


AUGUST 2012. PRELIMINARY EXAMINATION
PART II: Partial Differential Equations

Do three out of four problems below. Write in the following boxes the three problems

that are to be graded:

1. Let U be an open, bounded subset of Rn and b(x) be a continuous function from Ū to Rn.

Suppose u ∈ C2(U) ∩C(Ū) is a solution of

−∆u + b(x) · ∇u = 0 in U.

State and prove the maximum principle for u(x).

2. Let U be an open, bounded subset of Rn with C1 boundary. Let T > 0 and UT =

U × (0,T ]. Suppose u1, u2 ∈ C2(ŪT ) solve the problemut − ∆u = 0 in UT ,

u = g on ∂U × [0,T ],

where g is a given function. Define

E(t) =

∫
U
|u2(x, t) − u1(x, t)|2dx.

(a) Prove that the function f (t) = ln E(t) is convex on an interval I if E(t) > 0 on I.

(b) Prove that u1 ≡ u2 in UT if u1(x,T ) = u2(x,T ) for all x ∈ U.

3. Let u = u(x, t) ∈ C2([0, π] × [0,T ]) be a solution to the problem

∂2u
∂t2 −

∂

∂x

(
(sin2 x)

∂u
∂x

)
= k

∂u
∂t

in (0, π) × (0,T ),

u(x, 0) = g0(x), ut(x, 0) = g1(x) on (0, π),

where k is a constant and g0, g1 are given functions.

Prove that this solution u(x, t) is unique.

4. Solve the following equation

ux + (uy)2 = 2 on R2,

u(0, y) =
y2

2
, y ∈ R,

where u = u(x, y) is a scalar function.
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