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Abstract-The formation and development of strain localization via shear banding is examined 
for an orthotropic material for the purpose of studying the effect of the plastic spin and the 
anisotropy upon the strain localization. First, the material instability analysis is carried out for 
an orthotropic elastoplastic material with plastic spin. By way of finite element analysis, full 
numerical solution is next obtained for plane strain block of an elastoviscoplastic material under 
tension or compression, and the shear band development is simulated. The results show that 
the plastic spin may hasten or delay the initiation of shear band development depending upon 
the deformation or loading type-compression or tension, the initial orientation of the ortho- 
tropic axes, and the algebraic sign of the plastic spin. 

I. INTRODUCTION 

The formation of narrow bands of intense straining is observed on various deformation 
processes of metals and is a characteristic feature of large inelastic deformations. Often 
the large localized strain in a shear band precipitates a shear fracture. In other circum- 
stances shear bands do not lead to fracture, but they persist, resulting in a highly inho- 
mogeneous deformation in microscale, altering material properties and the overall 
macroscopic behavior of the continuum. 

Such a localization is described by various physical mechanisms, and extensive theo- 
retical, experimental, and numerical studies have been performed in order to identify 
the basic mechanisms of shear handing. Within a material instability framework, 
Tno~,s  [1961], HILL [1962], RICE [1977], and others elucidated the condition for the 
onset of localization. Within this framework, the localization of deformation is very sen- 
sitive to constitutive features, and the material instability analysis is useful for identi- 
fying such constitutive features. Indeed, consideration of some deviations from the von 
Mises type classical idealization may lead to prediction of realistic strains at the onset 
of localization: for example, yield surface vertex (RuDmCrd & RICE [1975]; NEEDLEMAN 
R, RICE [1978]; NEMAT-NASSER [1992]), yield surface with a large curvature (ME~ & 
HUTCn~SON [1985]; T W R C ~ D  [1987]), deviation from plastic normality, i.e. devia- 
tion from an associated flow rule (RuDNICKI & RICE [1975]; RICE & RtrDmCKI [1980]; 
BIC, Om& ZACCAgIA [1993]) or dilatancy effect induced by the nucleation and growth of 
microvoids (RtYDmCKI & RICE [1975]; NEEDLEMAN & RICE [1978]; LEE [1989]). 

In general cases where localization occurs in nonhomogeneous deformation fields, a 
full boundary value problem solution is needed for determining the shear band devel- 
opment. Such solutions can be found for the rate independent materials or rate depen- 
dent materials, for example: T W R G ~  et al. [1981] have carried out a finite element 
analysis of the plane strain tensile test with specified small initial thickness inhomo- 
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genetics for the ,/2 corner theory solids. They used the crossed triangular quadrilater- 
als for finite element meshes because of their ability to reproduce localized deformation 
modes. In a coupled thermoviscoplastic problem, the numerical study of adiabatic shear 
banding at high strain rates has been examined, among others, by LEMONDS and NEEDLE- 

[19861, B ~  [1987], W ~ r I r  and WALTER [1987], ANAts-D et al. [1988], BarRA and 
Ltv [1989], SnAw~I and CLn~ToN [1989], and BArRA and K ~  [1990]. The dynamics of 
shear band development from internal material inhomogeneties under plane strain com- 
pressive loading is numerically analyzed by NEEDLEMa_~r [1989] for investigating shear 
band propagation in avon  Mises viscoplastic solid. PREVOST and LORET [1990] exam- 
ined the dynamic strain localization in von Mises solids with strain softening. In their 
work, viscoplasticity has been introduced as a procedure to regularize the elastic-plastic 
solids. ZBm and J ~ y a ~  [1992] recently examined the three dimensional aspects of shear 
banding under dynamic loading conditions using the explicit large-scale finite element 
code DYNA 3D. 

Among a number of investigations dealing with the phenomenon of shear localiza- 
tion found in the literature, there has been only a little effort to examine the effect of 
anisotropy upon the onset of instability and the development of shear band for the aniso- 
tropic materials. In the large deformation analysis of materials with a substructure, the 
plastic spin concept was introduced for modeling the reorientation of this substructure, 
and the effect of plastic spin upon the simple shear as well as upon nonhomogeneous 
deformations has been examined by extensive studies (LORET [1983]; DAFALIAS 
[1983,1984,1985] ; IM & ATLURI [1987]). The plastic spin was useful in determining the 
evolution of purely orientational variables for the orthotropic materials (Da.FALIAS 
[1984,1990a, 1990b]; LORET & DArALrAS [1992]). Moreover, in the recent work of TWR- 
G ~ D  and VAN DER GmSSEr~ [1991] and Zrro et  al. [1992], it has been shown that the 
back stress and the plastic spin have a significant influence upon the onset of instabil- 
ity. For a porous ductile material, T W R ~  and VAN DER GmSSEN [1991] found that 
the localization behavior predicted by a kinematic hardening theory is sensitive to the 
corotational stress rates used for the finite strain generalization of the material model 
and a significant delay of final void-sheet fracture is predicted when plastic spin is 
neglected. ZHu et ai. [1992] examined the stability of homogeneous deformation of bi- 
axial stretching using a linear stability analysis, and they found the softening effect of 
the plastic spin causing instability of positive strain hardening for the plane stress defor- 
mation with von Mises flow rule. 

In this article, we are concerned with material instability analysis of an orthotropic 
elastic-plastic materials and finite element simulation for shear strain localization in 
an orthotropic elastoviscoplastic materials under dynamic plane strain uniaxial loading. 
We employ Hill's orthotropic yield criterion in material instability analysis of a rate- 
independent orthotropic material, and rely upon the plastic spin concept for represent- 
ing evolution of orientation for the material orthotropic axes (Lom~r ~ DAVAX.tAS [1992]). 
For the rate-dependent material modeling, the overstress type function is introduced 
based upon Hill's orthotropic potential. 

The material instability analysis under a given plane strain uniaxial loading results in 
the critical hardening modulus and the corresponding shear band orientation for the 
orthotropic rate-independent materials, which emerges as the limit of the rate-dependent 
solid for which the dynamic shear band development is subsequently examined via finite 
element analysis. Moreover, the effect of plastic spin upon the onset of shear band in 
the orthotropic elastoplastic material is found via this instability analysis. The result of 
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this instability analysis indicates that the initial orientation of  orthotropic axes has a sig- 
nificant effect upon the shear band orientation. 

For finite element simulation of  shear band development in the orthotropic rate- 
dependent material, we employ the four noded quadrilateral elements. The numerical 
results show that plastic spin may hasten or delay the initiation of  shear band develop- 
ment ,depending upon the loading type-compress ion  or tension, the initial orientation 
of  the, orthotropic axes, and the algebraic sign of  the plastic spin constant. 

IL ELASTOVISCOPLASTIC CONSTITUTIVE MODEL 

Decompositions of  rate of  deformation tensor D and material spin tensor W into elas- 
tic and plastic (inelastic) parts may be written as 

D = D e -I- D p ,  W = o~ -t- W p , (1) 

where D e and D p are elastic and plastic parts of  D, respectively, co is rigid body spin of  
substructure, and W p is the plastic spin. W p expresses the rate of  rotation of  the con- 
tinuum with respect to its substructure in the process of  inelastic deformations. The coro- 
tational rate a0 of  a material state variable tensor a with respect to co is defined by 

a 0  = [i - oJa -I- aoJ : ~l J - a W  p -t- W P a ,  (2) 

where fi is the time rate of  a, and aJ is the Jaumann rate. 
With the state variables defined as the Cauchy stress ¢ and a set of  structure variables 

consisting of  a second order tensor a and a scalar k, the rate forms of  the constitutive 
relations for large deformation elastoviscoplasticity can be expressed as (see DArAtt~s 
[1990a1) 

D e = L  - l : b  O, D p =  <z>nN p, W p =  (z )nQ p, 

ao : (yi>m[li, ~o = <yi)m~i, (3) 

where summation is implied over i, L is elasticity tensor, ( ) is the Macauley bracket, 
z and Yi are overstress functions, and N p, l/p, i i ,  and/~; define the direction of  D p, 
W p, ii °, and k °. Invariance requirements under any superposed rigid-body rotation ren- 
der tile z, yj, N p , / /P ,  i ,  and/c~ isotropic functions of  a, a, and k. If  a is a purely ori- 
entational variable, then a0 _ 0 for any value of  <y~)m, which implies i i  -- 0. 

Consider an orthotropic material with orthonormal basis n~ (i = 1,2,3) along the 
axes of  orthotropy.  Then the purely orientational structure variables for orthotropic 
materials are written as (Lm [1982]) 

ai = ni ® ni (no sum over i) (4) 

and its corotational rate associated with co becomes always zero since ai specify only the 
orientation of  the orthotropic axes. 

For Hill's orthotropic material, a yield criterion for an orthotropic plastically incom- 
press!ible solid is given by 

f = J -  k = 0 (5) 
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with 

J(O,~l,Ot2) = [A(bll  - -  b22) 2 + n(b22 - -  b33) 2 + C ( b 3 3  - -  b l l )  2 

+ 2Db23 + 2EbZl  + 2Fb22] ,/2, 

k = x/2(ko + R) 

where A, B, C, D, E, and F are material constants and for the isotropic case A = B = 
/ ~ - 3  t t ~1/2. C = 1, D = E = F = 3, and J = ~zt  ~ aijaej , moreover k is the reference yield stress 

such that k = ~ b Y = ~ b2~ = Bx/B-#-Cb3~ with b~,  b2~, b3~ being the uni- 
axial yield stress along each of  the orthotropic axes. Note that ko is the initial yield 
strength and R represents the isotropic hardening. A superposed ~ denotes tensor com- 
ponents in reference to ni and b 0 is represented in terms of  tr 0 and purely orientational 
variable ni (or ai)  as follows: 

b l l  = nl "o"nl,  b22 = n2"g'n2, b12 = n l  "if-n2, etc .  (6) 

Based upon the work of  DArAUAS [1990a], we employ an elastoviscoplastic constitu- 
tive model with plastic spin as follows: 

0 s = L : D - ( Z ) " L  : S p - W P ¢  + ¢ W  p, 

~ /  ---- ~ti W p  --  WPcl t i ,  (7) 

~! J = - - W P n i  

with 

J - 42(ko + R) ) 
Z =  V " 

Here a superposed " J "  implies the classical Jaumann rate, and R depends upon the 
equivalent plastic strain rate ~P t 2 n p n p ~ l / 2  = ~ ~'-'0"-'0 J and the equivalent plastic strain [P = 
f ~P dr. We do not employ the work hardening model wherein the hardening is a func- 
tion of  plastic work, but we rely upon a strain hardening model wherein the hardening 
just depends upon the accumulated equivalent plastic strain [P (and the equivalent plas- 
tic strain rate ~P); hence ~P does not have to be equivalent to the plastic work rate, but 
it is simply a measure of  the rate of  accumulated plastic deformation in material at hand. 
The remaining variables, V and n, are material parameters. The N p is defined by OJ/Og 

(associative flow rule). 
Based on the representation theorem, DAFALtAS [1984,1985,1990a] and LOm~T and 

DAr,aa.IAS [1992] proposed the expression for the evolution of  plastic spin 

J[~P = ~ l ( a l O "  - -  O a l )  -I- 'q2(n '2ff  - -  f f a 2 )  + ~ 3 ( a l O a 2  - -  a 2 O ' a l ) ,  (8) 

where */i are scalar-valued functions of  state variables and are considered as material 
constants measuring the plastic spin. Notice that a3 is not included in (8) since a] + 
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e t2  -I- ,Ix 3 becomes the identity tensor. From eqns (3), (8), and N p = 0J/0¢, the plastic 
spin components in reference to ni can be expressed as follows: 

= = 7 1 0 2 3 ,  W p = ~2D~ (9)  

where: 

J J J 
~3 ~--- ~-F (71 - -  72 "Jr" 73 ) ,  172 = ~ 71,  171 = ~ 72.  

Throughout the analysis, we assume that the axis x3 is identical to the axis x3 of a 
Cartesian coordinate system xi fixed in space, while the axes ~l and x2 form an angle 
0 with xl and x2 (Fig. 1). 

III. BIFURCATION ANALYSIS FOR THE RATE INDEPENDENT SOLIDS 

For quasistatically and isothermally deforming rate-independent solids, shear band 
instabilities can be characterized in terms of  bifurcation of the equilibrium path, and 
the bJifurcation analysis is useful for determining the critical strain or stress and the cor- 
responding direction of bands at the onset of instability. For the rate-dependent solids, 
however, the only solution of bifurcation analysis is the trivial one and localization bifur- 
cation does not occur because there is no loss of ellipticity in quasistatic problems, and 
wave speeds remain real as long as stress levels remain small compared to elastic 
stiffness. 

In this section, the bifurcation analysis for the orthotropic rate-independent solids 
which emerge as the limit of rate-dependent solids is used to examine the effect of  plas- 
tic spin and initial orthotropic orientation upon the onset of shear localization. 

Constitutive relations for plastic solids are generally expressed as a relation between 
some objective rate of Cauchy or Kirchhoff stress and the rate of deformation tensor. 
The plastic flow rule for orthotropic elastoplastic solids can be written as 

D e  = ~ a f  (10) 
I.I O a i j  , 

x 2 , e  2 

x l , e  I 

n I = ( cos0, sine ) 

Fig. 1. Schematic illustration of  coordinate system in the orthotropic material. 
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where A is a loading index and " f "  is a orthotropic yield criterion in (5). A loading index 
A is obtained by employing the following consistency condition and the definition of 
equivalent plastic strain rate 

~=/= a /  . a i r  . a f  . a k  ~,, 
a,~--~,; '~j + ~ '~ 'J + ~a,~,j ,~2~j - 

af ~o _ a_._k_/c ~,, = o 
a o i j  tj a ~  p 

(11) 

2 v p 1/2 a f  ~1/2 
a(Yij a o i j  ~ / " 

(12) 

Use is made of  the following relation 

af:#..{_ a f  :#~1 "at- a f  ,,~f2 = a f . 0 0 .  
a'-q 0al aa2 -~  

This is apparent from the physics that the yield function is affected only by the change 
in stress tensor observed by an observer attached to the orthotropic axes ;~t, and it is a 
straightforward matter to confirm this via algebra. From eqns (10-12) the plastic flow 
rule can be rewritten as 

D e - Nrs°° Nij, (13) 
U 

h~2NmnNmn 

where 

Of OJ OJ Obrs Ok 
Nij = Ooij Ooij OOrs Ooij h = at"" 

In eqn (13), "h"  denotes the strain hardening modulus. Then the rate of deformation 
tensor D is written as 

D u = D i ~ + D  e -1 .o U : Lijklt7[cl -F 
Nkt~ 

h'/~Nm. Nm. 
N/j. (14) 

The eqn (14) may be inverted easily, then the constitutive relations for orthotropic elasto- 
plastic solids are as follows: 

~ 0  = Ltan : D 

0 J = L t~n : D - W P ¢  + o W  p,  
(15) 

with 

L tan Lijr s Nrs Npq Lpqkl 
ijkl = Lijkl - -  

h~/2SpqNpq + SpqLpqrsSrs" 
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The component of plastic spin tensor can be expressed in terms of the rate of deforma- 
tion tensor and the direction of initial orthotropic axes (eqn 9). For the deformation in 
the x~-x2 plane (Fig. 1), the plastic spin components are as follows: 

~ [ D2V2 - Dfi sin 20 + D~2 cos 20] 

Wg= =o, 
(16) 

where Wl~ = I~'~ because the g3 and x3 are identical, and cos 0, sin 0 are the compo- 
nents of ni in reference to x~ (a  = 1,2). 

Within a thin band with the unit normal vector m in the current configuration (Fig. 2), 
the compatibility and equilibrium must be satisfied across the band interfaces (Rtm~cra  

RICE [1975]). 

A \Oxi] = gim: (17) 

m . A b  = O, (18) 

where A denotes the difference between the field inside the band and the field outside 
the band and g is the vector representing discontinuity across the band. The differences 
of the spin tensor and the rate of deformation tensor then can be written 

ADii = ½ (gimj + mig.i), A W 0 = ~ (gimj - migj). (19) 

The difference of  plastic spin tensor are given as 

A W/: = ( _ ) ( .aD 2 -- .aD  ) sin 20 + AD~2 cos 20 , (20) 

x 2 

m 

x 1 

m = ( -sinq~, coup ) 

F ig .  2.  A m a t e r i a l  e l emen t  w i th  a s h e a r  b a n d .  
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where 

A Di p = Nkl L tka~pq A Dpq 
hx/2NmnNmn NiJ 

under the assumption of continuous bifurcation (see RICE ~ RUDmCKI [1980]). RICE and 
RLrDNICKI [1980] showed that localization first occurs as a continuous bifurcation, in 
which the material inside and outside the localized zone is assumed to continue to be 
under elastic-plastic loading at the inception of localization. Then the material at hand 
is conceived of being replaced by the so called "linear comparison solid," (HILL [1958]; 
RAmEClO & BROHNS [1981]) SO that the tangent modulus tan • Lijkl IS not dependent upon the 
strain rate, that is, loading or unloading branch. Hence, the values ttan "~iykl remain the 
same inside and outside the band at the point of bifurcation, and the following differ- 
ence can be found. 

L ijkt A Dk~ + (21) 

AOij = l tan An~ijMzaZ"kl -- AW~ktIkj + tIikAWffj + AWikt Ik j - -  tIikAWkj. (22) 

From the eqns (18) through (22), we can obtain the following characteristic equation. 

tan Sflc Rjk ] gk O, [miLi jk lml  + + = (23) 

where 

Sjk = ~3mi( oil ~jl -- oi2~jl "[- ~i20"lj -- ~il O'2j) 

X IN22 - N I l  1 tan sin 20 + N12 COS 20 N m L m k l m l  
hg2NmnNmn 

Rjk = ½ (miaijmk - my~ilcmi --  tlkj + m p t l p q m q ~ j k ) ,  

where Sjk and Rjk are terms which arise due to the plastic spin and the difference 
between b and b J, respectively. For the existence of a nontrivial solution, the determi- 
nant of coefficient matrix in eqn (23) must vanish, and the condition for localization 
is written as 

tan Rj~] O. det[miLijklm I + S#  + = (24) 

For the initially specified orthotropic axes and the plastic spin coefficient 7/i, the solu- 
tion to eqn (24) gives the critical strain hardening modulus h and the corresponding shear 
band orientation m. As the deformation progresses, however, the orthotropic axes are 
rotated according to the evolution equation of ni (7) for the nonzero value of ~/i. Deter- 
mination of the orthotropic axis orientation needs the complete solution for an elasto- 
plastic boundary value problem under an actual hardening behavior. However, we here 
limit ourselves to seeking the shear band orientation simply by carrying out material 
instability analysis for a fixed orientation of the orthotropic axes without taking into 
account the rotation of orthotropic axes associated with the plastic spin. 
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IV. SHEAR BAND DEVELOPMENT IN ELASTOVISCOPLASTIC MATERIALS 

In the foregoing section, the bifurcation analysis has been discussed in relation to the 
material instability of a rate-independent orthotropic material. From the viewpoint of 
the acceleration waves, wherein the velocity is continuous across the singular surface of 
wave front, but velocity gradient and acceleration are discontinuous there, the bifurca- 
tion eqn (23) is nothing but the condition for the stationary acceleration wave or the 
acceleration wave of vanishing wave speed (HILL [1962]; RICE [1977]). Indeed the dynam- 
ical equation for the singular surface may be written as (RIc~ [1977]) 

mi A #ij tan Sjk Rjk ] gk pC 2 gj, = [miLijklm~ + + = (25) 

where c is the wave speed in a given material and p is the density. Note that the vanish- 
ing wave speed c = 0 will yield the bifurcation eqn (23). For vanishing wave speed, dis- 
turbance cannot propagate, and the hyperbolicity of the dynamical equation is lost, so 
that the initial value problem is not well-posed any longer. For the rate-dependent mate- 
rial discussed in Sec. II, it follows from eqn (7) that the discontinuity of stress rate A b 
is the same as eqn (22) except that the elastoplastic modulus tan • LUk ~ IS replaced by the elas- 
tic modulus L,.jK~ because the viscoplastic terms are continuous inside and outside the 
band. Accordingly, the dynamical equation for a singular surface in an elastoviscoplas- 
tic material may be written as 

[miLijlclmi + Sjk + Ryk]gl~ = pc2g j .  (26) 

Because the magnitude of Sjk and Rik are proportional to stress, these two terms will 
be negligible compared with the elastic acoustic tensor term miLijktml as long as the 
magnitude of stress is much smaller than the elastic modulus. For the acoustic tensor 
miL~jktmt, there are no eigenvalues corresponding to vanishing elastic wave speed (c > 0 
always), and thus there exists no stationary acceleration wave, i.e. no eigenvectors rep- 
resenting discontinuity (NEEDLEUAN ~ TWRGAXe, D [1992]) for an elastoviscoplastic 
material. 

For viscoplastic materials representing softening behavior, however, the shear band 
of finite thickness will develop from the growth of a small disturbance induced by inho- 
mogeneities in some material properties like flow strength or porosity, which exist in the 
form of initial imperfection, or induced by wave reflection ( N E E D I ~  [1989]; PREVOST 

LORET [1990]). In the limit of such rate-dependent material, the rate-independent mate- 
rial appears and the corresponding shear band will ultimately reduce to a stationary dis- 
continuity of zero width. As opposed to the ill-posedness for an initial value problem 
for the rate-independent material in the presence of vanishing wave speed or softening 
behavior, the dynamical equation for the rate-dependent material retains hyperbolicity 
and the well-posedness even under the softening material behavior. We can therefore 
integrate discrete f'mite element equation for an initial/boundary value problem concern- 
ing the shear band development without any pathological mesh dependency resulting 
from spurious length scale effects (PREVOST ~ LOm/T [1990]). 

In passing, we remark that one could perform a linear stability analysis for such rate- 
dependent problems, instead of the bifurcation analysis, to obtain information about 
the onset of instability and orientation of shear band (Znv et al. [1992]). However, we 
here rely upon numerical analysis via finite element method. 
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In this section, we consider numerical simulation of  plane strain shear band develop- 
ment in an orthotropic elastoviscoplastic material via finite element method. We are 
concerned with the effect of  orthotropy and the plastic spin upon the shear band devel- 
opment. We take a rectangular block under plane strain uniaxial tension or compres- 
sion prescribed in terms of  uniform end velocity as shown in Fig. 3. The figure states 
additional conditions relevant to the init ial/boundary value problem at hand: among 
others, the translation in the Xl direction is constrained to be zero at the center, x~ = 
x2 = 0 to eliminate the rigid body motion. The orthotropic axes are assumed to take the 
same orientation as stated in Sec. II, i.e. as shown in Fig. 1. 

Following NEEDLEM-AN [1989], we prescribe an initial inhomogeneity in the form of  
flow stress. 

ko(xl,x2) =/~o[1 -- ~'exp[-- [(Xl - -  X l o )  2 + ( X  2 - -  Xzo)Z]/r2}]. (27) 

To introduce thermal softening induced by adiabatic heating, the material is assumed 
to exhibit strain softening in terms of  the static flow strength k or R such that 

(28) 

Material properties and the values of  parameters in stress-strain relation (7), (28), and 
inhomogeneity (27) are given as 

V = 100 Mpa, H,~ = -1500  Mpa, Cr = 0.5, Cs = -0 .5  [:P = 0.05, 

n = 10, ko = 460 Mpa, ~" = 0.02, ro = 0.1 mm, Xlo -- X2o = 0. 

These values of  parameters do not correspond to any specific material, but we have 
prescribed these so that the corresponding stress-strain relation simulates softening, 
which may originate from adiabatic heating or other sources. The reference flow stress- 
equivalent plastic strain curve for these values of  parameters is shown in Fig. 4 for var- 
ious values of  ~P. 

h" I 

Ho 

¢¢¢¢¢¢¢ 

Ul = 0  

t t = 0 , 

"i'~ =0 , 

x I 

B. Cs 

at x l = 0  , x 2 = 0  

q'2 = 0 at x I =+H ° 

/l 2 = V(t) a t  x 2 =:l:h o 

v(t) ~ 

0 tl t 

F ig .  3. T h e  p l a n e  s t r a i n  s p e c i m e n  u n d e r  t h e  d y n a m i c  l o a d i n g .  
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I[ ~,~X~ / ~ - P =  50. 

ko o.s j  \ ~ ~-P = 0.05 

0 0.05 0.1 0.15 0.2 

Fig. 4. The normalized flow resistance versus the equivalent plastic strain curve. 

Based on the results of  STICKELS and MOtrLD'S [1970] experiments, we used the fol- 
lowing material properties for carbon steel. 

E:t = 210.85 GPa,  v,2 = 0.3, E2 = 213.95 GPa,  P23 = 0.25, 

E3 = 220.64 GPa,  v31 = 0.3333, G12 = 84.75 GPa,  G23 = 83.70 GPa,  

G31 = 81.15 GPa,  p = 7800 kg/m 3, 

A = 0.551, B = 0.7247, C = 0.333, F = 0.633, 

where A, B, C, and F are calculated from the plastic strain ratio R in their experimen- 
tal results. The resulting elastic wave speeds, which are obtained from eqn (26), are as 
follows: 

c~ = 6021 m/s,  c2 = 3296 m/s,  c3 = 3276 m/s.  

The finite element analysis is based on an updated Lagrangian formulation in which 
the rnaterial state variables are evaluated in the most recently updated configuration. 
Intrc~luce a rectangular Cartesian coordinate x and X which are the positions of  a mate- 
rial rmint in the current and reference configuration, respectively. Then the displacement 
vector u is defined by 

u = x - X .  ( 2 9 )  

The equation of  momentum balance is expressed in terms of  the Cauchy stress ~ij as 

9 2 u i 
trij, j + p b  i --- # ~ t  2 , (30) 
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where p is the mass density of the body and b is the body force vector. In the absence 
of  body forces, the dynamic principle of virtual work can be written as 

fv, Oij~uijdV=f ~'tSuidS-fv, P a2ui , - ~  6ui dV, (31) 

where V n and S~ are the volume and traction prescribed surface, respectively, in the 
current configuration, and t is the prescribed traction vector. After the finite element 
discretization of the field variables, we can obtain the equations of motion as follows: 

a 2 d  
M - ~ -  = e - F,  (32) 

where M, P, and F are the mass matrix, the external load vector, and the stress diver- 
gence vector, respectively, and d is a nodal displacement vector. We adopt the central 
difference scheme for integrating the equations of motion (32) as follows (HU~nES 
[1987]): 

adn 1 0 2 dn 
d~+l = dn + A t  - ~  + ~ (At) 2 at 2 

a2dn+ l  = M-I(P~+I - F n + l )  (33) 
at  2 

adn+l adn 
at at  

1 A [ a 2 d n + l  a 2 d n ~  
+ ~  tk ~ + ' - ~ 5 - ] '  

where the subscripts n and n + 1 refer to the configurations at time tn and t~+l, respec- 
tively. For the stable numerical solution, we restrict the time step size At by the follow- 
ing condition. 

1 
A t < A tcrit = -- min [hi, h2 ] ,  

c 
c = max[c i ( i  = 1,2,3)], 

where hi and h2 are the side lengths of rectangular dement and ci (i = 1,2,3) are the elas- 
tic wave speeds of the orthotropic materials. A lumped mass matrix is used in eqn (32), 
because this has been found preferable for explicit time integration procedures. At each 
time increment, the stress state is updated using the Euler scheme (see Appendix). 

The "crossed" triangular quadrilateral has the ability to easily reproduce the localiza- 
tion modes (Tv~RGA~a~D et al. [1981]) but it has the preferred localization mode which 
is produced in the direction of  element diagonal and is dependent upon the aspect ratio 
of an element. In this work, the localization orientation in orthotropic materials depends 
upon the orientation of orthotropic axes, and this orientation may be obtained from the 
instability analysis for the underlying rate-independent material which emerges as the 
limit of elastoviscoplastic material under consideration. Then the crossed triangular 
quadrilateral mesh must be designed such that the diagonal may be in the direction of 
the shear band orientation predicted from the material instability analysis. This may be 
much involved in the presence of plastic spin, which is closely related to the rotation of 
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the orthotropic axes. To avoid such extra endeavor, however, we employ the four noded 
quadrilateral elements for the present finite element analysis. We rely upon the selec- 
tive reduced integration scheme such that the value at the center point of  an element is 
used for computing the dilatational contribution while the values of  the two by two 
Gaussiian points is used for computing the deviatoric parts via the so-called strain pro- 
jection method (H~J~I~S [1987]). 

V. NUMERICAL RESULTS AND DISCUSSION 

V. 1. Results of  bifurcation analysis for the rate-independent material 

In Section III, we obtained the characteristic eqn (24) for the condition of  a localiza- 
tion bifurcation. In this section, the solution of  eqn (24) is numericaUy examined in order 
to obtain the critical hardening modulus and the plane of  localization at the onset of  
localization. Because the hardening modulus "h"  is a decreasing function of  strain in 
general, we seek the orientation m for which the value of  h is maximum so that the con- 
dition for the onset of  the shear band is first met. Rather than searching for critical stress 
level or critical hardening modulus of  a given material, i.e. for a given hardening or soft- 
ening behavior, we leave the detailed hardening behavior k = k( [P)  not specified and 
we seek for the critical hardening modulus hcr/E2 for a given stress state. The compar- 
ison of  hcr/E2 corresponding to the various values of  plastic spin parameters enables us 
to investigate the influence of  the plastic spin upon bifurcation instability, i.e. hastening 
or delay of  shear band formation. In the calculations, the loading type is specified as 
plane strain uniaxial state, and all material parameters are kept fixed except the angle of  
initial orthotropic axes and that we introduce 7 such that , / =  (/~0/2F) (71 - 72 + 73) : 
(/Co/J)~3 (eqn 9) for convenience, which is employed for representing the plastic spin 
instead of  43. 

For the case of  plane strain uniaxial tension with o22/E 2 = 0.00215 and ~r12 , Oll zero, 
Fig. 5(a) and 5(b) show the critical hardening modulus hcr/E2 and the corresponding 
angle ,of shear band ~o 0 for the various angles of  orthotropic axes 0. 

As shown in these figures, the plastic spin and the initial orientation of  orthotropic 
axes have a significant influence upon the onset of  shear band and the corresponding 
band orientation for the present constitutive model at hand. Particularly the figures show 
that the plastic spin hastens or delays the onset of  shear band depending upon the ini- 
tial orientation of  orthotropic axes; in the range of  0 ° < 0 < 45 °, the hastening occurs 
for the negative value of  7 = - 1  while delay occurs for the positive value of  7 = 1 in 
the same range of  0. As might be expected, however, there is no influence of  plastic 
spin parameter 7 near 0 = 0 ° and 90 ° because ~12 and accordingly ~')IP2 : 43 (~12 disap- 
pear from eqn (8) for these values of  0 under plane strain uniaxial loading. Moreover, 
it is noticed that for 0 = 45 °, which is corresponding to a biaxially symmetric state with 
shear stress, there is no hastening or delay due to the plastic spin. 

Except for the cases of  0 = 0 °, 45 °, 90 °, the critical hardening modulus h is positive 
in the absence of  plastic spin, which implies the onset of  shear band may occur on the 
positive hardening range. The most favorable orientation of  ~i axes for the onset of  
shear band, i.e. the orientation that yields the maximum h~r is near 0 = 65 ° in the 
absence of  plastic spin. However, the presence of  plastic spin (7 = 1 or - 1 )  changes such 
a trend substantially. 

Fig. 5 (b) shows that the shear band orientation is strongly dependent upon the ini- 
tial or!ientation of  orthotropic axes due to anisotropy. It is noted that there are two band 
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Fig. 5. (a) The critical strain hardening modulus  versus the orientat ion of  or thotropic  axes. (b) The corre- 
sponding angle o f  shear  band  versus the orientat ion of  or thot ropic  axes (uniaxial tension).  

orientations for 0 = 0 ° and 90 ° due to the symmetry of  geometry,  loading, and mate-  
rial properties with respect to the Xl-X3 and the x2-x3 plane. There appear two band ori- 
entations ~Oo = 45 ° and ~Oo = 135 ° also for 0 = 45 °, which is corresponding to a biaxially 
symmetric stress state with shear in reference to 2,.. For the other values of  0, there exist 
no symmetry,  and the shear band occurs in a nonsymmetric manner.  There was found 
only a small influence of  plastic spin upon the shear band orientation when the effect 
o f  orthotropic axis rotation, which is closely related to the plastic spin, is neglected as 
in this material instability analysis. As will be seen in the next section, however, the pres- 
ence of  plastic spin may substantially change the orientation of  orthotropic axes, and 
accordingly have a significant effect upon the shear band orientation ultimately. 

I f  the yield criterion (5) degenerates to the isotropic case (A = B = C = 1, D = E = 
F = 3), then her~E2 becomes zero and ~Oo = 45 °, 135 ° regardless of  0 values. However,  
hcr/E2, and ~Oo are in general dependent upon the combination o f  A - F  in the orthotro-  
pic yield criterion, except for the case of  plane strain uniaxial stress state in reference 
to 2 / (0  = 0 °, 0 = 90 ° ) and biaxially symmetric stress state with shear in reference to 2i 
(0 = 45 °) wherein h~r/E2 becomes zero. 

Fig. 6(a) and (b) shows the results for the case of  plane strain uniaxial compression. 
From Fig. 6(a), it is seen that the hastening or the delaying effect of  the plastic spin upon 
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Fig. 6. (a) The critical strain hardening modulus versus the orientation of orthotropic axes. (b) The corre- 
sponding angle of shear band versus the orientation of orthotropic axes (uniaxial compression). 

the onset o f  shear band is completely reversed in this case compared  with the case of  
plane strain tension. Moreover,  as shown in Fig. 6(b), the orientation of  shear band 
shows quite a different orientation in comparison to the plane strain tension except for 
0 = 0 ° and 90 °. This is due to the fact that  the stress state for the compression in refer- 
ence in 2i is different f rom the stress state for the tension. 

Fig. 7 shows the effect o f  stress magnitude on the critical hardening modulus her~E2 
and the corresponding angle of  shear band ~o for the special case of  uniaxial tension 
with 0 = 22.5 °, 7 /= 0. Their changes depending upon the magnitude of  stress can be 
neglected for the realistic stress level in the onset of  localization. 

V.2. Finite element results for  the elastoviscoplastic material 

In order to determine the postlocalization response the numerical solution of  full ini- 
t i a l /boundary  value problem for the specimen in Fig. 3 is obtained for the elastovisco- 
plastic solid, discussed in Sec. II  and IV, by finite element analysis. A uniform mesh 
involving 60 x 120 four noded quadrilaterals are employed to model the specimen. The 
block size h0 = 2//o is taken to be 2 mm.  
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Fig. 7. Dependence o f  hcr/E2 and 'P0 upon  stress level (uniaxial tension with 0 = 22.5 °, ~/= 0). 

We first consider plane strain uniaxial tension with the prescribed dynamic loading 
V0 = 3 m/s and rise time tl = 0.1 x 10 -6 (see Fig. 3). The reason for such low velocity 
condition is that our prime interest lies in examining the influence of  constitutive fea- 
tures such as plastic spin and anisotropy upon the shear banding, so that it is necessary 
to separate the influence of  the constitutive features f rom the inertia effect, and hence 
to suppress the inertia effect by taking a slowly increasing velocity prof'de with low veloc- 
ity. However, a slowly increasing velocity profile requires too many time steps to 
advance the explicit solution scheme to the post localization range. The velocity condi- 
tion shown in Fig. 3 enables us to obtain the solution up to the range of  postlocaliza- 
tion without any significant inertia effect. 

To confirm the convergence of  the numerical solution versus mesh refinement, we 
obtain the equivalent plastic strain distribution depending upon the three mesh refine- 
m e n t s - 4 0  x 80, 60 x 120, and 80 x 160, as shown in Fig. 8. These results are calcu- 
lated for uniaxial tension with 0 = 0 °, ~ = 0 at U/ho = 0.012 where U =f[V(t) dt is the 
end displacement. Here we show the upper right-hand part of  the specimen (Fig. 3) for 
modeling due to symmetry. Note that such symmetry holds only for 0 = 0 ° and 
0 = 90 °, and that a full modeling is needed for other values of  0. Fig. 8(d) shows the 
spatial variation of  ~P along x2 = 0.0005 mm. Figure 8 shows a good convergence of  
solution according to mesh discretization for the most part of  the block except that the 
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Fig. 8. The contours  o f  equivalent plastic strain [P versus mesh refinements and the corresponding spatial 
distribution o f  [P along xl at x2 = 0.5 x 10 -3 m m  (uniaxial tension with 0 = 0 °, ~/ = 0). (a) 40 x 80, 
(b) 60 x 120, (c) 80 x 160, (d) spatial variation o f  [P along x2 = 0.0005 ram. 

convergency in the strain distribution of  high gradient inside the band is a little delayed 
for rough meshes. That  is, as the number of  elements increases, it leads to a slightly ear- 
lier onset of  localization because the finer mesh can resolve larger gradients. However, 
when a sufficiently fine mesh, such as 60 x 120 elements or 80 x 160 elements, is used, 
the width of  shear band remains approximately the same, and there is no difficulty in 
capturing the formation and development of  shear band in the finite element analysis 
via 60 x 120 mesh discretization. 
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The solution convergence depending upon the time step size, which influences upon 
integration of  the equation of  motion (32) and upon integration of  the rate type con- 
stitutive eqn (7), is confirmed via numerical experiment of  comparing stress at a given 
point for decreasing time step size as shown in Fig. 9. For time step size smaller than 
the stability limit, sufficient convergence in relation to the integration of  the equation 
of  motion as well as the rate type constitutive equation is found to be attained. For 
actual computation, the step size At = 2 x 10 -9 sec is employed. 

For various angles of  initial orthotropic axes, the equivalent plastic strain contours 
are shown for the three spin parameters in Figs. 10 through 13. These results are ob- 
tained at U/ho = 0.012. Figs. 10 through 13 show the localization modes according to 
the initial orientation 0 of  orthotropic axes and the plastic spin parameter 7. For each 
value of  0, it is noted that the spin parameter , /has the hastening or delay effect upon 
the shear band development as well as localization mode. We note that the delay or has- 
tening tendency due to the plastic spin observed in these figures is in agreement with the 
results predicted from the instability analysis in Fig. 5. For the case of  0 -- 45 °, the mate- 
rial instability analysis (Fig. 5) gives the same localization modes and band orientations 
~o = 45° and 135 ° for  various ~l, for the material instability analysis has not accounted 
for the rotation of  the orthotropic axes closely related to the plastic spin, i.e. it simply 
considers the effect of  plastic spin for a fixed orientation of  the orthotropic axes. On 
the other hand, the finite element analysis for the rate dependent materials in Fig. 12 
shows the two shear band orientations ~Oo = 45 ° and 135 ° for ~ = 0, and these two 
bands are found to grow at the same rate. For ~ = 1 and ~/= - l ,  the two bands seem 
to appear initially, but only one of  these two continues to grow and form a shear band 
ultimately, i.e. ~o o -= 48 ° for 7/= - 1  and ~o0 = 132 ° for ~ = 1, respectively (see Fig. 14). 
This means that as the deformation progresses the orthotropic axes are rotated, and 
the direction and amount  of  the rotation are dependent upon the plastic spin ~ P  = 
173012 = (J /ko)T/~12.  The magnitude of  ~)~ takes the maximum at 0 = 45 ° because ~12 
becomes maximum for this angle under the uniaxial stress state. Hence the effect of  
the orthotropy axis rotation related to the plastic spin is most prominent for this value 
of  0. The effect of  plastic spin on the evolution of  orientation of  anisotropic axes has 

4 

0"22 
k o  

3 

0 I 
0 0.01 

! 

I : A t  = 4 . 0 x l O - % e c  

Z : A t  = 2 . 0 x l O - % e c  

3 : 6 t  = l . O x l O - g s e c  

4 : A t  = 0 . S x 1 0 - % e c  

0.02 0.03 

U/ho 

Fig. 9. The normal stress versus end displacement for various time step sizes at (a) xl = x2 = Ho/2 (inside 
the baud) (b) x~ = 0, x2 = 3h0/4 (outside the band) under uniaxial tension with 0 = 0 °, ~ = 0. 
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W - - J ? / j  

"rl = - i  'rl = 0 77 = 1 

Fig. 10. The development of strain localization at U/ho = 0.012 for the uniaxial tension, 0 = 0 °. 

been examined by DAF~L~S [1990b] for  biaxial stretching and simple shear. For  the 
assumed values D22 = - D I 1  > 0 and 0 ° < 0 < 90 °, it is easy to  show that  the axis ~ 
tends to line up along the x2 axis for  ~/> 0, and along the x~ axis for  , / <  0 as the axial 
strain increases, tha t  is, the or tho t rop ic  axes 0 are rota ted clockwise for  negative val- 

7~ ~ m l  z) = 0 ~} = 1 

Fig. 11. The development of strain localization at U/ho = 0.012 for the uniaxial tension, 0 = 22.5 °. 
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Fig. 12. The development of  strain localization at U/ho = 0.012 for the uniaxial tension, 0 = 45 °. 

ues o f  ~ o r  coun te rc lockwise  for  the  posi t ive  values  o f  7. Hence  the  a f o r e m e n t i o n e d  
results  for  the  b a n d  o r i en ta t ion  ~o - 48 ° for  n = - 1  and  ~Oo = 132 ° for  ~ = 1 at  the  
ini t ial  value o f  0 = 45 ° a re  consis tent  with the results  f r om the mate r ia l  ins tabi l i ty  anal-  
ysis in Fig.  5(b),  which shows a j u m p  in shear  band  o r ien ta t ions  be tween  the values  

, / / 

/ 

S 

~7 = -i ~ = 0 ~7 = I 

Fig. 13. The development of  strain localization at U/ho = 0.012 for the uniaxial tension, 0 = 67.5 °. 
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o . o 1 2  u/bo= o.0t8 U / h  o = 0 .024  

u/ho= 0 . 0 1 2  U/bo= 0.018 U/ho= 0.024 

(b) 

Fig. 14. The course of shear band development for the uniaxial tension, 0 = 45 °. (a) ~ = -I, (b) 71 = I. 

of  0 <: 45 ° and the values of  0 > 45 °. As in the case of  0 = 45 °, more than one band 
may appear initially as shown for 0 = 22.5 ° and 0 = 67.5 ° in Figs. 11 and 13. As de- 
formation proceeds, however, only the band with consistent with the material instabil- 
ity analysis in Fig. 5 (b) continues to grow and develops into shear band as seen from 
Fig. 15. 
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U/ho= o.o12 U/ho= O.Ola U/ho= 0.024 

Fig. 15. The course of  shear band development for the uniaxial tension, 0 = 22.5 ° and ~ = 0. 

For plane strain uniaxial compression with Vo = - 3 m / s ,  tl = 0.1 x 10 -6, the equiv- 
alent plastic strain contours at U/ho = -0 .012  are shown in Figs. 16 through 19 in the 
same way as in the case of  tension. These results show the consistency with the results 
of  the material instability analysis (Fig. 6) just as in the aforementioned plane strain 

7/ = --1 77 = 0 ~ = i 

Fig. 16. The development of  strain localization at U / h o  = -0.012 for the uniaxial compression, 0 = 0% 
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r /  = - 1  z} = 0 ~} = 1 

Fig. 17. The development o f  strain local izat ion at U/ho = -0 .012  for  the uniaxia l  compression, 0 = 22.5 °. 

uniaxial tension. For the case of  0 = 45 °, the finite element results (Fig. 18) show the 
critical angle of  shear band ~0 = 41° and ~0 ~ 139 ° for T/= - 1  and T/= 1, respectively. 
As discussed in uniaxial tension test for 0 = 45 °, this is due to the fact that  the ortho- 
tropic axes are rotated counterclockwise for ~ < 0 and clockwise for *! > 0 when D22 --- 

-D11 < 0. 

\ 

T/ = - 1  7/ = 0 v} = 1 

Fig. ] 8. The development o f  strain local izat ion at U/ho = -0 .012  fo r  the uniaxia l  compression, 0 = 45 °. 
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Fig. 19. The development of strain localization at U/ho = -0.012 for the uniaxial compression, 0 = 67.5% 

Comparing the results for the tension with those for the compression, for example, 
Fig. 11 and Fig. 17 for 0 = 22.5 °, or Fig. 13 and Fig. 19 for 0 = 67.5 °, we find that the 
delay or hastening effect is completely reversed for the same value of  7/when the load- 
ing type is changed from tension to compression or vice versa. Moreover, the band ori- 
entation also changes totally depending on the loading type; for example the band 
orientation for ~/ = - 1  and 0 = 22.5 ° under tension is ~o0 = 57 ° (Fig. 11) while the 
band orientation for 7/= - 1  and 0 = 22.5 ° under compression is ~o 0 = 147 ° (Fig. 17). 
This is due to the fact that the stress state in reference to ~, is different between tension 
and compression, and the evolution of  the orthotropic axes is different from each other 
depending upon the deformation type (or the loading type) as discussed in the case of  
0 = 45 °. 

For the case of  0 = 22.5 ° and 71 = 0, the curve of  average stress versus end displace- 
ment is shown in Fig. 20. The average stress is given by 

= [Te]x~= ,o  dx,, ~ave ~ -~  Ho 
(34) 

where H is the current width at x2 = ho. As the plastic deformation continues stress 
decreases along with shear band formation. As seen in Fig. 20, there are no significant 
inertia effects observed in the present dynamic loading. 

Vl. CONCLUSION 

From the foregoing bifurcation analysis and the finite element results, we may draw 
the following conclusions for the shear band formation and development in the present 
orthotropic material under plane strain uniaxial loading: 
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Fig. 20. Average stress versus end displacement curve for the uniaxial tension, 0 = 22.5 ° and ~ = 0. 

1. Since the  stress state in reference to  xi coord ina te  depends  u p o n  the or ien ta t ion  o f  
the  o r t h o t r o p i c  axes,  the  f o r m a t i o n  and  deve lopmen t  o f  shear  b a n d  in an  o r t h o -  
t rop ic  ma te r i a l  is s t rong ly  dependen t  u p o n  the  o r i en t a t i on  o f  the  ini t ia l  o r t h o t r o -  
pic  axes.  

2. The  plas t ic  spin,  one  o f  the  cons t i tu t ive  fea tures ,  has  a subs tan t i a l  has ten ing  o r  
de lay  effect  u p o n  the shear  b a n d  f o r m a t i o n  and  deve lopmen t  depend ing  u p o n  the  
ini t ia l  o r i en t a t i on  o f  the  o r t h o t r o p i c  axes and  the  d e f o r m a t i o n  m o d e  (or  stress 
state). Moreover ,  the change in the or ien ta t ion  o f  o r tho t rop ic  axes due to  the influ- 
ence o f  p las t ic  spin,  which is dependen t  u p o n  the  d e f o r m a t i o n  o r  load ing  m o d e ,  
m a y  have  a s igni f icant  effect  u p o n  the o r i en t a t i on  and  deve lopmen t  o f  the  shear  
bands  in the  e las tov iscoplas t ic  ma te r i a l .  

3. Init ial ly more  than  one  band  m a y  appea r  in the  ra te -dependent  mater ia l ,  however ,  
.only the bands  with or ien ta t ion  consistent  with the mater ia l  instabil i ty analysis con- 
t inue  to  g row and  deve lop  in to  shear  bands .  
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APPENDIX 

Let the current configuration of  the body be the configuration at time tn and a sub- 
sequent configuration be the configuration at time t~+~ (A t = tn+ 1 - tn). Next, let Q be 
the rotation tensor which is given as a solution of  the initial value problem: 

{)(t)  -- o~(t)Q(t) ,  Q(0) = I, (A1) 

where the time interval of  integration is [ tn, G+1 ] and ~ is the substructural spin ten- 
sor. Then we have the following result 

= Qr#0 Q, (A2) 

where 

= QTeQ. 

This equation means that after transformation, the evolution equation for stress involves 
only the material time derivative of  # instead of  the Jaumann derivative of  ¢ (RUmN- 
STEIN & ATLURI [1983]; NAGTEGAAL & VELDPAUS [1984]; HUGHES [1984]). 

Using (A2) and (7), the evolution equation for the stress ~ then may be written as 

= L : [ b  - ( z : S p ] ,  (A3) 

where the overbar " - "  denotes a tensor after transformation. 
Then, a procedure for integrating the evolution eqn (7) over a time increment A t may 

be summarized as: 

1. Calculation of  strain increment tensor A e o and substructural spin tensor c0 o as 

1 ( OAu i 

1 f OAu~ 
~ij = ~ t  ~ OX: n+l/2) 

OAus ), 
0x~,,+1,'2) 

) Ox].+i/2 - < z :  - 

_ t--(n)-(n)--(n) _(n)_(n)_.(n)~1 
+rl2(~z<"~a ~"~ ~r~"~a~ ~) +rl3~.~l., u2 -"2 " '~ "o, 
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where Aui  is the displacement increment and x~ ~+'/2' : xi t~' + ½ Aui = x ( n + l ,  - 

½ A ui is the position vector component at the midpoint configuration. 
2. Calculation of the rotation tensor Qn,Q,,+l/2,Qn+l from the eqn (A1) (HtlGHES 

[1984]). 
3. Transformation of the strain increment, current stress, direction of plastic flow, 

and elasticity tensor. 

A ~  T T = = QntrnQn, Qn+I/2ArQn+I/2, ~n 

~ P  ~ T P Q n N n Q n ,  L~ = Qrn(QrLnQ~)Qn 

4. Update the stress 

O'n+l Qn+l(On + L n : A ~  n - p  r = - A t<z )  N,,)Qn+I. 


