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A Systematic Approach for the Development of Weakly–Singular BIEs

Z. D. Han and S. N. Atluri1

Abstract: Straight-forward systematic deriva-
tions of the weakly singular boundary integral
equations (BIEs) are presented, following the
simple and directly-derived approach by Okada,
Rajiyah, and Atluri (1989b) and Han and Atluri
(2002). A set of weak-forms and their algebraic
combinations have been used to avoid the hyper-
singularities, by directly applying the “intrinsic
properties” of the fundamental solutions. The
systematic decomposition of the kernel functions
of BIEs is presented for regularizing the BIEs.
The present approach is general, and is applied
to developing weakly-singular BIEs for solids and
acoustics successfully.

Keyword: boundary integration equation, regu-
larization, decomposition.

1 Introduction

The boundary integral equations have distinct ad-
vantages over domain approaches, especially for
problems where singularities or infinite domains
are involved. In the past decades, the integral
equations have been the subject of extensive in-
vestigations. The focus in these derivations is
on the “fundamental solution” in a linear elas-
tic isotropic solid, viz., the Kelvin solution for
a unit point load applied at an arbitrary location,
in an arbitrary direction, in an infinite linear elas-
tic solid. The Kelvin solution is well-understood,
and is “singular”. In the Kelvin solution, for a
3-D solid, it is well-known that the displacement-
vector is “weakly-singular”, and the stress-tensor
is “strongly-singular”. In the classical formula-
tion, the integral equation for the displacement
vector at any point is “strongly singular”. By
differentiating the displacement BIE, the integral

1 Center for Aerospace Research & Education, University
of California, Irvine, 5251 California Avenue, Suite 140,
Irvine, CA, 92612, USA.

equation for the traction is obtained which is
‘hyper-singular”. Much has been written in the
last 10∼15 years on the “regularization” of the
tBIE [i.e., render the “hyper-singular” tBIE into
a “weakly-singular” tBIE], through what appears
to be laborious mathematical exercises and “ma-
nipulations”. This literature is too large to dis-
cuss here, but excellent summaries may be found
in [Cruse and Richardson (1996); Bonnet, Maier,
Polizzotto (1998); Li and Mear (1998)].

In the present paper, we present a systematic ap-
proach for developing the BIEs by avoiding the
hyper singularity. It is well-understood that BIEs
are formulated by writing the global-weak-form
of the momentum balance law with the use of
the fundamental solution as the test functions. It
is clear that there is no physical hyper singular-
ity existing in both displacement and stress ten-
sors. The hyper-singularity is introduced when
the stress tensor is differentiated by applying the
divergence theorem. We also observe that the di-
vergence of the stress tensor keeps the Dirac-delta
property even when each component of its gra-
dients is hyper-singular. The Dirac-delta prop-
erty can be directly applied to avoid the hyper-
singularity if the test functions and its combina-
tion are so chosen that all introduced terms of the
gradients are kept in the form of the divergence
of the stress tensor. The traditional displacement
BIE has been well formulated in which such prin-
cipal is kept to avoid the hyper-singularity. How-
ever, such principal has not been kept while for-
mulating the traditional traction BIE by differen-
tiating the displacement BIE directly. Thereafter
all hyper-singular terms are kept together prop-
erly for applying the Dirac-delta property, which
requires various laborious treatments.

On the other hand, as far back as 1989, Okada,
Rajiyah, and Atluri (1989a,b, 1991) have pro-
posed a way to directly derive integral equations
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for gradients of displacements, by taking the gra-
dient of the displacement of the fundamental so-
lution as the test function, rather than the dis-
placement for the displacement BIE and then dif-
ferentiating it with respect to x as is most com-
mon is literature. All hyper-singular terms are
kept in form of the divergence of the stress tensor
for the direct application of the Dirac-delta prop-
erty. Thus, the directly derived BIE for the dis-
placement gradients [Okada, Rajiyah and Atluri
(1989a,b)] is only “strongly-singular”, as opposed
to being “hyper-singular”, which has been suc-
cessfully applied for solving nonlinear elastic
problems with finite deformation, as known as
the field BIE. In 2003, Han and Atluri (2003a)
have extended to formulate the traction BIEs in
the same manner, by applying the constitutive
equations to the BIEs for the displacement gra-
dients. It is essential that the stress field of the
fundamental solution is taken as the test func-
tion. The traction BIE has also been fully regular-
ized in a very straight-forward and simple man-
ner [Han and Atluri (2003a)]. In the present pa-
per, such a derivation procedure has been for-
mulated to be a general approach for develop-
ing non-hyper BIEs systematically in: i) choosing
proper test functions for the weak-forms to avoid
the hyper singularity; ii) decomposing the ker-
nel functions into two curl-free and divergence-
free parts; iii) applying the decomposed func-
tions for the regularization of the BIEs. This pro-
cedure is not limited to elasticity and has been
used to develop the non-hyper BIEs for acous-
tics [Qian, Han and Atluri (2004), Qian, Han,
Ufimtsev and Atluri (2004)], fracture mechanics
[Han and Atluri (2002, 2003b)], and their mesh-
less approaches[Atluri (2004), Atluri, Han and
Shen (2003), Atluri, Han and Rajendran (2004),
Atluri, Liu and Han (2006)].

The structure of the paper is as follows. In Sec-
tion 2, the non-hyper-singular BIEs are directly
derived, following Okada, Rajiyah and Atluri
(1989a,b) and Han and Atluri (2003a). We discuss
the general approach to avoid the hyper singulari-
ties in developing BIEs in Section 3. In Section 4,
the fundamental solution in term of the Galerkin
vector potential is revisited, and the decomposi-

tion of the kernel functions of the fundamental
solution is also presented. The systematic method
for regularization of BIEs is presented in Section
5, and some conclusions are summarized in Sec-
tion 6.

2 Non-hyper-singular BIEs in Elasticity

The governing equations of momentum balance
in a solid undergoing small displacements are

σi j,i + fi = 0; σi j = σ ji ( ),i ≡ ∂
∂ξi

(2.1)

For the present, we ignore the body forces fi (but
include them later, when necessary). Thus, (2.1)
are reduced to:

σi j,i = 0 in Ω (2.2)

For a homogeneous linear elastic isotropic homo-
geneous solid, the constitutive equation is

σi j = Ei jklεkl = Ei jkluk,l (2.3)

where

εkl =
1
2
(uk,l +ul,k) (2.4)

and

Ei jkl = λ δi jδkl + μ(δikδ jl +δilδ jk), (2.5)

with λ and μ being the Lame’s constants.

Let ui be the trial functions for displacements, to
satisfy Eq. (2.2), in terms of ui, when Eqs. (2.3)-
(2.5) are used. Let u j be the test functions to sat-
isfy the momentum balance laws in terms of ui, in
a weak form. The weak form of the equilibrium
Eq. (2.2) can then be written as,

∫
Ω

σi j,iu jdΩ = 0 or
∫

Ω
(Ei jmnum,n)iu jdΩ = 0

(2.6)

Applying the divergence theorem two times in Eq.
(2.6), we obtain:

∫
∂Ω

niEi jmnum,nu j dS−
∫

∂Ω
nnEi jmnumu j,i dS
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+
∫

Ω
um(Ei jmnu j,i),n dΩ = 0 (2.7)

Instead of the scalar weak form of Eq. (2.2), as in
Eq. (2.6), we may also write a vector weak form
of Eq. (2.2), by using the tensor test functions ui,k

as:
∫

Ω
σi j,iu j,kdΩ = 0 k = 1,2,3 (2.8)

By applying divergence theorem three times in
Eq. (2.8), we may write:

∫
∂Ω

niEi jmnum,nu j,k dS−
∫

∂Ω
nkEi jmnum,nu j,i dS

+
∫

∂Ω
nnEi jmnum,ku j,i dS−

∫
Ω

um,k(Ei jmnu j,i),n dΩ

= 0 (2.9)

Consider a body of an infinite/semi-infinite extent
containing the solid of the interest, subject to a
point force at a generic location x in the direction
ep. The fundamental solution, in infinite/semi-
infinite space, of the stress field, denoted by
σσσ∗p(x,ξξξ), at any point ξξξ due to this point load
at x, is generated by the balance law:

∇ ·σσσ ∗p(x,ξξξ)+δ (x,ξξξ )ep = 0 or

σ∗p
i j,i(x,ξξξ)+δp j(x,ξξξ) = 0 (2.10)

It should be noted that the fundamental solution in
Eq. (2.10) is general. It is not limited to the well-
known Kelvin solution. It could be one of any
stress distributions for a number of problems of
practical importance, derived from the Kelvin so-
lution by methods of synthesis and superposition,
such as the fundamental solution in a semi-infinite
solid. The governing equation in Eq. (2.10) is the
most important property of the solutions for de-
veloping BIEs and canceling the singularities. It
is demonstrated in the following sections.

Without losing the generality, the corresponding
displacement field is denoted by u∗p

i (x,ξξξ). By
taking this displacement solution as the test func-
tion ui(ξξξ), and with the consideration of its prop-
erties in Eq. (2.10), we re-write Eqs. (2.7), (2.9),
respectively, as,

up(x) =
∫

∂Ω
t j(ξξξ )u∗p

j (x,ξξξ) dS

−
∫

∂Ω
um(ξξξ )t∗p

m (x,ξξξ) dS (2.11)

−up,k(x) =
∫

∂Ω
ni(ξξξ )Ei jmnum,n(ξξξ )u∗p

j,k(x,ξξξ) dS

−
∫

∂Ω
nk(ξξξ)Ei jmnum,n(ξξξ )u∗p

j,i(x,ξξξ ) dS

+
∫

∂Ω
nn(ξξξ )Ei jmnum,k(ξξξ )u∗p

j,i(x,ξξξ ) dS

=
∫

∂Ω
t j(ξξξ )u∗p

j,k(x,ξξξ) dS

+
∫

∂Ω
Dtum(ξξξ )enktσ∗p

nm(x,ξξξ) dS

(2.12)

where the surface tangential operator Dt is defined
as,

Dt = nrerst
∂

∂ξs
(2.13)

It clearly shows that the hyper-singularities in
Eqs. (2.7), (2.9) are cancelled through the use
of the properties of the fundamental solution.
Eq. (2.11) is the well-known traditional dis-
placement BIE. However, Eq. (2.12) is the
displacement gradient BIE containing no hyper-
singularity, which is quite different from the tra-
ditional hyper-singular traction BIE. It should be
noted that the integral equations for up(x) and
up,k(x) as in Eqs. (2.11) and (2.12) are derived
independently of each other. On the other hand, if
we derive the integral equation for displacement-
gradients, by directly differentiating up(x) in Eq.
(2.11), i.e. by differentiating,

up(x) =
∫

∂Ω
t j(ξξξ )u∗p

j (x,ξξξ) dS

−
∫

∂Ω
um(ξξξ )t∗p

m (x,ξξξ) dS
(2.14)

with respect to xk, we obtain:

up,k(x) =
∫

∂Ω
t j(ξξξ )u∗p

j,k(x,ξξξ) dS

−
∫

∂Ω
um(ξξξ )t∗p

m,k(x,ξξξ) dS (2.15)
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Thus, Eq. (2.14) is hypersingular, since t∗p
m,k(x,ξξξ)

is of O(r−3) for 3D problems. On the other
hand, the directly derived integral equations for
up,k(x,ξξξ ) as in Eq. (2.12) contain only singulari-
ties of O(r−2).

Eqs. (2.11) and (2.12) were originally given in
[Okada, Rajiyah, and Atluri (1989a,b)], and the
notion of using unsymmetric weak-forms of the
differential equations, to obtain integral represen-
tations for displacements, was presented in [Atluri
(1985)]. It has also been extended for tractions by
applying the constitutive equation [Han and Atluri
(2003a)], as

−Eabpkup,k(x) = Eabpk

∫
∂Ω

t j(ξξξ )u∗p
j,k(x,ξξξ) dS

+Eabpk

∫
∂Ω

Dtum(ξξξ )enktσ∗p
nm(x,ξξξ) dS (2.16)

Then Eq. (2.15) can be re-written as,

−σab(x) =
∫

∂Ω
tp(ξξξ)Θ∗p

ab(x,ξξξ) dS

+
∫

∂Ω
Dpuq(ξξξ )Σ∗

abpq(x,ξξξ) dS (2.17)

where by definition,

Θ∗p
ab(x,ξξξ) = Eabklu∗k

p,l(x,ξξξ)

Σ∗
abpq(x,ξξξ) = Eabklenlpσ∗k

nq (x,ξξξ)
(2.18)

The function Θ∗q
ab(x,ξξξ) is identical to the stress

field if the Kelvin solution is used.

Contracting Eq. (2.16) with na(x) on the bound-
ary, we have

− tb(x) =
∫

∂Ω
tp(ξξξ )na(x)Θ∗p

ab(x,ξξξ ) dS

+
∫

∂Ω
Dpuq(ξξξ )na(x)Σ∗

abpq(x,ξξξ) dS (2.19)

where the traction is defined as,

tb(x) = na(x)σ (
abx) (2.20)

3 Discussion of Non-hyper-singular BIEs

Before discussing the non-hyper-singular traction
BIE in Eq. 3, we examine the displacement BIE in
Eq. (2.11) which is non-hyper-singular derived in

a straight-forward manner. The governing equa-
tions of momentum balance in Eq. (2.1) contain
three independent equations, for 3D solid prob-
lems. We applied a vector test function u∗p

i (x,ξξξ)
to three equations and their summation yields a
scalar weakform for the displacement in the di-
rection ep, as the displacement BIE in Eq. (2.11).
One advantage by using three weak-forms is that
the properties of the fundamental solution in Eq.
(2.10) can be applied directly to avoid the hyper-
singularity appearing in the displacement BIE in
Eq. (2.11). As shown in Eq. (2.7), the key point to
make it possible is to put all hyper-singular terms
together in the form of the governing equations,
after applying the divergence theorem to the sum-
mation of three weak-forms.

To develop traction BIEs, we apply the gradients
of the displacement field of the fundamental so-
lution u∗p

i, j(x,ξξξ) as a tenser test function to the
governing equations. It means that nine weak-
forms are used and their summation yields a vec-
tor weakform for the gradients of the displace-
ment in the direction ep, shown in Eq. (2.12).
Such summation results in a term in the form of
the governing equations in the weakform in Eq.
(2.9), which enables the direct use of the property
of the fundamental solution to avoid the hype-
singularity. In addition, we also apply the con-
stitutive equations to the BIEs for the gradients in
Eq. (2.12) and obtain the BIEs for the stress in
Eq. (2.16). It means that the actual test function
we apply to the governing equation is the stress
field of the fundamental solution Θ∗q

ab(x,ξξξ ) (as its
variant form) shown in Eq. (2.17). It needs to be
pointed out that the non-hyper-singular displace-
ment and traction BIEs in the present paper are
very general because no special properties of the
fundamental solutions are used to cancel the sin-
gularities except the basic governing equations in
Eq. (2.10). Thus, the present BIEs are applica-
ble to any fundamental solutions and their var-
ious forms of Eq. (2.10). If the Kelvin solu-
tion of the infinite extent is used, these BIEs be-
come the widely-used displacement and traction
BIEs. They become the non-hyper-singular BIEs
for the semi-infinite extent, if the Mindlin solution
[Mindlin (1936)] is used.
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In contrast, the traditional traction BIE was de-
rived by differentiating the displacement BIE di-
rectly as shown in Eq. (2.14), and ignoring the
properties of the fundamental solutions. Thus,
the hyper-singularities have been introduced into
the final BIEs which can be cancelled in a sim-
ple manner. Much research has been done to
deal with the hyper-singularities, such as the use
of kernel decomposition with high-order numeri-
cal quadrature scheme, special forms of the fun-
damental solutions, and particular auxiliary solu-
tions. All these techniques are limited to one par-
ticular fundamental solution, which is hard to be
extended to other fundamental solutions.

4 Fundamental Solutions in Terms of
Galerkin Vector Potential for Displace-
ments

Consider a linear elastic, homogeneous, isotropic
body in a domain Ω, with boundary ∂Ω. The
Lame’ constants of the linear elastic isotropic
body are λ and μ ; and the corresponding Young’s
modulus and Poisson’s ratio are E and υ , respec-
tively. We use Cartesian coordinates ξi, and the
attendant base vectors ei, to describe the geom-
etry in Ω. The solid is assumed to undergo in-
finitesimal deformations. The displacement vec-
tor, strain-tensor, and the stress-tensor in the elas-
tic body are denoted as u, εεε and σσσ , respectively. It
is well known that the displacement vector, which
is a continuous function of ξξξ , can be derived, in
general, from the Galerkin vector potential ϕ such
that:

u = ∇2ϕ − 1
2(1−υ)

∇(∇ ·ϕ) (4.1a)

= A∇2ϕ +∇2ϕ −∇(∇ ·ϕ) (4.1b)

= uΦ +uΨ (4.1c)

where, by definition,

uΦ = A∇Φ = A∇2ϕ (4.2)

uΨ = ∇×Ψ = −∇×∇×ϕ = ∇2ϕ −∇(∇ ·ϕ)
(4.3)

A =
μ

λ +2μ
=

1−2υ
2(1−υ)

(4.4)

where Φ is a scalar potential, and Ψ is a vector
potential, such that:

Φ = ∇ ·ϕ (4.5)

Ψ = −(∇×ϕ) (4.6)

Thus the displacement vector has been decom-
posed into two parts, uΦ and uΨ, which posses
the properties,

∇×uΦ = A∇×∇Φ = 0 curl-free (4.7)

∇ ·uΨ = ∇ ·∇×Ψ = 0 divergence-free (4.8)

It is well-known that a divergence free tensor must
be a curl of another divergence free tensor, and
a curl-free tensor must be a gradient of a scalar
potential. As a particular case, the fundamen-
tal solution of Eq. (2.10) also possesses such
properties, which, and its derivatives in various
forms as the kernel functions, can be decomposed
into: i) a divergence-free part, and ii) a curl-
free part. Thereafter, the singularities in the BIEs
can be reduced to be tractable, by i) applying the
Stokes’ theorem, or ii) utilizing the Cauchy Prin-
cipal value (CPV) integral.

In the present paper, the Kelvin solution is taken
to demonstrate the decomposition procedure. The
similar derivation has been successfully applied
for solving problems of acoustics governed by
the Helmholtz differential equation by Qian, Han
and Atluri (2004) and Qian, Han, Ufimtsev and
Atluri (2004).

Consider the fundamental solution of Eq. (2.10),
the corresponding Galerkin vector displacement
potentials are given as,

ϕ∗p = (1−υ)F∗(p)ep no summation on p (4.9)

where for the Kelvin solution in an infinite extent,

F∗ =
r

8πμ(1−υ)
for 3D problems (4.10a)

and

F∗ =
−r2 lnr

8πμ(1−υ)
for 2D problems (4.10b)

where r = ‖ξξξ −x‖. The derivatives of function F
can be found in Appendix A.
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One may re-write Eq. (2.10) in term of F∗ as,

μ(1−υ)F∗
,kkll +δ (x,ξξξ ) = 0 (4.11)

The corresponding displacements are derived
from the Galerkin vector displacement potential,
using (4.1a), as:

u∗p
i (x,ξξξ) = (1−υ)δpiF

∗
,kk −

1
2

F∗
,pi (4.12)

which is weakly singular and requires no further
treatment.

The gradients of the displacements in Eq. (4.12)
are:

u∗p
i, j (x,ξξξ) = (1−υ)δpiF

∗
,kk j −

1
2

F∗
,pi j (4.13)

which contains the singularity of O(r−2) for 3D
or O(r−1) for 2D. All kernel functions containing
these gradients need to be regularized, including
σ∗p

i j (x,ξξξ), Θ∗p
i j (x,ξξξ), Σ∗

i jpq(x,ξξξ). For the case of
the Kelvin solution, the second one is identical to
the stress field σ∗p

i j (x,ξξξ).

One may decompose the stress field from its defi-
nition, given by:

σ∗p
i j (x,ξξξ) ≡Ei jklu

∗p
k,l

=μ [(1−υ)δpiF
∗
,kk j +υδi jF

∗
,pkk −F ∗

,pi j ]

+ μ(1−υ)δp jF
∗
,kki

(4.14)

which is not divergence-free due to the last term,
as

σ∗p
i j,i(x,ξξξ) = μ(1−υ)δp jF

∗
,kkii = −μδp jδ (x,ξξξ )

(4.15)

We define two functions φ ∗p
i j and ψ∗p

i j to decom-
pose the stress field σ∗p

i j,i(x,ξξξ ), as

σ∗p
i j (x,ξξξ) = φ ∗p

i j (x,ξξξ)+ψ∗p
i j (x,ξξξ) (4.16a)

φ ∗p
i j (x,ξξξ) ≡−μ(1−υ)δp jF

∗
,kki curl-free (4.16b)

ψ∗p
i j (x,ξξξ) ≡ μ [(1−υ)δpiF

∗
,kk j +υδi jF

∗
,pkk −F∗

,pi j]

divergence-free (4.16c)

where, as a divergence free tensor, ψ∗(x,ξ ) must
be a curl of another divergence-free tensor. We

choose to rewrite it in term of F∗ from Eq.
(4.16c), as:

ψ∗p
i j (x,ξξξ) = μetis[(1−υ)etp jF

∗
,kk −etk jF

∗
,pk],s

≡ eistG
∗p
t j,s

(4.17)

where, by definition,

G∗p
i j (x,ξξξ) = μ [(1−υ)eip jF

∗
,kk −eik jF

∗
,pk] (4.18)

which is weakly singular.

The third kernel function, Σ∗
i jpq(x,ξξξ), can be de-

composed from its definition in Eq. (4.14), writ-
ten in terms of F∗ as:

Σ∗
i jpq(x,ξξξ) = Ei jklenlpσ∗k

nq (x,ξξξ)

= μ2[(einpF, jqn −einpδ jqF,bbn +eint etqke jpmF,kmn)
+υ(einqδ jpF,bbn +e jnqδipF,bbn)]

(4.19)

We also have the divergence of Σ∗
i jpq as:

Σ∗
i jpq,i(x,ξξξ )= μ2υe jiqF,bbip ≡Λ∗

i jpq,i(x,ξξξ) (4.20)

where, by definition,

Λ∗
i jpq(x,ξξξ) = μ2υe jiqF,bbp curl-free (4.21)

Thus, one may obtain the divergence-free part by
subtracting the curl-free part from the kernel func-
tion Σ∗

i jpq(x,ξξξ), as

K∗
i jpq(x,ξξξ) = Σ∗

i jpq(x,ξξξ)−Λ∗
i jpq(x,ξξξ)

= μ2eint [(δtpF, jq −δtpδ jqF,bb +etqke jpmF,km)
+υ(δtqδ jpF,bb +etpme jmqF,bb)],n

≡ eintH
∗
t jpq,n(x,ξξξ) divergence-free

(4.22)

and its companion divergence-free tensor is given,
by definition, as

H∗
i jpq(x,ξξξ) = μ2[(δipF, jq −δipδ jqF,bb +eiqke jpmF,km)

+υ(δiqδ jpF,bb +eipme jmqF,bb)]

= μ2[−δi jF,pq +2δipF, jq +2δ jqF,ip −δpqF,i j

−2δipδ jqF,bb +2υδiqδ jpF,bb

+(1−υ)δi jδpqF,bb)]
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(4.23)

which is weakly singular.

From Eqs. (4.20) and (4.22), some properties of
the kernel functions can be found as following:

∇ ·Σ∗(x,ξξξ) = ∇ ·Λ∗(x,ξξξ) (4.24a)

∇ ·K∗(x,ξξξ) = 0 (4.24b)

K∗(x,ξξξ) = ∇×H∗(x,ξξξ ) (4.24c)

For the strong singularity of the curl-free part, we
write the weak form of Eq. (2.10) over the do-
main, using a constant c as a test function, as
∫

Ω
σ∗p

i j,i(x,ξξξ)dΩ+δp j = 0 (4.25a)

and apply the divergence theorem once,
∫

∂Ω
ni(ξξξ )σ∗p

i j (x,ξξξ )dS +δp j = 0 (4.25b)

or
∫

∂Ω
t∗p

j (x,ξξξ)dS +δp j = 0 x ∈ Ω (4.25c)

Eq. (4.25c) is the well-known “basic identity” of
the fundamental solution σσσ∗p(x,ξξξ). Eq. (4.25c)
is simply an affirmation of the force balance law
for Ω: if the point load is applied at a point x ∈ Ω
when Ω is entirely embedded in an infinite space,
the tractions exerted by the surrounding infinite
body on the finite-body Ω should be equilibrated
with the applied point force at x inside Ω.

Once the point x approaches a smooth boundary,
i.e. x ∈ ∂Ω, the first term in Eq. (4.25d) can be
written in a Cauchy Principal value (CPV) inte-

gral, denoted by
∫ CPV, as,

lim
x→∂Ω

∫
∂Ω

t∗p
j (x,ξξξ)dS =

∫ CPV

∂Ω
t∗p

j (x,ξξξ)dS− 1
2

δp j

(4.26a)

and thus, one obtains:

∫ CPV

∂Ω
t∗p

j (x,ξξξ)dS+
1
2

δp j = 0 x ∈ ∂Ω (4.26b)

x

Ω∂∈

pe
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Ω

Ω∂
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Figure 1: A solution domain with source point x
and target point ξξξ

x̂

Ω∂∈

pe

)(n

Ω

Ω∂

Ω∈

x

Figure 2: A loading point x approaching the
boundary

x̂
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Figure 3: Local coordinates at a boundary point x̂
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The second term on the right hand-side of Eq.
(4.26a) results from the principal value of the sin-
gular integral involving t∗p

j , which has a O( 1
r2 )

singularity. Eq. (4.26b) may also be physically
explained as below. σ∗p

i j (and thus t∗p
j ) are so-

lutions due to a point load applied in an infinite
space. In reality, the point load can be assumed
to be distributed over a small-sphere, of radius
ε , in an infinite body. The tractions distributed
over this sphere, that result in a point load, are
of O( 1

ε2 ); while the surface area of the sphere is
O(ε2). As long as this sphere is inside Ω, and
while Ω is a part of the infinite space, the load
applied on Ω is still unity. Suppose x → x̂ at ∂Ω
shown in Fig. 2, then the sphere of radius ε is cen-
tered at the boundary. As long as the boundary is
smooth, only one-half of the sphere of radius ε is
actually inside Ω, when x → x̂ at ∂Ω. Thus while
the load applied, in infinite space, on a sphere of
radius ε at x̂∈ ∂Ω, is still unity, the actual load ap-
plied on Ω is only 1

2 . Thus we obtain Eq. (4.26b).

We can write Eq. (4.25c) for x ∈ ∂Ω, with Eq.
(4.26), as:

∫ CPV

∂Ω
t∗p

j (x,ξ )dS+
1
2

δp j = 0 x ∈ ∂Ω

(4.27)

From Eq. (4.16), we also see that

−
∫ CPV

∂Ω
ni(ξ )σ∗p

i j (x,ξ )dS

=
∫ CPV

∂Ω
ni(ξ )φ ∗p

i j (x,ξ )dS (4.28a)

or

−
∫ CPV

∂Ω
t∗p

j (x,ξ )dS =
∫ CPV

∂Ω
ni(ξ )φ ∗p

i j (x,ξ )dS

(4.28b)

for both x ∈ Ω and x ∈ ∂Ω.

The corresponding equations for Ψ∗p
i j can also be

written as,∫
∂Ω

ni(ξξξ )Ψ∗p
i j (x,ξξξ)dS = 0 (4.29)

and∫
∂Ω

ni(ξξξ )Ψ∗p
i j (x,ξξξ) ·u(

jx)dS = 0 (4.30)

5 Regularization of BIEs

The traction BIE in Eq. 3 may be satisfied
in a weak-form at ∂Ω, using a Petrov-Galerkin
scheme, as:

−
∫

∂Ω
wb(x)tb(x)dSx

=
∫

∂Ω
wb(x)dSx

∫
∂Ω

tq(ξξξ )na(x)Θ∗q
ab(x,ξξξ)dSξ

+
∫

∂Ω
wb(x)dSx

∫
∂Ω

Dpuq(ξξξ )na(x)Σ∗
abpq(x,ξξξ ) dSξ

(5.1)

where wb(x) is a test function. With the use of
Eqs. (4.16) and (4.22), the weakform can be
rewritten as,

−
∫

∂Ω
wb(x)tb(x)dSx =

∫
∂Ω

wb(x)dSx

·
∫

∂Ω
tq(ξξξ )na(x)[Ψ∗q

ab(x,ξξξ) −φ ∗q
ab (x,ξξξ)]dSξ

+
∫

∂Ω
wb(x)dSx

∫
∂Ω

Dpuq(ξξξ )na(x)K∗
abpq(x,ξξξ ) dSξ

(5.2)

With the fact that

∂
∂xi

= − ∂
∂ξi

, (5.3)

one may rewrite Eq. (5.2) with the decomposition
of the kernel functions as:

− 1
2

∫
∂Ω

tb(x)wb(x)dSx

= −
∫

∂Ω
wb(x)dSx

∫
∂Ω

tq(ξξξ)DaG∗q
ab(x,ξξξ) dSξ

−
∫

∂Ω
tq(ξξξ ) dSξ

∫ CPV

∂Ω
na(x)wb(x)φ ∗q

ab (x,ξξξ)dSx

−
∫

∂Ω
wb(x)dSx

∫
∂Ω

Dpuq(ξξξ )DaH∗
abpq(x,ξξξ ) dSξ

(5.4)

where G∗q
ab is defined in Eq.(4.18); φ ∗q

ab is defined
in Eq. (4.16), and H∗

abpq is defined in Eq. (4.23).

If wb(x) is continuous, one may use Stokes’ theo-
rem, and re-write Eq. (5.4) as:

− 1
2

∫
∂Ω

tb(x)wb(x)dSx
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=
∫

∂Ω
Dawb(x)dSx

∫
∂Ω

tq(ξξξ)G∗q
ab(x,ξξξ) dSξ

−
∫

∂Ω
tq(ξξξ ) dSξ

∫ CPV

∂Ω
na(x)wb(x)φ ∗q

ab (x,ξξξ)dSx

+
∫

∂Ω
Dawb(x)dSx

∫
∂Ω

Dpuq(ξξξ )H∗
abpq(x,ξξξ ) dSξ

(5.5)

If the test function wb(x) is chosen to be iden-
tical to a function that is energy-conjugate to tb,
namely, the trial function ûb(x), we generate the
symmetric Galerkin BEM as:

− 1
2

∫
∂Ω

tb(x)ûb(x)dSx

=
∫

∂Ω
Daûb(x)dSx

∫
∂Ω

tq(ξξξ )G∗q
ab(x,ξξξ) dSξ

−
∫

∂Ω
tq(ξξξ ) dSξ

∫ CPV

∂Ω
na(x)ûb(x)φ ∗q

ab (x,ξξξ)dSx

+
∫

∂Ω
Daûb(x)dSx

∫
∂Ω

Dpuq(ξξξ)H∗
abpq(x,ξξξ) dSξ

(5.6)

The results in Eq. (5.5) are similar to those re-
ported in [Li and Mear (1998)] but are different
from those in Li and Mear (1998) in the kernel
functions appearing in Eq. (5.6). However, here,
we obtain these results in a very straightforward
and simple manner.

Regarding the displacement BIE in Eq. (2.11),
only the term containing the stress field of the fun-
damental solutions is strongly singular and needs
the treatment for the numerical implementation.
We also consider the possibility of satisfying the
dBIE, at ∂Ω, in a weak form, through a general
Petrov-Galerkin scheme, and write a weak-form
for Eq. (2.11) as:

1
2

∫
∂Ω

wp(x)u j(x)dSx

=
∫

∂Ω
wp(x)dSx

∫
∂Ω

t j(ξξξ )u∗p
j (x,ξξξ) dSξ

−
∫

∂Ω
wp(x)dSx

∫
∂Ω

ni(ξξξ )u j(ξξξ )ψ∗p
i j (x,ξξξ ) dSξ

+
∫

∂Ω
wp(x)dSx

∫ CPV

∂Ω
ni(ξξξ )u j(ξξξ)φ ∗p

i j (x,ξξξ) dSξ

(5.7)

Applying Stokes’ theorem to Eq. (5.7), we have

1
2

∫
∂Ω

wp(x)up(x)dSx

=
∫

∂Ω
wp(x)dSx

∫
∂Ω

t j(ξξξ )u∗p
j (x,ξξξ) dSξ

+
∫

∂Ω
wp(x)dSx

∫
∂Ω

Di(ξξξ )u j(ξξξ )G∗p
i j (x,ξξξ ) dSξ

+
∫

∂Ω
wp(x)dSx

∫ CPV

∂Ω
ni(ξξξ )u j(ξξξ)φ ∗p

i j (x,ξξξ) dSξ

(5.8)

where G∗p
i j is defined in Eq.(4.18).

If wp(x) is chosen to be identical to a function
which is energy-conjugate to up, viz., the trial
function t̂p(x), we obtain the symmetric Galerkin
dBEM, as

1
2

∫
∂Ω

t̂p(x)up(x)dSx

=
∫

∂Ω
t̂p(x)dSx

∫
∂Ω

t j(ξξξ )u∗p
j (x,ξξξ) dSξ

+
∫

∂Ω
t̂p(x)dSx

∫
∂Ω

Di(ξξξ )u j(ξξξ )G∗p
i j (x,ξξξ) dSξ

+
∫

∂Ω
t̂p(x)dSx

∫ CPV

∂Ω
ni(ξξξ )u j(ξξξ )φ ∗p

i j (x,ξξξ) dSξ

(5.9)

After the regularization, both displacement and
traction BIEs are weakly singular. All integrals
can be performed by using the ordinary Gaus-
sian quadrature scheme, which requires no spe-
cial numerical techniques to deal with the hyper
or strong singularities. The BIEs developed here
have been successfully applied to solving fracture
problems [Han and Atluri (2003a)] and acoustic
problems [Qian, Han and Atluri (2004)].

6 Closure

A systematic approach for developing boundary
integral equations has been presented to avoid the
hyper singularities completely. We have also pre-
sented a systematic way to decompose the cor-
responding kernel functions into divergence-free
and companion curl-free parts, with the use of the
properties of the fundamental solutions, for reg-
ularizing the BIEs. The fully regularized BIEs
contain weakly singular integrals which are nu-
merical tractable. The present approach has been
demonstrated by developing the weakly-singular
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displacement and traction BIEs in a linear elastic
solid undergoing small displacements, in a simple
and straight-forward manner.

The present approach follows the methodologies
presented in Okada, Rajiyah, and Atluri (1989b)
and extended in Han and Atluri (2003a). It is gen-
eral and could be extended for developing BIEs
for other PDEs for acoustics, electro- magnetics,
finite elasticity, and the MLPG approach.
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Appendix A: Derivatives of the Kelvin solu-
tion

In a 3-dimensional linear elastic homogeneous
body we can easily derive the derivatives of F∗,
as:

F∗ =
r

8πμ(1−υ)
for 3D problems (A-1)

F∗
,p =

r,p

8πμ(1−υ)
(A-2a)

F∗
,pi =

1
8πμ(1−υ)r

(δpi − r,pr,i) (A-2b)

F∗
,kk =

1
4πμ(1−υ)r

(A-2c)

F∗
,pi j = − 1

8πμ(1−υ)r2

· (δpir, j +δp jr,i +δi jr,p −3r,pr,ir, j) (A-2d)

F∗
,kki = − 1

4πμ(1−υ)r2 r,i (A-2e)

F∗
,kki j = − 1

4πμ(1−υ)r3 (δi j −3r,ir, j) (A-2f)

and for a 2-dimensional body,

F∗ =
−r2 lnr

8πμ(1−υ)
(A-3)

F∗
,p = − 1

8πμ(1−υ)
(r +2r lnr)r,p (A-4a)

F∗
,pi = − 1

8πμ(1−υ)
[δpi(1+2lnr)+2r,pr,i]

(A-4b)

F∗
,kk = − 1

2πμ(1−υ)
(1+ lnr) (A-4c)

F∗
,pi j = − 1

4πμ(1−υ)r

· (δpir, j +δp jr,i +δi jr,p −2r,pr,ir, j) (A-4d)

F∗
,kki = − 1

2πμ(1−υ)r
r,i (A-4e)

F∗
,kki j = − 1

2πμ(1−υ)r2 (δi j −2r,ir, j) (A-4f)

The singularity in each of the derivatives can be
seen, for 3D problems, as:

F∗
,kki j ∝ O(

1
r3 ) (A-5a)

F∗
,kki ∝ O(

1
r2 ) (A-5b)

F∗
,kk ∝ O(

1
r
) (A-5c)

F∗
,pk ∝ O(

1
r
) (A-5d)

and for 2D problems as:

F∗
,kki j ∝ O(

1
r2 ) (A-6a)

F∗
,kki ∝ O(

1
r
) (A-6b)

F∗
,kk ∝ O(lnr) (A-6c)

F∗
,pk ∝ O(lnr) (A-6d)

The kernel functions for 3D problems are given
as:

u∗p
i (x,ξξξ) =

1
16π(1−υ)r

[(3−4υ)δip + r,ir,p]

(A-7)

G∗p
i j (x,ξξξ) =

1
8π(1−υ)r

[(1−2υ)eip j +eik jr,kr,p]

(A-8)
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σ∗p
i j (x,ξξξ) =

1
8π(1−υ)r2

· [(1−2υ)(δi jr,p −δipr, j −δ jpr,i)−3r,ir, jr,p]
(A-9)

H∗
i jpq(x,ξξξ)

=
μ

8π(1−υ)r
[4υδiqδ jp −δipδ jq −2υδi jδpq

+δi j r,pr,q +δpqr,ir, j −2δipr, jr,q −δ jqr,ir,p]
(A-10)

and for 2D plane strain problems as:

u∗p
i (x,ξξξ) =

1
8π(1−υ)

[−(3−4υ) lnrδip + r,ir,p]

(A-11)

G∗p
i j (x,ξξξ) =

1
4π(1−υ)

· [−(1−2υ) lnr eip j +eik jr,kr,p] (A-12)

σ∗p
i j (x,ξξξ) =

1
4π(1−υ)r

· [(1−2υ)(δi jr,p −δipr, j −δ jpr,i)−2r,ir, jr,p]
(A-13)

H∗
i jpq(x,ξξξ) =

1
4π(1−υ)

· [−4υ lnrδiqδ jp + lnrδipδ jq

+2υ lnrδi jδpq +δi j r,pr,q

+δpqr,ir, j −2δipr, jr,q −δ jqr,ir,p]
(A-14)


