
(2 n 
: \1 .Le tAbe thenons ingu la r3x3 rna t r i xA : I  Z  I  o  | .

(a) Consider the QB-factorization of .4. Descr,I lo.t,"iJoourr,.s of matrices e and .R.
(b) Explain how two Householder matrices .F11 and H2 can be used to form the eR-fac to r i za t i ono f  A , i . e . ,  A :QR.  A l so ,exp resse in te rmso f  . f / r  and ,H2and .R in te rmso f
Ht ,  Hz,  and A.

(c) Suppose rhar H1A: ( ; I ;t ) . o,"o.r/2 and find marrix fi.
\o 4 sl

(G ivende iR" , reca l l tha t i fo :s ign (c r ) l l d l l r ,d_ i rod1 ,0= i l l d l l l , and .H: I_ i l#10 ,
bhen I/d -- -o4.)

Numerical Analysis preliminary Examination, August 200g
Department of Mathematics and Statistics

Do nine of the followilrg ten problerns. clearly indicate which nine are to be graded. calcu-
lators are not allowed.

(  4x1 -x2  :  2
2. Consider the linear system { 

-r, * 4r2 - rs : 6

(a) compute the Jacobi iteratiln ,n",;:: j,Nitr,i ,r?rt"-.
(b) Determine the spectral radius, p(J), of matrix -I.
(c) Determine or cleduce that the spectral radius of the Gauss-Seidel matrix, ,L1, satisfies
p(Lr)  < p(J) .

3'  Let  A be a nonsingular nxn matr ix and suppose that C is an nxn matr ix wi th
l l l  -  AC l l (  q  <  1 .  Le t  X i+ t  =  X jB  +C fo r  j  :0 , I ,2 , . . .  where  B  =  I  _  AC.prove  tha t

ni

l lx ,  - .4- ' l j  <  .L l lx ,  _  Xol l ., . _ 1 _ q ' ' . U | l '

! '  Le t  r=  l ( r ,u ) : rb r312* ry -2 r - t4y+y2 lz  descr ibeasur face  where  ( r ,g )  e  D ,=
[.0'.T) x (-oo, oo). The minimurn point ot y@,i) i" n is (0.5391, -4.5391).
(a) Describe the method of steepest desceni ior dnding the minimum point.
(b) Let (to,yo): (0,0) be the init ial point in the .u-tho.l of steepest descent. Apply one
step of the method and calculate the point (rr,yr).

5 .  Le t  u=1 / ( i+1 )  fo r i :0 ,  1 , . . . ,n .  Suppose tha t /e  C- [0 , t ]  anc l l l / ( - ) l l _ (5* fo r
m = 0,1,2,." . Let p"(z) be the unique polynomial of degree iu.. ihun or equal to n such
that p"(r) : f (r) for z = 0, 1,...,n. Given e ) 0, prove that there is an integer .fy' such
tha t  l lp "  -  / l l -  <  e  when n)  N.



6. Consider the numerical solution of the init ial-value problem g,(t) :  f  (t ,a(t)), y(0): ao.
(a) Find the interval of absolute stability of the Runge-Kutta method

ak+t  :  ar  +  
| * t  *TUr,  k t  :  f  ( tx ,ar , ) ,  kz :  f  ( t *+r ,ar  *  hkr ) .

(b) Suppose that the method is applied to g-, :  Ai where,4 is an nx n negative definite
Hermitian matrix with spectral radius p(A) : 100. Determine the step width h that rvill
guarantee absolute stability for this problem.

7. Let f € C[1,2] and let P" be the set of polynomials of degree less than or equal to n.
Def ine t l re  inner  product  on c [1,2]  as ( / ,  d :  [ :  12f  ( r )g(u)dr ,  wi th  norm l l / l l  :  ( f  , f ) r r r .
Let {$p(r)}Eo b. orthonormal polynomials with respect to this inner product. The least
squares approx imat ionp,e P"  to  f  e  C[ t ,2 ]  is  g iven by p, ( r ) :  Dl=o( / ,dr , )dr ( r ) .
(a) Prove that (/ - pn, Qn) : 0 for any Qn e P".
(b) Prove that l lp" - f l l ,  < l lq" - f l l ,  for any Qn€ p".
(c) Prove that given e ) 0, there is an ly'  such that l lp,-/ l l  <. when n2 N.
(d)  Suppose that  ( f  ,dx)  <I lk r .  prove that  l lp"  -  f l l ,  <r ln2 where c : t f r  I f  k2 <x.

g. Consider the iteration ;(e+ry : G(i lk)),;(o) _ 
[0,0]t,  where

G(f ) : ( lcos( r t )  
- |s in ( r r )  \  / r \\ /  

1 ;cos( r1)  + l r i " ( " r l  ) * \ r )

(a) Show that l lG(d) - G@)l l* S al l" ' -  i l l*  where a: J|4.
(b) Prove that {dtt)1po converges to the unique vector f e R2 such that i.:G(i.).

9. Consider the linear system Ai : b where A is nonsingular. Suppose that we compute g-
that solves Ai:6 + f with l lpl l  small.
(a) obtain an upper bound ror lld - ill l l lfrll in terms of llell/lldll and K(A): ll,4llll,4-'ll(b) obtain a lower bound for lld - ill l l l i l l in terms or llpll/lldll and K(A): ll;ll l l l-' l l

10' Let F(h) : (f.\y, + /,) - 2f (ro) + f (ro - h))lh'be an approximation to f"(ro). Let
e(h): f"@o) - F(h) be the error in the approximation. Assume that / e C8la,b)'und thut
ro -h , r0 , r0+he  [a ,b ] .  P rove tha t theer ro r ,e (h ) ,has the fo rm e(h ) -c1h2* r r in+O(hu)
where c1 and c2 a.re independent of h.


