
Numerical Analysis Preliminary Examination, May 2008
Department of Mathematics and Stati,sti,cs

Do nine of the following ten problems. Clearly indicate rvhich nine are to be graded. Calcu-
lators are not allowed.

1. Let p22 and consider the continued fraction:
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Th is  can  be  i n te rp re ted  as  r :  l im r , * -u r , ,  where  11  : I l p ,  r r : t l ( p+ I l d ,  and  so  fo r th ,
L,e., rn11: t l(pArn), Prove that the sequence {r"}7, converges by using the Contraction
Mapping Theorem. Also, find the value of r in terms of p.

2. Assume that the formula

r L  2

|  , r t  *  f )p@) a" :DAip@i)
r  _ t  

i = 0

is exact for all polynomials p(r) of degree less than or equal to 5. Find r0,Tr,r2 ot find a
polynomial q(r) :  rr * Br2 + Cu *D such that q(r) :  0 for i ,  :  0,I,2.

3. Assume that n x n matrix A has
independent eigenvectors v1, V2, . .  . ,  vn.

eigenvector of ,\1 (or of )2).

eigenvalues )1, . \2,  . . . , \n wi th associated l inear ly
Assume tha t  ) r :  )z  and tha t  l )11 :  l ) r l  >  l ) r l  )
and prove that the power method converges to'an

4. Let A be an n x n nonsingular matrix. Recall that the LU factorization requires ?rt +
O(n') arithmetic operations and one back-solve or one forward-solve requires n2 + O(n)
operations.
(a) Describe an efficient algorithm for computing ,4-1 by solving n systems of equations.
Show that the algorithm requires 3r, '+ O("') ari thmetic operations.
(b) Suppose that you wish to solve rn linear systems Ax5 - bi, j = 1,. . . , m. By counting
operations, explain whether it is more efficient to compute A-r and then calculate x.; :

O-'Ot, i  :  I ,  .  .  .  jm or to compute A : LU and then solve IUx3 - bi, i  :  I ,  .  .  .  ,m.

5 .  Cons ide r the in i t i a l - va luep rob le rn  y ' ( t ) : 3 t2 , y (0 ) :0 .  Cons ide rEu le r ' sme thod  ?Jn+ t :
A , *  J ( t n , yn )  f o r  n :0 ,1 ,  .  . .N  -  1 ,  w i t h  ao :0  whe re  h :  L l n  and  t n :  nh .  By  ca l cu la t i ng
y(1) and !1,', prove directly for this problem that the error satisfies

3/(1) - 'Y,: iron'
i = l

where the coefficients c; are indepenclent of h. (Recall that f[, k : luI(M + 1)12 and,

Dy=rk2:  M(M +r) (2M + 1) /6. )



6.

(u)
(b)

Let e(h): 
Io'

I f  /  €  C l [0 ,1 ]
I f  /  €  C2[0 ,1 ]

N

f  (x )  dr  -  h t  f  ( ih  -  h /2)  where h:  t lN.
z = 1

prove that there is a constant c1 ) 0 such that le(h)l S ",htprove that there is a constant c2 > 0 such tnat le(h)i ? 
"rh,

7. Let the 3 x 3 matrix A have eigenvalues )1 : 2,\2:4,)s- 6, with associated eigenvec_tors v1,v2,Vs, respectively. consider the iteration xs11 : -(A 31)-i(r{ - s7;-rxp"where
X0:v l  *vz+v3.  Prove tha t  l l x l  -z l l<  

f  
*he .e  z  i sone o f  the  vec tors  y r ,y2 ,v3  and c

is a positive constant.

8 '  Cons ider the l inearsys tem Ax:  bwhere  A:  L+D+U, .L iss t r i c t l y lower t r iangu lar ,D

lt,^lllq"lll 
and u is strictly upper triangular, Assume that L+zD is nonsingular. Considerthe rterative method

x1 : ( .1  +zD)-L?z( /  - t r ) *u_ ,  +2(L+2D)- tb .

(a) Assuming that xr J z as lc -+ oo, prove that ,42 : b.
(b) Let A be the n x n tridiagonal matrix
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where ai , i  :  2. I ,  ai , i  :  1 i f  j  :  i  -
iterative method converges for this

1 or j  :  i  * 1, and ai, j  :0 otherwise. prove that
matrix.

the

9. Let p(r) be the continuous piecewise linear interpolan t to f (r) : tr2 onthe interval [0, 10]such that p(k) = / (k)  for  k :  0,  1,2,  .  . .  10.  Let e1i1 :  f  @)"_'pid.(a )  F ind  e ( r )  fo r  k  -  L  {  r  (  f r ,  fo r  k :  I ,2 , . . . ,16 .
(b) Find 

og?10l"@)l

10. consider the in i t ia l -value problem a,( t )  = ( t+t)y( t )cos2(y(r))  +aft)  for  0 (  t  < Lwith g(0) : s. Thus, aU) : a(t;r) isthe solution when the init ial condition is r. Inparticular, a0; r) jr !1. value of y(t) at t : 1 when the init ial value is 9(0) : 7. Define
f (r) :10 - y(1;z)' Thus, the value of r that satisfies f (") - o ir tn.'""ique init ial valueso that a0):10. Not ice that  f  (a) :0 is a nonl inear equat ion in z.
(a) Write down Newton's iteration and explain why Newton's method cannot be used tosolve /(r) : 0 for this problem.
(b)  G iven tha t  11  :  1 .5 '  f  ( r t ) :2 .TJ ,  rz :  r .T ,  and f  ( r2 )  -  1 .g2 ,  ca lcura te  13  us ing  thesecant rnethod.


