1996 Preliminary Examination in Ordinary and Partial Differential Equations

Do 3 PROBLEMS IN PART I AND 3 OF THE PROBLEMS FROM PART II. YOU MUST CLEARLY
INDICATE WHICH 6 PROBLEMS ARE TO BE GRADED.

Part I.
Problems 1 and 2 refer to the following linear systems
2'(t) = A(t)x(t), (LH)
'(t) = A(t)z(t) + f(t),  z(to) = xo, (LNH)

where z(t), f(t) € R™, A(t) is a real n x n matrix, and A(t), f(¢) are continuous on an open interval
I that contains #g.

1. (a) Define what is meant by a fundamental matrix of (LH), explain why it exists, and derive a
formula for a solution of the initial value problem (LN H).

(b) Prove that the unique solution of (LN H) exists on the whole interval I, whether it be finite or
infinite.

2. In (LH) suppose that A(t) is constant and given by

g 51 0 0
-7 a0 0
0 0 o B
0 0 —

A:

(a) If a1 = ap = 0 and v; = f; and y2 = o, show that all solutions of (LH) are periodic if 31/, is
rational.

(b) Suppose that 73 = 75 = a3 = o = 0 and f; = ap = 1. True or False: All solutions of (LH) are
unbounded. Explain your answer by proof or counter-example.

3. (a) Suppose uq(x) is a solution of

y'+gi1(x)y =0
and ugy(x) is a solution of

'+ g2(x)y = 0.

If g1, go are continuous functions and go(z) > ¢1(x), prove that between any two consecutive zeros of
uy(z) there is a zero of us(z).

(b) Let y(x) be a solution of y” + r(x)y = 0 where r(z) > kz~? for some k > 1/4. Show that y(z)
has infinitely many positive zeros.

4. (a) If £ > 0 show that x = 0 is stable for
" + k' + w?x + pz = 0.

(b) Show that x = 0 is asymptotically stable for

2"+ k' + (1+ Yz =0

1+t



Part II.

5. (a) Solve the initial value problem
uuy +up =0, u(x,0) = f(z).
b) If f(z) = x, show that the solution exists for all ¢ > 0.
(c) If f(z) = —x, show that a shock develops, that is, the solution blows up in finite time.
6. (a) Define what is meant by a Green’s function for the boundary value problem (BVP)

Au=0, €,

u(z) = f(z), =€ .

(b) Construct the Green’s function for the BVP when 2 is the upper half-plane in R?, {(z,y) : y > 0}.
(c) If f(x) is bounded and continuous, show that the function defined by

0 t
Y / _ S s
w(@,y) = T oo (t —x)? 37
f(z) y=0
is harmonic in the upper half-plane and continuous for y > 0
7. Suppose u(z,t) is a solution of
Au = uy, reR" t>0
u(z,0) = up(x), u(z,0) =u(x) =€ R"

where ug, u; are smooth functions with compact support.
(a) If n = 3, show that for each = there exists a time T'(z) such that if ¢ > T'(x), u(x,t) = 0.
(b) If n = 2, show that for each x

tll)rgo u(z,t) = 0.

(c) If n =1, show that for each x there exists a time 7'(x) such that if ¢ > T'(z), u(x,t) is constant.

8. (a) Separate variables to show that the solution of
Up = Uge, O0< <7, t>0
u(z,0) = f(z), 0<z<m
u(0,t) =0 =wu(m,t), t>0
is given by
u(x,t) = i bpe " ! sin(nz)
n=1

where
2

b, = - /OW f(x)sin(nx) dx

Assume that f(x) is continuous, piecewise smooth and f(0) = f(m) = 0.

(b) Show that for each ¢ > 0 the function u(x,t) defined by this series represents a C'*° function in
x and satisfies the the heat equation.

(c) Prove that u(z,t) is continuous on [0, 7] x [0, 00) and that

%i_r}réu(at,t) = f(z), xe€l0,7].

(d) Suppose that u(1,t) = 0 for all ¢. Show that u(z,t) = 0 for all x,¢.



