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Energy-release-rate evaluation for delamination growth 
prediction in a multi-plate model of a laminate composite 

B. P. Naganarayana, S. N. Atluri 

Abstract In this paper, numerical methods for the evaluation of the energy-release-rate along 
a delamination periphery under conditions of local buckling of the delaminate, as well as global buckling 
of the entire laminate, are presented. A multi-plate model, using independent Reissner-Mindlin plate 
models for each of the delaminated and undelaminated plies, with Reissner-Mindlin constraints 
for relating the degrees of freedom of the delaminated plates to those of the undelaminated plate at 
the crack front, is used to model the laminate with embedded delaminations. Explicit expressions, in terms 
of finite element nodal or Gauss-point variables, are derived for the pointwise energy release rate in 
terms of the ]-integral and the Equivalent Domain Integral in the context of a typical multi-plate model 
for characterising the delamination growth. A finite element method with a 3-noded quasi-conforming 
shell element, and an automated post-buckling solution capability, is used for conducting the numerical 
analyses in this paper. Using these numerical results, mechanisms of multiple buckling modes and 
their effect on the propagation of embedded delaminations in plates, are studied. 

1 
Introduction 
Laminated composites are gaining importance in aircraft structural applications due to their very high 
strength-to-weight ratios. These applications are, however, still very limited due to the lack of a thorough 
understanding of the failure mechanisms involved in the laminated structures. Particularly, the 
phenomena of progressive failure in laminated composite structures are yet to be understood; and as 
a result, reliable strategies for designing optimal laminated composite structures for desired life and 
strength are not yet available. 

It is known that laminated and stiffened structures are particularly prone to delamination 
type of failures. Such delaminations can be caused under several design and operating conditions 
e.g. large transverse stresses, tapering of the laminate, clamping in a vice, drilling a hole, low 
velocity impact such as dropping a tool during maintenance etc. The delaminations are 
particularly dangerous because: they generally reduce the overall laminate strength due to 
material discontinuity; they act as imperfections when located eccentrically, and thus substantially 
reduce the overall buckling strength of the laminate; and they grow under inplane compressive 
loads--since the delamination often buckles locally much earlier than global structural 
buckling--resulting in progressive reduction in laminate strength, finally leading to fatal failure. Very 
often, delaminations are hidden and escape simple inspection. Thus an a priori assessment of: the nature 
and magnitude of delamination that could be induced under specified circumstances; the growth rate 
of the delamination under a specified loading environment; the reduction in laminate strength 
due to the presence and the growth of a delamination; and possible methods for avoiding the damage 
and/or arresting/controlling the damage growth, becomes essential so that the designer can build in these 
considerations into his basic design. Accordingly, these problems have been addressed widely over the 
last two decades from both experimental and theoretical points of view. In this paper we shall limit 
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ourselves to a reliable computation of appropriate characteristic parameters which can be used as 
a feedback to the designer for assessing the possible amount and rate of growth of certain delaminations 
in a given structure under the design load conditions. 

Though the delaminations are prone to grow under a variety of loading configurations, it is understood 
that they are extremely sensitive to the buckling loads. Under such loads, they can reduce the overall 
buckling strength of the laminate considerably and can also grow dramatically under postbuckling 
loads, leading to fatal failure. Very often, delaminated composites can be modelled as problems of 
plate-bending, using any of the theories of plates and shells that are well-established in literature. With the 
advent of computing capabilities, and of techniques of multi-plate modeling, it has become feasible to 
model the entire stiffened panel for an appropriate incermental post-buckling analysis. Furthermore, 
the laminate deformation is mostly elastic and hence the different energetic measures established in linear 
elastic fracture mechanics are meaningful for characterising the delamination growth. Use of these 
energetic measures in conjunction with an analysis of the post-buckling behavior of the delaminated 
plates often results in a simple a posteriori expression for the pointwise energy release rate distribution 
along the delamination front as demonstrated in this paper. 

Most of the researchers in the past have concentrated on the very thin near-surface rectilinear and/or 
circular shaped delaminations in a homogeneous isotropic material medium (Kachanov 1976; Chai et al. 
1981; Bottega and Maewa11983; Evans and Hutchinson 1984; Yin 1984,1985). This is because, under certain 
assumptions--known as 'thin film' assumptions--the deformations of such delaminations can be 
studied in isolation, as problems of clamped plates under compressive loads and one can obtain 
quasi-analytical estimates of delamination growth under simple loading conditions e.g. biaxial load. 
Recently, attempts were made to obtain solutions for elliptic delaminations e.g. using the Rayleigh-Ritz 
technique and certain geometric constraints to couple the post-buckling large deflections and membrane 
deformation (Flanagan 1988). Generally, such solutions are valid for very thin delaminations in thick 
laminates. But, most of the practical laminate panels, for example in aerospace applications, are 
generally thin and very often the delaminate thickness is comparable to the total laminate thickness or 
to the base thickness (see Fig. 1). Mso, such solutions (e.g. Evans and Hutchinson 1984) are generally based 
on assumptions of quasilinear local post-buckling behavior of the delaminate plate and hence are valid 
only in the vicinity of the range of the load for local buckling of the delaminate. In practice, however, 
the local delaminate post-buckling behavior is very nonlinear; and also the laminated panels are often 
allowed to buckle even globally. Finally, the presently available analytical or quasi-analytical solutions are 
limited to a single delamination of a standard shape and location only in plates of standard topology 
and boundary conditions. 

Today, one would turn to the finite element method for a general computational analysis of arbitrary 
shaped stiffened composite laminates. However, an analysis of the growth of embedded delaminations 
requires a 3-dimensional modeling (Whitcomb 1989) associated with a sophisticated geometrically 
nonlinear post-buckling solution capability. Hence, if a finite element method is used, the analysis becomes 
extremely expensive from both computer memory and time points of view. Eventhough one can think 
of a global 2-dimensional post-buckling analysis and a local 3-dimensional growth analysis using 
established methods such as alternating technique (Nishioka and Atluri 1981), virtual crack extension 
technique (Parks 1974), modified crack closure technique (Rybicki and Kaninen 1977), etc. the procedure 
is more involved and still expensive to use extensively for each incremental solution in a cycle of finite 
element post-bucking solutions. 

In the early 8os, a cost-effective 2-dimensional model--the so-called multi-plate model--was proposed 
to model a laminate with a single delamination (Chai et al. 1981 ). This procedure, however, can be extended 
to handle multiple delaminations of different shapes and locations as well. Here, the delaminated structure 
is modelled as an assembly of three distinct parts, namely, laminate, base and delaminate (Fig. 1). 
The theories of plates/shells that are established in literature can be readily used for modeling each of 
the three plates. Normally, the same plate theory is used to establish the continuity conditions at the joint 
between them at the delamination front. However, the 1-dimensional method presented in Chaiet al. 
(1981) for computing the energy release rate uses a simple numerical derivative of the total 
potential energy and hence requires two computations--one for crack length 2a and another for the 
extended crack length 2 (a + da). This makes it cumbersome and expensive to use in practice extensively, 
especially for 2-dimensional planar delaminations of arbitrary shapes and locations. Today, reliable 
parameters such as the J-integral, the Equivalent Domain Integral, etc. and computational techniques 
such as the alternating methods, virtual crack extension, modified crack closure etc. are established 
based on energy principles in the field of linear elastic fracture mechanics for predicting the crack growth 
in a much simpler fashion. Recently, some of these techniques are extended for characterising delamination 
growth in a multi-plate model--e.g, virtual crack extension method (Gilletta 1988), modified crack 
closure technique (Whitcomb and Shivakumar 1989), VCCTS (Virtual Crack Closure Technique 
Step-by-step) approach (Tsao et al. 1991). 



In this paper, we consider the following 3-dimensional energy based parameters to derive simple 
expressions for the point-wise energy release rate at any point on the front of an arbitrary-shaped planar 
&laminations in composite laminates: the ]-integral (Rice 1968) computed along a closed surface of 
an infinitismal radius enclosing the crack tip; and the Equivalent Domain Integral (Nikishkov and Atluri 
1987a,b) computed over a finite annular volume with the inner surface of an infinitismal radius enclosing 
the crack tip. These parameters are suitably modified for the present problem of plate flexure; and using 
appropriate assumptions that characterise the delamination growth, simple expressions are derived 
for the point-wise energy release rate distribution along the &lamination front. The techniques presented 
in this paper can be used in an a posteriori sense in conjunction with any analytical~computational 
method of post-buckling analysis of plates that can take care of appropriate multi-point constraints at 
the delamination front. 

A generalised finite element procedure is presented for using these methods for predicting the point- 
wise energy release rate distribution along the delamination front in conjunction with any established 
finite element package, that supports incremental post-buckling analysis and multi-point constraints, 
in an a posteriori sense. In this paper, an inhouse finite element package, NONCAT (NON linear Composite 
Analysis Tool)--with a 3-noded triangular quasi-conforming shear flexible laminated shell element 
(Huang et al. 1994) and a compatible anisotropic 2-noded stiffener element; an automated post-buckling 
solution capability (Huang and Atluri 1994); and the multi-plate modeling for delaminations--is used 
for the neighbourhood of the delamination edge are used for conducting the a posteriori numerical 
computations related to the prediction of pointwise energy release rates along the delamination front 
at each load-increment. 

2 

Multi-plate model 
In this paper, we shall consider a general laminated composite plate with a single delamination of an 
arbitrary shape and location subjected to arbitrary buckling loads (Fig. la). The structure is modelled using 
the multi-plate model where the delaminated plate is assumed to be assembled with three distinct plates-(1) 
Laminate: undelaminated zone #(1); (2) Delaminate: thinner side of the delaminated zone #2(2) and 
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(3) Base: thicker side of the delaminated zone ~0) (Fig. lb). The three plates, 12 (i), i = 1, 2, 3 respectively, 
have mid-surface areas ~r thicknesses t(~); boundaries 8D(~ and midsurface boundaries 8~r The 
delamination edge is denoted by/2. The crack-tip coordinate system, that will be useful in computing 
energy release rates in later sections, is described in Fig. lC, The assumptions of Reissner- 
Mindlin theory of plate bending are used for modeling each plate and the joint between them. Thus, for each 
plate, the 3-dimensional displacement field (U - { U~ U~ U3}) can be expressed in terms of the corresponding 
midsurface displacement (u - {ulu2u3}) and rotation ( O -  {01020}) fields (Fig. ld) as, 

u ~/(x~, x~) = u (~/(x~) - x~ ~> 0 (~> ( x , )  (1) 

(~) ~x - (o is the thickness coordinate for the i th (i 1, 2, 3) where x~ ( = 1, 2) are the inplane coordinates and x 3 = 
plate (Fig. ld). The structural continuity at the delamination front F is maintained by assuming the 
deformation to be unique at the junction of the three plates i.e. U (1/-- U (2) = U (3) on F in accordance 
with the Reissner-Mindlin law of flexure (Eq. (1)). In other words, at the delamination edge, the mid- 
surface degrees of freedom of the delaminate and the base plates are assumed to be related to those of the 
undelaminated plate by, 

1 , , ( i )  ,o0) l - \ U ~ )  /,/(l) + ,~ uc~ / a t .  

(2) 

where h (~) is the distance of the midsurface of the i th plate from the laminate midsurface (Fig. ld). It can 
be noted that the above continuity conditions at the delamination edge can be modified appropriately 
when using any other alternative plate theory (e.g. higher order shear deformable theory) or by choosing 
appropriate heuristic multi-point constraints based on experience. 

For each plate, the inplane strain components (e11, ~22, e~2) and the transverse shear strain 
components (e~3, ~3) of the 3-dimensional Green-Lagrange strain tensor (including large deformations) 
are given by, 

•( i )  1 Ufl,~ U3,~U3,fl] (i) ~p =~[v~,~ + + 

~(i) = 1 U 1(i) ~[V~.~ + (3) 

respectively where, a, fi = 1, 2 and i = 1, 2, 3. Using the 3-dimensional displacement field description 
(Eqs. (1)) in Eq. (3), the Green-Lagrange strain components can be simplified as, 

~(/) : e(i) - -  .~.(i)w(i) 
aP oa3  ~ 3  '~aP 

8 ( i )  _ 1 .(i) (4) 
a3 - -  2 ; a 3  

where, o~p,~(~)" ~c~ and 7~3 ) are the membrane, flexural and transverse shear (engineering) strain components 
respectively, given by 

~(i) __ i "It- U3 ,aU3, f l ]  (il 

(i) __ 1 0 ](i) 

,;;o = [u3, ~ _ 0~](~) (5) a3 

Equation (4) can be written in a compact form to express the 3-dimensional Green-Lagrange strain 
components e/~l = {~1~22~2e13~23} (~ in terms of the 2-dimensional strain components eli)= {elle2ze12}(i/; 
i(i)= {~cn~c22~c,a} l~ and y(1)= {713723}(i)as, 

(6) 



Assuming orthotropic material behaviour for each lamina, the inplane normal stresses 
re ~  {a n ~22a~2} ~~ and the transverse shear stresses r/~)= {z~3r23}/~/are related to the corresponding 
strain components as, 

{~} (i) = 

~'Ell EI2 El6 0 

E12 E22 E26 0 

El6 E26 E66 0 

0 0 0 E44 

0 0 0 E45 

0 (i) 

0 

0 

E4s 

g -F x 3 !r (i) 
(7) 

(i) where the material constitutive terms E~j are functions of the thickness coordinate of each plate x(f. 
Generally, for a laminate with orthotropic layers, Eq are assumed to be piecewise constants over the 
laminate thickness. 

Now, for each plate, the strain energy density (per unit volume) can be calculated using Eqs. (6) and 
(7) as, 

w ( 0 =  [o-.(e + x~-)](~) + I t . r ]  (~) (8) 

As we can observe from Eqs. (4) through (7), the strain field is a linear function in x 3 while the stress 
field is a piecewise linear function in x 3. Hence, it is often more useful to integrate the strain 
energy density explicitly in the thickness direction and define strain energy density per unit area as, 
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~(i) = S w(i)dx3 = [N.e+  M - r + Q . 7 ]  (/) (9) 
ti 

where N -= {N n N22N~2} are the inplane stress resultants; M = {MI1M22M12 } are the bending moment 
resultants; and Q ~ {Q3 Q23} are the transverse shear stress resultants given, for each plate, by, 

(10) 

and 

(Akl; Bkt; Dk I )(i) = ~ E~i)(x3) (1; x 3 ; X~) dx 3 
ti 

(i) __ % - 

ti 

as k, I = 1, 2, 3 correspond to i,j = 1, 2, 6 and m, n = 1, 2 correspond to i,j = 4, 5. Integrating W(g) (Eq. (lO)) 
over the plate domains we get the total strain energy stored in the i th plate as, 

(V I') =�89 ~ ~g(')dd = ~ �89162 O.7)(')dd (11) 
d(i) ~r 

If f(i) = {fl f2f3} (~) are the body force components acting on the i th plate; and F = {F 1 F/(0 F2 3J arethe 
traction forces acting on the 'transverse' boundaries of the ?h plate, the potential of the external forces 
on the ?h plate is given by, 

P(i)= f f . u d ~ +  ~ F . u d d  (12) 
.O(il ~.(2(i) 

Assuming that the bodyforce components and the transverse traction force component do not very 
over plate thickness and the inplane traction force components vary linearly over the thickness, we get, 

P(i)= ~ ( f 'u)( / )d-~+ ~ (F'u)(i)dFq - ~ (/~I'O)(i)dF] (13) 
~r &~r 8dd (i) 



where, 

?(1)=~f(i)dx3; F(~ l~I(i)-fF(i)x-j 3dx3 
ti  t l  ti 

and l~I ")= {/~/1/~/2 O} (~ represent the tranction moments acting on 8 d  (i). 
Then, using Eqs. (11) and (12), the total potential energy for the assembly of plates is given by, 

3 
/ 7 =  ~ ( ~ ( i ) _  p(0) 

i=1 

448 = ~ Y ( � 8 9  - ~ (F .u - f i . 0 ) ( ' ) dF  
i= i L ~('> 8 S )  

04) 

Applying the minimum total potential energy principle (5H= O) to Eq. 04), we obtain the following 
internal equilibrium equations for each plate, 

M~,, + T d = 

T~,~ + f3 = 0 ~,.> 

(15) 

and the following boundary conditions on the external boundary of each plate, 

( U: = 0 or N~.n~ =- F~) 
0~ = 0 or M:~.n~ =- ~I~ 
u 3 = 0 or T~. G = F3 ~.~") 

(16) 

where T~ = Q=3 + N~ u3, a is the effective shear force and n~ is the i th component of the unit vector n normal 
to delamination front. The displacement is continuous at the delamination edge and therefore, on F we 
have: 

( 3 U  (1) = (~U (2) = (~U(B))r  (17) 

Hence, for equilibrium, the following conditions have to be satisfied at any point on the delamination edge: 

{ W n ( N ) = 0 ;  ~ , ( M ) = 0 ;  ~ , ( T ) = 0 } r  (18) 

where f i n ( * )  = (,)(1) - -  (.)(2) __ (,)(3) with (*)(g) corresponding to the value of (,) at the specified point 
on the &lamination boundary of the ?h plate and (M') (~) = M (~ + h(~)N (~). It can be noted that these 
conditions are normally satisfied in a finite element model. However, conflict may arise if the delamination 
edge touches the structural boundary, particularly the boundary with specified displacements where 
the stresses are expected to develop. Since the delamination generally acts as an imperfection, it is often 
possible that the base can come in contact with the delaminate after global buckling sets in, and then 
the above equilibrium Eqs. (18) may not be valid. Thus the model can be effectively used for 
examining the growth of embedded delaminations under post-buckling conditions as far as the 
delaminated plies do not come in contact with each other. 

3 
J-integral adaptation for pointwise energy release rate along a planar delamination front 
In this section, the 3-dimensional ]-integral is modified appropriately for representing the energy release 
rate along the front of an interlaminar delamination crack parallel to the midsurface of a laminated plate. 

In the case of delamination, the growth is assumed to be along the interlaminar zone parallel to the 
midsurface of the plate (i.e. the crack cannot shear into the neighboring laminae). Hence, the ]-integral 
representing only self-similar crack growth is meaningful in the present case. 

The pointwise energy release rate for 3-dimensional crack growth in self-similar mode (ff (F)) is 
defined as (Atluri 1986), 

( q ( F ) A F = L i m i t  ~ IWfil _ _ 80~-] 8U - -  - -  ~ 6~a--dA 
e~O AeL G~ n~ 8-~ ] da + ~ Ogl A2 8xl (19) 



where, c~, fl = 1, 2, 3; A~ is the area of the tube of radius e enclosing the crack front; A1 and A 2 a r e  the 
areas covering the ends of the tube (Fig. 2a); and fi, ~, U and fi are defined in the crack tip coordinate 
system ~ (Fig. lc). 

For the present problem of delamination progression, it is assumed that the crack grows in 
a homogeneous medium between the adjoining laminae such that (3W/0gt)ewiicitr = 0, or in other words, 

E -  + - = % - -  \OXl/explicit fl (~'~'1 

in which case, the path-independence of the J-integral is maintained (Atluri 1986) for opening mode of 
crack growth and hence the tube can have a cross section of any shape. 

Consider a rectangular tube enclosing the delamination front and passing through the nearest stress 
recovery points (S (i)) of the adjoining elements (Fig. 2). Note that, the integrals over the areas A t and 
A 2 nearly cancel each other in a constant strain/stress element model, since the quantities like ~ and 0U~/0E 1 
do not vary in the neighbourhood of a point in an element domain. Then, Eq. (19) for the self-similar 
mode of delamination growth becomes, 

9 

(20) 

where A / ( j  = 1 - 9) are the segments forming the surface area A e of the rectangular tube (Fig. 2c). Since 
the Reissner-Mindlin assumptions (a13, 623 are constant over plate thickness; and #33 = 0) are used for 
the element formulations as well as to achieve displacement continuity at the delamination edge; 
and since fi = {0 0 _ 1} on the segments A p j  = 4 - 9  (see Fig. 2), the integral in Eq. (2o) vanishes over 
the segments A p j  = 4 - 9. Now, since fi = { + 1 0 0} on the segmment A t and fi = { -  1 0 0} on the 
segments A; and A3; Eq. (2o) becomes, 

A2 A 3 cd (~E1 / 
(21) 

Now, carrying out the integration through the thickness for each plate, we get, 

~ ( F ) A F =  f ~'g[~V- (~/']aUcr -}- Mlc~Oa, t -[- Q13u3,i)] d F  
AF 

(22) 

Therefore, as A / ' ~  O, the pointwise energy release rate at any point on the delamination front ~g, 
computed from the Gauss-point variables, in a finite element model using constant strain elements, is 
given by, 

fie(F) = Yg [W-  (~rto, zT~,,, +Mr=O=, ~ -{- (~13 U3,1)] (23) 

e ~ 0 A2 

a ~ A  

A1 

~ F 

* Stress recovery points 
b �9 Nodal points 
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where, Wg(,) = (*)y~ - (*)~21 - (*)g(~> and (,)d} corresponds to the quantities (,) evaluated at specified 
points on the annular surface. For example, in a finite element analysis, these specified points would 
be preferably the optimal stress recovery points-normally the Gauss points corresponding to reduced 
integration (Barlow 1976; Naganarayana 1991)--in the adjoining elment of the i 'h plate nearest to the 
delamination front/2. The local stress resultants (N, M, Q) and displacement gradients (~.~) can 
be obtained from their global Cartesian counterparts (N, M, Q; U ) ,  by applying the regular tensorial 
transformations between the reference coordinate system x and the crack tip coordinate system 2. 

It is interesting to observe here that, as in Fig. 3, if the rectangular tube is shrunk to the surface along 
the thickness coordinate at the delamination edge i.e, e = 0, A 1 = 0, A 2 = 0 and Aj--* 0 forj = 4 - 9 (Fig. 2). 
Again, since fi = { + 1 0 0} on the segment A~ and fi = { -  1 0 0} on the segments A 2 and A3, Eq. (20) 
becomes, 

( ~ ( C ) a C =  ,j' ,~n [~/V - (-/~lo~U~,l-}-MlczOc~,l-[- (~13u3,1)] d E  
A/" 

(24) 

and hence, as A F t 0 ,  the pointwise energy release rate is given by, 

(25) 

as a function of, for example, nodal variables in a typical finite element analysis. 
However, it is a well known fact that the stresses, displacement gradients and the strain energy density 

are more accurate at the optimal stress recovery points than at the nodes in finite element analysis. 
Therefore, ~qg(f) (Eq. (23)) is always a more reliable estimate when compared to ~ ( f )  (Eq. (25)) in 
the finite element analysis. In addition, Eq. (23) is more versatile to use when compared to Eq. (25) since 
the former allows one to choose any point in the element domain or on the element boundary-depending 
on one's experience-for most accurate computations. 

4 
Equivalent domain integral for pointwise energy release rate 
In this section, we consider the 3-dimensional Equivalent Domain Integral (EDI) (Nikishkov and Atluri 
1987) interpretation for the J-integral and modify it appropriately for the present problem and ultimately 
obtain a simple expression for the pointwise energy release rate. The 3-dimensional Equivalent Domain 
Integral given in Nikishkov and Atluri (1987) can be simplified for the embedded delaminations--cracks 
parallel to midsurface in self-similar mode, and assuming elastic deformation--as, 

J , f = L i m i t  ~ ~W~x-G~-~xl)dV+ ~ Iwfil-~/~n/~x,|SdA 
e~O V Ve A I + A z L  l A  

(26) 

A l ~ 0  AI=0 A2 
E =0 A2=0 

A ~ A  1 
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c 

Fig. 3. ]-integral for delamination growth in a plate model (an alternative approximation) 



where, c~, fl = 1, 2, 3; g e is the infinitismal volume and V is the arbitrary volume enclosing the crack 
front (Fig. 4); kl and A 2 a r e  the areas of the end-surfaces of the volume V - Ve; s is an arbitrary function 
satisfying the conditions s = 1 on aV e and s = 0 on gV and f is the area under the s function curve 
along the crack front kF(Fig.  5); and the stresses, displacement gradients and the normal vector are 
defined in the rack tip coordinate system. However, when the s function is chosen such that it is identical 
on both A t and .42, the integral over area A t + A 2 vanishes if a constant strain/stress element is used for 
modelling the problem. 

Again, for the problem of delamination growth, only the opening mode of crack propagation is relevent; 
the multi-plate model cannot model the actual stress singularity at the crack tip and hence we can further 
assume that V e = 0. Now, for the present problem, consider a volume of rectangular cross section around 
the delamination edge as shown in Fig. 4- Then, the integral for opening mode can be expressed as, 

. Z , f  = W E - -  as (27) 

Assume an s function such that, s = 1 on delamination front/~; s = 0 on the outer surface of the volume, 
aV; (3s/O~ t) = + 1 and (Os /~ )  --= 0 for fi = 2, 3 over the volume V (see Fig. 5). Then the area enclosed 
under the s function along the delamination front ( f )  is equal to the infinitismal length of the delamination 
front, AF. Then, Eq. (27) simplifies into, 

~--1A/~= f ~e V f f--(W-~i1--~dx3dA dE (28) 

where, "~e(*) = (*)t -- (*)2 -- (*)3 and (*)~ corresponds to (,) evaluated on the fh plate. The stresses, 
displacement gradients and the strain energy density are interpolated from their values at specified 
points in the cross section A i x t;. For example, in finite element analysis, these specified points would 
be the Gauss points corresponding to reduced integration. 
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After carrying out integration over the thickness of each plate, we get, 

J ~ A F = S ~ e [  S 1 ^ ] AF LA ~ii{W--(]ql~u~,l-}-Ml=O=.,'-kO.,3u3,1)) d A d r  (29) 

By observing the above equation one can deduce the expression for the equivalent pointwise energy 
release rate fie at any point on the delamination front F, computed as a weighted average over the adjoining 
element domains, as, 

where, 

(30) 

1 g,( , )  = =  5 ( , ) d a _ X  5 (,)aa t +~- J (,IDA 
/~'1 A1 ~2 A2 /~3 A3 

Again, by applying the required tensorial transformations on the global stresse resultants (N, M, Q) and 
displacement gradients ( U J ,  their counterparts in the crack tip coordinate system (N, M, Q; Up) can 
be computed. 

Thus the pointwise energy release rate derived from the Equivalent Domain Integral approach is 
more meaningful when compared to that derived from the regular ]-integral approach since the former 
can capture the variation of different parameters along the normal to the crack front in the vicinity of 
the crack tip in a better fashion. However, when a constant stress/strain element is used to model the 
problem, the energy release rate computed in Eq. (30) becomes identical with reference to that derived 
directly from the l-integral (Eqs. (z3) and (zS)). 

5 

Finite element modeling 
Any finite element package that supports efficient post-buckling analysis capability and multi-point- 
constraints can be effectively used for modeling &laminated plates for the analysis ofdelamination growth 
under compressive loads. The nodal displacements, and stresses and strain energy densities at the optimal 
stress recovery points can be suitably post-processed to obtain the point-wise energy release rate 
distribution along the delamination edge. In this paper, the 3-noded quasi-conforming triangular element 
is used to model the problem. Incidentally, one has to observe the following precautions while using 
the finite elements--particularly triangular elements--for the analysis (Fig. 6): 

(1) The finite element mesh adjoining the delamination edge should be symmetric about the 
delamination edge such that (a) the stress recovery points for all the elements are at the same radial 
distance from the delamination edge; and (b) each set of elements from the three plates should have 
stress recovery points located on a single plane normal to the delamination front. For example, the Mesh-C 
of Fig. 6 does not have stress recovery points that satisfy either of the two conditions and hence cannot 
be used reliably. 

(z) One should consider stresses, displacement gradients and strain energy density only from those 
adjoining elements which have one of their edges on the delamination edge (TYPE-& marked �9 in Fig. 6) 

Mesh-C s 
S S  

' 

 Y.F * TYPE-A stress recovery points 
adjuscent to delamination front F 

x TYPE-B stress recovery points 
adjuscent to delamination front F 

Fig. 6. Finite element mesh and accuracy of energy release rate computation 



since the stresses from the elements with point contact (TYPE-B, marked x in Fig. 6) correspond to 
a different distance from and different location on the delamination edge. Hence, if all the elements 
are considered for the analysis, the predictions will not be reliable. 

In Fig. 6, the Mesh-A is the most accurate and reliable pattern since it satisfies all the above conditions 
and the pointwise energy release rates are calculated at equidistant points. However, most of these 
dilemmas vanish if one use quadrilateral elements. 

Generally, it is expected to obtain the stress resultants Ng, Mg and Qg at Gauss points; nodal coordinates 
x~ and nodal displacements u, and O~ for each element adjoining delamination edge at each step in the 
post-buckling solution path. Once these are known, we can obtain these values at any point in the element 
domain using appropriate isoparametric interpolation/extrapolation functions q~ and ~ as: 

N 

(x;u; 0) = 2 aUx.;u,;  05 453 

G 

(N;M;Q) = ~ gbe(Ne;Me;Qe ) 
g = I  

(31) 

where N is number of nodes per element and G is the number of optimal stress recovery points for the 
element denoted by balls and stars respectively in Fig. 2 to Fig. 4; subscripts n and g denote values at 
nodes and stress recovery points respectively; and q} and ~ are functions of the natural coordinates 
~. The derivatives with reference to natural coordinates ~ are given by, 

[fax au 00) Z 0 ~  1 - - , - - ,  , = )L -~7 (x.; u.; 05 

and the Cartesian displacement gradients required for computing ff are given by, 

(32) 

(33) 

The strain components and the strain energy density can now be calculated at any point in the element 
domain using Eqs. (5), (6) and (lO). Once we have the parameters required as functions defined over 
the element domain, we can sample them at any point or integrate them over any subdomain in the 
element domain and get the values for ~,,  ~g and ~e in accordance with the Eqs. (23), (28) and (34) 
respectively. It is interesting to note here that, all these three equations become identical if constant 
strain/stress elements, such as the ones used in this paper, are used for the analysis. However, if quadratic 
or higher order elements are used, fie and ~g are expected to be more accurate and reliable when compared 
to ~ ,  as mentioned before. 

6 
Numerical example 
In this section, we shall consider a simple problem of circular delamination in an isotropic plate under 
biaxial stress conditions for demonstrating the validity of the approaches that are proposed. 

An isotropic square plate of edge length 100 mm with a central circular delamination of diameter 
60 mm is considered. The plate is subjected to biaxial compressive loads and its boundary is assumed 
to be clamped against out-of-plane deformations as shown in Fig. 7. One quarter of the plate is modelled 
for the analysis by imposing appropriate symmetry conditions. A 3-noded quasi-conforming shell element 
is used for modeling--264 elements are used for the undelaminate plate and 192 elements each 
are used for the delaminate and base plates. The plate thickness is assumed to be 5 mm and the numerical 
experiment is conducted for varying delaminate thickness (very thin, t 2 = 0.05 mm to very thick, 
t z = 2.0 ram). The isotropic material is assumed to have Young's modulus E = 65000 N / m m  2 and Poisson's 
ratio v = 0.3. The reference applied biaxial compressive loads are assumed tO be of unit intensity 
(F x = 1.0 N/mm) and the equilibrium equations are solved at each load step for an applied load 
F = 2FiN~ram, where 2 is the corresponding load factor (Fig. 7). 

6.1 
Influence of multiple buckling on delaminate plate 
The deflection modes for typical post-buckling loading conditions are shown in Fig. 8 for a delaminate 
thickness of 0.5mm. The local buckling occurs at load factor 2 = 12.5 while the global buckling sets in 
at )v = 186.0. Accordingly, only local buckling mode exists for )t < 186.0 (Fig. 8a, b) while the local and 
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Fig. 7. An square plate with symmetric circular delamination under uniform inplane compressive 
loads 
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Fig. 8. Local and global buckling modes in clamped square plate with central circular delamination t t = 5.0 mm; 
t2/t ~ = 0.1; )Jcr = 12.5 and 2get = 186 

global buckling modes are coupled for ~ > 186.0 in a complementary sense (Fig. 8c, d). The load- 
deflection path is traced at the centroids of the delaminate and base plates for different delaminate 
thicknesses (Fig. 9), while keeping the laminate thickness constant at t 1 = 5 ram. In Fig. 9, w2, w2 and 
w3 are the deflections at the cetorid of the delaminate and base plates respectively. 

If the plate contains a delamination away from the plate mid-surface, the delaminate plate buckles 
locally and then acts as an eccentric imperfection leading to premature global buckling. It is 
understandable that the local buckling strength (i.e. critical buckling strength of delaminate plate) 
increases with the delaminate thickness (Fig. loa). Since all assumptions involved in deriving an analytical 
solution (e.g. Evans and Hutchinson 1984) are valid before local buckling sets in, the finite element 
solution agrees very well with the analytical solution (Eq. (35)) as in Fig. loa. But, on the other hand, 
the global buckling strength (i.e. overall buckling strength of the plate) initially decreases as the delaminate 
thickness increases and after a certain limit it increases (Fig. lob). There are two factors that play dominant 
roles: the eccentricity of the delaminate plate, h2; and the delaminate thickness, t 2 (Fig. 1). It can 
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Fig. to. Effect of delaminate thickness on local and global buckling strength of delaminated plate 

be noted here that, the global buckling strength reduces as the delaminate thickness increases. But, at 
the same time, the eccentricity of the local disturbance leading to global buckling also decreases. Hence, 
the global buckling strength increases after the delaminate thickness ratio exceeds certain critical value. 
For the present problem, the critical delaminate thickness (for which the global buckling strength of the 
structure is minimum) is found to be, (t2/tl)c, = 0.2 (see Fig. lob). 

It is interesting to note here that, unless the laminate buckling is governed by some other imperfection, 
the delaminate forces the laminate to buckle in a complementary mode (Fig. 8) such that the base plate 
may come into contact with the delaminate plate beyond global buckling (point C in Fig. 9e and Fig. 9f). 
However, the present analysis is not reliable beyond C and needs to be supplemented with an appropriate 
contact stress analysis capability. It is, however, expected that the energy release rate may decrease 
beyond point C when the base plate and the delaminate tend to close the crack front. 

6.2  

Energy re lease ra te  d is t r ibu t ion  

The energy release distribution along the delamination edge from different energetic approaches, proposed 
in this paper, are presented for a typical delaminate thickness ( t t / t  2 = 100) in Fig. 11 for various values 
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of applied load. As expected, since a constant strain triangle is used for analysis, the energy release rate 
distribution along the delamination front from Eqs. (23), (25) or (30) are identical for all loading conditions. 

The energy-release-rate distributions along the delamination front obtained from the finite element 
solutions, fqFE (Eqs. (Z3), (25) and (3o)), are compared with the corresponding analytical solutions, 
fq~b (Evans and Hutchinson 1984), based on the assumptions of an infinitely rigid base plate and a 'linear' 
post-buckling behavior for the delaminate plate: 

( 1 -  v2)t2 (o .ok  _ o_ 2 )  

4d~b(F) -- (1.8285 + v ) E  (34) 

where a o ( =- 2Fzlt~ ) is the actual stress level at which the energy release is being computed and G ( =-- 2~,F~ I t~ ) 
corresponds to the critical buckling (local) load given by, 

(35) 
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where a is the radius of the circular delamination. The ratio, (#FE/~rb, is plotted along the delamination 
periphery, in Fig. 12a for a case of very thin delaminate configuration (t 2 t 1 = 0.01). It can be observed 
that, ~rb is close to ~F~ when the post-buckling loads are in the close vicinity of local buckling point 
(i.e. ~ -= 2/2'cr ~- 1.0). However, ~,b is under-estimated when compared to ~vE even when 2 -~ )Jcr" This 
is because, in the present problem, though the delaminate plate is very thin when compared to the 
total laminate thickness (tJq = 0.01), the laminate is also thin when compared to its edge length, 
L (t 11L = 0.05). Hence, the finite element model represents a reasonably flexible laminate and base plates 
as well. The deviation increases as the buckling load increases beyond its critical value for local buckling 
of the delaminate plate. This is because, the analytical solution (Eq. (34)) is based on the assumption 
of a quasi-linear post-buckling behavior for the delaminate plate. But, in practice, particularly 
when the laminate is thin, post-buckling behavior of the delaminate plate is highly nonlinear. Accordingly, 
much higher energy-release-rates are expected when compared to ~rb as shown in Fig. 12b. 

For effective interpretation, the ratio ~~ is plotted in Fig. 1~ for different delaminate thicknesses. 
Here ~ is the average of the pointwise energy release rate distribution along the delamination front, 
computed from the finite element solution. It can be noted here that the energy release rate increases 
steeply as each buckling mode sets in. As expected the finite element solution, ~F~o~, is close to the reference 
solution "~rb only when t21t ~ << 1.0 and 2 ~- )J~r) (see Fig. 13a), where the assumptions involved in deriving 
Eqs. (34) and (35) are valid�9 The model gives a qualitatively correct prediction that the energy release 
rate decreases beyond the load at which global buckling appears (see Fig. a3d, e and f). However, since no 
special care is taken to account for contact stress analysis, the results may be quantitatively unreliable 
near and beyond point C (Fig. 9). 

7 
C o n c l u d i n g  r e m a r k s  

In this paper, energy based methods are proposed for accurate prediction of delamination growth in 
a plate model. The multi-plate model, using independent Reissner-Mindlin plates for each of the 
delaminated and undeiaminated plies with Reissner-Mindlin constraints for relating the degrees of 
freedom of the delaminated plates with those of the undelaminated plate at the crack front, is used to model 
laminates with embedded delaminations. The 3-dimensional J-integral and Equivalent Domain Integral 
and suitably modified for the plate applications. Simple expressions are derived for the energy release 
rate distribution along the delamination front using these modified integrals. 
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It is observed that the energy release rate is a function of the stress resultants, displacement gradients 
and strain energy density in the vicinity of the delamination front. The J-integral approach requires 
these parameters to be sampled at the points of optimal stress recovery nearest to the delamination 
edge--mostly Gauss points corresponding to reduced quadrature in finite element applications (Eq. (23)). 
The J-integral obtained by shrinking the J-surface to the surface normal to the crack plane at the crack 
front requires these parameters to be sampled at the points on the delamination edge-mostly nodal 
points in the finite element applications (Eq. (z5)). On the other hand, the Equivalent Domain Integral 
requires a weighted average of these parameters over a strip that can capture stress variation normal 
to the crack front in the vicinity of crack edge-it can be a strip of elements adjoining the delamination edge 
in a typical finite element analysis (Eq. (30)). 

It is also observed that the computation of energy release rates, with any of the approaches 
proposed, can be used in conjunction with any efficient analytical/computational post-buckling 
solutions for the delaminated plate under given loads and boundary conditions. A general finite 
element based procedure which can be used as an a posteriori tool with any established finite 
element package that supports incremental post-buckling analysis and multi-point constraints, 
is presented. A finite element package with a 3-noded quasiconforming triangular shell element and 
an automated post-buckling solution capability is used for conducting the numerical experiments in 
this paper. 

The mechanisms of multiple buckling modes and delamination growth in a plate with an embedded 
delamination are examined using the approaches presented in this paper. Incidentally, the energy release 
rate distributions obtained from all these appraoches are found to be identical. It is argued that this is 
due to the use of constant strain triangles in the present analysis in which case, the stress 
resultants, displacement gradients and strain energy density in an element are the same irrespective of 
the points at which they are sampled in the element domain. 

It is observed that the finite element solutions are reasonably accurate and that they capture arguably 
correct trends even as the delaminate and base plates come into contact. It is also observed that the 
analytical solutions may give under-estimated energy release rate prediction for delaminations in 
reasonably thin plates. Numerical results reflecting the effects of the delaminate thickness and post- 
buckling loads on the local and global buckling strengths, coupling of the local and global buckling 
modes and the energy release rate are critically examined. 
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