2015 May ODE/PDE Preliminary Examination

Part I: ODE. Do 3 of the following 4 problems. You must clearly indicate which
3 are to be graded. Problems 1, 2, and 3 will be graded if no indication is given.
Strive for clear and detailed solutions.

1. Let A be an n X n time-independent matrix.

a) Prove that e/ is a fundamental matrix for the system & = Ax.

b) Prove for any continuous function f(t), z(t) = e (C + fot e A7 f(7) dr) is the
general solution for the system & = Ax + f(¢).

[ -3 1 0 0 0 O
-4 1 0 0 0 O
o o0o-1 2 1 o0 o
c) Let A= 00 -2 -1 0 1 . Find e,
0O 0 0 0 -1 2
000 0 0 -2 -1

2. Let f(t,z) € CY(R™"!). Prove that for all ¢ > 0, if there is a function k(t) such that
IIf(t, )| < Ek(t)]|z] for all z € R™, then the solution z(¢) of the initial value problem
&= f(t,z), x(0) = z satisfies

|2 (t)]| < ||zol|elo %,

3. Investigate the stability of the origin of the system

fl = —To+ T1Z3
Ty = X1+ Tow3
L 2 2 2
T3 = —x3—x]— Ty +a3
4. Prove that the system

jﬂ‘l = X2
S 2 2
Ty = —x1+ x9(1l — 327 — 223)

has a periodic orbit.



MAY 2015. PRELIMINARY EXAMINATION

Partial Differential Equations

Do three out of four problems below. Clearly indicate in the following boxes
which three problems to be graded; otherwise problems 1, 2, and 3 will be used

for grading:

1. Let U be a semi-infinite strip in R? defined by

U={(z,y) eER*:0<y<L,0<z<o0}.

Let u(z,y) € C*(U)NC(U) be a classical solution of the following problem
Uge + Uy =0 in U,
u(z,0) =u(x,L) =0 forall x € (0,00),
uw(0,y) =0 for all y € [0, L].
Assume that there are positive numbers N and C' such that

lu(z,y)| < C+2 forall (z,y) € U.

Prove that u(z,y) = 0 for all (z,y) € U.

2. Let D =U x (0,T], where U is a bounded domain in R™ and 7" > 0.
(a) State without proof the maximum principle for the classical solution of the heat
equation v; — Av =01in D.

(b) Prove that there is at most one classical solution u € C2;(D) N C(D) of the

following initial boundary value problem:
uy — Au = |Vu|*> in D,
u(z,0) = h(x) onU,
u(z,t) = g(x,t) on U x (0,T],

where h(x) and g(x,t) are given initial and boundary data.

(Hint: You can try to use v = ®(u) with an appropriate function ®.)



3. Assume u(x,t) is the unique classical solution of the following Cauchy problem
up = —zu, in R x (0,00),

u(z,0) = ¢(x) for all z € R,
where ¢(x) € C'(R) is a given function that satisfies ¢(0) = 0.
Prove for any = € R that

lim u(z,t) = 0.

t—o00

4. Let U be a bounded domain in R™. Suppose u(x,t) € C*({U x [0,00)) is a classical

solution of the problem

O0%*u ou

u(z,0) =0 and w(z,0)=0 onU,
u(z,t) = h(z,t) on U x [0, 00),
where h(z,t) is a given continuous function on OU x [0, co).

Assume there is a function H(x,t) € C?(U x [0,00)) such that H(x,t) = h(x,t) on
oU x [0,00), and H(z,0) = Hy(xz,0) =0 on U.

Prove that there exists a positive constant C' such that for any ¢ > 0 one has

t t t
/ / lug (x, T)|2dl‘d7‘ < C(/ / |Ht(w,7')|2dxd7 +/ 6_(t_T)G(7’)dT>,
0o Ju 0o Ju 0

G(t) = /0 t /U F2(z, 7)dzdr

with F(x,t) = 28 — AH + 91,

where





