2017 August ODE/PDE Preliminary Examination

Part I: ODE. Do 3 of the following 4 problems. You must clearly indicate which
3 are to be graded. Problems 1, 2, and 3 will be graded if no indication is given.
Strive for clear and detailed solutions.

1. Let A be a 2 x 2 real matrix with purely imaginary eigenvalues. Show that there exists
a bounded function f(¢) such that the solution of the initial value problem

t=Ax+ f(t), z(0) ==z
is unbounded on [0, o).

2. Let £ C R™ be open and f : E +— R" be continuously differentiable and Lipschitz on
E. Prove that the solution ¢(t,y) of the initial value problem

is continuous with respect to y uniformly for all ¢ in a closed and bounded interval
I contained in all the intervals of existence of ¢(t,z) for z in a neighborhood of y
contained in F.

3. Determine the stability of the system

i = —x1+af— 23—
‘%.'2 = —I3+ T122

T3 = To+T173

at the origin.
4. Consider the system

L 3

1 = X1 — Ty — Ty

. 2 3
Ty = T1+ X2 — T1T2 — T5.

Accept the fact without proof that the origin is the only equilibrium point of the
system. Prove that the system has an asymptotically stable periodic orbit in

S={r:1<az}+a; <2}



August 2017. PRELIMINARY EXAMINATION

Partial Differential Equations

Do three out of four problems below. Clearly indicate in the following boxes which

three problems have to be graded, otherwise problems 1, 2, and 3 will be used for grading.

1. Let u(x, 1), for (x,t) € [0, 00) X [0, 00), be a classical solution of the following problem on
the half-line:
ul‘l - uxx = 0 in U+ = (07 OO) X (07 OO),

with the boundary condition
u(0,1) = 1for 0 <t < oo,
and the initial data
u(x,0) = x> and u,(x,0) = 1, for x € (0, ).
Find the value of

. u(l, 1)
lim .
t—o0 [2

(Recommendation: You may, first reduce problem to the problem with homogeneous

boundary condition, and then use method of reflection and d’Alembert’s formula.)

2. Let B = {x = (x1,x) € R? : |x| < 1}, and u € C*(B) N C(B) be the classical solution of
the problem
Au=0 1inB,

u(xy, xp) = x% sinx, on the boundary 0B.

Prove that
u(0,0) = 0.

3. Denote U, = (0,00) x (0,T]. Let u(x,1) be a classical solution of the following initial,
boundary value problem (IBVP):
U — e =0 in Uy,
u(x,0)=0, forall0 <x<oo

(0,1 =0, forall0 <t < oo.



Assume that
lu(x, )| < e forall (x,1) € U,. (1)

(a) Using the method of reflection to reduce the original problem on U, to an initial
value problem on
U=Rx(0,T].

(b) State without proof the maximum principle for the classical solution in the class of

exponentially growing functions for the heat equation on R.

(c) Use the maximum principle in part (b) to prove that under assumption (1), the

solution of the original IBVP on U, is
u(x,t) =0.

4. Let D = U X [ty, o0), where U is a bounded domain in R”, and 7, is a fixed number in R.

Letu =u(x,t) € Ci’tl (D) be a classical solution of the problem
u,—Au=Au in D,

M(x, t()) = MO(X) on U?
u(x,1) =0 ondU X [1y, ).
Assume that
1] < Cp,

where C, is a positive constant for which the following Poincaré’s inequality

C, f Vidx < f IVv[*dx (2)
U U

holds for all v € C'(U) which vanishes on the boundary dU.
Let
I(t) = f u(x, 1)*dx.
U
Prove that

I(t) < f ug(x)dx
D

for all t > ¢,.
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