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Abstract A new class of time-integrators is presented for
strongly nonlinear dynamical systems. These algorithms are
far superior to the currently common time integrators in com-
putational efficiency and accuracy. These three algorithms
are based on a local variational iteration method applied over
a finite interval of time. By using Chebyshev polynomials as
trial functions andDirac–Delta functions as the test functions
over the finite time interval, the three algorithms are devel-
oped into three different discrete time-integrators through
the collocation method. These time integrators are labeled
as Chebyshev local iterative collocation methods. Through
examples of the forced Duffing oscillator, the Lorenz system,
and the multiple coupled Duffing equations (which arise as
semi-discrete equations for beams, plates and shells undergo-
ing large deformations), it is shown that the new algorithms
are far superior to the 4th order Runge–Kutta and ODE45
of MATLAB, in predicting the chaotic responses of strongly
nonlinear dynamical systems.

Keywords Strongly nonlinear system · Variational iteration
method · Collocation method · Chebyshev polynomials ·
Chaos

1 Introduction

Nonlinear dynamical systems are ubiquitous in science and
engineering. To investigate the complex dynamic responses
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of the nonlinear systems, a broad class of analytical, semi-
analytical and numerical methods have been proposed. To
solve for the evolution of a nonlinear dynamical system
beyond a certain time instant t0, the most straightforward
approaches could be the direct finite difference methods.
There are literally 100s of different finite difference meth-
ods [10] including the classical Runge–Kutta method [8], the
Hilber–Hughes–Taylor (HHT) α method [13] and the New-
mark β method [19] for instance. These methods directly
use the definition of a differential and the Taylor’s theo-
rem to discretize the original system and provide piecewise
approximations in very small time segments. In general, the
finite difference integration methods can only predict short
term nonlinear responses. As the step size is very small and
the approximating function is quite simple, the numerical
method itself cannot provide much information about the
nonlinear dynamical behaviors.

For nonlinear dynamical systems, long term responses
are often desired. There is a well-known Galerkin method
named the harmonic balance (HB) method [20], for predict-
ing the periodic steady-state solutions for autonomous and
non-autonomous nonlinear systems. The HB method is a
global frequency domainmethod. Through the balance of the
harmonics, the fundamental frequency ω and the amplitude
of the periodic motion can be obtained. However, it is often
difficult to rewrite nonlinear terms in the form of harmonics
series, even with the use of symbolic computation; thus the
resulting algebraic equations are usually very complex. To
simplify the symbolic calculations of HB method, the high
dimensional harmonic balance (HDHB)method [18] approx-
imates the nonlinear term using the relationship between its
harmonic form and the values of it at a set of collocation
points. This approach is much more convenient, but it is
also found to be accompanied by the aliasing phenomenon
because of the simplification. The HDHB method is later
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proved to be exactly the same as the time domain collocation
(TDC) method [5], which is a global collocation method or
the spectral collocation method in the time domain.

Besides theperiodic responses, the non-periodic responses,
including chaotic motions and transient chaotic motions,
are more common in nonlinear dynamical systems, such
as beams, plates and shells. Due to the lack of periodicity,
the accurate prediction of long term non-periodic responses
for the whole time domain is difficult. For that reason, the
entire domain is divided into finite intervals and the solu-
tion on each interval is approximated separately by local
weighted residual method. Naturally, to achieve long-term
prediction of nonlinear systems, the local approximation
methods are much more efficient and reliable [2,6] than their
global counterparts. In the works of Atluri [2] and Dong
et al. [6], both global and local weighted residual methods
are illustrated clearly and systematically, including the finite
element method (FEM), the Finite volume method (FVM),
the boundary element method (BEM) and the meshless local
Petrov Galerkin (MLPG) method, etc. These methods are
developed using different test functions and trial functions.
Among them, the collocation method is the simplest, using
the Dirac Delta functions as the test functions. The selec-
tion of trial functions is flexible. Depending on the problem,
one can use harmonics, polynomials, radial basis functions
(RBFs) [7] and moving least square (MLS) functions. But
no matter which trial function is used, it will eventually lead
to a system of nonlinear algebraic equations (NAEs). There-
fore, the problem ultimately becomes how to solve theNAEs.
For that, many NAE solvers are proposed. The most popular
Newton-like methods mostly involve the inverse of the Jaco-
bian matrix, and can be very sensitive to the initial guess of
the solution. Many efforts have been made to solve the NAEs
without inverting the Jacobian and without being sensitive
to the initial guess. Among there are the scalar-homotopy
iterative algorithms developed by Liu et al. [16], and Liu
and Atluri [17]. For large deformation dynamic responses of
beams, plates, and shells which may undergo non-periodic
and chaotic motions, one needs efficient and accurate time-
integrators for integrating the second-order semi-discrete
differential equations in time.

In this paper, we combine the concept of collocation
method with the basic ideas of the variational iteration
method (VIM) [11], which is one of the asymptotic methods
that also include the homotopy perturbation method [12], the
Picard iteration method (PIM) [9], the Adomian decompo-
sition method (ADM) [1], and so on [4]. These asymptotic
methods start from the solution of a linearized problem and
iteratively correct the initial guess so that it approaches the
real solution of the nonlinear problem. It implies that the real
solution can be obtained by constructing an iterative formula
involving a functional of the original equations, instead of
transforming the nonlinear differential equations into NAEs

to be solved. In the paper ofWang and Atluri [21], it is shown
that the PIM and ADM can be derived as specific forms of
the VIM. However, the VIM is a global method with low
numerical accuracy, and the correctional formula of VIM is
hard to be implemented, as it needs a lot of complex sym-
bolic computations. In the concepts of the weighted residual
methods such as the HB method, the TDC method, and the
various collocation methods, they approximate the solution
in a weak sense, i.e. the original system is approximated by
a set of weighted residual formulas. Thereby, the problem
can be solved in a semi-analytical way which is much more
convenient than a purely analytical approach. With this in
mind, herein we apply the weighted residual principle to the
functional iterative formulae we derived from the VIM, and
transform them into algebraic iterative formulas.

In order to obtain applicable algebraic iterative formulas,
three algorithms are derived in this paper. The first algorithm,
denoted here as Algorithm- 1, is obtained by transforming
the original integral form of the local variational iteration
method (LVIM) into a differential form. Then it is found that
the matrix of generalized Lagrange multipliers can be elimi-
nated in Algorithm-1, using the constraints on the Lagrange
multipliers. The resulting formula is very concise, since it
is actually the generalization of the Newton’s iterative for-
mula in a function space. The other two algorithms, denoted
here as Algorithms-2 and 3, are obtained by approximating
the generalized Lagrange multipliers with power series and
exponential series respectively. Further, we approximate the
solution of the nonlinear problem with trial functions in a
finite time interval. Thereby the Algorithms-1, 2 and 3 can
be transformed into three different algebraic iterative formu-
lae for the values of the trial functions at collocation points,
by usingDiracDelta functions as test functions.Once the val-
ues of trial functions at collocation points are solved for, the
solutions can be obtained by interpolation. Unlike the con-
ventional collocation method, the present approach is free
from constructing the NAEs. As will be shown in the fol-
lowing sections, the proposed iterative formulas CLIC-2 and
3 are also free from inverting the Jacobian matrix. The pro-
posed iterative algorithms in this paper are very accurate and
efficient. Although they are local methods, their convergence
domains aremuch larger than those of the simple finite differ-
ence methods. Moreover, the accumulation of computational
error is relatively very small because in each finite time inter-
val ti+1 − ti , the approximation is made at all the collocated
points, while the finite difference methods only approximate
the end point. In all, the application ofweighted residual prin-
ciple to Algorithms-1, 2 and 3 provides a class of powerful
tools for solving strongly nonlinear dynamical systems and
for investigating chaos and other non-periodic responses.

The structure of this paper is as follows: in Sect. 2, the
methodology and the main features of VIM are briefly intro-
duced. In Sect. 3, the original integral form of LVIM [21]
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is transformed into a differential form first, and the gen-
eralized Lagrange multipliers are eliminated using some
properties, which leads to the Algorithm-1. Then the gener-
alized Lagrange multipliers are alternatively approximated
by either polynomials or exponential series respectively. The
two approximation techniques lead to Algorithms-2 and 3,
respectively. In Sect. 4, the collocation method is intro-
duced and some notions in weighted residual methods are
explained. Using the first kind of Chebyshev polynomials as
trial functions, the collocation forms of the Algorithms-1, 2,
and 3 are derived in Sect. 5, thus leading to the CLIC-1, 2
and 3, respectively. Three strongly nonlinear problems (the
forced Duffing equation, the Lorenz system, and the multiple
coupled Duffing equations) are used as examples to illustrate
the proposed methods in Sect. 6.

2 A brief outline of the variational iteration
method (VIM)

The foundation of VIM is the use of generalized Lagrange
multipliers, as proposed by Inokuti et al. [14]. This method
is similar to the Newton’s approach for solving nonlinear
algebraic equations, except that it is extended to the func-
tion space. Originally, it was used to correct the solution of
a linearized problem at a certain point so as to obtain a more
precise approximation. By using this approach at an arbi-
trary point, we can obtain the corrected approximation for the
whole domain, and thus it leads to the VIM for the corrected
analytical solution for the nonlinear dynamical system.

It is well known that the higher order differential equa-
tions can always be transformed into systems of first order
differential equations. Herein, without loss of generality, we
consider the following nonlinear system

Lx = F(x, τ ), τ ∈ [t0, t]. (1)

where L is the first order differential operator and F is a non-
linear operator of the state vector x and time τ . The solution
of this system can be approximated in VIM, with an initial
approximation x0(t) and the correctional iterative formula as

xn+1(t) = xn(t) +
∫ t

t0
λ(τ ) {Lxn(τ ) − F[xn(τ ), τ ]}dτ. (2)

whereλ(τ ) is a matrix of Lagrange multipliers which are yet
to be determined. Equation (2) indicates that the (n + 1)th
correction to the analytical solution xn+1 involves the addi-
tion of xn and a weighted optimal error in the solution xn up
to the current time t , involvingλ(τ ). Suppose�[x(τ ),λ(τ )]
is a vector function of x(τ ) and λ(τ ), where t0 ≤ τ ≤ t .

�[x(t),λ(t)]= x(τ )|τ=t+
∫ t

t0
λ(τ ){Lx(τ ) − F[x(τ ), τ ]}dτ.

(3)

Let x̂(τ ) be the exact solution of Lx(τ ) = F[x(τ ), τ ]. Natu-
rally, it satisfies the expression

�
[
x̂(t),λ(t)

] = x̂(τ )
∣∣
τ=t +

∫ t

t0
λ(τ )

{
Lx̂(τ )

−F[x̂(τ ), τ ]} dτ = x̂(τ )
∣∣
τ=t . (4)

Now we want to make all the components of the function
�[x(t),λ(t)] stationary about x at x(t) = x̂(t). First, the
variation of �[x(t),λ(t)] is derived as

δ�[x(t), λ(t)] = δx(τ )|τ=t + δ

∫ t

t0
λ(τ ){Lx(τ )F[x(τ ), τ ]}dτ

= δx(τ )|τ=t +
∫ t

t0
δλ(τ ){Lx(τ ) − F[x(τ ), τ ]}dτ

+
∫ t

t0
λ(τ )δ{Lx(τ ) − F[x(τ ), τ ]}dτ

=
∫ t

t0
δλ(τ ){Lx(τ ) − F[x(τ ), τ ]}dτ

+ δx(τ )|τ=t + λ(τ )δx(τ )|τ=t
τ=t0

−
∫ t

t0

[
Lλ(τ ) + λ(τ )

∂F(x, τ )

∂x

]
δx(τ )dτ

−
∫ t

t0
λ(τ )

∂F(x, τ )

∂τ
δτdτ . (5)

IfF is not an explicit function of τ , the term [∂F(x, τ )/∂τ ]δτ
can be omitted in the preceding formula.

Then we collect the terms including δx(τ )|τ=t and δx(τ ),

δx(τ )|τ=t + λ(τ )δx(τ )|τ=t ,∫ t

t0

[
Lλ(τ ) + λ(τ )

∂F(x, τ )

∂x

]
δx(τ )dτ . (6)

Note that the boundary value of x(τ ) at τ = t0 is prescribed,
that is to say δx(τ )|τ=t0 = 0. Thus the stationarity conditions
for �[x(τ ),λ(τ )] are obtained as

⎧⎪⎪⎨
⎪⎪⎩

δx(τ )|τ=t : I + λ(τ )|τ=t = 0

δx(τ ) : Lλ(τ ) + λ(τ )
∂F(x,τ )

∂x = 0

δλ(τ ) : Lx(τ ) = F[x(τ ), τ ]
, t0 ≤ τ ≤ t (7)

where I is an identity matrix of the same order as that of
the vector x. Noting that the exact solution x̂ is unknown,
therefore the truly optimal λ(τ ) is not available herein. As
an alternative, λ(τ ) is approximated by replacing x̂ with xn .
If xn is a neighbored function of x̂, i.e. x̂−xn = δx̂, the error
caused will not exceed O2(δx̂).
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In the VIM as popularized byHe [11], sometimes the non-
linear term is considered as being restricted from variation in
order to simplify the calculation of λ, i.e., the term ∂F/∂x is
omitted from the evolution equation forλ in Eq. (7). Depend-
ing on the selection of a restricted variation, the matrix of
generalized Lagrangemultipliersλ can be determined in var-
ious ways. The less restricted the variational terms are, the
more accurate will the Lagrange multipliers be. However, it
should be realized that the adoption of restricted variation
is, strictly speaking, mathematically incorrect. The numeri-
cal results in Wang and Atluri [21] show that it increases the
instability of the algorithm and the corrected approximation
may easily become divergent. TheVIM is also plagued by the
difficulty of symbolic calculations, evenwhenHe’s approach
is employed. Moreover, the VIM fails to predict long term
responses of some complex nonlinear phenomenon such as
chaos or quasi periodic motion, because these patterns of
motion are non-periodic and can hardly be approximated by
any analytical functions.

3 Local variational iteration method and its
modifications

To remedy the drawbacks of VIM, the LVIM was proposed
as an alternative in Wang and Atluri [21]. With LVIM, the
solution of the nonlinear system is approximated locally in a
sub-interval of time, ti to ti+1, by the correctional formula

xn+1(t) = xn(t) +
∫ t

ti
λ(τ ){Lxn(τ )

−F[xn(τ ), τ ]}dτ, t ∈ [ti , ti+1]. (8)

where λ(τ ) is the matrix of the Lagrange multipliers. Based
on the variational principle, the optimalλ(τ ) needs to satisfy
the following constraints [21]:

{
δxn(τ )|τ=t : I + λ(τ )|τ=t = 0

δxn(τ ) : Lλ(τ ) + λ(τ )
∂F(xn ,τ )

∂xn
= 0

, τ ∈ [ti , t] . (9)

In LVIM, the term ∂F/∂x is always retained in the evolution
equation for λ as in Eq. (9), so that a better correction can be
obtained for arbitrary initial guess. Furthermore, the entire
time domain is divided into small intervals and the LVIM is
applied repeatedly in each finite time interval�t = ti+1− ti .

In Wang and Atluri [21], the derivation of the generalized
Lagrange multipliers is accomplished using an approxima-
tion technique, i.e. the differential transform (DT) method
[15]. In each interval ti ≤ τ ≤ ti+1, we approximate x(τ )

locally, using a very simple function x(τ ) = A + Bτ for
instance; then the corrected solution will be a function of
A and B, i.e. the initial condition of each interval, thus the
solution in the entire time domain can be obtained by the

repetitive solution in terms of A and B step by step. In this
way, the LVIM enables the initial guess function to take a
very simple form and provides a convenient approach for
the implementation of the correctional formula. Note that
the corrected approximation in each interval takes the same
expression. Therefore it only needs to go through the sym-
bolic calculations for one time.

In spite of all the merits of LVIM, we found that the
resulting analytical solution remains to be a very lengthy
expression. If a highly accurate solution is desired, the cor-
rection would have to be conducted for multiple times. In
that case, the symbolic calculationwould still be troublesome
and the solution would be too complicated to be interpreted.
Considering that, some further modifications are made to the
LVIM in the following sections.

3.1 Elimination of generalized Lagrange multipliers
and Algorithm-1

By differentiating the correctional formula of LVIM in Eq.
(8) and considering the constraints on λ(τ ) [Eq. (9)], we
have

dxn+1

dt
= dxn

dt
+ λ(τ )|τ=t

[
dxn
dt

− F(xn, t)
]

+
∫ t

ti

∂λ

∂t
[Lxn − F(xn, τ )]dτ, t ∈ [ti , ti+1]

= F(xn, t) +
∫ t

ti

∂λ

∂t
[Lxn − F(xn, τ )]dτ. (10)

To further simplify the preceding formula, the following
property of λ(τ ) is used.
Assertion

The matrix of generalized Lagrange multipliers λ(τ ) in
Eq. (9) happens to be the solution λ̄(t) of the following ordi-
nary differential equations:

{
I + λ̄(t)

∣∣
t=τ

= 0

∂λ̄(t)
∂t − J(t)λ̄(t) = 0

, t ∈ [
τ, ti+1

]
. (11)

Proof Let J(xn, τ ) = ∂F(xn, τ )/∂xn , the generalized
Lagrange multipliers can be identified in the Magnus
approach, through which the solution of a linear ordinary
differential equations with variable coefficients:

Y′(t) = A(t)Y(t), Y(t0) = Y0. (12)

can be expressed as

Y(t) = {exp [�(t, t0)]}Y0

=
{
exp

[ ∞∑
k=1

�k(t)

]}
Y0. (13)
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The first three terms of Magus expansion �k(t) read

�1(t) =
∫ t

0
A(t1)dt1,

�2(t) = 1

2

∫ t

0
dt1

∫ t1

0
dt2 [A(t1),A(t2)],

�3(t) = 1

6

∫ t

0
dt1

∫ t1

0
dt2

∫ t2

0
dt3([A(t1), [A(t2),A(t3)]]

+ [A(t3), [A(t2),A(t1)]]), (14)

where [A, B] ≡ AB − BA is the commutator of A and B.
By transposing the constrains of λ(τ ) in Eq. (9) as

{
δxn(τ )|τ=t : I + λT (τ )

∣∣
τ=t = 0

δxn(τ ) : LλT (τ ) + JTλT (τ ) = 0
, τ ∈ [ti , t] . (15)

we have

λ
T (τ ) = exp

{∫ τ

t

(
−JT

)
dτ1 + 1

2

∫ τ

t
dτ1

∫ τ1

t
dτ2

[
−JT (τ1),−JT (τ2)

]
+ · · ·

}
λ
T (t), τ ∈ [ti , t] .

(16)

Inverting the expression leads to

λ(τ ) = λ(τ )|τ=t exp

{∫ τ

t
(−J)dτ1

+ 1

2

∫ τ

t
dτ1

∫ τ1

t
dτ2 [−J(τ2),−J(τ1)] + · · ·

}

= − exp

{
−

∫ τ

t
(J)dτ1

−1

2

∫ τ

t
dτ1

∫ τ1

t
dτ2 [−J(τ1),−J(τ2)] + · · ·

}

= − exp

{∫ t

τ

(J)dτ1

+ 1

2

∫ t

τ

dτ1

∫ τ1

t
dτ2 [J(τ1), J(τ2)] + · · ·

}
. (17)

We notice that

∫ t

τ

dτ1

∫ τ1

t
dτ2 [J(τ1), J(τ2)]

−
∫ t

τ

dτ1

∫ τ1

τ

dτ2 [J(τ1), J(τ2)]

=
∫ t

τ

dτ1

∫ τ

t
dτ2 [J(τ1), J(τ2)]

=
∫ t

τ

dτ1

∫ τ

t
dτ2[J(τ1)J(τ2) − J(τ2)J(τ1)]

= 0, (18)

and the other terms in theMagnus series also possess a similar
characteristic. The expression of λ(τ ) can thus be rewritten
as

λ(τ ) = − exp

{∫ t

τ

(J)dτ1

+ 1

2

∫ t

τ

dτ1

∫ τ1

τ

dτ2 [J(τ1), J(τ2)] + · · ·
}

, τ ∈ [ti , t]
(19)

It is exactly λ̄(t) in the form of Magnus series. ��
Using the equivalence between λ(τ ) and λ̄(t), we obtain

from Eqs. (10) and (11)

dxn+1

dt
= F(xn, t) +

∫ t

ti

∂λ(τ )

∂t
[Lxn − F(xn, τ )]dτ

= F(xn, t) +
∫ t

ti

∂λ̄(t)

∂t
[Lxn − F(xn, τ )]dτ

= F(xn, t) + J(xn, t)
∫ t

ti
λ̄(t)[Lxn − F(xn, τ )]dτ

= F(xn, t) + J(xn, t)
∫ t

ti
λ(τ )[Lxn − F(xn, τ )]dτ

= F(xn, t) + J(xn, t)(xn+1 − xn). (20)

This recursive formula for ẋ can be rewritten as

Algorithm-1: dxn+1

dt
− J(xn, t)xn+1 = F(xn, t) − J(xn, t)xn , t ∈ [ti−1, ti ].

(21)

In this way, the Lagrange multipliers are completely elimi-
nated in the recursive formula for the analytical expression
for ẋ.

3.2 Polynomial approximations of generalized Lagrange
multipliers and Algorithm-2

It is difficult to explicitly derive the generalized Lagrange
multipliers, since the constraints include xn . However, with
the help of the differential transform method, it is conve-
nient to approximate the generalized Lagrange multipliers in
a series of polynomials [21]

λ(τ ) ≈ T0[λ]+T1[λ](τ − t)+· · ·+TK [λ](τ − t)K , (22)

where Tk[λ] is the kth order differential transformation of
λ(τ ), i.e.

Tk[λ] = 1

k!
dk λ(τ )|τ=t

dτ k
. (23)
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From the constraints on λ(τ ), Tk[λ] can be determined in
an iterative way as following:

T0[λ] = diag[−1,−1, . . .],
Tk+1[λ] = −Tk[λJ]

k + 1
, 0 ≤ k ≤ K + 1. (24)

In the VIM of He [11], the nonlinear term in the dynami-
cal system is normally restricted from variation to simplify
the derivation of λ(τ ). If we also restrict the nonlinear
term F(x, τ ) from variation herein, the matrix of generalized
Lagrangemultipliers can be easily determined asλ(τ ) = −I.
Substituting it into the correctional formula of LVIM leads
to the Picard iteration method

xn+1(t) = x(ti ) +
∫ t

ti
F[xn(τ ), τ ]dτ. (25)

If we differentiate this formula, we have

dxn+1

dt
= F(xn, t), t ∈ [ti , ti+1]. (26)

However, if the nonlinear term is included in the variation as
in the present paper, the resultingλ(τ ) should be a function of
τ and t . Making differentiations to the correctional formula
of LVIM for K + 1 times will lead to

x(K+1)
n+1 = x(K+1)

n + (λ G|τ=t )
(K ) +

(
∂λ

∂t
G|τ=t

)(K−1)

+ · · ·

+
(

∂Kλ

∂t K
G|τ=t

)
+

∫ t

ti

∂K+1λ

∂t K+1 Gdτ , (27)

where G = Lxn(τ ) − F[xn(τ ), τ ].
If we simply enforce x(τ ) to be a constant x(ti ), thenλ(τ )

can be approximated by truncated polynomial series inwhich
the highest order of t is K . The last term of the preceding
expression can be omitted, thus we will obtain a correctional
formula without the integral operator.

x(K+1)
n+1 = x(K+1)

n + (λ G|τ=t )
(K )

+
(

∂λ

∂t
G|τ=t

)(K−1)

+ · · · +
(

∂Kλ

∂t K
G|τ=t

)

= x(K+1)
n + T0[λ] G|(K )

τ=t − T1[λ] G|(K−1)
τ=t + · · ·

+(−1)K (K !)TK [λ] G|τ=t . (28)

However, this formula is not complete. It should be noted
that each time that we differentiate the correctional formula,
the information of constant terms in it is lost. For that reason,
before each differentiation is made, the initial value x(k)

n+1(t0),
k = 0, 1, 2, . . . , K is kept as additional constrains to the
correctional formula. In the expression above, Tk[λ] (k =
0, 1, 2, . . . , K ) are constants. So x(K+1)

n+1 is a simple linear

combination of x(K+1)
n andG. Clearly, if the iteration become

static, i.e. xn+1 = xn , the correctional formula will guarantee

G = Lxn(τ ) − F[xn(τ ), τ ] = 0. (29)

By approximating the generalized Lagrange multipliers in a
series of polynomials, the LVIM can also be altered in the
following way, for xn+1:

xn+1(t) = xn(t) +
∫ t

ti
λ(τ ){Lxn(τ ) − F[xn(τ ), τ ]}dτ

= xn(t) +
∫ t

ti
{T0[λ] + T1[λ](τ − t) + · · ·

+TK [λ](τ − t)K }Gdτ. (30)

Considering that Tk[λ], k = 0, 1, . . . , K are functions of
xn(t) and t , the preceding expression can be rewritten as

Algorithm-2: xn+1(t) = xn(t) + A0(t)
∫ t

ti
Gdτ

(31)

+A1(t)
∫ t

ti
τGdτ + cdots + AK (t)

∫ t

ti
τ KGdτ.

where t ∈ [ti , ti+1]. The coefficient matrices Ak(t), k =
0, 1, . . . , K are combinations of Tk[λ] and t . It is worth
to note that the Algorithm-2 can be easily generalized into
higher order systems, although it is derived in the case of first
order differential equations.

3.3 Exponential approximation of generalized Lagrange
multipliers and Algorithm-3

As is stated in Sect. 3.1, the matrix of generalized Lagrange
multipliers can be expressed in the form of exponential func-
tions. Since the exponential functions can be equivalently
defined by power series, we have

λ(τ ) = − exp

[∫ t

τ

G̃(xn, ς)dς

]

= −
{
diag[1, 1, . . .] +

∫ t

τ

G̃(xn, ς)dς

+ 1

2!
[∫ t

τ

G̃(xn, ς)dς

]2
+ · · ·

}
. (32)

We then substitute it into ∂λ(τ )/∂t = J(xn, t)λ(τ ). If the
higher order terms of λ(τ ) are ignored, ∂λ(τ )/∂t can be
approximated by ∂λ(τ )/∂t = −J(xn, t). Accordingly, it
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Table 1 Three modifications of
LVIM with t ∈ [ti , ti+1] Algorithm-1 dxn+1

dt − J(xn, t)xn+1 = F(xn, t) − J(xn, t)xn

Algorithm-2 xn+1(t) = xn(t) + A0(t)
∫ t
ti
Gdτ + A1(t)

∫ t
ti

τGdτ + · · · + AK (t)
∫ t
ti

τ KGdτ

Algorithm-3 dxn+1
dt = F(xn, t) − J(xn, t)

[
xn − ∫ t

ti
F(xn, τ )dτ

]

gives rise to the following iterative formula.

dxn+1

dt
= dxn

dt
+ λ(t)

[
dxn
dt

− F(xn, t)
]

+
∫ t

ti

∂λ

∂t
[Lxn − F(xn, τ )]dτ

= F(xn, t) − J(xn, t)
∫ t

ti
[Lxn − F(xn, τ )]dτ

= F(xn, t) − J(xn, t)[xn −
∫ t

ti
F(xn, τ )dτ ], (33)

or simply

Algorithm-3: dxn+1

dt
= F(xn, t) (34)

− J(xn, t)
[
xn −

∫ t

ti
F(xn, τ )dτ

]
.

where t ∈ [ti , ti+1].
In summary, the three proposed modifications of the local

variational iteration method are listed in Table 1.
It is not hard to see that direct applications of the

Algorithms-1, 2, and 3 with an initial analytical guess still
needs very lengthy symbolic computations. Instead of using
analytical initial guess functions, we satisfy the iterative
equations of Algorithms-1, 2, and 3, in a weak-form by
using trail functions and test functions in the time interval
ti ≤ t ≤ ti+1. Depending on the selection of test functions
and trial functions, there are various weak forms, of which
the collocation form is the simplest. To explain the idea of
weak forms of the threemodifications clearly, the collocation
method is introduced first.

4 Collocation method

Considering a vector of trial functions u, the residual error of
the first order differential equations considered in this paper
is

R = Lu − F(u, t) 
= 0, t ∈ [ti , ti+1]. (35)

With a diagonal matrix of test functions v = diag[v, v, . . .],
the local weighted residual weak-form of the formulation is
written as

∫ ti+1

ti
vRdt =

∫ ti+1

ti
v[Lu − F(u, t)]dt = 0. (36)

Let the trial function ue be the linear combinations of basis
functions ϕe,nb(t)

ue =
N∑

nb=1

αe,nbϕe,nb(t) = �e(t)Ae. (37)

where ue represents an element of u, the columns of �e

represent each of the independent basis functions, and the
vector Ae contains undetermined coefficients.

We use the Dirac Delta functions as the test function, i.e.
v = δ(t − tm) for a group of pre-selected points tm (m =
1, 2, . . . , M) in the local domain t ∈ [ti , ti+1]. It leads to the
local collocation method

Lu(tm) − F[u(tm), tm] = 0, tm ∈ [
ti , ti+1

]
. (38)

The value of ue and the differentiation of ue at time point tm
can be expressed as

ue(tm) =
N∑

nb=1

αe,nbϕe,nb(tm) = �e(tm)Ae and (39)

Lue(tm) =
N∑

nb=1

αe,nbLϕe,nb(tm) = L�e(tm)Ae, (40)

Inmatrix form, they can bewritten asUe = BeAe andLUe =
LBeAe separately,whereUe = [ue(t1), ue(t2), . . . , ue(tM )]T
and Be = [�e(t1)T ,�e(t2)T , . . . ,�e(tM )T ]T . By simple
transformations, we have LUe = LBeAe = (LBe)B−1

e Ue,
thus LUe is expressed in the form of Ue. Further we can
derive the collocation of higher order differentiations as

LkUe = LkBeAe = (LkBe)B−1
e Ue. (41)

Now we can rewrite the formulation of local collocation
method as a system of NAEs of U.

EU − F(U, t) = 0, (42)
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where t = [t1, t2, . . . , tM ],E = diag[(LB1)B
−1
1 , . . . , (LBe)

B−1
e , . . .] and U = [UT

1 , . . . ,UT
e , . . .]T .

5 Implementation of the Algorithms-1, 2 and 3,
using the collocation method

Following the concept of collocation method, we approx-
imate the guess function xn(t) and the corrected function
xn+1(t) in the three modifications of LVIM respectively by
un(t) and un+1(t), which are composed of the same set of
basis functions �. By collocating at a set of points in the
local time domain of the system, the iterative formulas of
Algorithms-1, 2, and 3 are then reduced to algebraic iterative
formulas for the values of the solution at collocation points.

5.1 Collocation of the Algorithm-1

Suppose that the solution of the nonlinear problem Lx =
F(x, t), in a sub-interval t ∈ [ti , ti+1] is approximated by u.
From the MLVIM-1 [Eq. (28)], we have

Lun+1(tm) − J[un(tm), tm]un+1(tm)

= F[un(tm), tm] − J[un(tm), tm]un(tm), (43)

where tm (m = 1, 2, . . . , M) are the collocation points in the
time interval ti to ti+1. Following the transformations made
in Sect. 3, this formulation can be rewritten in matrix form
as

EUn+1 − J(Un, t)Un+1 = F(Un, t) − J(Un, t)Un . (44)

By rearranging the matrices, it can be further expressed as

Un+1 = Un − [E − J(Un, t)]−1[EUn − F(Un, t)]. (45)

Interestingly, this recursive formula happens to be the
Newton–Raphson iterative algorithm for solving the NAEs
generated by conventional collocation method. It gives a
straightforward illustration of the relationship between New-
ton’s method and the variational iteration method, which is
implied in the work of Inokuti et al. [14].

5.2 Collocation of the Algorithm-2

Firstly, the Picard iterationmethod is derived here as a special
case of LVIM to give a brief explanation. Considering the first
order differential equations, the sequence of approximations
given by Picard iteration is

dxn+1

dt
= F(xn, t), xn+1(ti ) = x(ti ) or (46)

xn+1(t) = x(ti ) +
∫ t

ti
F[xn(τ ), τ ]dτ, t ∈ [ti , ti+1]. (47)

The adoption of collocation method will then generate an
iteration formula for values of the solution at collocation
points tm (m = 1, 2, . . . , M), which is

EUn+1 = F(Un, t), un+1(ti ) = x(ti ) or

Un+1 = Un − Ẽ[EUn − F(Un, t)]. (48)

The coefficient matrix Ẽ is composed by Ẽ = diag[(L−1B1)

B−1
1 , . . . , (L−1Be)B−1

e , . . .]. It should be noted that these
two iterative formulas are not the same in practice. In the
first formula, the boundary conditions are enforced by adding
constrains un+1(ti ) = x(ti ), which will introduce extra
computational error. Conversely, the second formula is not
plagued by this problem because the boundary conditions are
naturally satisfied.

Obviously, if the basis functions are selected as theCheby-
shev polynomials of the first kind, the second iterative
formula stated above will give rise to the MCPI method [3].
The iteration formula works if only the collocations Un is
updated in each step, so it is very simple and direct.

Remark 1 The MCPI method is exactly the same as the
zeroth order approximation of Algorithm-2, using the col-
location method with Chebyshev polynomials as basis func-
tions.

In a general case, if x(τ ) is approximated by x(ti ), we have

x(K+1)
n+1 = x(K+1)

n + T0[λ] G|(K )
τ=t − T1[λ] G|(K−1)

τ=t + · · ·
+ (−1)K (K !)TK [λ] G|τ=t . (49)

By collocating points in the local domain, it leads to

u(K+1)
n+1 (tm) = u(K+1)

n (tm) + T0G(K )(tm)

−T1G(K−1)(tm) + · · · + (−1)K (K !)TKG(tm),

(50)

whereG|τ=t andTk[λ] are denoted asG andTk for simplic-
ity. It can be rewritten in matrix form as

EK+1Un+1 = EK+1Un + T0G(K )(t) − T1G(K−1)(t) + · · ·
+ (−1)K (K !)TKG(t), (51)

of which Ek = diag[(LB1)B
−k
1 , . . . , (LBe)B−k

e , . . .].
This iterative formula is very simple since there is no

need to calculate the Jacobian matrix of nonlinear terms and
its inverse, and all the matrices of coefficients are constant.
However, the convergence domain of it could be very limited
because x(τ ) is approximated too roughly.
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Table 2 Differential forms of
collocated Algorithm-2

Approximation of λ Correctional formula in differential form

0th order: λ = T0 E1Un+1 = E1Un + T0G(t)

1st order: λ = T0 + T1(τ − t) E2Un+1 = E2Un + T0G(1)(t) − T1G(t)

2nd order: λ = T0 + T1(τ − t) + T2(τ − t)2 E3Un+1 = E3Un + T0G(2)(t) − T1G(1)(t) + 2T2G(t)

Table 3 Integral forms of
collocated Algorithm-2

Approximation of λ Correctional formula in integral form

0th order: λ = T0 Un+1 = Un + T0ẼG

1st order: λ = T0 + T1(τ − t) Un+1 = Un + (T0 − [T1 · t])ẼG + T1Ẽ[t · G]
2nd order: λ = T0 + T1(τ − t) + T2(τ − t)2

Un+1 = Un + (T0 − [T1 · t] + [T2 · t2])ẼG+
(T1 − 2[T2 · t])Ẽ[t · G] + T2Ẽ[t2 · G]

Normally, it is more reasonable to use the integral form of
the Algorithm-2 [Eq. (31)]:

xn+1(t) = xn(t) + A0(t)
∫ t

ti
Gdτ

+A1(t)
∫ t

ti
τGdτ + · · · + AK (t)

∫ t

ti
τ KGdτ.

(52)

The adoption of collocation method leads to

Un+1 = Un + A0(t)ẼG(t) + A1(t)Ẽ[t · G(t)] + · · ·
+AK (t)Ẽ

[
tK · G(t)

]
. (53)

The integral form is superior to the differential form in the
several aspects:

1. The integral form is mathematically correct. It considers
the change of λ(τ ) along with xn(τ ) in each iteration
step, while the differential form fails to achieve that.

2. The integral form satisfies the initial conditions inher-
ently. In contrast, the differential form needs additional
constrains to guarantee that, which will bring in extra
computational errors.

3. In the integral form, there is no need to calculate the
inverse of Ek , which could get ill-conditioned easily for
high order interpolations [6].

Overall, the integral form is more robust than the differen-
tial form, although the computational burden is slightly heav-
ier.Unlike the collocation formofAlgorithm-1 [Eq. (45)], the
collocation form of Algorithm-2 [Eq. (53)] does not need to
calculate the Jacobianmatrix of nonlinear terms or its inverse
in the computation. For high dimensional systems with com-
plex structures, the simple operations of this formula can
speed up the computation.

With T0[λ], T1[λ] and T2[λ], the first three low order
correctional formulas in differential form can be obtained

by using the collocation formula of Algorithm-2 [Eq. (51)]
(Table 2).

Similarly, the integral forms are obtained in Table 3.

5.3 Collocation of the Algorithm -3

Since there exists the integration of nonlinear terms, we need
to approximate the nonlinear terms with a set of basis func-
tions first, so that it can be written as

Fe(xn, t) ≈
N∑

n=1

ηenϕen(t) = �e(t)Ye, (54)

whereYe can be determined from the relationship Fe[u(tm),

tm] = �e(tm)Ye, m = 1, 2, . . . , M . Therefore, the integral
terms at collocation point tm can be expressed as

∫ tm

ti
Fe(un, τ )dτ = L−1�e(tm)Ye

=
[
L−1�e(tm)

]
Be

−1Fe(Une, t), (55)

whereBe = [�e(t1)T ,�e(t2)T , . . . ,�e(tM )T ]T andL−1�e

is the integration of the basis functions. Substituting it into
the collocation form of the Algorithm-3 leads to

EUn+1 = F(Un, t) − J(Un, t)Ẽ[EUn − F(Un, t)], (56)

Compared to the collocation form of Algorithm-2 [Eq. (53)],
this iteration formula [Eq. (56)] includes the Jacobian matrix
of nonlinear terms, but there is still no need to calculate the
inverse of Jacobian matrix.

6 Applications to strongly nonlinear problems

Similar to the conventional collocation methods, the basis
functions will determine the specific forms of the iterative
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schemes proposed in Sect. 5, while the selection of basis
functions could be fairly flexible. The common types of
basis functions used in collocation method include harmon-
ics, polynomials, radial basis functions (RBFs), moving least
square (MLS) functions and etc. For the sake of brevity
and clarity, only one kind of basis functions is used in this
paper to illustrate the methods of Sect. 6, which is the first
kind of Chebyshev polynomials. All the discussions made in
the following are based on this type of basis functions. For
clarity, we use the name “Chebyshev local iterative colloca-
tion (CLIC) method” to denote the proposed methods with
Chebyshev polynomials as basis functions. Thus, as counter-
parts of Eqs. (45), (53), and (56), we have CLIC-1, CLIC-2
and CLIC-3 respectively.

With the first kind of Chebyshev polynomials as the basis
functions, the trial functions are expressed as

ui (ξ) =
N∑

n=0

αinTn(ξ), ξ = 2t − (ti + ti+1)

ti+1 − ti
. (57)

where Tn(t) denotes the nth Chebyshev polynomial. A
rescaled time ξ is introduced herein so that the Chebyshev
polynomials are defined in a valid range −1 ≤ ξ ≤ 1.

The Chebyshev polynomials of the first kind are defined
by the recurrence relation

T0(ξ) = 1, T1(ξ) = ξ, Tn+1(ξ) = 2ξTn(ξ) − Tn−1(ξ),

(58)

or by trigonometric functions

Tn(ξ) = cos[n arccos(ξ)], −1 ≤ ξ ≤ 1. (59)

The differentiations of Tn(ξ) can be obtained by the proper-
ties of Chebyshev polynomials or simply by

{
LTn(ξ) = n sin[n arccos(ξ)]√

1−ξ2

LTn(ξ)|ξ=±1 = (±1)n+1n2
. (60)

For higher order differentiations of Chebyshev polynomials,
one may seek the help of Mathematica. With the properties
of Chebyshev polynomials, the integration can be calculated
conveniently by

∫
Tn(ξ)dξ = 1

2

(
Tn+1

n + 1
− Tn−1

n − 1

)
. (61)

For better approximation, the collocation points are selected
as the Chebyshev–Gauss–Lobatto (CGL) nodes, which are
calculated from

ξm = cos[(m − 1)π/(M − 1)], m = 1, . . . , M.

6.1 The forced Duffing equation

Consider a Duffing–Holmes’s oscillator, of which the gov-
erning equation is

ẍ + cẋ + k1x + k2x
3 = f cos(ωt), x(0) = a, ẋ(0) = b.

(62)

It can be rewritten as a system of first order differential equa-
tions{
ẋ1 = x2
ẋ2 = −cx2 − k1x1 − k2x31 + f cos(ωt)

, (63)

in which the variables and nonlinear terms are

x = [
x1 x2

]T
,

F(x, t) =
[
x2 −cx2 − k1x1 − k2x

3
1 + f cos(ωt)

]T
. (64)

Accordingly, the Jacobian matrix is

J(x, t) = ∂F(x, t)/∂x =
[

0 1
−k1 − 3k2x21 −c

]
. (65)

The Duffing–Holmes’s equation is solved with the proposed
CLIC methods. Both the 0th order and the 1st order cor-
rectional formulas of the CLIC-2 are used. In each local
domain, the iteration of the proposed methods stops when
‖Un − Un+1‖ ≤ 10−12.

The results of ODE45 are used as benchmarks to mea-
sure the computational errors. The relative accuracy and the
absolute accuracy of ODE45 are set to be 10−15.

The chaotic phase portrait and time response curves
obtained by the CLIC methods and the ODE45 are plotted in
Fig. 1, in which the Chebyshev polynomials of the first kind
are used as the basis functions. The repetitive time interval
for the proposed methods is set as �t = 2. The number of
basis functions and collocation points are N = M = 32.
Obviously, the results are consistent even for t > 200. For
comparison, the RK4 is also used and the step length of RK4
is selected as 0.001. The computational errors of themethods,
including RK4, are recorded and plotted in Fig. 2.

As is shown in Fig. 2, the accuracy of the proposed meth-
ods is very high. Although the time intervals of the proposed
methods are 2000 times larger than the time-step size of RK4,
the computational errors of them are 105 times smaller than
that of RK4 on the whole. The accuracy can be improved
further by including more Chebyshev polynomials in the
interpolation or reducing the size of the time intervals of
the present algorithms.

For a comprehensive evaluation of the proposed methods,
the indices of computational efficiency, including the iter-
ative steps, the computational time and the maximal errors
are compared in Fig. 3 and Table 4. It can be seen that the
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Fig. 1 a Phase portrait obtained by ODE45. b Response curves
obtained by the CLIC methods (dots) and ODE45 (solid line)

CLIC-1, is the fastest method in this case. The CLIC-2 of
the first order and the CLIC-3 behave very similarly in both
the convergence speed and the computational speed. From
Fig. 3, it is found that the iterative steps of CLIC-2 of the
0th order, which can also be referred to as MCPI method, is
almost twice of the CLIC-3 or the CLIC-2 of the first order,
and is almost four times of the CLIC-1.

Compared with RK4, the CLIC-1 and CLIC-2 (0th order)
are superior in all aspects, especially CLIC-1. The other two
proposed methods CLIC-2 (1st order) and CLIC-3 are also
very efficient considering their high accuracy, although they
cost a bit more time than the RK4. It is also noticed that the
accuracy of the CLIC-3 is the highest while the CLIC-2 (0th
order) is the lowest among all the proposed methods.

6.2 The Lorenz system

This three dimensional nonlinear system is expressed as

⎧⎨
⎩
ẋ = σ(y − x)
ẏ = r x − y − xz
ż = −bz + xy

. (66)

The nonlinear term is F(x, y, z, t) = [σ(y − x)r x − y
− xz − bz + xy]T and the corresponding Jacobian matrix
is

J =
⎡
⎣ −σ σ 0
r − z −1 −x
y x −b

⎤
⎦ . (67)

The Lorenz system is also solved with all the CLIC meth-
ods, the RK4 and the ODE45. The chaotic phase portrait and
time response curves obtained by the CLIC methods and the
ODE45 are plotted in Fig. 4. The size of the time intervals of
the CLIC methods is set as �t = 0.2. The number of basis
functions and collocation points are N = M = 32. The
simulation covers a time period [0, 40]. For comparison, the
RK4 is also used and the step length of RK4 is selected as
0.0001. The computational errors of the methods, including
RK4, are recorded and plotted in Fig. 5.

For the reason that the CLIC methods give similar results
of computational errors in the macro scope, only one figure
(Fig. 5) is plotted here. From Fig. 5, it can be found that the
solution by RK4 diverges from the more accurate solution
by ODE45 at an early time t = 20, while the solution of the
proposed methods are consistent with that of ODE45 until
t = 40. It can also be seen that the computational errors of
the proposed methods accumulate much slower than RK4.
Considering that the chaotic system is sensitive to the cur-
rent state, any small interruptions could lead to significant
discrepancy in the final state. Due to the positive maximum
Lyapunov exponent, two nearby trajectories of the chaotic
motion will divergent exponentially. For that reason, the
computational error of common methods could accumulate
rapidly in the solution of chaotic problems. Given that, the
result in Fig. 5 is fairly satisfying.

The results in Fig. 6 and Table 5 verify the analysis made
in the case of forced Duffing equation. Overall, the CLIC-1
is the fastest and the CLIC-3 is the most accurate. Besides,
the difference between CLIC-2 (1st order) and the CLIC-3
are still trivial, which is the same as the previous example.
Table 5 shows that the CLIC methods saves up to 77% of the
computational time of ODE45, while the computational step
size of CLIC is more than 1000 times larger than ODE45 and
2000 times larger than RK4.

6.3 The multiple coupled Duffing equations

The performance of CLIC methods in predicting chaotic
motions has been illustrated using the examples of forced
Duffing equation and Lorenz system. Herein, a system of
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Fig. 2 Discrepancies between CLIC methods, RK4 method and ODE45 on x(t)

Fig. 3 Iterative steps of CLIC methods

three coupled Duffing equations is further studied to show
that the CLIC methods are also capable of capturing the
transient chaotic motion. Such coupled multiple system of

Duffing equations arise as semi-discrete equations for beams,
plates, and shells undergoing large deformations.

The governing equations of the three coupled Duffing
equations considered here are expressed as⎧⎨
⎩
mẍ1+V x31 + cẋ1−V (x2 − x1)3 − c(ẋ2 − ẋ1)=P cosωt
mẍ2 + V (x2 − x1)3 + c (ẋ2 − ẋ1) − Kl(x3 − x2) = 0
mẍ3 + V x33 + cẋ3 + Kl(x3 − x2) = 0

.

(68)

The above system can be transformed into the following
autonomous system of equations:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẏ1 = y2
ẏ2 = B cos y3 − ky2 − y31 + (y4 − y1)3 + k(y5 − y2)
ẏ3 = ω

ẏ4 = y5
ẏ5 = kc(y6 − y4) − k(y5 − y2) − (y4 − y1)3

ẏ6 = y7
ẏ7 = −kc(y6 − y4) − y36 − ky7

,

(69)
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Table 4 Performance of the methods on solving the forced Duffing equation

Methods CLIC-1 CLIC-2 (0th order),
or MCPI method

CLIC-2 (1st order) CLIC-3 RK4 ODE45

Iterative steps 546 2159 1195 1174 200,000 188,625

Total computational time (s) 0.389253 0.713563 1.315920 1.160566 0.814100 3.705868

Maximal error 7.602e−07 5.178e−06 7.006e−07 3.414e−07 0.03761 –

Fig. 4 a Phase portrait obtained by ODE45. b Response curves
obtained by the proposed methods and ODE45

where k = c/m, kc = Kl/m, B = P/m. It is observed by
the authors that this oscillator possesses a transient chaotic
motion when the parameters are selected as k = 0.05,
kc = 10, ω = 1 and B = 18. Compared to chaos, the

Fig. 5 The discrepancies between CLIC methods, RK4 method and
ODE45 on the solution of x(t)

Fig. 6 Iterative steps of CLIC methods

transient chaotic motion behaves irregularly at first for a lim-
ited time interval, and then enters into the region of steady
periodic or quasi-periodic motion. Since the period of irregu-

Table 5 Performance of the methods on solving the Lorenz system

Methods CLIC1 CLIC 2 (0th order),
or MCPI method

CLIC2 (1st order) CLIC3 RK4 ODE45

Mean step size 0.2 0.2 0.2 0.2 1e−4 1.6e−04

Total computational time (s) 1.118140 2.037919 3.854775 3.639701 1.529091 4.847664
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Fig. 7 a The transient chaotic motion obtained by ODE45 and CLIC
methods. b Enlarged partial view

lar motion is often much longer than that of normal transient
motion, it is not easy to determine if the investigatedmotion is
chaotic. Although the largest Lyapunov exponent can be used
as an indicator, the calculation of chaotic-transients is trou-
blesome and it is corrupted by the computational errors. The
most straightforward approach is to simulate the responses of
the coupled oscillators for long enough times.However, com-
mon numerical integration methods, such as RK4, can easily
get divergent in the stage of transient chaos because of the
accumulation of computational error. In that case, the simu-
lated oscillation will behave like a real chaotic motion, which
could be misleading for analyzing the dynamical behaviors
of the system.

By using the CLIC methods and the RK4 method respec-
tively, the simulated responses of the coupled Duffing oscil-
lator are presented in Figs. 7 and 8, and the ODE45 function

Fig. 8 a The transient chaotic motion obtained by ODE45 and RK4.
b Enlarged partial view

Fig. 9 The discrepancies between CLIC methods, RK4 method and
ODE45 on the solution of y1(t)
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Table 6 Performance of the methods on solving the coupled Duffing oscillator

Methods CLIC1 CLIC 2 (0th order),
or MCPI method

CLIC2 (1st order) CLIC3 RK4 ODE45

Iterative steps 4034 16,955 9173 9076 – 1,633,501

Total computational time (s) 6.174757 26.702937 15.410866 10.594174 – 59.527724

of MATLAB is used to provide the benchmark solution.
The step size of CLIC methods is selected as �t = 0.5,
while a much smaller step size �t = 0.001 is used in RK4.
The number of Chebyshev polynomials used in CLIC-1, 2,
3 are 21, 25, and 21, respectively. As is shown in Fig. 7,
the results provided by CLIC methods and ODE45 coincide
very well. The enlarged partial view of the ending part of the
transient chaotic motion shows that the results provided by
CLICmethods are of very accuracy and are capable of reveal-
ing the true dynamical responses during the transient chaotic
stage. As a comparison, in Fig. 8, the simulated responses
by using RK4 seems to be totally chaotic. From Fig. 8b, it
can be seen that although the results of RK4 and ODE45
stay the same at first, they are divergent obviously at the
ending part of the transient chaotic motion. Thereafter, the
RK4 method is tested by using step sizes of both higher and
lower magnitudes. All the simulations carried on MATLAB
show that the classical RK4 method fails to predict the tran-
sient chaotic motion of the three coupled Duffing system of
equations.

In Fig. 9, the discrepancies between the results of CLIC,
RK4 and ODE45 are plotted. It is shown that the approxi-
mated y1(t) given by CLICmatches much better with that of
ODE45 than that of RK4 from the very beginning. Although
the discrepancy between CLVI and ODE45 keeps increas-
ing during the transient chaotic motion, there is no obvious
divergence throughout the simulation using these two kind
of methods. Just like the true chaos, the transient chaotic
motion is sensitive to small disturbance. Despite the fact
that the relatively accurate solution of ODE45 is used as
a benchmark at here, it does not mean that the ODE45 is
absolutely accurate. Actually, a simple conserved two body
problem modelled in Hamiltonian was used by the authors
to test the accuracy of ODE45 and CLIC methods in terms
of the computational error of total energy, and it was found
that the total energy error of CLIC method is smaller than
that of ODE45. Thus the increasing discrepancy between
the CLIC and the ODE45 does not necessarily indicate the
deterioration of CLIC. The good agreement between CLIC
and ODE45 is enough to verify the high accuracy of CLIC
methods and its capability of predicting transient chaotic
motion.

A brief illustration of the computational efficiency ismade
in Table 6. As is shown, the computational steps of ODE45
is almost 100–400 times higher than those of the total iter-

ative steps of CLIC methods. If one merely considers the
mean length of time interval in one step, the time interval
of CLIC is 2000 times larger than that of ODE45. It is also
shown that theCLICmethods save up to 89%of the computa-
tional time of ODE45. Since the RK4 method cannot predict
the transient chaotic motion correctly, the computational
steps and total computational time of it are not displayed at
here.

7 Conclusion

We presented a class of iterative semi-analytical algorithms
for predicting long-term non-periodic responses of strongly
nonlinear dynamical systems, based on a local application,
in a time interval ti+1 − ti , of the Variational Iteration
Method, wherein variations of the nonlinear term F(x, t) are
retained. We labeled this improved sequential Local Varia-
tional Iteration Method as LVIM, and then further modified
it into Algorithms-1, 2, and 3, respectively, wherein the vari-
ational iterative formulas: (1) do not contain the Lagrange
multipliers; (2) the Lagrange multipliers are approximated
by polynomial series; and (3) the Lagrange multipliers
are approximated by exponential functions. The weak-form
solutions of the iterative formulas of Algorithms-1, 2, and
3, are derived respectively, by using Chebyshev polyno-
mials as trial functions in each time interval (ti+1 − ti ).
We denoted these Chebyshev-polynomial based colloca-
tion methods as CLIC-1, CLIC-2, and CLIC-3, respectively.
It is shown in this paper that the CLIC-2, with zeroth-
order polynomial approximation to the Lagrangemultipliers,
is identical to the Modified Chebyshev Picard Iteration
Method.

In solving strongly nonlinear problems with non-periodic
responses, such as the forced Duffing oscillator, the Lorenz
systemand the systemofmultiple coupledDuffing equations,
we have shown that the CLIC methods, especially the CLIC-
1, are far superior in computational accuracy as well as time,
as compared to classical RK4. It is also shown that CLIC
methods are much more efficient than ODE45 and can save a
lot of computational time in accurately predicting long term
non-periodic motions of strongly nonlinear systems. In the
example of three coupled Duffing equations, it is found by
the authors that there exists transient chaotic motion with
a certain configuration of parameters. This transient chaotic
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motion can be successfully predicted by both the ODE45 and
the CLIC methods, while the RK4 method fails to predict
it and gives chaos-like response throughout the simulation
time.

In sum, the proposed methods in this paper are of
high accuracy and efficiency. They are readily applica-
ble to investigate long term dynamical behaviors of a
broad class of strongly nonlinear systems, regardless of
whether the system is high dimensional or low dimensional,
autonomous or non-autonomous. The underlying applica-
tions of the proposed methods cover many different areas
such as the vibration of aeroelastic structures, the perturbed
orbital propagations, and even the stochastic problems. By
slightly modifying the code of the CLIC methods in this
paper, one can further use them to solve boundary value
problems.
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