* = 1 - C’/C.: and Cd and C, are the 
dialational and shear wave speeds, respectively. The wave speeds depend on the material constants, and 
are given in terms of the shear modulus p, Poisson’s ratio Y and the mass density p by 

C2=K+1P 
d 

-- 

K-lp’ 
(34 

and 

K = 

( 

(3 - v)/(l + v): plane stress 
3-4lJ : plane strain. (3b) 

The complex potentials Q and 1I’ are related to the inplane motion of the crack which are separable 
into Mode I (opening mode) and Mode II (inplane sliding mode) crack problems. The complex potential 
R is related to only the antiplane motion of the crack or the so-called Mode III (antiplane mode) 
problem. 

The expressions related to the complex potentials Cp and q were originally obtained by Radok[6]. 
However, in the present paper, in order to simplify the formulation, Radok’s equations are modified as 
9 = l/2( 1 t j322)~. Thus, the expressions for the inplane motion may be referred to as the modified Radok 
equations. 

Now we seek the general solutions (eigen function solutions) for all the three modes, which satisfy 
the stress free condition uY = a,, = uYz = 0, on the crack surface (0 = 2 n). This stress free condition, in 
terms of the complex potentials, can be expressed by 

uy t icr,, = D@‘t D26,'tD3'P'+D4~'=0 

(4) 

gsz =-~(n~-n~)=Oate=e2=i71 (5) 

where (-) denotes the complex conjugate. The constants Di( = 1,2,3,4) are given by 

Dt= 1+P22+2&, D2= 1t/322-2p, 

D,+i!$@, D,+i!$@ (6) 
2 2 

We assume the complex potentials to be in a power series form, as: 

@(z,) = z A,zF = x (A,'+ iA,*)r, eiAnel 
” ” (7) 

(8) q(zJ = T B,z? = F (B,,” t iB,*)r* eirne2 
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iI = C Cnz+ = 2 (C,O+ iC,*)rZ eiAne2 (9) n n 

where h, are real eigen values which will be determined later. A,,, B, and C, are the undetermined 
complex constants, and A,’ and A,,*, etc. denote, respectively, the real and imaginary parts of the 
complex constant A,. Introducing eqns. (7)-(9) into eqns (4) and (5) one may find the following equations 
for the inplane motion 

e +iAng(D,A, + DqB,)te-'"n"(Dz& -t DAB,) = 0 (lOa) 

e miAn"(D,A,, t D,B,) + e+ihnn(D&, + D$,,) = 0 (lob) 

and for the antiplane motion 

(114 

e ibn c,, _ e+%n C,, = 0, (lib) 

For a non-trivial solution to exist, the determinant of the coefficient matrices for both the cases must be 
zero. Thus, we have 

e +A,n +- e -iAnn 

= 0. 
e - ih,rr k e +iA,ir (12) 

The above equation can be reduced to 

sin 27rh, = 0. (13) 

This leads to the eigen values of A,, = n/2 (n = 0, +l, 22, .). Since the negative eigen values give infinite 
displacements at the crack tip, the resulting plausible eigen values are 

A, = n/2 (n = 0, 1,2,3, . .). (14) 

The eigen value A,, = l/2 gives the singular stress field of order of l/X6, which is well known in the 
linear elastic fracture mechanics. It is also noted that the zero eigen value gives the rigid body motion. 
Incorporating these eigen values into eqns. (10) and (ll), one can find the following relations for the 
complex constants: 

B o = _ Q f (-U”Dz A o D, - (- l)“D, 
n D,+(-l)“D, II’ B”*=-D,-(-l)“D,An* (lSa, b) 

c, = (- l)“C,,. (16) 

The above relations are rearranged as 

B,‘= -h(n)A,‘, B,,* = --h(A)&* (1% b) 

where 

h(n) = 
2P,P2/(l + 022) : n odd 

i (1 + 022) : n even 

(18) 

(19) 

and A = n + 1, and C,’ are real undetermined constants. 
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The dynamic stress intensity factors can be defined by the following equations 

5 

KI = lim V27rr crv 
- I 

(20) 
r-0 B=O 

K,, = lim d2rr uXY (21) 
r-0 H=O 

K,,, = lim V2rr gYz . 
r4 H=O 

(22) 

Using the above equations, we obtain the following relations between the dynamic stress intensity 
factors and the constants. 

K,=_~~4PIB:-(l+P22)AU 
2(1-tP,z) ’ 

(23) 

(24) 

(25) 

Employing the new functions of the crack speed B,, B,, and BIII, the constants AZ, A,,* and C,’ are 
normalized as follows 

An=-(n+l)B (C)K’ 
n 

d2a 1 n 

A n * = (’ ti) B,,(C)K * 
V2?r n 

C + = (n fl’ BI,,(C)K + 
n V27r n 

(28) 

(26) 

(27) 

such that the coefficients with n = 1 give the dynamic stress intensity factors (K,” = K,, K,* = K,, and 
K,+ = KIII). The functions BM(C) : it4 = I, 11, III are defined by 

B,(C) = (l + b2) 
D 

BI,(C) = 9 

BdC) = f 
2 

(29) 

(30) 

(31) 

where D(C) = 4pIB2- (1 + p22)2. The equation D(C) = 0 is well known as the Rayleigh equation[7] and 
has the roots of C = 0 and C, (Rayleigh wave speed). 

Substituting eqns (26)-(28) into eqns. (7)-(9) the first derivatives of the complex potentials, which are 
needed in the evaluation of stresses, can be expressed as 

aqz,) = “SO y {-B,(C)K: t iBII(C)K,*}z’,“‘2’-’ 
7T 

(32) 
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(33) 

(34) 

The relations between the dynamic stress intensity factors and the complex potentials can be easily 
obtained through the observation of eqns. (32)-(34). Thus, 

-K&(C) + iKIIBrI(C) = lim V2nz, @‘(z,) (35) 
Z,+o 

KIIJ3rIl(C) = lim d2=z2 iQ’(zJ. (36) 
:,+O 

These forms may be convenient to determine the dynamic stress intensity factors when the complex 
potentials have been determined. 

Substituting eqns (32)-(34) into eqns (1) and (2), the general solutions (eigen solutions) can be obtained 
as 

UX!l = 
KnOBI n(n + 1) 

~ 
A& 2 

(1 + zp,‘- &?)rY’2)-’ 

+ K*BrI(C) n(n + 1) (1 + q3,2_ p22)rjn/2)-I 

Ihi 2 ( 
sin 5 - 1 0, - 2h(6)r?“‘2’-’ sin(!+- 1) 02] 

( > 
(37a) 

i 

gyn = 
K,oBI(C) n(n t 1) 

G!G 2 
-( 1 + p22)r~‘2’m’ cos 8, t 2h(n)r, WZ)-l c,,(- 1) HZ) 

t K,*&(C) n(n •t 1) 

V’T;; 2 t 

_ c1 t p22)r(n/2)-~ 
I sin g- 1 

( ) 
8, t 2h(A)r~‘2’-’ sin(t - 1) H?} (37b) 

UX,” = 
K,OB,(C) n(n t 1) 

t/G 2 
-2P,r~“‘~‘sin 

t K,*Bn(C) n(n + 1) 
+G 2 t +2P,r’l”“‘+os ;- 1 !g,- 

( ) 
(37c) 

u~xln = K+BdC) n(n t 1) r, (n/Z)- I 

sin 5-l e2:nodd 
( ) 

v’cr 2 - 
cos i-1 B2:neven 

( ) 

K,+&dC) n(n + 1) 
: n odd 

~,zll = 
t/z-;; 2 p2r1n’2)-’ 

-sin !-l 02:n even 
( ) 2 

1 0 
uz, = 

: plane strain 
~(a,, t uyn) : plane strain 

u, = K’,$(C)J~(n+1)(r~‘2cos~B,-h(n)r~’2cos~B,} 

(374 

We) 

(37f) 
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- sing O2 : n odd 

W” = K+;;(C) J; tn + 1j r;/2 . 

cosne2: n even. 
~ 2 

(38b) 

(38~) 

The Mode I eigen solution which is related to the constant Kz has been derived by Malluck[8] 

following the scheme employed by Rice[9]. However, it is noted that the present expressions for Mode I 
eigen solution differ from those of Malluck[8] in the coefficients including the number n. 

For Mode I problems, Nilsson[lO] has shown that both the differential equations and the boundary 
conditions for an arbitrarily moving crack coincide with those for the problem of steady growth. From 
this it was concluded that the angular distribution of the singular stress field is only dependent on 
instantaneous crack velocity. This conclusion can be easily drawn for the other fracture modes. 
Therefore, the general solutions given in eqns (37) and (38) are valid for all elastodynamic crack 
problems if we use the instantaneous values of crack velocity and coefficients including the stress 
intensity factors. 

The singular stress field and the corresponding displacement field are given by the n = 1 terms: 

I 
1 1 

cos- 0, cos- 02 
4PA 2 

U+z) (l+?p,~-p24+------ 
lr (1 t pz’> r:‘2 

/ 

+Kn$F -(1+2p,‘-822)--;fiTt(ltP?I)~ 
7T 

1 

sin! 8, sin! f12 

&B,(C) ! cos’ 8, cos’ 62 
UY =-L- 

d/271. 
-(1+/3,+- ___- 4PIP2 2 

r:‘2 + (1 + p,‘> ,;‘2 

&B,(C) 
a,, = - 

+G I sin! ff, 
i 

sin- f12 

2PI+-2P,+ 
r1 r2 1 

cos; 6, (1 + p 3 cos; 02 
2pliT-_L_ 

rl 332 ry2 

Cl XI = 

cyr = 

(394 

W-9 

WC) 

(394 

(394 



u2 = 

0 

I 
1 

cos- 0, 
Qp 2l@,?- p3. + 

IT rl 
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: plane stress 

W) 

+ KJJBJJ (c) I sin-! 8, 
2 

I//z;f 
-2v(P,Q?) .yI Ii? r : plane strain 

r;‘2 cos! ,_+ _ 2PlP* ,;/* cos! e2 

2 U+/%? 2 

r,/2Sin18 I 2’ _(l+p2*) 2 r:‘* sin- 1 2 O2 

w= KrJr&JJ(C) 

J 
2 r 112 . 1 

P 7T 
? sin, t$ 

i 

Wa) 

(4Ob) 

(4Oc) 

Although the complete singular stress and the corresponding displacement fields for all the three fracture 
modes are shown in a unified fashion in the present paper, many works concerned with the derivation of 
the stress field in individual modes can be found in literature. 

For Mode I crack propagation the present expressions for singular stress field coincide with those 
obtained by Rice[9], and the corresponding displacements agree with those obtained by Malluck[8]. For 
Mode II crack propagation, so far only the expressions for oX and oY have been presented in literature, by 
Freund [ 111. The present expressions for a, and uY coincide with those in Ref. [l 11. The expressions for the 
Mode III stress and displacement field coincide with those obtained by Burgers[l2]. Achenbach and 
Bazant [ 131 have investigated the singular stresses and displacements for all the three modes. However the 
solutions for stresses and displacements have not been given explicitly in Ref. [ 131. 

The general solutions expressed by eqns (37) and (38) contain the zero stress and rigid body motions 
(n = 0), the singular stresses and corresponding displacements (n = l), the constant stresses and linear 
displacements (n = 2), and the higher order terms (n 2 3). The general solutions can be incorporated in 
moving singular elements as was successfully done by the present authors[14-181. Also the general 
solutions are useful for determining the stress intensity factors by fitting the general solutions to finite 
element solutions. This was done by Malluck[8] and the present authors[l81. 

3. THE DYNAMIC ENERGY RELEASE RATES 

Since the complete general solutions for dynamically propagating cracks under general mixed mode 
conditions are known, as shown in the previous section, the relation between the energy release rate and 
stress intensity factor can be easily derived through the formula for the crack-closure energyLl91: 

(a,~ + u,,u + crY,w) dx. (41) 

Substituting eqns (39) and (40) into eqn (41), and decomposing the energy release rate into the 
corresponding fracture modes, the following relation may be obtained as 

G = GJ + G, + GrrJ (42) 
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where 

and 

GM = g A,(C) : M = I, II, Ill (43) 

A,(C) = PO - P;YD(C) Wd 

Am(C) = l/h. (UC) 

The variations of the functions with crack speed are shown in Figs. 2-4 along with the effect of 
Poisson’s ratio. For the limiting case as C-SO, the functions become: A,(O) = (K + 1)/4, A,(O) = 
(K t 1)/4 and A,,,(O) = 1. Thus, when the crack speed becomes zero, the relations expressed by eqns 
(42)-(43) reduce to those for a stationary crack. Similar results can be found in many separate works [ 10, 
20-221. Nilsson[lO] has shown that the Gr vs Kr relation is completely general for all elastodynamic 
crack problems. Since the only contributions to the integral in eqn (41) come from the singular part of 
stresses, the relations for all the three fracture modes shown in eqns (42)-(44) are valid for all general 
elastodynamic crack problems if we insert the instantaneous crack velocity. 

4. PATH INDEPENDENT INTEGRALS 

Recently Atluri[3] has derived a very general conservation law for elastic and inelastic solids. On the 
basis of this conservation laws, many types of path independent integrals, of relevance in fracture 
mechanics, were obtained in Ref. [3]. The following material constitutive properties were included in 
Ref.[3]: (i) finite and infinitesimal elasticity, (ii) rate-independent incremental flow theory of elastoplas- 
ticity and (iii) rate-sensitive behavior including elasto-viscoplasticity, and creep. In each case, finite 
deformations are considered, along with the effect of material acceleration, body forces and arbitrary 
traction and displacement condition on the crack face. The physical interpretations of each of the 
integrals were also explored. 

In the case of propagating cracks in elastodynamic fields, it was found[3] that the path independent 
integral given in[3] does not have the physical meaning of the energy release rate, but does still have the 
physical meaning of rate of change of the Lagrangean, of the solid in dynamic motion, per unit crack 
growth. 

Now we focus our attention to the problem of dynamic crack propagation in a linear elastic solid. 
The path independent integral derived by Atluri [ l] is given byt 

Jk = ljz [(W - T)n, - riUi,k] ds 
c 

= lim 
I Ed r+rc 

[(W - T)nk - tiUi,k] ds t 
I 

v-V $ (PhUi,k) dV 
< 

where W and T denote the strain energy density and the kinetic energy density, respectively, nj are 
direction cosines of the unit outward normal, ti(oijnr) is the surface traction and the definitions of the 
paths F,, F, Ic and the volumes V, V, are shown in Fig. 5. 

For convenience in the calculation of Jk, the last term of eqn (45b) can be rewritten as 

= piiiUi,k d V t Tnk ds. (46) 

tThe index nOtatiOnS are used in this section for convenience. Thus the following identities should be noted: X, = X, X2 = y, 
X3 = Z, UI = u, u2 = v, uj = w and UII = ax, (T,? = u YY, 

$In Eq. (45a) and henceforth ( ),k implies $ 
etc. where (XI, X3, X3) are the spatially fixed coordinates. 

‘ 
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Fig. 2. Crack speed function AI(C); plane stress. 
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Fig. 3. Crack speed function A,,(C); plane stress. 

When eqn (46) is substituted in eqns. (45a, b) we obtain, 

= lim 
I 

(Wnk - fiUi,k) ds + 
c+Jl rtr, 

piiiUi,k d V. 

(474 

(47b) 
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Fig. 4. Crack speed functions AU,(C) and E,,,(C). 

I-, = I-; + r; 

a(v-v, ) = r + r, -r, 

Fig, 5. Contours for the path independent integrals 

Equation (47b) is the “path-independent” integral given by Kishimoto et al.[5], even though its 
fundamental definition and equivalence to the limiting integral (47a) does not appear to have been 

stressed. 
It is worthwhile to study the limits of the integrals in eqns (47a) and (47b) in the limit E + 0. In the 

integral in (47a), both W and fiUi,k vary as (l/r) near the crack-tip. Thus the limit of the integral in (47a) is 
clearly seen to exist, if one considers r, to be a circle of radius c. For, then, W and tiUi,k vary as I/e on 
r,, and ds = ed8 on I’,. For similar reasons, the limit of the first integral in (47b) exists. On the other 
hand, since iii (material acceleration) varies as (rw3”) and Ui,k varies as (r-l”), the integrand in the second 
integral of (47b) is O(r-3. Thus, on first sight the limit of this integral does not seem to exist. Clearly 
since the integral in (47a) is equal to the sum of the integrals in (47b), the limit of the second integral in 
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(47b) must exist. The only way for this to happen is that the angular variation (i.e. with 0) of the term 
iiiUi,k is such that 

(47c) 

This has been verified by the present authors analytically using eqn (40) and some unpleasant algebra. 
It should be noted that the contour of the far-field integral appearing in eqn (45b), as originally given 

in[3], is fixed in space, and the crack-tip moves into this space-fixed contour. On the other hand, Bui[4] 
considers the far field contour I to be a rigid path surrounding the crack-tip and in translation at the 
same velocity v as the crack-tip, and V is the surface surrounded by I. With this in mind, the first 
component of the path-independent integral vector given in[4] can be written: 

Noting that V is the area between the crack-tip and I, and that ~jUj,l is O(r-‘) near the crack-tip, it can be 
shown? that: 

- lim 
I r-0 r. 

ptijUj,r Cnr dS. (48b) 

The last integral on the rhs of (48b) can be evaluated from the asymptotic (singular field near the 
propagating crack-tip: 

ti; = - CUi,,; -pLijUj,~CTl, ‘?l,plijlij =2Tn,. (48~) 

Using (48b) and (48~) in (48a), and comparing with (45b) we obtain: 

Jl*= [Wn,-Ujkn&~-TnJ+ 
I I 

~ i bfij~j,J ds + !‘,” J 2Tn, ds 
r r, 

= .I, + lim 
I 

2Tn, ds. 
l 4 r, 

VW 

(48e) 

Atluri[3] has also shown, from the first principles, that the energy release rate can be expressed by 

G = (Ck/C)Ck and Gk = vt 1 [(W + T)nk - fjni,k] dS (49a, b) 
I‘< 

where Ck denotes the component of the crack velocity in the & direction. Comparing eqns (45a, 47a, 
and 48d) and (49b) it is seen that 

.& = Gk -1im2 
I 

Tnk dS;& = Gk-lim f Tnk ds; J,* = G,. 
4 r * 4 r 

l 

(50-52) 

For stationary cracks in dynamic elastic fields the kinetic energy density T = l/2 ptiilii is nonsingular 
since tii is of the order of O(Y”‘). Thus, the last term of eqns (M-52) vanishes as I, shrinks into the crack 
tip. 

On the other hand, for a dynamically propagating crack the kinetic energy density becomes 
singular since tii has the order of O(r-I”) near the crack tip. This is easily shown from the evaluation of 

tThis result is due to Bui[27]. 
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the total time derivative pi = (aui/at) - C( aui/ax,) for a crack propagating in the XI direction, as derived in 
eqn (40). Since the last term of eqn (50) remains finite, it is clearly seen that Jk# Gk for dynamic crack 
propagation. This finding[3] is different from the conclusion drawn in the currently reported 
studies[5,23] in literature. The false conclusion drawn by the other investigators[5,23] can be attributed 
to the fact that they used the procedure by Achenbach[24] which was originally developed for the 
evaluation of the energy release rate in terms of the stress intensity factors. 

Now we present a path-independent integral Jk’ which is identically equal to Gk, and hence has the 
meaning of energy-release rate in dynamic crack propagation. To this end, we first observe that 

= 
f 

Tnk ds - 
I 

Tnk ds. (530) 
r+r, r, 

Likewise 

WI 

Thus, from eqns (47a, b and 53a) one may define a path-independent integral, such that, 

J; E Gk =hl 
I 

[(W i- T)nk - fiuj,k] ds 
c-0 r, 

[(W •I T)nk - til(i,k] ds f 
I 

[P&ni,k - T,k] dV. 
v-v, 

(54) 

Path-independence of the extreme rhs term of eqn (54) is evident, since, it can be easily verified from the 
elasto-dynamic equilibrium condition and eqn (53b) that: 

f 
[(W + T)nk - tiui,k] ds + f 1PfiiUi.k - T,kI dV 

rz+rCz vz-vl 

- 
f 

[(W + T)nk - tiui,k] ds c 0. (55) 
rI+rcl 

Now we seek the relations between the Jk integrals and the stress intensity factors. Suppose we 
consider a 2-dimensional problem wherein V, is a circular domain of radius E centered at the crack tip 
(see Fig. 5). From eqns (45a) and (49b), the components of J integral and strain energy release rate, 
respectively become: 

.fk = hm f +?i [(W - T)nk - fiUi,k]E d0 
c-0 -n 

(56) 

Gk = lim f iv [(W + T)nk - fjUi,k]E de 
r*O -?i (57) 

in which the direction cosine of the unit outward normal can be expressed as n, = cos 8 and n2 = sin 0. 
For the 2-dimensional problems the strain energy density takes the form 

W = & [(K + l)(o:, + IT&) - 2(3 - K)(T,,U22+ 8&] (58) 

where the material constant K is defined in eqn (3b). Putting eqns (39) and (40) into eqns (56) and (57) and 
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carrying out the integration gives the relations 

G1=-+A,,(C) (59b) 

Further details of the above derivations are given in Appendix 1. Equation (59a) (computed directly from 
eqn (57)) coincides with the G vs K relation (computed from crack-closure energy eqn (41)) as given in 
eqns (42) and (43). The following relations may also be convenient: 

JIM = GIMEM(C) : M = I, II, III (61) 

Jz = G&v(C) (62) 

where 

E,(C) = F,(C)/A,(C) (M = I, II, III and IV). (63) 

The functions AM(M = I, II, III) are given by eqn (44). The other functions of crack speed are listed 
below: 

F,(C) = Pdl - P:) 
48,-~~ltB2')*-4(P,-P*) 

(1-b P22) 
WC)}* a1 + P,N + p2) 

F,,(C) P2t1 - b2) 1 (1+ P,‘, 

IW31’ 
4p* - pz (1+ Pz’) - 4(P2 - PI) q(1 + p,)(l $ p*) 

Frrr (Cl = & 
1 

E,(C) = -!- (HP,3 

D(C) 
4PI-$(1tP2z)*-4(PI-P2) 

I d/(1 + PA1 + 02) I 

E&C) = L 
D(C) 1 

4P,-$(l+P23’-4(p?-P,) 
(1-t PA 

2 d/(1 + Pt)U + P*) I 

&I,(C) = ; 

AI,(C) = (PI - ,‘%l- ,h? i4b,h+ t1 + &)%2 •,- p, + /h) 

P(C)12 w1+ I%)(1 + P2) 

-W,‘)] 

F,,(C) = {4hfh + (l •,- h?2) t1 - p2*)(/h2 - ,%? 
2{D(CH2 d/(1 + PdU + Pd. 

(644 

(64b) 

(654 

(65b) 

(65~) 

(66) 

(67) 

The variations of the functions FM(C) (M = I, II, III) are shown in Figs. 6-8. The functions E&C) 
(M = I, II, ZZZ) are shown in Figs. 9, 10 and 4, respectively. Also the functions A,,(C), F,,(C), and 
Er,(C) are shown in Figs. 11-13, respectively. 
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Fig. 6. Crack speed function Fr(C); plane stress. 
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Fig. 7. Crack speed function F,,(C); plane stress. 
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Fig. 8. Crack speed function &I(C). 
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Fig. 9. Crack speed function l%(C); plane stress. 
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Fig. 10. Crack speed function &r(C); plane stress. 
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Fig. 11. Crack speed function A&C); plane stress. 
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Fig. 12. Crack speed function Frv(C); plane stress. 
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Fig. 13. Crack speed function E&C); plane stress. 
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For a stationary crack (C = 0), the above functions take the form: 

F,(O) = F,(O) = q, F&O) = 1 (68a) 

and 

E,(O) = E,,(O) = Em(O) = 1 (68b) 

A,,(O) = F,,(O) = q, E,,(O) = 1. (68c) 

Substituting eqns (68a-b) into eqns (60a) and (60b) respectively, we obtain 

J, = G, = e (K:+K:,)+I$ 

Jz = Gz = -e K&. 

(7la) 

(7lb) 

The above relations are the well known relations for stationary cracks in dynamic as well as static fields. 
The relation between & and I&, KI, and KIIl are given in Appendix 2. Finally, it should be mentioned 
that the equivalence Jk’ = Gk has also been verified numerically and these results will be reported in a 
companion brief note. 

The path independent integrals developed by Atluri[3] have also been successfully used in the studies 
of non-steady creep crack growth[2526]. 

5. CONCLUDING REMARKS 

For all the three fracture modes, the general solutions (eigen solutions) of near-tip fields for 
dynamically propagating cracks have been established using the complex potential method. As verified in 
Refs. [ 10,131, if we use the instantaneous crack velocity, the general solutions obtained in this study are 
valid in the vicinity of the crack tip for steady-state and transient crack propagation, and for propagation 
along straight and curved paths. The general solutions contain the zero stress and rigid body motion 
(n = 0), the singular stress and corresponding displacement fields (n = l), the constant stresses and linear 
displacements (n = 2), and the higher order terms (n 2 3). 

The complete expressions for the relations between the energy release rates and stress intensity 
factors were derived using the singular stresses and the corresponding displacements for all the three 
fracture modes. 

The path independent integrals Jk derived by Atluri[3] for dynamically propagating cracks can be 
very useful in dynamic fracture mechanics, for the numerical evaluation of the energy release rates and 
the stress intensity factors. In the present paper, the formulas relating to the path independent integrals 
Jk to the energy release rates on the one hand, and to the stress intensity factors on the other, were 
obtained through the singular stresses and the corresponding displacement field for all the three fracture 
modes. The application of the path independent integrals .Ik [3] to the finite element analysis of dynamic 
crack propagation will be published elsewhere. 

We have also introduced a new path-independent integral Jk’ which is strictly equivalent to the 
energy release rate Gk. Thus, as an alternative to using Jk one may directly use .Ik’. The essential 
difference is only one of numerical convenience. 
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APPENDIX 1 
The singular term of the order O(r-‘) in the kinetic energy density can be expressed by 

(Al) 

Thus, the integrations in the Jk integrals and the strain energy release rates expressed by eqns (56) and (57) require the estimation of 
the derivatives &j/&k. One of the advantages of using complex potential method is that the estimation of the derivative can be easily 
performed using the Cauchy-Riemann relations. From eqn (2), we have 

The complex potentials for singular stresses can be obtained from eqns (32)-(34): 

L42) 

(A3) 



in Tablr! i 



22 T. NISHIOKA and S. N. ATLURI 

Table 1. Necessary integration values in the estimation of Jo integrals and energy release rates /___I__-.. -__ T 

/ / j I 

where HI = A n2=-L-. H = 
T 

o+Bl) ' ( 1 i '4 ) ' 12 
2 (l+s,)(r+s,) 

and 

A ~~"(c)=(PI-B:)(I-Pz?) ~4PIP2t(l+P23*K~tBltP2~ 

IJWN2 2e1+ BI)(l+ 02) 

The path independent integrals .& also correlate to the energy release rates as follows: 

and 

A 

&r(C) = l+p? 
282 

I 6 

-Jz = G&i v(C) 

j$“cC) ;I4PIP?+ (I+ Pz%U + PI + Pz)- 2(1+ Pz3tlU + pI)(l+ P2) 

I4hPz + (I+ PI%0 + Pi + 82) - 4(1 f pzW(1+ P,)(l+ jzj 

The following relation can also be found: 

&(C) = &M(C) A&C) : M = I, ii, III, and IV 

(AlO) 

(All) 

(AU) 

(413) 

(Al41 

(A13 


