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Abstract 

This paper describes a systematic approach to study the nonlinear dynamical behaviors of a two 
degree-of-freedom system induced by dry friction. Several dimensionless parameters related to the 
steady state responses of the system are derived first by using Buckingham’s π  theorem. The 
effects of various physical parameters on the dynamical responses are investigated through 
bifurcation diagrams obtained by sweeping the parameters. For the first time in literature, we use 
the locus of sticking phase plotted in the sliding region to elucidate the bifurcations that exist in 
this system, which can be broadly divided into three main categories: the Border-Collision 
Bifurcation, the Sliding Bifurcations (Grazing-Sliding Bifurcation and Multi-Sliding Bifurcation), 
and the Fixed-Point Bifurcation. New nonlinear phenomena are found herein, including chaos 
caused by the Border-Collision Bifurcation and Sliding Bifurcations, the local and global change 
caused by the Fixed-Point bifurcation, as well as the effect of external harmonic force on the 
system, etc. In simulation, we adopted the OFAPI method proposed by the authors, which can be 
applied to the integration of non-smooth systems directly without using Henon’s method to counter 
the non-smoothness in the nonlinearities. 

Keywords: Stick-slip vibration, dry friction, Buckingham’s π  theorem, bifurcations and chaos, 
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1. Introduction 

Stick-slip vibration induced by dry friction force occurs in all mechanical systems with relative 
motion on their contacting surfaces. In literature, the non-smooth system possessing this kind of 
motion is often modelled by a discretized chain of blocks moving on a rough surface. The simplest 
example of dry friction oscillator is a single degree of freedom system shown in Fig. 1, which 
could undergo self-sustained oscillation. 

 
Figure 1 Dry friction oscillator with a single degree of freedom 

The governing equation of this system is  

 3 ( )mx cx kx hx f t+ + + =   , (1) 

where m , c , k , h , and f  are the mass, damping, linear coefficient, nonlinear coefficient, and 
friction force respectively. Among the various models of friction force proposed in literature [1, 
2, 3], none is universally valid for all kinds of situations. However, since the nonlinearity 
brought by the discontinuity between static and kinematic status of dry friction model is of the 
most interest in this paper, a simple Coulomb’s friction model is used herein, which is depicted 
in Fig. 2. 

 
Figure 2 Coulomb’s friction model 

Note that rf  and sf  are normal friction forces during sticking and slipping phases respectively, 

rv  is the relative velocity between the oscillator and the belt. The friction force is expressed as 
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As is introduced in [4], the dynamical behavior of the system in Fig. 1 can be depicted by the 
following phase-plane plot. 

 
Figure 3 Phase plane plot of a single-degree of freedom oscillator 

As shown in Fig. 3, the manifold in this phase plane is non-smooth with the transition surface 
being constantdx dt = . The sliding region is a segment of the transition surface that attracts other 
manifolds to it and only allows sliding motion along with the belt. The position and the length of 
sliding region in Fig. 3 are determined by the velocity of belt and the static friction force 
respectively.  

The dynamic behavior of a single block system as in Fig. 3 is easy to describe and straightforward 
to understand. However, a general description of the nonlinear dynamical characteristic of a 
multiple blocks system could be rather complicated and difficult to achieve. In [4], Pop and Stelter 
analyzed two discrete and two continuous models of stick-slip systems, using numerical and 
experimental approaches respectively. The results show rich bifurcations and chaos in those 
systems. Some typical multiple periodic motion and chaotic motion are presented therein, but 
without further investigations on the underlying mechanics of these nonlinear dynamical behaviors. 
The dry friction induced oscillation of a beam system is further investigated by Stelter [5]. 
Galvanetto and Knudsen [6, 7, 8] investigated the dynamic features of a two degree-of-freedom 
stick-slip system using a one-dimensional iterated map (a Poincare map defined on the transition 
surface). It provides a simple representation of the chaotic motion and bifurcation using iterated 
mappings approximated by a cubic spline. However, this approach is limited to a particular type 
of motion where driving velocity is very small. In practical engineering problems, Yang et al. [9] 
modeled a braking system with a three-degree-of-freedom model and analyzed the stick-slip 
transitions of the system. Grazing-sliding bifurcation and stick-slip chaos are observed therein. In 
the dissertation by Poudou [10], the dynamics of dry-friction damped turbomachinery blades is 
studied.  



Pascal considered various models of dry friction oscillator in [11, 12, 13], where some periodic 
orbits of the system were obtained in analytical forms. However, the general solutions of nonlinear 
systems with dry friction force cannot be obtained analytically. Kim and Perkins [14] proposed a 
modified Harmonic Balance method for non-smooth dynamical system. However, this method is 
limited to a single-degree-of-freedom model. To generally solve dry friction induced nonlinear 
dynamical systems, numerical methods are necessary [15]. To account for the non-smoothness of 
the system, event-driven algorithms [16] and time-stepping algorithms are commonly used [17, 
18].  

In this paper, nondimensional analysis is applied first to a two-degree of freedom oscillator with 
dry friction force. Several relevant dimensionless parameters of the system are derived by using 
the Buckingham’s π  theorem. The effects of these dimensionless parameters on the dynamical 
behavior of the system are investigated using numerical techniques based on the authors’ OFAPI 
method [19, 20, 21]. Aside from chaotic motion and bifurcations of the system, special attention 
is paid to the motion of this system on sliding region and the locus of sticking phase, where some 
analysis is also valid to higher-dimensional systems. It is found that three main types of 
bifurcations, namely, the Border-Collision bifurcation [22, 23, 24], the Sliding-Bifurcation [25, 26, 
27], and the Fixed-Point Bifurcations [28, 29, 30], contribute to the rich nonlinear dynamical 
behaviors of the multi-degree-of-freedom system induced by dry friction force.  

2. A Two-degree of freedom oscillator  

 

Figure 4 Dry friction oscillators with two degrees of freedom 

The governing equations are  

 3 3
1 1 1 1 1 1 1 1 2 1 2 2 1 2 1( ) ( ) ( )m x c x k x h x k x x h x x f t+ + + + − + − =   (3) 

 3
2 2 2 2 2 2 1 2 2 1 2( ) ( ) ( ) ( )m x c x k x x h x x f t F t+ + − + − = +    (4) 

where im , ic , ik , ih , if , F  are the mass, damping coefficients, linear stiffness coefficients, 
nonlinear stiffness coefficients, friction forces, and external force of the oscillators ( 1, 2i = ) 
respectively. The Coulomb’s friction force model is used herein, i.e. 
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where isf  is the friction force in slipping phase, irf  is the normal friction force in sticking phase, 
1, 2i = .  

To simplify the dynamical analysis of the two coupled oscillators, dimensional analysis is carried 
out first to determine the maximum set of dimensionless groups of the system parameters. 
According to the Buckingham’s π  theorem, a physical system expressed as 1( ,..., ) 0nR RΦ =  is 
equivalent to 1( ,..., )n rπ π −Ψ , where iπ  ( 1,...,i n r= − ) are dimensionless combinations of the 
variables jR  ( 1,...,j n= ). Noting that the new expression involves r  less variables than the old 
original expression, it simplifies the theoretical analysis of the original system. Furthermore, with 
all the dimensionless variables derived, it could be much easier to determine how the change of 
different combinations of the original parameters affect the nonlinear behavior of the system.  

As shown in Eqs. (3 and 4), for the system without external force nor nonlinear restoring force, 
the system parameters are 1m , 2m , 1c , 2c , 1k , 2k , 1rf , 2rf , 1sf , 2sf , and 0v , thus the 
dimensional matrix can be written as following. 

Table 1 Dimensional Matrix 

 1m  2m  1c  2c  1k  2k  1rf  2rf  1sf  2sf  0v  
L(Length) 0 0 0 0 0 0 1 1 1 1 1 
M(Mass) 1 1 1 1 1 1 1 1 1 1 0 
T(Time) 0 0 -1 -1 -2 -2 -2 -2 -2 -2 -1 

 

Let the dimensional matrix be denoted as A , its null space can be found by solving =Az 0 . It is 
easy to find that there are 8 linearly independent solutions, corresponding to 8 dimensionless 
variables:  

1
1 1 2c cπ −= , 2

2 1 1 1m c kπ −= , 1 1 1 2
3 2 1 1 2( )k m k mπ − −= , 1

4 1 2m mπ −= , 

1
5 1 2r rf fπ −= , 1

6 1 1r sf fπ −= , 1
7 1 2r sf fπ −= , 1

8 1 1 0rc f vπ −= . 

Dimensionless displacements 1x , 2x  can be found by solving = −Ay a , where [1,0,0]T=a  is the 

dimensional vector of displacements. y  is obtained as [ 1, 2, 1,0,0,0,0,0]T− − , thus the 
dimensionless displacement is -1 2 1

1 1 1i i rx x m c f −= , 1, 2i = . Similarly, the dimensionless velocity is 

obtained as 1
1 1=i i rv x c f −

 . 



To verify the group of dimensionless parameters derived above, we hold iπ  constant while 
changing the values of  original parameters im , ic , ik , if , and 0v . The values of the parameters 
are shown in Table 2. 

Table 2 Dimensional and dimensionless parameters of Configs. 1 and 2. 

1 1π = , 3
2 4.4eπ = , 3

3 2.2eπ = , 4 0.5π = , 5 1π = , 6 0.8333π = ， 7 0.8333π = ， 4
8 8.3eπ −=  

Parameters 1m  2m  1c  2c  1k  2k  1rf  2rf  1sf  2sf  0v  
Config. 1 2 1 0.03 0.03 2 1 2.4 2.4 2 2 0.2 
Config. 2 2 1 0.09 0.09 18 9 7.2 7.2 6 6 0.2 

 

 

 (a) (b) 

Figure 5 Dynamical responses of the system under Configs. 1 (a) and 2 (b)  

As shown in Fig. 5, the nondimensional responses of the system under Configs. 1 and 2 listed in 
Table 2 are exactly the same. Thus, it proves that the set of nondimensional parameters derived 
above is valid. 

For simplicity, we let the friction force on oscillators #1 and #2 to be the same, i.e. 5 =1π , 6 7=π π . 
Moreover, considering that we are just interested in the steady motion of this oscillator, and that 
the damping ratio should not appear in the dimensionless variables related with steady motion, we 
propose to use the following rearranged dimensionless variables, in our study 

The dimensionless velocity of the belt: 1 2 1 1 2
0 8 2 1 0 1 1( )rv f v m kπ π −= = ; 

The dimensionless ratio of frequency: 1 1 1 2
3 2 1 1 2( )r k m k mω π − −= = ; 

The dimensionless coefficient of friction force: 1
6 1 1f r sr f fπ −= = . 



Correspondingly, to omit the damping coefficients, the dimensionless displacement and velocity 
are rewritten as 1

1 1i i rx x k f −= , and 1 1 2
1 1 1( )i i rv x f m k−=  .  

In the cases where external force and nonlinear restoring force exist, we also propose to use the 
following dimensionless variables. 

The dimensionless coefficient of nonlinear restoring force: 2 3
1 1 1 1rh h f k −= ; 

The dimensionless amplitude of external force: 1
1rF Ff −= ; 

The dimensionless frequency of external force: 1 1 2
1 1( )m kω ω −= , where ω  is the frequency of a 

harmonic external force ( )F t . 

3. Sliding Region and Locus of x1 and x2 in the Sticking Phase  

  

 (a)  (b) 

Figure 6 (a) Sliding region and locus of sticking phase; (b) enlarged partial view  

Herein, the sliding region is defined as an area on the plane 1 2( , )x x , where the restoring force of 
the oscillator is smaller than the normal force. For the system of Eqs. (3, 4), the sliding region is 
defined as 

Sliding region I: 3 3
1 1 1 1 2 1 2 2 1 2 1( ) ( ) rf x h x k x x h x x f= + + − + − ≤ , and  

Sliding region II: 3
2 2 2 1 2 2 1 2( ) ( ) rf k x x h x x f= − + − ≤ . 

Sliding region III: The common area of sliding regions I and II. 

Unlike a one-dimensional system, of which the sliding region is simply a segment of straight line 
(as shown in Fig. 3), the sliding region for two-dimensional system is an area as illustrated in Fig. 
6. Note that the sliding region could have different shapes, depending on the type of restoring 
forces of the oscillators. The blue lines indicate the upper bound and the lower bound of sliding 



region I of oscillator #1, while the red lines indicate that of sliding region II of oscillator #2. The 
gray area indicates the region III where sliding motion of both oscillators could coexist.  

As marked by the blue and red arrows in Fig. 6, in sticking phase, displacements 1x  and 2x  
increase by a constant velocity. Since the belt always drives the two blocks in one direction, one 
sees that 1x  and 2x  both increase in sticking phase and the locus of the system always approaches 
to the remote end of the sliding region, i.e. point P. The trajectories of the system in sticking phases 
of oscillators #1 and #2 are identified using blue and red colors respectively. Three features of the 
locus of sticking phase are listed as following. 

(1) As the oscillators #1 and #2 are both in sticking phase, the locus is a straight line; 

(2) Although the locus may start anywhere in the sliding region, it always ends at the boundary; 

(3) The vibration of the system always settles down in the neighborhood area of point B. 

In Section 5 of this paper, the locus of sticking phase of the nondimensional system will be 
investigated to help analyze the nonlinear dynamical behaviors induced by friction force. 

  
Figure 7. Possible types of sliding bifurcations  

The oscillator induced by dry friction force is a Filippov system. There are four possible types of 
sliding bifurcation in this kind of systems, as shown in Fig 7, namely the sliding bifurcation of (a) 
type I, (b) type II, (c) the grazing-sliding bifurcation and (d) multi-sliding bifurcation. However, 
the authors find in this paper that apart from the sliding bifurcations, there are two other types of 
bifurcations that take important places in explaining the rich nonlinear dynamical behaviors of dry 
friction induced oscillators, namely, the Border-Collision Bifurcation and the Fixed-Point 
Bifurcation. More specifically, in conjunction with the sliding region and locus of sticking phase 
shown in Fig. 6, we find in section 5 that these four types of bifurcations: Border-Collision 
Bifurcation, Fixed-Point Bifurcation, Grazing-Sliding Bifurcation, and Multi-Sliding Bifurcation 
commonly exist in the bifurcation diagrams of the system investigated herein. Thus, we elucidate 
some new insights into the 2-degree-of-freedom nonlinear dynamical system with dry friction. 

4. Numerical Algorithms  



To numerically investigate the dynamical behavior of a non-smooth system, a key issue is to 
accurately determine the switching point where non-smoothness occurs. For simple explicit and 
implicit finite-difference-based integration schemes, this issue was addressed by Henon using the 
approach proposed in [16]. However, the finite difference method in conjunction with Henon’s 
approach has some drawbacks due to the following reasons. (1) the step length of finite difference 
method has to be set very small to achieve relatively high accuracy; (2) in each step, it is needed 
to check if there is any switching point; (3) The accuracy of Henon’s method is not guaranteed. 
Using a common finite difference method, only discrete data of solution can be obtained. Thus, to 
study a non-smooth system, Henon’s method is necessary, since otherwise there is no way to find 
the switching point. 

Herein, we propose to use a more efficient and more accurate method: the Optimal-Feedback-
Accelerated-Picard-Iteration (OFAPI) method presented by the authors in [19] for numerical 
simulation, which obviates the need for Henon’s approach. OFAPI method is a discrete time-
integrator based on local variational iteration method and collocation method applied over a finite 
interval of time. Compared with finite difference methods, the advantage of the OFAPI method is 
that it provides analytical approximations of the solution in relatively very large time intervals, 
while the transition between sticking and slipping phase can be easily located in a relatively small 
time-segment between two collocation points. Then the accurate time when transition happens can 
be easily obtained using nonlinear-algebraic-equation (NAE) solvers. In [19], 3 different OFAPI 
algorithms are proposed, but only the second kind of OFAPI algorithm is adopted herein. It is also 
worth to note that the OFAPI method we used herein is free of matrix inversions, thus it is 
computationally stable even in stiff problems. 

 

Figure 8 Illustration of OFAPI method compared with finite difference method 



Taking the integration time interval 1i it t+ −  as the step length of OFAPI method, an illustration of 
this method compared with finite difference method, of which the step length is t∆ , is given in 
Fig. 8. As is shown, in each time interval it  to 1it + , M  collocation points are selected to 
interpolate the approximated solution by OFAPI. Usually, the two ends of the time interval are 
selected as the first and the last collocation points, i.e. 1

i it t= , 1
M
i it t += . Noting that even the time 

step between two neighboring collocation points can be larger than the time step t∆  used in the 
finite difference methods, the time interval 1( )i it t+ −  can be several hundreds of times larger than 
the step size t∆  of finite difference method. For that reason, where the common finite difference 
methods need to check hundreds of times to see if there exists a switching point, the OFAPI method 
just needs to check only once. Once a switching point is detected, it can be easily located between 
two neighboring collocation points of OFAPI, for instance, 1M

it
−  and M

it  in Fig. 8. After that, one 
may still use the Henon’s method to refine the location of the switching point, however, herein we 
recommend using Newton-Raphson method or some other fixed-point algorithms for the sake of 
better accuracy.  

In the following, both the Henon’s approach and the OFAPI method are introduced. Numerical 
comparisons between using finite difference method in conjunction with Henon’ approach and 
using OFAPI method are made afterwards. 

4.1 Henon’s approach 

To account for the non-smoothness in dry friction system, numerical integration schemes, mostly 
finite difference methods, are usually used in conjunction with Henon’s approach to detect the 
values of variables when system switches between sticking phase and slipping phase. A brief 
illustration of Henon’s approach is made with Eqs. (3, 4). Let 1 1y x= , 2 1y dx dt= , 3 2y x= , 

4 2y dx dt= , the nondimensionalized equations can be rewritten as a system of four first order 
ODEs.  

 1 4
1 1 4 4 1 4( ,... ),..., ( ,... )dy dyg y y g y y

dt dt
= =  (5) 

where  

1 2g y=  

3 3
2 1 1 1 2 1 1 1 1 2 1 3 2 1 3 1[ ( ) ( ) ]g f m c y k y h y k y y h y y m= − + + + − + −   

3 4g y=  

3
4 2 2 2 4 2 3 1 2 3 1 2( ) [ ( ) ( ) ]g f F m c y k y y h y y m= + − + − + −  

The transition surface is generally defined by an equation 

 1 4( ,..., ) 0S y y = . (6) 



It takes the following specific forms as the system enters sticking phase and deviates from it. 

Entering sticking phase:                       2 0iy v= , 1, 2i = . 

Deviating from sticking phase: 
3 3

1 2 1 1 1 1 2 1 2 2 1 2 1( ) ( ) rc y k y h y k y y h y y f+ + + − + − = ± , or 

3
2 4 2 3 1 2 3 1 2( ) ( ) ( ) rc y k y y h y y F t f+ − + − − = ±  

Now that the value of 2iy  is known when the system enters sticking phase, if we rearrange the 
system so that 2iy  becomes the independent variable, and t  becomes a dependent variable of 2iy , 
then the rearranged system can be integrated exactly to 2 0iy v= , where the value of t  can be 
obtained. Thus, once the transition surface is crossed, we rearrange the system as following so that 

2iy  becomes an independent variable 

 1 1 4 4

2 2 2 2 2 2

1,..., ,
i i i i i i

dy g dy g dt
dy g dy g dy g

= = = . (7) 

Then Eq. (7) can be integrated back to the time instant where the transition happens, with 2iy  as 
the independent variable. After that, the integration scheme shifts back to Eq. (5) and the 
calculation moves on. An illustration of Henon’s method is given in Fig. 9. 

To capture the deviation of the system from sticking phase, we introduce additional variables 5y  
and 6y , 

3 3
5 1 2 1 1 1 1 2 1 2 2 1 2( ) ( )y c y k y h y k y y h y y= + + + − + −  

3
6 2 4 2 3 1 2 3 1( ) ( ) ( )y c y k y y h y y F t= + − + − −   

Let 5
5 1 4( ,..., )dy g y y

dt
= , and 6

6 1 4( ,..., )dy g y y
dt

= , then we can use the Henon’s approach as shown 

in Fig. 7. 



 

Figure 9 Illustration of Henon’s method 

Henon’s method is very clever and useful when one need to integrate a non-smooth system with 
integration methods that can only provide discrete solution, like Runge-Kutta methods. However, 
if an integration method can provide analytical approximated solutions, Henon’s method become 
trivial. For example, by using OFAPI method, we can obtain very accurate analytical 
approximations for the solution in each time interval. Thus, one can always easily identify when 
and where the non-smoothness happens in the approximated solutions, by solving the equations 
describing the transition surfaces.  

4.2 The authors’ OFAPI method  

Generally, for solving a system of first order differential equations 

 ( , )τ=y g y , [ ]0 ,t tτ ∈ ,  (8) 

the OFAPI method approximates the solution at any time t with an initial approximation 0 ( )τy  
and the correctional iterative formula as 

 
0

1( ) ( ) ( ){ ( ) [ ( ), ]}
t

n n n nt t
t d

τ
τ τ τ τ τ τ+ =

= + −∫y y λ y g y ,  (9) 

where ( )τλ  is a matrix of Lagrange multipliers yet to be determined. Eq. (9) indicates that the 
( 1)n + th correction to the analytical solution 1n+y  involves the addition of ny  and a feedback 
weighted optimal error in the solution ny  up to the current time t . ( )τλ  can be optimally 
determined by making the right-hand side of Eq. (9) stationary about ( )nδ τy , thus resulting the 
constraints. 

 
( ) : ( )

( ) : ( ) ( ) ( )
n t t

n

τ τ
δ τ τ

δ τ τ τ τ
= =

 + =


+ =

x I λ 0

x λ λ J 0

, 0t tτ≤ ≤ , (10) 

where ( ) ( , )n nτ τ= ∂ ∂J g y y .  



First order Taylor series approximation of ( )τλ  can be readily obtained from the Eq. (10), in the 
following form 

 0 1( ) [ ] [ ]( )tτ τ≈ + −λ T λ T λ ,  (11) 

where [ ]kT λ  is the  thk order differential transformation of ( )τλ , i.e.  

 
( )1[ ]

!

k
t

k k

d
k d

τ
τ
τ

==
λ

T λ .  (12) 

Using Eq. (10), [ ]kT λ  can be determined in an iterative way: 

 0[ ] [ 1, 1,...]diag= − −T λ , 1
[ ][ ]

1
k

k k+ = −
+

T λJT λ , 0 1k K≤ ≤ + .  (13) 

Let ( ) [ ( ), ]n nτ τ τ= −G y g y , by substituting Eq. (13) into Eq. (9), we have  

 
0

1 0 1( ) ( ) { [ ] [ ]( )}
t

n n t
t t t dτ τ+ = + + −∫y y T λ T λ G ,  (14)  

Suppose ( )ty  is approximated by a vector of trial functions u . Let each element eu  of the trial 
function be the linear combinations of basis functions , ( )e nb tφ  

 , ,
1

( ) ( )
N

e e nb e nb e e
nb

u t tα φ
=

= =∑ Φ A . (15) 

Through collocating points in time domain, from Eq. (14) we have  

 1 0 1 1( [ ]) [ ]n n+ = + − ⋅ + ⋅U U T T t EG T E t G     
  ,  (16) 

which can be used to iteratively solve for the values of ( )ty  at collocated time points. For higher 
computational efficiency and accuracy, we set the basis functions as orthogonal polynomials. 
Herein, the first kind of Chebyshev polynomials is adopted, and the collocation points in each time 
interval is selected as Chebyshev-Gauss-Lobatto (CGL) nodes. For further details of Eq. (16) 
please refer to [21]. 

A flow chart of OFAPI method is provided herein  



 

Figure 10 The flow chart of OFAPI method on solving the system with dry friction force 

5. Results and discussions 

In the following, the results of simulation for the two-dimensional nonlinear dynamical system 
with dry friction force are presented. Based on whether the system includes linear or nonlinear 
restoring force, or if the system is affected by external harmonic force, four cases are investigated 
separately. In the simulations, unless otherwise mentioned, the system parameters are chosen as 
following. 



Table 3 Parameters of the system used in simulations 

1m  2m  1c  2c  1k  2k  1h  2h  
1 1 0.05 0.05 1 1 0.1 0.1 
1sf  2sf  1rf  2rf  F  ω  0v   
2 2 2.4 2.4 1 1 0.2  

 

5.1 Case 1: system with linear restoring force and without external force 

By varying the value of 0v , we have 

 

Figure 11 Bifurcation diagram obtained by sweeping 0v  in Case1 

As shown in Fig. 11, by increasing the nondimensional velocity from 0.04 to 0.22, several 
bifurcations are observed, accompanied with sudden jump and burst of branch curves. Since there 
is no other source of nonlinearity except from the dry friction force, these bifurcations can only be 
caused by the non-smoothness of sticking-slipping motion. As indicated in the governing equation 
of the system, the condition for entering sticking phase is the sliding velocity being equal to the 
critical velocity of the belt. For that reason, as the velocity of the belt 0v  becomes too large to be 
achieved by the oscillators, the motion will be purely oscillatory sliding at first, and then be 
damped down and become continuous sliding motion. This explains the bifurcation that happens 
at 0 0.185v = . To demonstrate why the other bifurcations occur, we plot the locus of sticking phase 
in Fig. 12. As shown in Fig. 12 (a), the locus of sticking phase approaches to the upper bound of 
sliding region as 0v  increases from 0.04 to 0.1. By further increasing the nondimensional velocity, 



the locus will coincide with the upper bound of the sliding region, where a border-collision 
bifurcation occurs. Thus, the locus of sticking phase shown in Fig. 12 (a) becomes unstable and 
diverges for, saying, 0 0.105v =  as shown in Fig. 12 (b). At around 0 0.135v = , another bifurcation 
occurs because the oscillator #1 cannot enter sticking phase. In that case, oscillator #1 is purely 
oscillatory sliding on the belt, while the sticking-slipping motion of oscillator #2 provides energy 
for the system. Further increasing 0v  changes the shape of locus in Fig. 12 (c), and it loses its 
stability at around 0 0.15v = , as the oscillator #1 regains the ability to enter sticking phase. In Fig. 
12 (d), it shows that the locus of global sticking phase emerges (which also emerges in Fig. 12 (a, 
b)) after the bifurcation occurs. 

  

 (a)  (b)  

 

 (c) (d) 

Figure 12 Locus of sticking phase for various value of 0v  in Case 1  

By varying the value of rω , we have 



 

Figure 13 Bifurcation diagram obtained by sweeping 1 rω  in Case1 

As shown in Fig. 13, for small value of rω , several discontinuous bifurcations are observed as 1 rω  
ranges between [1,10]. By investigating the locus of sticking phase for different value of 1 rω , we 
found that the seemingly disorganized dynamical behavior in Fig. 13 is actually dominated by two 
kinds of sliding bifurcations that occur alternately. The first kind is Grazing-Sliding Bifurcation, 
which can be found at around 1 2.8rω = . By increasing 1 rω  from 2 to 3, where a branch of 
trajectory of oscillator #1, which is untouched by the sliding region at first, interacts with the 
sliding region and leaves an additional segment of locus of sticking phase, as shown in Fig. 14 (a, 
b). Further increasing 1 rω  from 3 to 4, we found the Multi-Sliding Bifurcation occurs to oscillator 
#2 at around 1 3.3rω = , as shown in Fig. 14 (c). These bifurcations occur alternately and finally 
lead to the prolonged multi-sliding motion of oscillator #2 as indicated by the red locus in Fig. 14 
(d). 



  

 (a)  (b) 

  

 (c)  (d) 

Figure 14 Locus of sticking phase for various value of 1 rω  in Case 1  



 

Figure 15 Bifurcation diagram obtained by sweeping rω  in Case1 

Fig. 15 shows the bifurcation diagram of rω  with its value ranging between [1,10] . By 
investigating the locus of sticking phase for varied values of rω , we found that the Border-Collision 
Bifurcation is dominant in this situation. By increasing rω  from 2 to 2.5, a border-collision 
bifurcation occurs at around 2.1rω = , where the locus of sticking phase coincides with the upper 
bound of sliding region. The result of this bifurcation is the increasing of branches of locus in 
sticking phase, as shown in Fig. 16 (a, b). Further increasing the value of rω  leads to repeated 
border-collision bifurcations, which finally give rise to a multi-sticking-slipping motion as shown 
in Fig. 16 (d). 
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Figure 16 Locus of sticking phase for various value of rω  in Case 1  

By varying the value of fr , we have 

  

Figure 17 Bifurcation diagram obtained by sweeping fr  in Case1 

As shown in Fig. 17, by increasing fr  from 0.4  to 1, the amplitude of oscillation decreases 
monotonically. The locus of sticking phase in Fig. 18 shows that a border-collision bifurcation 
occurs at around 0.87fr = . By further increasing fr  beyond 0.91, the oscillation damps down to 
purely continuous sliding motion on the belt.  



 

 (a) (b) 

Figure 18 Locus of sticking phase for various value of fr  in Case 1  

In summary, the Border-Collision bifurcation and Sliding bifurcation play important roles in the 
strongly nonlinear dynamical behaviors of the dry friction induced linear system. The locus of 
sticking phase plotted in the sliding region recorded how these bifurcations occur and lead to the 
complicated and irregular dynamical responses. Besides, the bifurcation diagrams show that the 
nondimensional velocity 0v  and the ratio of friction force fr  have significant influence on the 

amplitude of the oscillation. For either 0v  or fr  of large value, the system may not be able to enter 
sticking phase and thus the oscillation will be damped down to purely sliding motion on the belt. 

5.2 Case 2: system with linear restoring force and harmonic external force 

By varying the value of 0v , we have 



 

Figure 19 Bifurcation diagram obtained by sweeping 0v  in Case 2 

As is observed in Fig. 19, when external force exists, a sliding bifurcation of the system occurs at 
around 0 0.43v = , where the sticking-slipping motion transits to purely oscillatory sliding motion. 
Unlike the case without external force, the oscillatory sliding motion will not be damped down 
because of the harmonic external force. 

Compared with the bifurcation diagram shown in Fig. 11, where no external force exists, the 
border-collision bifurcation is not found in Fig. 19. This is because the sliding region is time-
varying when external force exists. As shown in Fig. 20, the locus of global sticking phase is no 
longer tangent to the boundary of sliding region, thus the border collision bifurcation is impossible 
to happen herein. In order to explain the bifurcation occurs at around 0 0.35v = , we introduce the 
notion of mapping points in dry friction induced system.  

Definition: A mapping point is a point on the boundary of sliding region where a trajectory of the 
system departs from the sliding region.  

Similar to the Poincare map, we can define a mapping from the boundary of sliding region to itself 
using the mapping points. In this way, one can use the iteration process of mapping points to 
equally represent the dynamical system considered herein. From the Figs. 20 (a, b), it can be found 
that the bifurcation is caused by the loss of stability of the locus (or the mapping point) itself. Thus, 
this bifurcation can be regarded as a Fixed-Point Bifurcation of the mapping points. 



 

 (a) (b) 

Figure 20 Locus of sticking phase for various value of 0v  in Case 2  

By varying the value of rω , we have 

 

Figure 21 Bifurcation diagram obtained by sweeping 1 rω  in Case 2 

Corresponding to the bifurcation diagram in Fig. 21, the change of locus of sticking phase by 
varying rω  from 1/10 to 1 is shown in Fig. 22. It is found the locus (or saying, the mapping points 
on the boundaries of sliding region) is distributed in a relatively large range for small value of rω , 
and converges to narrower range as rω  increases. A bifurcation happens at 1/ 5rω = , where the 
locus (and the mapping points) converge to a simple locus (and a single mapping point). 
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 (c) (d) 

Figure 22 Locus of sticking phase for various value of 1 rω  in Case 2  



 

Figure 23 Bifurcation diagram obtained by sweeping rω  in Case 2 
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Figure 24 Locus of sticking phase for various value of rω  in Case 2  

In Fig. 23, the bifurcation diagram shows that there are two regions where the Fixed-Point 
Bifurcation occurs. The corresponding bifurcation is recorded in Fig. 24, where the value of rω  is 
increased from 6.8 to 7. According to the results recorded in both Figs. 21 and 23, there is no 
border-collision bifurcation for rω  varying from 1/10 to 10, when external harmonic force exists.  

By varying fr , we have 



 

Figure 25 Bifurcation diagram obtained by sweeping fr  in Case 2 

 

  

 (a) (b) 

Figure 26 Locus of sticking phase for various value of fr  in Case 2  

Fig. 25 shows that the amplitude of the oscillation decreases as fr  varies from 0.4 to 1, which is 

similar to the case without external force. However, for a relatively large value of fr , the 
oscillation is sustained by the external harmonic force, instead of being damped down. As can be 
seen, the bifurcation diagram in Fig. 25 is highly discontinuous for relatively small values of fr . 



The reason is that border-collision bifurcation occupies the whole range from 0.4fr =  to 

0.665fr = , that is to say, as fr  increases, the growing locus repeatedly loses its stability and forms 
new locus (which leads to discontinuity) as it touches the upper boundary of the sliding region 
again and again. One example is given in Fig. 26, where the locus of sticking phase shows that a 
border-collision bifurcation occurs at around 0.665fr = . Further increasing the value of fr  
beyond 0.665 gives no more bifurcations.  

By varying F , we have  

 

Figure 27 Bifurcation diagram obtained by sweeping F  in Case 2 
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 (c) (d) 

Figure 28 Locus of sticking phase for various value of F  in Case 2  

In the bifurcation diagram shown in Fig. 27, sliding bifurcation and border-collision bifurcation 
occur successively in a narrow range 0.135 0.142F< < , and the latter leads to a chaotic motion. 
The bifurcation process as well as the chaos discovered for the first time herein are presented in 
Fig. 28 by recording the locus of sticking phase. The sliding bifurcation occurs as F  varies from 
0.135 to 0.1355, where a branch of trajectory of oscillator #1 departs from the sliding region, as 
shown in Fig. 28(b). Further increasing F  to 0.1417, the border-collision bifurcation occurs and 
the system steps into chaotic motion as shown in Fig. 28 (c, d). At this point, one may ask how we 
can be certain that this irregular motion found herein is chaos. For continuous and smooth system, 
it is easy to verify if a system is chaotic by calculating the Lyapunov exponent, which is the 
separation rate of infinitesimally close trajectories. However, for the system with dry friction, the 
conventional approach may fail since the trajectory is highly non-smooth. For that, instead of 
calculating the Lyapunov exponent of the trajectories, we propose to calculate that of the mapping 
points, which is much easier to achieve and more reliable. 

By varying ω , we have 



 

Figure 29 Bifurcation diagram obtained by sweeping ω  in Case 2 

As shown in Fig. 29, overall, the amplitude of oscillation becomes smaller as ω  increases. By 
investigating the locus of sticking phase, we found that fixed-point bifurcation occupies most of 
the discontinuous bifurcation area. 

In summary, the amplitude of the oscillation is mainly affected by 0v , fr , F , and ω . It is shown 

that the amplitude increases with 0v  at first and then keeps steady for large value of 0v . By 
increasing fr , the oscillation decays at first and then keeps steady for relatively large value of fr . 

For normal external force smaller than normal friction force, the numerical results show that F  
has little influence on the amplitude of the oscillation. The interesting part is about the frequency 
of harmonic external force ω , which suppresses the oscillation as ω  increases from 0 to 2.5. At 
last, the sliding bifurcation, border-collision bifurcation, and the fixed-point bifurcation are all 
found in the numerical results of the case with external harmonic force. 

5.3 Case 3: system with nonlinear restoring force and without external force 

By varying 0v , we have 



 

Figure 30 Bifurcation diagram obtained by sweeping 0v  in Case 3 

By varying the value of rω , we have 

 

Figure 31 Bifurcation diagram obtained by sweeping rω  in Case 3 

 



 

Figure 32 Bifurcation diagram obtained by sweeping 1 rω  in Case 3 

By varying the value of  fr , we have 

 

Figure 33 Bifurcation diagram obtained by sweeping fr  in Case 3 



Through numerical simulation, we found that the dynamical behavior of the system with small 
nonlinear restoring force is very similar to that with linear restoring force (so is the bifurcation 
diagram), when no external harmonic force exits. Thus, herein, we just provide the bifurcation 
diagrams without further discussion on them.  

By varying the value of 1h , we have 

 

Figure 34 Bifurcation diagram obtained by sweeping 1h  in Case 3 
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 (c) (d) 

Figure 35 Locus of sticking phase for various value of 1h  in Case 3  

As shown in Fig. 34, no obvious change is observed on the amplitude of oscillation by changing 

1h  from 0 to 1.8. By investigating the locus of sticking phase, it is found that two successive 

border-collision bifurcations occur as we vary 1h  from 0.2 to 0.4, and from 0.4 to 1. Further 

increasing 1h  from 1 to 1.6, it is found that a fixed-point bifurcation occurs at around 1 1.34h = , as 
shown in Figs. 35 (c, d). 

5.4 Case 4: system with nonlinear restoring force and a harmonic external force 

By varying 0v , we have 

 

Figure 36 Bifurcation diagram obtained by sweeping 0v  in Case 4 



Compared with the bifurcation diagram in Fig. 19, Fig. 36 shows significant differences. The most 
obvious one is that the amplitude of oscillation shown in Fig. 36 keeps growing monotonically as 

0v  increases from 0 to 1.8, while that shown in Fig. 19 stops growing at around 0 0.4v = . Actually, 
the amplitude of the oscillation with nonlinear restoring force keeps growing until 0 4v = , where 
the amplitude becomes much larger than that in Fig. 19. In this bifurcation diagram, two successive 
fixed-point bifurcations happen at around 0 0.175v =  and 0.325. A sliding bifurcation occurs at 
around 0 0.45v = , where the velocity of belt becomes too large for oscillator #1 to enter its sticking 
phase. The phase plane plots are shown in Fig. 37. 

 

 (a) (b) 

 

 (c) (d) 

Figure 37 Phase plane plots of oscillator #1 for various value of 0v  in Case 4  

By varying rω , we have 



 

Figure 38 Bifurcation diagram obtained by sweeping rω  in Case 4 

 

Figure 39 Bifurcation diagram obtained by sweeping 1 rω  in Case 4 

 



By varying fr , we have 

 

Figure 40 Bifurcation diagram obtained by sweeping fr  in Case 4 

By varying F , we have  

 

Figure 41 Bifurcation diagram obtained by sweeping F  in Case 4 



Due to the nonlinear restoring force, the bifurcation diagram of F  shown in Fig. 42 is much more 
complex than that shown in Fig. 27. Apart from the discontinuous bifurcation area for very small 
value of F , which is similar to the case with linear restoring force, there is a range of F  from 0.2 
to 0.375 where the mapping points of the trajectory shifts smoothly on the boundary of sliding 
region. By further increasing the value of F , a sliding bifurcation occurs at around 0.38F = , 
where a branch of trajectory of oscillator #1 is detached from the sliding region. At around 

0.61F = , a border collision bifurcation occurs as the locus of sticking phase of oscillator #2 
touches the upper boundary of sliding region, which leads to the discontinuity of the bifurcation 
diagram.  

By varying ω , we have 

 

 

Figure 42 Bifurcation diagram obtained by sweeping ω  in Case 4 

A summary of new nonlinear phenomenon for a 2-degree-of-freedom nonlinear system with dry-
friction, found in this paper, is made herein. 

(1) The extensive category of bifurcations which exist in this system can be divided into four main 
types: the Border-Collision Bifurcation, the Grazing-Sliding Bifurcation, the Multi-Sliding 
bifurcation and the Fixed-Point Bifurcation. These bifurcations are illustrated by investigating the 
evolution of locus of sticking phase in the sliding region. 

(2) The Border-Collision Bifurcation elucidated in this paper could be a new source of chaos in 
the dry friction induced oscillators, as shown in Fig. 28. 



(3) The Border-Collision Bifurcation and the Sliding Bifurcations (including Grazing-Sliding and 
Multi-Sliding Bifurcation) are global bifurcations, which lead to discontinuous and irregular 
change of the dynamical responses of the system. However, the Fixed-Point Bifurcation could be 
either local or global bifurcation. 

(4) The harmonic external force has two significant effects on the dynamical response of the 
system, even if it is relatively weak (smaller than the normal friction force). I. The oscillation of 
the system will not be damped down. In the system with nonlinear restoring force, it may be 
significantly enlarged, as shown in Fig. 36. II. For harmonic external force with high frequency, 
the oscillation of the system is suppressed.  

(5) The similar bifurcation diagrams obtained for the systems with linear and nonlinear restoring 
force show that the nonlinearity brought by the discontinuity of dry friction force is dominant in 
the system we studied in this paper. 

6. Conclusion 

In this paper, we made a systematic study on the 2-degree-of-freedom nonlinear system with dry-
friction force. First, the nondimensional analysis is applied using Buckingham’s π  theorem. 
Several dimensionless parameters with significant physical meanings are derived. They largely 
simplified the parametric analysis of the system. Then we defined the sliding region and the locus 
of sticking phase to better understand the nonlinear responses of this system. The numerical results 
are obtained using the modified OFAPI method, which can accurately solve non-smooth systems 
without using Henon’s approach.  

The numerical results show that the system has rich nonlinear dynamical behaviors that are much 
more complicated than those of single-degree-of-freedom system. By investigating the locus of 
sticking phase plotted in the sliding region, it is found that the Border-Collision Bifurcation, the 
Grazing-Sliding Bifurcation, the Multi-Sliding bifurcation and the Fixed-Point Bifurcation are 
responsible for the unpredictable evolution of dynamical responses as the system parameter 
changes. The mechanisms of these bifurcations are illustrated through the results of simulation. At 
last, it is noted that the approach adopted to study the 2-degree-of-freedom nonlinear system in 
this paper is also applicable to dry friction induced system with higher degrees of freedom. 
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