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Abstract 

In this paper we present a novel computational approach to predict the overall hyperelastic 

mechanical properties of ultralight cuboct cellular lattices made of brittle carbon fiber-reinforced 

polymer composites, such as the ones recently fabricated at the MIT Media Lab-Center for Bits 

and Atoms. These architected cellular composites, by combining both the specific features of 

composite materials used for each member, and by architecting the geometries of cellular 

structures, have introduced materials with mechanical properties filling gaps between the 

existing materials and the unattainable materials in the low-density region. For such new 

materials, we present a novel computational procedure whereby each member of the cellular 

composite material with an arbitrary cross section is sought to be modeled by a single nonlinear 

three-dimensional (3D) spatial beam element with 12 degrees of freedom (DOF). This will not 

only enable a very efficient homogenization of a repetitive representative volume element (RVE) 

of the cellular material; but also the direct numerical simulation (DNS) of a cellular macro-

structure with an arbitrarily large number of members. The anisotropic property of each of the 

carbon-fiber-reinforced composite members is considered by postulating a transversely isotropic 

material property relation between the components of the second Piola-Kirchhoff stress tensor 

and the Green-Lagrange strain tensor. By assuming the truss or frame-like behavior for the 

cuboct cellular composite, we study the nonlinear coupling of the axial, bidirectional-bending, 

and torsional deformations in an updated Lagrangian co-rotational reference frame for the large 

deformation analysis of the composite strut members. Then, we examine how the truss-like or 

frame-like behaviors of the cellular composite change as the thickness-to-length ratios of the 

strut members change. Since the cellular composite material is fabricated via the assemblage of 
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building blocks by mechanical interlocking connections, various composite materials can be 

fabricated by altering the quality of the lattice member-connections. The present methodology, 

by using the standardized Ramberg-Osgood function for the moment-rotation relation at the ends 

of adjacent members, enables tuning the appropriate flexibility for connections between the two 

extreme limits of the pin-jointed or rigid-jointed connections. Then, by utilizing a mixed 

variational principle, based on the local trial functions for generalized incremental second Piola-

Kirchhoff stress-resultants, and incremental deformations of each cellular member in the updated 

Lagrangian co-rotational reference frame, the tangent stiffness matrix of each member is derived 

explicitly, by accounting for the nonlinear flexible connections as well as the fully nonlinear 

coupling between the axial, twisting, and bidirectional-bending deformations of each spatial 

beam type member. Since local buckling may occur in a large number of members 

simultaneously, as well as the global buckling may occur of the lattice, to solve the system of 

algebraic equations, we employ the newly proposed homotopy methods (which avoid the 

inversion of the Jacobian matrix and require no special treatments near singular points), as 

opposed to the usual Newton-Raphson/Arc-length methods which involve the inversion of the 

tangent-stiffness matrix and require special treatments near singular points. We find that the 

relative initial tangent elastic modulus of the truss-like cuboct cellular composite is proportional 

to the relative density of the cellular material raised to a (3/2) power, which is in accordance with 

the recent experimental observations. It is shown that the bulk cuboct cellular composite material 

obeys a hyperelastic constitutive model at moderately large overall strains. The material 

parameters in Ogden’s hyperelasticity model are calculated using the Levenberg-Marquardt 

nonlinear least squares optimization algorithm. Last but not least, it should also be emphasized 

that the present approach provides the capability to optimize the geometrical architecture of the 

cellular composite material, each strut member’s cross section, and the nonlinear flexibility of 

connections at each joint, for each desirable application.  

Keywords: Architected Cellular Composite; Nonlinear Flexible Connections; Ogden’s 
Hyperelasticity Model; Nonlinear Coupling of Axial, Bidirectional-Bending, Torsional 
Deformations; Mixed Variational Principle; Homotopy Methods 

 

 

 



3 
 

1. Introduction 

Composite materials, by offering weight-efficient structures for desirable strength and stiffness 

have been widely used for the engineered systems such as aerospace structures [1]. For example, 

Ref. [2] designed efficient structures for aircraft fuselage applications using high-performance 

composite components. On the other hand, three-dimensional (3D) cellular architected materials 

have offered specific mechanical properties (stiffness, strength, toughness and energy 

absorption), and the emergence of novel manufacturing techniques has also enabled their 

fabrication. Researchers have found a variety of engineering applications for these cellular 

structures with lattice truss topologies including lightweight, compact structural heat exchangers 

[3] and blast resistant sandwich panels [4, 5]. Moreover, the actuation of members of such 

cellular materials enables them to deform arbitrarily, which makes them suitable for applications 

such as shape morphing, along with “smart-structural” concepts and active control [6, 7]. 

Consequently, these observations have opened up research fields to build cellular materials using 

fiber-reinforced composites. 

The application of fiber reinforced composites to build cellular materials with open-cell lattice 

topologies has introduced mechanical properties filling gaps between the existing materials and 

the unattainable materials in the low-density region of the Ashby’s chart [8-12]. Topologically 

structured cellular materials show mechanical properties which scale with the relative density of 

the open-cell lattices [5]. This scaling performance, which depends on the geometry of the 

nonstochastic lattice-based materials, follows a proportional law ∝  for ideal stretch-

dominated materials with (  being the initial elastic tangent modulus of the nonlinear bulk 

stress-strain curve of the lattice) high coordination numbers [13-15], a quadratic law ∝  for 

the ultralight architected cellular structures as well as carbon-based open-cell stochastic foams 

including carbon microtube aerographite and graphene cork [16-18], and a cubic scaling law ∝

 for aerogels and aerogel composites [19-21]. Recently, Cheung and Gershenfeld [22] 

extended stretch-dominated carbon-fiber-reinforced cellular composites to the ultralight regime 

with a scaling relation ∝ . .   

Cheung and Gershenfeld [22, 23] fabricated cross-shaped building blocks from carbon-fiber-

reinforced composite materials and reversibly connected them, like chains, to form volume-

filling cellular structures, Fig. 1. Building blocks were constituted of four conjoined strut 
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members to one locally central node. Strut members were integrating unidirectional carbon-fiber 

beams and looped carbon-fiber circular holes. Then, as shown in Fig. 1(a) building blocks were 

assembled using shear clips through the four coincident connection holes such that cubic lattices 

of vertex-connected octahedrons, called cuboct, were introduced, Fig. 1(b) [22]. They [22] 

examined lattice members with square cross section of width  and length  and tested only 

cellular lattices with slender strut members, ⁄ 0.1. The current study focuses to analyze 

the overall hyperelastic mechanical properties of these recently fabricated cellular composite 

materials from a new and novel computational approach. Since building blocks tile space to 

generate a cellular structure, we consider connections to be flexible. To this end, nonlinear 

rotational springs are introduced at the each of the member nodes. 

 

Fig. 1. (a) Cross-shaped building blocks and (b) carbon fiber–reinforced polymer composite cuboct lattice recently 
fabricated at MIT Media Lab-Center for Bits and Atoms by Cheung and Gershenfeld [22]. 

 

We use the repetitive representative volume element (RVE) approach to mimic the cuboct 

cellular structure. We seek to model each strut member of the cellular structure as a single 

nonlinear spatial beam finite element with 12 degrees of freedom (DOF). This will not only 

enable a very efficient homogenization of a repetitive RVE of the cellular material; but also the 

direct numerical simulation of a large macro cellular structure with an arbitrarily large number of 

members. By considering the frame-like behavior for the architected cellular composite material, 

the nonlinear coupling of axial, bidirectional-bending, and torsional deformations is studied for 

the large deformation analysis of the composite strut members in an updated Lagrangian co-

rotational reference frame, for the first time in literature. 



5 
 

As mentioned earlier, Cheung and Gershenfeld [22] explained that their fabricated cellular 

composites with 0.1 are stretch-dominated lattice-based materials. In the current 

methodology, we assume frame-like behavior for the cellular structure, consider the fully 

nonlinear twisting-bending-stretching coupling for each strut member, and also study whether 

the response of cellular material is frame-like or truss-like for 0.01 0.2. The anisotropic 

property of each of the carbon-fiber-reinforced composite members is included by considering a 

transversely isotropic constitutive relation between the components of the second Piola-

Kirchhoff stress tensor and the Green-Lagrange strain tensor in the co-rotational reference frame. 

Since the cellular composite material is fabricated by an assemblage of identical building blocks 

using shear clips, we account for the effects of flexible connections on the behavior of the 

material. What usually describes the behavior of the flexible connections is the moment-rotation 

relation at joints in such a way that the slope of this curve determines the instantaneous rotational 

rigidity of the connections. Therefore, an essential step in representing the flexible behavior of 

the connections is the consideration of an appropriate moment-rotation relation at the joints. 

Regarding the amount of forces at the connections, linear or nonlinear rotational springs can be 

incorporated. For example, when the magnitudes of moments are not small at the nodes, the 

structure may show different flexibilities with respect to the various loading conditions [24, 25]. 

Many models consisting of bilinear or trilinear functions [26], polynomial [27], exponential [24], 

and Ramberg-Osgood functions [28] have been proposed to approximate the behavior of the 

nonlinear flexible connections. The standardized Ramberg-Osgood function [28] for the 

moment-rotation relation employed by Ang and Morris [29] not only expresses efficiently and 

accurately the nonlinear behavior of the connection based on only three parameters and 

guarantees a positive derivative, but also accounts for the additional moment at the connection 

due to the ∆ effect [29]. Using the Ramberg-Osgood function, Shi and Atluri [25] presented 

a scheme to determine instantaneously the rigidity of the connections and showed the 

convenience and accuracy of the scheme for both static and dynamic analysis of space frames. In 

this study, we employ their proposed methodology in conjunction with an RVE approach to 

consider the effect of flexible connections on the overall mechanical properties of the cellular 

composite materials. It is noteworthy to mention that, in contrast to the previous work by Shi and 

Atluri [25] which used only the standard linear stiffness matrix, based on complementary energy,   

in the co-rotational frame for the tangent stiffness matrix, the current work derives explicitly the 
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tangent stiffness matrix under the considerations of the full nonlinear couplings of axial, 

torsional, and bidirectional-bending deformations. 

In the present study, we utilize a mixed variational principle [30], based on the assumptions of 

local trial functions for the generalized stress-resultants as well as deformations in each cellular 

member in the updated Lagrangian co-rotational reference-frame, to derive explicitly the tangent 

stiffness matrix of each member which undergoes nonlinear deformations, while  also accounting 

for the nonlinear flexible connections. Previously, Cai et al. [31] also employed a mixed 

variational principle [30] to calculate the tangent stiffness of space frames with only a very few 

macro members, while the present analysis is able to mimic cellular composite materials with 

RVEs consisting of an arbitrarily large number of strut members. On the other hand, they [31] 

employed Newton-type algorithm to solve the incremental tangent stiffness equations for only a 

few macro members. Newton-Raphson and arc-length methods appear to fail in the current study 

due to the fact that buckling occurs simultaneously or sequentially in many hundreds of members 

of the lattice undergoing large strains. As an alternative to Newton-Raphson and arc-length 

methods, we use in the present paper the recently developed iterative-type Newton homotopy 

methods to solve the tangent-stiffness equations when buckling may occur in hundreds of 

members simultaneously or sequentially. Liu et al. [32-34] and Elgohary et al. [35] have recently 

developed homotopy methods, which transform the original nonlinear algebraic equations into an 

equivalent system of ODEs. Employing this method, the equilibrated state of the lattice structure 

is calculated by iteratively solving the algebraic equations without the inversion of the Jacobian 

(tangent stiffness) matrix. Thus, no arc-length methods are needed in the present study, at 

singular points. 

In addition, an effort is devoted in the present paper, to study how the strain affects the tangent 

elastic modulus of the ultralight cellular composite. The strain energy density function and the 

tangent elastic moduli are calculated for cuboct cellular lattices with 0.01 0.2 undergoing 

large strain levels of about 15%. We obtain that the tangent elastic modulus is a nonlinearly 

strain-dependent function and, thus, the strain energy cannot be represented by a simple 

quadratic function of the strain. Hence, we employ the Ogden’s hyperelasticity model [36, 37] to 

fit the computed strain energies and to describe the mechanical behaviors of the architected 

material. Material parameters in such Ogden’s hyperelasticity models are calculated using the 
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Levenberg-Marquardt nonlinear least squares optimization algorithm adapted by Twizell and 

Ogden [38].  

The outline of the paper is as follows. First, a new computational approach is developed in 

Section 2 to predict the overall mechanical properties of cellular composite materials, such as the 

one recently fabricated at MIT Media Lab-Center for Bits and Atoms [22]. The validity of the 

presented methodology is first verified in Section 3. To this end, two different problems are 

solved: (1) the effect of joint flexibility on the behavior of T-shaped frame and (2) the behavior 

of a Toggle with nonlinear rotational supports. Then, the calculated results are compared with the 

corresponding results given in the literature. Section 4 is devoted to solving the computational 

models of the cellular composite materials with 0.01 0.2. The initial tangent elastic 

moduli of the bulk lattice, as calculated from the current approach are compared with the 

experimentally measured moduli by Cheung and Gershenfeld [22]. Furthermore, we model 

various cellular composites with different thickness-to-length ratios. Then, their calculated 

moduli are plotted on a map of initial tangent elastic modulus versus member aspect ratio in 

order to gauge the performance of these materials in terms of their geometry. In fact, the 

proposed methodology enables us to predict the relative initial tangent elastic modulus of the 

cellular composite material as a function of the member aspect ratio. Moreover, we study the 

variation of the strain energy density function and the tangent elastic moduli versus strain for 

both truss-like ( 0.08) and frame-like (0.08 0.2) cellular composites and investigate 

if they obey hyperelastic constitutive models. The Ogden’s hyperelastic model is fitted to the 

calculated strain energy density functions for both pin-jointed and rigid-jointed lattices and, then, 

the corresponding material parameters are calculated using the Levenberg-Marquardt nonlinear 

least squares optimization algorithm. Finally, the paper is summarized in Section 5. Appendices 

A, B, C, and D follow.   

      

2. The Present Computational Approach 

Throughout this section, the fundamental concepts governing the current approach are explained. 

Modeling of each cellular composite member by using only a single nonlinear spatial 3D beam 

element with 12 DOF is discussed in Section 2.1. First, the member generalized strains and 
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stresses are derived in the updated Lagrangian co-rotational reference by considering the 

nonlinear coupling of axial, bidirectional-bending, and torsional deformations. The member 

generalized stresses are calculated to account for the effect of the anisotropic properties of the 

cellular composite members. Next, the functional of the mixed variational principle 

corresponding to an RVE consisting of  spatial beam finite elements is obtained on the basis of 

the nodal generalized displacement vectors and the member generalized stresses. Then, the trial 

functions considered for the generalized stress and displacement fields are given in Section 2.1. 

The tangent stiffness matrix is derived explicitly in Section 2.2 utilizing the mixed variational 

principle in the co-rotational updated Lagrangian reference frame, while also accounting for the 

nonlinear flexible connections. The algorithm of solution, which is the Newton homotopy 

method, is also expressed in Section 2.3. 

 

2.1. Single 3D Spatial Beam Element corresponding to each Member of 

the Cellular Composite 

We propose to model each strut member of the cellular structure by using only one single 

nonlinear spatial 3D beam element with 6 DOF at each of the 2 nodes of the beam. The 

thickness-to-length ratio ( ⁄ ) of strut members plays a role on the truss-like or frame-like 

behavior of the cellular materials. Thus, we consider the nonlinear coupling of axial, torsional, 

and bidirectional-bending deformations for each beam element and study the response of the 

cellular architected material for 0.01 0.2. Using the current methodology, we find truss-

like behavior for 0.08 and frame-like behavior for 0.08 0.2. Cheung and 

Gershenfeld [22, 23] examined samples with ~0.05 0.1 and reported stretch-dominated 

response for these samples.  

A typical 3D spatial beam element of the cellular lattice with length  and arbitrary cross section 

is shown in Fig. 2. The positions of the member spanning between nodes 1 and 2 are defined in a 

fixed global reference with axes ̅  and the orthonormal basis vectors 	 1, 2, 3 . The initial 

undeformed state of the member is also described in a local coordinate system with axes  and 

base vectors 	 1, 2, 3 , Fig. 2. It is assumed that the nodes 1 and 2 of the member undergo 

arbitrarily large displacements, and rotations between the deformed and the undeformed states of 
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the member are arbitrarily finite. The local coordinates of the deformed member (current 

configuration) are determined by  according to the orthonormal basis vectors , 1, 2, 3 , 

as illustrated in Fig. 2. It is also assumed that deformations in the current coordinate system are 

moderate, and the local axial variation of , ⁄  is small as compared to the transverse 

rotations of ⁄ 	 2, 3 . The components of , 1, 2, 3, are the local displacements 

at the centroid of the member cross section along axis, 1, 2, 3, respectively. 

 

Fig. 2. A typical 3D spatial beam element of the cellular structure spanning between nodes 1 and 2, including the 
nomenclature of coordinates: global state, , undeformed local state, , and deformed local state, 	 1, 2, 3 . 

 

We consider that the member shown in Fig. 2 is under torsion  around axis and the 

bending moments  and  around  and axes, respectively, which result accordingly 

in the angle of twist  and the bend angles  and . The warping displacement due to the 

torsion  is considered to be independent of the variable , , , and the axial and the 

bending displacements at the centroid of the member cross section 0  are 

represented by  along ,  along , and  along directions, 

respectively. Therefore, using the normality assumption of the Bernoulli-Euler beam theory the 

following 3D displacement field is considered for each spatial beam element in the current 

coordinate system,  
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, , , , 

, , 	 ,                                                                                                  (1) 

, , 	 . 

The member generalized strain,  is determined based on the Green-Lagrange strain components 

in the updated Lagrangian co-rotational reference as follows   

Θ

, , ,

,

,

,

.                                                                            (2) 

The details how the Green-Lagrange strain components are calculated from the displacement 

field given in Eq. (1) are presented in Appendix A. The member generalized stress,  is 

calculated with respect to the member generalized strains,  based on the increments of the 

second Piola-Kirchhoff stress tensor,  as follows 

0

		

0

		

0

		

0
0
0

Θ

.                                                                  (3) 

The calculation of the components of the second Piola-Kirchhoff stress tensor accounting for the 

anisotropic properties of the constituent composite material is also included in Appendix A. 

	 , 1, 2,⋯ , 6 are the elastic tensor components of the constituent material in Voigt 

notation,  is the area of the cross section,  and  , 2,3  are the first moment and the 

second moment of inertia of the cross section, respectively; , , 

, , , and 	 .  

The functional of the mixed variational principle for an RVE consisting of  strut members (as 

shown in Fig. 2) is obtained in the co-rotational updated Lagrangian reference-frame,  based on 

the incremental components of the second Piola-Kirchhoff stress tensor and those of the 

displacement field, as well as the pre-existing Cauchy generalized resultants,  as below 

∑ , ,

Θ ,                                                                                                              (4) 
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where 				  is the initial member generalized  Cauchy stresses in the 

co-rotational reference coordinates , 			  is the total member 

generalized stress in the coordinates ,  is the nodal external generalized force vector in the 

global reference frame , and  is the incremental nodal generalized displacement vector in the 

coordinates . Computational details of Eq. (4) are presented in Appendix B. 

From Eq. (4), it is found that only the squares of ,  and ,  appear in the functional of the 

mixed variational principle. Therefore, the trial functions for the displacement field of each 

cellular member are assumed such that ,  and ,  are linear in each member. Consequently, 

transverse rotations among the lattice member are related to the nodal ones via 

1 0

0 1

0

0
.                                                                        (5)  

The nodal generalized displacement vector,  corresponding to each of the lattice members can 

be expressed in the updated Lagrangian co-rotational frame in terms of the displacement vectors 

at the member nodes, 	 1, 2   

,                                                                                                                           (6) 

where,  

.                                                                   (7) 

The nodal generalized displacement vector of the member,  is related to the vector  by 

0 0 0
0 0 0

0 1 0
0 0 1

0 0 0
0 0 0

0 0 0
0 0 0

0 0 0
0 0 0

0 0 0
0 0 0

			0 0 0
0 0 0

			0 1 0
0 0 1

.                                              (8) 

The trial functions for the incremental second Piola-Kirchhoff generalized stress field of each 

cellular member are assumed such that the member generalized stress is determined as below 
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1											0														0									0					0				0
0		 1 				 					0					0				0

0							0							0								1 				 			0

0							0							0												0										0					1

,                                                   (9) 

In the same way, the components of the initial member Cauchy generalized stress,  are 

determined 

,                                                                                                                                   (10) 

in which, 

					 .                                                                       (11) 

Subsequently, the incremental internal nodal force vector  for the strut member with nodes 1 

and 2 at the ends (as depicted in Fig. 2) is presented by  

					 					 					 ,                                               (12) 

which relates to  via the following relation   

	 ,                                                                                                                                     (13) 

with 

1 0 0				0 0 0
0 0 0				0 0 1
0 0 0				1 0 0
0 1 0				0 0 0
1 0 0				0 0 0
0 0 0				0 0 1
0 0 0				0 1 0
0 0 1				0 0 0

.                                                                                                        (14) 

The components of  correspond to the moments at the ith node, 1, 2, along axis, 

1, 2, 3, and those of  correspond to the axial force referring to the ith node.   

 

2.2. Explicit Derivation of Tangent Stiffness Matrix Accounting for 

Nonlinear Flexible Connections 

The use of the trial functions given in Section 2.1 into the Eq. (4), the functional of the mixed 

variational principle is rewritten in the co-rotational updated Lagrangian coordinates as follows,  
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∑ 	 	 	 ,   

                                                                                                                                                     (15) 

in which, 

,                                                                                                                                     (16) 

1
0
0
0
0
0
0
0

0
0
0
1⁄
0
0
0
1⁄

0
0
1⁄
0
0
0
1⁄
0

	

0
1
0
0
0
0
0
0

		

0
0
1
0
0
0
0
0

		

0
0
0
1
0
0
0
0

		

0
0
0
0
1
0
0
0

		

0
0
0
1⁄
0
0
0
1⁄

0
0
1⁄
0
0
0
1⁄
0

		

0
0
0
0
0
1
0
0

		

0
0
0
0
0
0
1
0

		

0
0
0
0
0
0
0
1

,                                                        (17)     

.                                                                                                                     (18) 

Invoking 0, the stiffness matrix, , for the elastic large-deformation analysis of cellular 

composite with rigid connections is derived explicitly as 

,                                                                                                                   (19) 

where, 

	 ,                                                                                                                       (20) 

	 ,                                                                                                                                   (21) 

	 ,                                                                                                                    (22) 

More details as how to calculate Eq. (15) and to derive the stiffness matrix,  are provided in 

Appendix C. In the following, we study to include the effect of nonlinear flexible connections on 

the explicit form of the stiffness matrix .  

The behavior of a nonlinear flexible connection can be modeled using a nonlinear rotational 

spring, the rotational rigidity of which corresponds to the slope of the moment-rotation curve. 

Therefore, a flexibly jointed lattice can be modeled as a collection of members connected with 

rotational springs at the ends of adjacent members. The moment-rotation relation based on the 

standardized Ramberg-Osgood function is described as  

Ҡ	

Ҡ	
1 Ҡ	

Ҡ	
,                                                                                                    (23) 
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in which,  is the relative rotation at the connection,  is the corresponding bending moment at 

the connection, and , Ҡ	 , and  are the three parameters describing the nonlinear behavior 

of the connection;  is a positive real number. Since the slope of the moment-rotation curve, , 

corresponds to the instantaneous rotational rigidity of the connection denoted by , it can be 

obtained by differentiating Eq. (23) with respect to the bending moment, ,  

Ҡ	

Ҡ	 Ҡ	
Ҡ	

																			 0.                                                                       (24) 

Consideration of the initial rigidity as , the general form of Eq. (24) for loading cases 

( 	 0) becomes 

Ҡ	| |
Ҡ	

.                                                                                                                      (25)   

It is considered that the incremental nodal rotations, ∆ ∗, at the ends of members in the co-

rotational local coordinate are composed of ∆ ∗∗ and ∆  which are, respectively, due to the 

elastic behavior of the member and the contribution of the rotational spring. Here, 1, 2 refers 

to the node, and 2, 3 refers to the direction along -axis. The increments of the spring 

rotations are also expressed as      

∆ 1
∆

											 2, 3, 1, 2,                                                                           (26) 

in which  is the instantaneous rigidity of the spring defined by Eq. (25). Considering ∆  as 

the variation of the incremental momentum along 	  at node , ∆ , the effect of the 

rotational spring at the end of the member can be represented by its incremental energy as 

follows   

∆ 	∆ ∗ 	 ∆ 	∆ ∗∗ 	 ∆ 	∆ ∆ 	∆ ,                  (27) 

∆ 	∆ ∗ 	 ∆ 	∆ ∗∗ 	 ∆ 	∆ ∆ 	∆ ,                  (28) 

Using the trial stress functions given in Eq. (9), the increments of the Cauchy stress resultants 

and stress couples in the co-rotational updated Lagrangian coordinate system become  

∆ ∆ ,                                                                                                                                  (29) 
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∆ 1 ∆ ∆ ,                                                                                      (30) 

∆ 1 ∆ ∆ ,                                                                                          (31) 

∆ ∆ .                                                                                                                                  (32) 

Substituting Eqs. (29-32) and (26) into the Eqs. (27) and (28) and considering the incremental 

forms for the energies due to the incremental uniaxial stretching, ∆  ( ∆ 	 ∆ 	 ) and due to 

the incremental twisting angle, ∆  ( ∆ 	∆ ), we obtain the following relation  

∆ ∆ ,                                                                                                                              (33)   

in which,                     

,                                                                                                              (34) 

for an arbitrary cross section, and  

.                                                                                                  (35) 

for a symmetrical cross section. The details for the calculation of , , and  are 

provided in Appendix D. Consequently, to obtain the stiffness matrix accounting for the 

nonlinear flexible connections,  in Eq. (19) must be replaced by the matrix  given in Eq. 

(34) for arbitrary cross sections or Eq. (35) for symmetrical cross sections. Therefore, the explicit 

expression for the stiffness matrix,  of the flexibly connected cellular composite undergoing 

large deformations is derived 

.                                                                                                                   (36) 
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2.3. Newton Homotopy Method 

After deriving the Jacobian matrix (stiffness matrix) the system of algebraic equations, 

, should be solved, determining the vector ∈  which is the displacement field of the 

equilibrated structure. Algorithms such as Newton-type iterative methods require to invert the 

Jacobian matrix, which becomes problematic for the study of complex problems when the 

Jacobian is nearly singular or severely ill-conditioned. Researchers over the past three decades 

have enhanced the Newton-Raphson methods and introduced other methodologies such as arc-

length which are commonly used in commercial off-the-shelf software such as ABAQUS. Liu et 

al. [32, 33] have newly proposed homotopy methods to avoid the inversion of the Jacobian 

matrix, which are simpler to use when the Jacobian is nearly singular. 

In the case of complex problems where buckling happens in a large number of strut members of 

cellular materials, Newton-type methods suffer from the accuracy of inverting the Jacobian 

matrix. In fact, these algorithms fail to converge by showing the oscillatory non-convergent 

behavior for such complex problems. While homotopy methods by introducing the best descent 

direction in searching the solution vector provide convergent solutions with the required 

accuracy. On the other hand, in contrast to the Newton-type algorithms which are sensitive to the 

initial guess, the scalar homotopy methods employed in the current study are insensitive to the 

guess of the initial solution vector. Moreover, their convergence speed has been validated in the 

literature [34, 35].  

Liu and Atluri [32] developed a fictitious time integration method in the form of a system of 

nonlinear first order ODEs as 

,                                                                                                                    (37) 

in which  is a nonzero parameter and  is a monotonically increasing function of . In their 

proposed approach, the term ⁄  results in speeding up the convergence. Later, Liu et al. [33] 

proposed a scalar homotopy method transforming the original nonlinear algebraic equations into 

an equivalent system of ODEs. Considering a fictitious time function , ∈ 0,∞ , they [33] 

presented a generalized scalar Newton homotopy function  

, ‖ ‖ ‖ ‖ 0,                                                                             (38) 
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where  is the fictitious time and  is a monotonically increasing function of  which satisfies 

0 1 and ∞ → ∞. Multiplying both sides of Eq. (38) by , differentiating with 

respect to , and considering  result in 

‖ ‖ 	. 0,                                                                                      (39) 

here  is the  Jacobian matrix defined by ⁄ 	 , 1,⋯ , . To transform the 

original nonlinear algebraic equations to ODEs,  is considered as  in which λ is a scalar, 

and there are a variety of choices for the driving vector  such as . Finally, the general 

form equation for the scalar Newton homotopy methods is obtained 

‖ ‖
.                                                                                                                  (40) 

Therefore, the original algebraic equation is solved by numerically integrating the equivalent 

dynamical ODEs or discretizing it using the forward Euler method and obtaining the general 

form of the iterative Newton homotopy methods as 

∆ 1
‖ ‖

,                                                                                         (41) 

where, 1 1. 

   

3. Verification 

To verify the efficiency and accuracy of the current methodology, the response of the T-shaped 

frame and the toggle problem with nonlinear flexible connections are calculated and compared 

with other solutions available in the literature.   

 

3.1. Joint Flexibility on the Behavior of T-Shaped Frame 

In this section, a T-shaped frame with nonlinear flexible connections is studied. The frame is first 

subjected to the load sequence 1, Fig. 3(a) and, then, is subjected to the load sequence 2, Fig. 

3(b). The geometry of the frame members and the site of the flexible connections are also shown 

in Fig. 3. The nonlinear behavior of the flexible connections is determined by the moment-

rotation relation given in Fig. 4. Using the current methodology, the variation of the rotation-to-

vertical displacement ratio, ⁄  at the point  corresponding to the point load  at the point  is 
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calculated for both flexible and rigid connections and plotted in Fig. 5. It is obvious that further 

deflection happens for the frame with flexible connections as compared to the case with rigid 

connections. For the purpose of comparison, the corresponding results for both rigid and flexible 

connections given by Shi and Atluri [25] are also included in Fig. 5. As it is seen, there is a good 

agreement between the results calculated from the present computational approach and those 

presented in [25].    

  

                         (a)  The first sequence of loading                                           (b) The second sequence of loading 
Fig. 3. Geometry of T-Shaped frame and its loading conditions. 
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Fig. 4. Moment-rotation relation describing the behavior of flexible connections.  

 

 

Fig. 5. Change of the rotation-to-vertical displacement ratio with respect to the vertical point load at point A 
illustrated in Fig. 3. 

 

3.2. Behavior of a Toggle with Nonlinear Rotational Supports 

Throughout this section, the effect of the nonlinear connection flexibility on the behavior of a 
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rotation relation shown in Fig. 7 is employed at the supports of the toggle. Subsequently, the 

response of this toggle under the point load  located at the vertex of the toggle is studied. The 

deflection of the vertex versus the point load is depicted in Fig. 8. For the sake of comparison, 

the behavior of the toggle with rigid supports is also included in Fig. 8. As it is seen, the load-

deflection behavior of the toggle with flexible supports shows considerably more deflections in 

comparison with that of the toggle with rigid supports. In addition, in Fig. 8 both calculated 

results corresponding to the flexible and rigid connections are compared with the numerical 

solutions given by Chen and Lui [24] obtained using their developed computer program 

(PFAPC) [39]. It is observed that both sets of results compare favorably with the corresponding 

results presented in [24, 39].  

 

 

Fig. 6. The geometry of the toggle, location of the nonlinear flexible connections, and loading. 
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Fig. 7. Moment-rotation relation describing the behavior of flexible connections.  

 

 

 

Fig. 8. Load-deflection curve at the vertex of toggle.  
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4. Cuboct Carbon-Fiber–Reinforced Cellular Composite Material 

Throughout this section, we present a computational approach to predict the bulk properties of a 

3D cellular lattice, consisting of individual members made of carbon fiber-reinforced polymer 

composite, recently fabricated at MIT Media Lab-Center for Bits and Atoms [22]. The lattice 

members have square cross section  and length . Furthermore, we investigate the 

hyperelastic bulk behavior of the ultralight cellular composite, while each member may be a 

brittle uniaxial fiber reinforced composite. The unconstrained Ogden-type hyperelastic model is 

utilized to describe the bulk mechanical response of the cuboct cellular composite under tensile 

loading. Using the current methodology, the strain energy density is calculated and, then, the 

material parameters in Ogden’s hyperelasticity model are determined by fitting to the calculated 

results.  

To generate a volume-filling lattice structure, Cheung and Gershenfeld [22] fabricated many 

small cross-shaped building blocks assembled by mechanical interlocking connections. Each 

building block constitutes four conjoined strut members to one locally central node where a shear 

clip is inserted after the assemblage of all blocks. Strut members are composed of unidirectional 

fiber composite beams and looped fiber load-bearing holes. The building blocks are reversibly 

linked at these holes, like chains, to form a cubic lattice of vertex-connected octahedrons, called 

cuboct [22]. Cheung and Gershenfeld [22] defined the relative density ⁄  of the cuboct 

cellular composite material as the summation of the relative density of the strut members 

⁄ ∝ ⁄  and that of the connections ⁄ ∝ ⁄ . Where,  is the mass of 

the lattice divided by the total bounding volume, and  is the mass of the lattice divided by only 

the volume of the constituent solid material. The connection and the strut members contribution 

constants (  and ), which are determined based on the lattice geometry, were considered as 

3 2√2⁄  and 3√2, respectively [22].  

Since the 3D open-cell composite material is generated by reversible assemblage of building 

blocks [22], it is worthwhile to first consider that the lattice members are flexibly connected and 

then study how the thickness-to-length ratio of the strut members affects the flexibility of the 

lattice. In the following, we study the effect of flexible connections in conjunction with different 

member aspect ratios on the overall mechanical properties of the cellular composite material. 
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First, the overall initial tangent elastic moduli,  of a series of cellular composites tested by 

Cheung and Gershenfeld [22] are calculated using the current methodology and compared with 

the corresponding experimental results reported in Ref. [22]. Cheung and Gershenfeld [22] tested 

samples with the aspect ratio about 0.05 ( ⁄ ~0.05) and considered two different Young’s 

moduli for the constituent composite material, 37 and 71	 . They explained that these 

lattice-based composite materials with 0.1 are stretch-dominated [22]. To study their 

experimental observations, we model cellular structures with various thickness-to-length ratios, 

0.01 0.2, and three different  ( , 1.5 , and 2  where 37	 ), 

change the flexibility of connections from rigid to pinned, and perform a complete nonlinear 

analysis up to a  large overall strain level of about 15%, to calculate the tangent modulus of 

elasticity. We find that for the cuboct cellular composite with 0.08 and , 1.5 , 

and 2 , there is no considerable difference between the overall modulus of elasticity of the 

material with either rigid or pinned connections, which is consistent with the stretch-dominated 

behavior observed by Cheung and Gershenfeld [22]. We obtain that for these cuboct composite 

samples with 0.08, the relative initial tangent elastic modulus ( ⁄ ) depends only on the 

member aspect ratio ( ⁄ ), ⁄ , and predict the function  using the method of 

least squares. We also study the nonlinear response of cellular composite samples with 0.08

0.2 and find that their overall elastic moduli change considerably by changing the flexibility 

of connections from rigid to pinned ones. Therefore, using the present approach, it is obtained 

that cuboct cellular composites with 0.08 show truss-like behavior while those with 0.08

0.2 exhibit frame-like response. Finally, the variation of the initial tangent elastic modulus 

and the strain energy of the low-mass cellular composites are studied with respect to the 

variation of loading. Subsequently, the hyperelastic response of the cellular composite materials 

is investigated using the Ogden model, and the fitted material parameters are calculated.     

 

4.1. Truss-like and Frame-like Behaviors of Cuboct Cellular Composites: 

Comparison with Experimental Results            

Cheung and Gershenfeld [22] examined 4 4 4 cuboct samples with the characteristic 

dimension of the repeating cell defined as pitch, 5.1	 . Since  is proportional to the 
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length of the lattice member, , it is calculated to be 0.9	  ( 4√2	  for a 4 4 4 cuboct 

sample). Then, employing the amounts of  and  given in Ref. [23] into the relative density 

equation, ⁄
√

3√2	 , the amounts of ⁄  corresponding to the values of the 

open-cell lattice density, , are calculated, resulting in the calculation of the width of the square 

cross section. We use the above-mentioned approach to calculate the length and the width of the 

lattice members for each value of the lattice density and, then, simulate 1 1 4 cuboct 

samples with periodic boundary conditions along  and axes. As shown in Fig. 9(a), the 

RVE is composed of 21 nodes and 48 elements. The dimension of the strut member is also 

displayed in Fig. 9(b). To calculate the elastic modulus of the ultralight cellular composites, 

nodes on both top and bottom sides of RVE are loaded under compression. 

 

                                                                     (a)                                                    

Fig. 9. (a) 1 1 4 RVEs including 21 nodes and 48 elements and (b) strut member geometry. 

 

(b) 
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As it is well-known, the relative initial tangent modulus of elasticity of cellular materials ( ⁄ ) 

depends on their relative density ( ⁄ ) [5]. For the samples modeled using the present 

approach, the relative density is proportional to the square of the member aspect ratio, ⁄

3√2	 . Therefore, we first seek to show that the relative elastic moduli of cuboct cellular 

composites depend only on the thickness-to-length ratio of strut members. To this end, cellular 

composite structures with different length,  and width,  of strut members but the same member 

aspect ratio, ⁄  are modeled, and their overall initial tangent elastic modulus,  for 

different Young’s modulus of the constituent composite material,  are calculated and tabulated 

in Table 1. As is found from Table 1, similar values of  lead to similar initial tangent elastic 

moduli, ⁄ . 

 

Table 1.  Initial tangent elastic moduli for cellular composites with different member aspect ratios, computed using 

the current computational framework. 

	  	  /  ⁄  

0.1657 5.6870 2.9137 10  3.9905 10  

0.1485 5.1000 2.9118 10  3.9878 10  

0.1657 3.6060 4.5951 10  9.9465 10  

0.2409 5.1000 4.7225 10  9.9732 10  

0.1657 4.0000 4.1425 10  8.0749 10  

0.2113 5.1000 4.1425 10  8.0808 10  

0.1657 5.5000 3.0127 10  4.2616 10  

0.1536 5.1000 3.0127 10  4.2543 10  

0.1657 6.0000 2.7617 10  3.5843 10  

0.1408 5.1000 2.7617 10  3.5692 10  

 

Next, the initial tangent elastic moduli of the ultralight cellular composite materials examined by 

Cheung and Gershenfeld [22] with ⁄ ~0.05 and 37	  are calculated using the current 

computational methodology and compared with the corresponding experimental results in Table 

2. As is seen from Table 2, there is an excellent agreement between computational and 
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experimental results. Moreover, it is found from Table 2 that there is no notable differences 

between our calculated initial tangent elastic moduli for the composite lattices with either pinned 

or fixed connections. This observation verifies the truss-like behavior of these lattice-based 

composites with ~0.05, which is in accordance with the stretch-dominated behavior observed 

experimentally in Ref. [22].      

 

Table 2. Comparison between results calculated from the current methodology and corresponding experimental 

results reported by Cheung and Gershenfeld [22]. 

Initial Tangent Elastic Modulus (GPa) 

/  Present Study Experiment (Ref. [22]) 
Pinned 

Connections 
Rigid 

Connections 

4.6995 10  1.8729 10  1.8731 10  1.4190 10  

4.7127 10  1.8839 10 1.8842 10 1.4080 10  

4.7226 10  1.8919 10  1.8921 10  1.4760 10  
4.7456 10  1.9116 10 1.9118 10 1.4430 10  
4.7522 10  1.9171 10  1.9173 10  1.4300 10  

 

To investigate how the thickness-to-length ratio ( ) of the cuboct lattice member affects the 

truss-like or frame-like behavior of the composite lattice, we model the cuboct cellular 

composites with 0.05, 0.08, 0.1, 0.15, and different Young’s moduli of the constituent 

composite material 37, 55.5, 74	  for both rigid and pinned connections. To this end, 

2 2 2 RVEs consisting of 36 nodes and 96 elements with periodic boundary conditions 

along  and axes are considered. To calculate the overall initial tangent elastic modulus of 

the cellular composite material, the tensile loading is applied at the nodes on both top and bottom 

faces of the sample as shown in Fig. 10.  
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Fig. 10. 2 2 2 RVEs including 36 nodes and 96 elements. 

 

The nonlinear large deformation analysis of cellular composites with 0.05, 0.08, 0.1 and 

0.15 results in the tangent moduli of elasticity given in Figs. 11(a-d), respectively. For each case 

of , three different  ( , 1.5 , and 2 ) are examined, and the corresponding results are 

included in Figs. 11  through , respectively. Note that, for each set of  and 

, both pinned and fixed connections are studied. From the responses of cellular composite 

structures exhibited in Figs. 11  and , the lattices with 0.08 can be introduced 

as truss-like structures due to the negligible differences between the behavior of materials with 

fixed and pinned connections. Although Figs. 11  and  corresponding to 0.08 

show considerable differences between the responses of material with fixed and pinned 

connections. Therefore, cuboct cellular composites with 0.08 0.2 can be considered as 

frame-like structures. The change in the values of the tangent elastic moduli by changing 

connections from fixed to pinned for the strain levels 1% and 15% are also included in Figs. 

11 . As is expected, consideration of the pinned connections leads to the smaller 
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values of the overall elastic moduli for the cellular composite in comparison with the rigid 

connections.  
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(b) 0.08. 
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(c) 0.1. 
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(d) 0.15. 

Figs. 11 . Change of the elastic modulus versus strain for various cuboct cellular composites with 
different aspect ratio, various Young’s moduli of the constituent composite material, and the different fixed/pinned 

connections. 
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From Figs. 11 , it is seen that the tangent elastic modulus increases by rising strain 

until a critical strain level and, then, drops by going beyond the critical level. This critical strain 

level is calculated to be nearly 8	~	9.5%. This phenomenon has also been observed in single 

wall carbon nanotubes (SWNT) with the critical strain about 4	~	6% for the armchair tubes and 

10	~	20% for the zigzag tubes [40]. For more illustration, the stress-strain curve which has been 

used to calculate the tangent elastic modulus given in Fig. 11  is presented in Fig. 12. The 

initial tangent, the maximum tangent and the tangent at 14.1296% to the stress-strain graph 

are also included in Fig. 12. 

 

Fig. 12. Stress-strain curve corresponding to the cuboct cellular composite with 0.15 and .   
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elastic modulus for each value of  is calculated as 
.

. Next, using the method 

of least squares, we can explain that the average of the relative initial tangent elastic moduli of 

cuboct cellular composite materials with truss-like behavior, varies as a function of ⁄ , by the 

relation, ⁄ 0.2839	 	0.4445	 	0.0018	 	0.00002. Utilizing this regressive 

function, the sum of squared errors (SSE) for ⁄ , 1.5⁄ , and 2⁄  are calculated as 

1.6622 10 , 9.1883 10 , and 2.2487 10 , respectively. Since for the 

simulated samples ⁄ 3√2	 , we find that the relative initial tangent elastic moduli 

⁄  of the cuboct composite lattices with 0.08 depend on the relative density ⁄  by 

an exponent of , such that ⁄ ∝ ⁄ . , which is in accordance with the findings of 

Cheung and Gershenfeld [22] when they considered that the relative density of the cuboct 

cellular composite is only proportional to the square of the beam aspect ratio, namely ( ⁄ ∝

).  

 

Fig. 13. Overall initial tangent elastic modulus as a function of . 
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way that the slope of the moment-rotation curve presents the flexibility of connections. 

Subsequently, the regression equation explaining the relative initial tangent elastic modulus of 

the cellular composite material versus the aspect ratio of members can be obtained using the 

present method for the interval from fixed to pinned connections.  

 

4.2. A Hyperelastic Description of Cellular Composite Material with 

Architected Structure  

From Figs. 11  presented in Section 4.1, it is found that the cuboct cellular composite 

material behaves as a hyperelastic solid. This observation is consistent with the experimental 

observations reported by Cheung and Gershenfeld [22]. Since the tangent modulus of elasticity 

(Figs. 11 ) depends nonlinearly on the strain, the strain energy will not be a perfect 

quadratic function in . This fact clearly indicates that the ultralight cellular composite is a 

hyperelastic material and cannot be simply described by linear elasticity. Subsequently, we 

propose to employ Ogden’s hyperelasticity model to fit a strain energy function and to describe 

the mechanical response of the cellular composite material. Levenberg-Marquardt nonlinear least 

squares optimization algorithm [38] is used to calculate the material parameters in Ogden’s 

hyperelasticity model [36, 37].  

To study how the rigidity of the strut connections changes the strain energy density,  of the 

cellular composite material, the stress work densities corresponding to two different samples 

with 0.05 and 0.15 are represented by the area under the stress curve,  in the -

diagram. For both samples ( 0.05 0.08 and 0.15 0.08) both extreme cases 

consisting of pin-jointed members as well as rigid-jointed members are studied, and two different 

Young’s moduli of the constituent composite material with 37	  and 2

74	  are examined. The calculated strain energy function of the sample with 0.05 for 

both pinned and fixed connections is given in Fig. 14(a) corresponding to  and in Fig. 

14(b) corresponding to 2 . The strain energy function of the sample with 0.15 is also 

exhibited in Figs. 15(a) and (b) corresponding to  and 2 , respectively.  
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                                       (a)                                                                                                                (b)  

Fig. 14. Elastic strain energy density, U of the cuboct cellular composite with 0.05 versus tensile strain, (a) 
37	 , (b) 74	 . 

 

                                    (a)                                                                                                             (b) 

 

Fig. 15. Elastic strain energy density, U of the cuboct cellular composite with 0.15 versus tensile strain, : (a) 
37	 , (b) 74	 .  
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In the following, we fit Ogden’s hyperelasticity model to the calculated strain energy density 

functions and obtain the material parameters. The strain energy function of an isotropic elastic 

solid depends on the strain only through the principal stretches ,  and  [36, 37]. The 

Ogden unconstrained form of strain-energy potential based on the principal stretches is as [37] 

∑ 3 ∑ 1 ,                                                           (42) 

where, , , and  are the material parameters, and  is the Jacobian of deformation. 

Twizell and Ogden [38] adapted the Levenberg-Marquardt nonlinear least squares optimization 

algorithm to calculate the material constants in Ogden's strain energy density function. It is 

assumed that  different values are available for the strain energy density function ( ,

1,⋯ , ) at the  different principal stretches ( , 1,⋯ , ). The least squares criterion 

requires that  

∑ ∑ 3 ∑ 1 ∑ ,            (43) 

be minimized, in which,  is obtained by taking  terms, and  is the error in . Twizell and 

Ogden [38] implemented the Levenberg-Marquardt algorithm to minimize  and obtain the 

optimal values of the material parameters , , and 	 1,⋯ , . If the material parameters 

are introduced by a vector  

				⋯		 ,                                                                                  (44) 

the Levenberg-Marquardt algorithm calculates the vector  at 1 th iteration from the 

vector  at th iteration using the equation 

,											 0, 1, 2,⋯,                              (45) 

in which, 0, 1, 2,⋯  is an arbitrary parameter, 	⋯					  is the errors 

vector, and  is the identity matrix of order 3 . The matrix  is the first derivatives of order 

3 , the elements of which at the rth iteration are calculated as [38] 

,			 1,⋯ , ; 1,⋯ , 3 ; 0, 1, 2,⋯ .                                              (46)   
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We employ the nonlinear least-squares curve fitting of lsqnonlin in the Optimization Toolbox of 

MATLAB [41], choose the levenberg-marquardt method as the option for the iterative algorithm, 

and do not impose upper and lower bounds on the material parameters which should be 

identified. The set of optimal parameters for 1, 2 is calculated for both truss-like (

0.05) and frame-like ( 0.15) cellular composites and tabulated in Tables 3 and 4, 

respectively; the mean squared errors (MSE) are also included. For the frame-like case, the 

optimal material parameters corresponding to both pin-jointed and rigid-jointed connections are 

calculated and compared in Tables 4(a) and (b). Moreover, the effect of the Young’s modulus of 

the constituent composite material,  on the Ogden’s material properties is studied by 

considering two different ,  and 2 . For further illustration, the Ogden curves 

are also compared with the present calculated results in Figs. 16 and 17. Figs. 16(a) and (b) 

correspond to 0.05 with  and 2 , respectively. Fig. 17 presents the results 

corresponding to the sample with 0.15, pin-jointed connections, 2 , and the largest 

MSE (7.1275 10  for 1 and 6.2775 10  for 2) in comparison with other 

samples studied through this section. As it is seen from Figs. 16 and 17, good correspondence is 

obtained between Ogden models and the present results.  

 

Table 3. Set of optimal material parameters in Ogden's strain energy density function for a cuboct cellular composite 
with truss-like behavior.  

 = 0.05 

 2  
M=1 M=2 M=1 M=2 

 2.2567 10  1.8120 10  4.5350 10  4.1068 10  
 4.1365 4.0000 4.1401 4.1035 
 6.1102 10  8.6147 10  3.0430 10 8.0051 10  
 ------- 1.9810 10  ------- 1.9723 10  
 ------- 3.1700 10  ------- 3.6723 10  
 ------- 9.7570 10  ------- 1.0556 10  

MSE 3.7598 10  2.9385 10  1.2609 10 8.5165 10  
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(a) 
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(b) 

Fig. 16. Calculated strain energy density fitted to the Ogden's strain energy density function for a cellular composite 
with architected structure and truss-like behavior: (a)  and (b) 2 .  

 

Table 4. Set of optimal material parameters in Ogden's strain energy density function for a cuboct cellular composite 
with frame-like behavior: (a)   and (b) 2 .   

Table 4(a) 

   = 0.15

Pin-jointed Rigid-jointed 

M=1 M=2 M=1 M=2 

 2.0512 10  2.0396 10  2.1505 10  2.1412 10  
 4.1411 4.1390 4.1442 4.1425 
 6.7295 10  5.7737 10  6.4238 10  5.7409 10  
 ------- 1.4709 10  ------- 1.4671 10  
 ------- 6.1741 10  ------- 6.6291 10  
 ------- 3.9537 10  ------- 5.2480 10  

MSE 2.4171 10  2.1829 10  1.0444 10  9.7222 10  
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Table 4(b)  

   = 0.15
Pin-jointed Rigid-jointed 

M=1 M=2 M=1 M=2 

 4.1015 10  4.0713 10  4.3050 10  4.2973 10  
 4.1441 4.1413 4.1450 4.1443 
 3.3679 10  2.8010 10  3.2094 10  3.0640 10  
 ------- 6.3457 10  ------- 5.0465 10  
 ------- 1.0913 10  ------- 1.0684 10  
 ------- 1.6113 10  ------- 6.5466 10  

MSE 7.1275 10  6.2775 10  3.8310 10  3.7214 10  

 

 

  

Fig. 17. Calculated strain energy density fitted to the Ogden's strain energy density function for a cellular composite 
with architected structure, pin-jointed connections, and 2 .  
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5. Summary 

Lightweight cellular composite materials recently fabricated at MIT Media Lab-Center for Bits 

and Atoms have been introduced as an elastic solid with an extremely large measured modulus 

for an ultralight material [22]. One of the novel applications of these architected cellular 

composites is in adaptive structures, where certain members behave as actuators and control 

precisely the global shape of the structure. In this paper, we proposed a nearly exact and highly 

efficient methodology to study low-mass composite systems with architected cellular structures 

composed of anisotropic members with nonlinear flexible connections. The validity of the 

current computational approach is studied by solving two different problems, T-shaped and 

toggle frames with nonlinear rotational connections/supports, and comparing with the available 

results in the literature. Moreover, 1 1 4 repetitive RVEs with periodic boundary conditions 

along  and directions are modeled to mimic the 4 4 4 cuboct cellular composites 

fabricated by Cheung and Gershenfeld [22]. Using the present approach, their overall tangent 

elastic moduli are calculated and compared with the experimental results, and a good 

correspondence is observed between the calculated results and the experimental measurements. 

Further evidence for the validation of the present computational framework is provided by 

seeking the truss-like behavior of cuboct cellular composites, observed experimentally for the 

thickness-to-length ratio ( ⁄ ) of strut members less than 0.1. To this end, a series of 2

2 2 RVEs with 0.05, 0.08, 0.1, 0.15 and different Young’s moduli of the constituent 

composite material ( 37, 55.5, 74	 ) are modeled, and the truss-like or frame-like 

response of the cellular composites is examined under tensile loading. Based on the results 

obtained for pin-jointed and rigid-jointed structures using the current methodology, we find that 

cellular composite lattices with 0.08 are truss-like cellular materials, while those with 

0.08 0.2 show frame-like behavior. Taking the relative density of the cellular composite 

material to be proportional to the square of the member aspect ratio, we obtained that the relative 

overall initial tangent elastic moduli of the truss-like cellular composites are scaled with the 

relative density through an exponent of 3 2⁄ . This finding is consistent with the experimental 

observations reported in Ref. [22]. Furthermore, an effort is devoted to study the variation of the 

modulus of elasticity and the strain energy density function of the cuboct cellular composite as a 

function of the uniaxial tension. For this purpose, cellular composite materials constituted of 
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strut members with 0.05 0.1 and 0.15 0.1 are studied. The obtained nonlinear 

strain-dependent behavior of the elastic modulus reveals that the strain energy density function 

cannot be described as a simple quadratic function of strain and, thus, the ultralight truss-

like/frame-like cellular composite material obeys a hyperelastic constitutive model at moderately 

large strains. Then, we employed the Ogden’s hyperelasticity model to fit the calculated strain 

energy density function and evaluated the material parameters. Cheung and Gershenfeld [22] 

also reported a linear elastic response followed by a nonlinear superelastic response for their 

fabricated cellular composites. Therefore, the good correspondence between the results obtained 

using the current computational methodology and those of the experiment reveals that the 

presented method can capture the hyperelastic mechanical response of the cellular composite 

materials fabricated at MIT Media Lab-Center. Since we can easily change the topology of the 

cellular material by changing both coordinates and the connectivity of nodes, and also simply 

change the cross section of strut members as well as the constituent material, we have presented 

the simplest initial computational framework for the analysis, design, and topology optimization 

of cellular composite materials. It should be emphasized that the present method also provides 

the capability to tune the flexibility of connections depending on the quality of the assemblage of 

building blocks.  
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Appendix A 

Using the displacement field given in Eq. (1), the Green-Lagrange strain components in the 

updated Lagrangian co-rotational reference are calculated as 

, , , , , , , ,

, , 

, , , , , , 0, 

, , , , 0,                                                                  (A.1) 
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, , , 	 , , , ,                                                                  

, , , 	 , , , , 

, , , 	 , 0, 

where, the index notation •,  denotes ⦁⁄ . 

The member generalized stress,  is calculated in such a way that it includes the anisotropic 

properties of the constituent composite material. Since the strut members are composed of 

unidirectional fiber composite beams, they are considered to be transversely isotropic material 

with the following elastic tensor 

0
0
0

0
0
0

0
0
0

0
0
0

0
0

0
0
0
0

0

0
0
0
0
0

.                                                                                                      (A.2) 

Therefore, the components of the second Piola-Kirchhoff stress tensor are calculated as  

ε , 

2 ε , 

2 ε , 

0,                                                                                                                (A.3) 

in which . Substituting strain components from Eq. (A.1) into Eq. (A.3), the 

generalized nodal forces for each strut members are obtained  

,                                                 

,                                         

,  

	 Θ,                                                                                          (A.4) 
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Appendix B 

The functional of the mixed variational principle in the co-rotational updated Lagrangian 

reference and for a group of members, 1, 2,⋯ , , is given by  

∑ 	 , , , ,

										 1, 2,⋯ , ,                                                                                           (B.1) 

where,  is the incremental components of the second Piola-Kirchhoff stress tensor,  is the 

incremental components of the displacement field,  is the mth member volume in the current 

co-rotational reference,  is the mth member surface where the traction is prescribed, and  

and  1, 2, 3  are, respectively, the components of the boundary tractions and the body 

forces per unit volume in the current configuration. 	  are the initial Cauchy stresses in the 

updated Lagrangian co-rotational frame, and 	  are the total stresses. The prescribed 

displacement boundary conditions, 	 1, 2, 3  on the surface  are assumed to be satisfied 

a priori. The conditions of stationary of  in Eq. (B.1) with respect to the variations  and 

 result in the following incremental equations in the co-rotational updated Lagrangian 

reference,  

, ,     in ,                                                                                                      (B.2) 

, , ,     in ,                                                                                    (B.3) 

, ,   at ,                           (B.4) 

,      on .                                                                               (B.5) 

Eq. (B.3) leads to the equilibrium correction of iterations, and Eq. (B.4) is the condition of the 

traction reciprocity at the inter-element boundary. Here,  is the outward unit normal on the 

surface ,  is the common interface between adjacent members, and  and – denote the 

outward and inward quantities at the interface , respectively. The continuity of the 

displacement at  is also determined by . Substitution of the components of the second 

Piola-Kirchhoff stress tensor from Eq. (A.3) into the Eq. (B.1) and integration over the cross 

section area of each member result in Eq. (4). This equation (Eq. 4) can be simplified by 

applying the following integration by parts to its third term on the right-hand side  
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	 , 	 , 	 ,                                           (B.6) 

	 , 	 , 	 , , ,        (B.7) 

	 , 	 , 	 , , ,        (B.8) 

Θ , , .                                                                                (B.9) 

 

Appendix C 

,                                                                                          (C.1) 

∑ ∑ ,                                             (C.2) 

∑ 	 	 	

	 	 	 	

	 ∑ 	 ∑ 	 	 ,                                                                     (C.3) 

∑ , , ∑

∑ ∑ 	 ,                                                                       (C.4) 

∑ .                                                                                             (C.5)                

Invoking 0, results in the following equation 

∑ ∑ 0,                         (C.6) 

where, 

.                                                                                                                               (C.7) 

In Eq. (C.6),  is independent and arbitrary for each member, 1, 2,⋯ , , leading to 

.                                                                                                                              (C.8)                         

By equating to zero the second summation of Eq. (C.6) and substituting  from Eq. (C.8), the 

stiffness matrix, , for the elastic large-deformation analysis of cellular composite with rigid 

connections is derived explicitly. 
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Appendix D 

Substituting Eqs. (29-32) and (26) into the Eqs. (27) and (28) and using the increment of the 

strain energy density function, ∆   

∆ ∆ ∆ 	∆ 	∆ 	 	 	∆ 	 	∆ 	∆ 	 	∆ 	∆

	 	∆ 	∆ 	∆ 	 	∆ 	 	∆ 	∆ 	 	∆ 	∆ 	∆ 	 	∆

	 	 	∆ 	∆ 	 	∆ 	 	∆ 	 	∆ 	 	 	∆ / I 	I 	2I 	I 	I

I 	I A	I A	I 	I ,                                                                                                        (D.1) 

lead to 

∆ 	∆ ∗ ∆ 	∆ ∗ ∆
∆

∆
∆

	 	 	 	 	 	 	 	
I 	I I 	I ∆N I A	I 	∆M

A	I I 	I 	 ∆M 	 ∆ ∆
∆

∆
∆

	 	 	 	 	 	 	 	
I 	I I 	I 	∆ I A	I 1

∆ ∆ A	I I 	I 	 1 ∆ ∆ 	 1 ∆

∆ ∆
∆

∆
∆

	 	 	 	 	 	 	 	
I 	I I 	I 	∆ ∆ ∆

I A	I ∆ ∆ ∆ ∆ 2	∆ ∆ 2	∆ ∆

A	I I 	I ∆ ∆ ∆ ∆ 2	∆ ∆ 2	∆ ∆ ,   (D.2) 

∆ 	∆ ∗ ∆ 	∆ ∗ ∆
∆

∆
∆

	 	 	 	 	 	 	 	
I 	I I 	I ∆N A	I I 	I ∆M

I A	I ∆M 	 ∆ ∆
∆

∆
∆
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I 	I I 	I ∆ A	I I 	I 1

∆ ∆ I A	I 1 ∆ ∆ 1 ∆

∆ ∆
∆

∆
∆

	 	 	 	 	 	 	 	
I 	I I 	I ∆ ∆ ∆ A	I

I 	I ∆ ∆ ∆ ∆ 2	∆ ∆ 2	∆ ∆ I

A	I ∆ ∆ ∆ ∆ 2	∆ ∆ 2	∆ ∆ ,                   (D.3) 

which can be rewritten in the matrix form as below 

∆ ∗

∆ ∗ 6 11 I 	I 	2I 	I 	I I 	I A	I A	I 	I
 

3 I 	I I 	I
3 I 	I I 	I

				 2 I A	I
I A	I

				 I A	I
2 I A	I

				 2 A	I I 	I
					 A	I I 	I

				 A	I I 	I
					 2 A	I I 	I

∆
∆

∆

∆

∆

, 

                                                                                                                                                                 (D.4) 

∆ ∗

∆ ∗ 6 11 I 	I 	2I 	I 	I I 	I A	I A	I 	I
 

3 I 	I I 	I
3 I 	I I 	I

				 2 A	I I 	I
A	I I 	I

				 A	I I 	I
				 2 A	I I 	I

				 2 I A	I
I A	I

				 I A	I
2 I A	I

∆
∆

∆

∆

∆

, 

                                                                                                                                                                 (D.5) 

where 
I33	I2

2 	2I2	I3	I23 I22	I3
2 A	I23

2 A	I22	I33  and 
I33	I2

2 	2I2	I3	I23 I22	I3
2 A	I23

2 A	I22	I33  

2, 3 . Considering the incremental forms for the energies due to the incremental uniaxial 

stretching, ∆  and the incremental twisting angle, ∆  
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∆ 	 ∆ 	
I33	I2

2 	2I2	I3	I23 I22	I3
2 A	I23

2 A	I22	I33
I22	I3 I2	I23 ∆ 33 I33	I2

I3	I23 	∆ 22 23
2 I22	I33 	∆ 11 	 ∆ 	

I33	I2
2 	2I2	I3	I23 I22	I3

2 A	I23
2 A	I22	I33

I22	I3

I2	I23 1 ∆ ∆ I33	I2 I3	I23 	 1 ∆ ∆

23
2 I22	I33 	∆ 	 ∆ 	 ∆

I33	I2
2 	2I2	I3	I23 I22	I3

2 A	I23
2 A	I22	I33

I22	I3 I2	I23 ∆

∆
2
I33	I2 I3	I23 ∆ ∆ 	 23

2 I22	I33 	∆ ,                                       (D.6) 

∆ 	∆ ∆ ∆
,                                                                               (D.7) 

results, respectively, in the following relations 

∆
2 I33	I2

2 	2I2	I3	I23 I22	I3
2 A	I23

2 A	I22	I33
I22	I3 I2	I23 ∆ ∆

I33	I2 I3	I23 ∆ ∆ 2	 23
2 I22	I33 	∆

6 I33	I2
2 	2I2	I3	I23 I22	I3

2 A	I23
2 A	I22	I33

 

6	 23
2 I22	I33 				 3 I33	I2 I3	I23 				 3 I33	I2 I3	I23 				3 I22	I3 I2	I23 				3 I22	I3

I2	I23

∆
∆
∆
∆
∆

,                                                                                                                         (D.8) 

∆ ∆ ∆ ∆ .                                                                                    (D.9) 

Using Eqs. (D.4), (D.5) and (D.8), it is obtained 

∆
∆ ∗

∆ ∗

∆ ∗

∆ ∗

6 I33	I2
2 	2I2	I3	I23 I22	I3

2 A	I23
2 A	I22	I33
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6	 23
2 I22	I33

3 I22	I3 I2	I23
3 I22	I3 I2	I23
3 I33	I2 I3	I23
3 I33	I2 I3	I23

				 3 I33	I2 I3	I23
2 A	I23 I2	I3
A	I23 I2	I3

2 2 I3
2 A	I33

I3
2 A	I33

				 3 I33	I2 I3	I23
A	I23 I2	I3

2 A	I23 I2	I3
I3
2 A	I33

2 2 I3
2 A	I33

				3 I22	I3 I2	I23

3 2 I2
2 A	I22

I2
2 A	I22

2 A	I23 I2	I3
A	I23 I2	I3

				3 I22	I3 I2	I23
I2
2 A	I22

3 2 I2
2 A	I22

A	I23 I2	I3
2 A	I23 I2	I3

∆
∆
∆
∆
∆

 

∆
∆
∆
∆

∆

,                                                                                                                      (D.10) 

For a symmetrical cross section, Eqs. (D.4), (D.5), and (D.8) are, respectively, reduced to 

∆

∆
2 1

1 2
∆ ∗

∆ ∗

∆ ∗

∆ ∗ ,              (D.11) 

∆

∆
2 1

1 2
∆ ∗

∆ ∗

∆ ∗

∆ ∗ ,              (D.12) 

∆ ∆ ,                                                                                                                         (D.13) 

where  and  2, 3 . 
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