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Abstract A new algorithm based on the Schwartz-Neumann alternating technique is developed for the 
solution of elastic-plastic fracture mechanics problems. An analytical solution for an elastic crack, with 
arbitrary crack-face loading, is used inside an initial stress iterative procedure as an addition to the 
finite element solution for the uncracked body. Iteration processes of the alternating method and of 
the initial stress method are performed simultaneously. Numerical examples show that the proposed 
elastic-plastic alternating method in conjunction with the equivalent domain integral method provides 
reasonable values of the I-integral. 

1 
Introduction 
It is widely recognized that in many cases of structural integrity assessment, the linear elastic fracture 
mechanics approach leads to considerable errors. For the most part, linear estimates of fracture 
mechanics parameters are nonconservative. Therefore it is necessary to be able to calculate elastic- 
plastic fracture mechanics parameters, such as the ]-integral (Cherepanov 1967, Rice 1968). Usually an 
elastic-plastic fracture mechanics problem is solved numerically using the finite element method or 
the boundary element method. A crack is modeled explicitly; singular finite of boundary elements are 
often used in the vicinity of crack tip or crack front. 

In linear elastic fracture mechanics an efficient alternative to an explicit crack modeling is the 
Schwartz-Neumann alternating method. The alternating method for the calculation of elastic stress 
intensity factors for two- and three-dimensional cracks was proposed by Nishioka and Atluri 
(1983a, b). Further development of the alternating method in linear fracture mechanics have been done 
by Atluri and Nishioka (1986); Rajiyah and Atluri (1988, 199o) Chen and Atluri (1988, 199o). These 
procedures were also adopted, with minor variations, by Raju and Krishnamurthy (1992). 

The alternating method is based on an analytical modeling of a crack and on an iterative procedure 
to satisfy the required boundary conditions for the body under consideration. A numerical (finite element 
or boundary element) solution is required only for the uncracked body. This simplifies greatly the 
generation of discrete models and reduces the computer time; and more importantly the human- 
resource cost in generating the required meshes. 

Here we present a new algorithm of an alternating method for the solution of elastic-plastic fracture 
mechanics problems. 

2 
Analytical solution for an infinite plate with an inner crack 
To apply alternating method it is necessary to know the stress and displacement fields in an infinite 
body containing a crack that is subjected to arbitrary crack-face tractions. A convenient form of the 
two-dimensional solution, from the view point of numerical implementation, was obtained by Gladwell 
and England (1977). 
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Consider a line crack on y = 0, - a __K x G a in an infinite plate subjected to crack-face tractions: 

r  iz v = - (p(x) + is(x)), Ixl ~ a. (1) 

Suppose that the applied crack-face tractions can be approximated in the form 

N 

p ( x ) + i s ( x ) = -  ~ b , G _  1, I x [ G a ,  (2) 
n=l 

where b~ are complex coefficients of the approximation and U, i are Chebyshev polynomials of the 
second kind 

sin(n + 1)0 x 
U, - sin0 , 0 = arccos -'a (3) 

Then the solution for displacements u, v and stresses a x, ay and z v can be expressed through the complex 
potential ~2(z) and its derivatives 

21au = K91.Q(z) -- ~tl~2(i) -- 2y3s 2#v -= K3~(s -- 3 ~ ( z )  -- 2y~R~2'(z), 

ar = 9 t~ ' (z )  + 9t~2'(5) + 2y3~" (z ) ,  G -- 49t~2'(z) -- r~y, 

.% = - ( m O ' ( z )  + 3o'( i)  + 2yg~2"(z)), (4) 

Here z -- x + iv, ~ = x -- iy ; # is shear modulus; K = 3 - 4v for plane strain, ~c = (3 - v)/(1 + v) for 
plane stress; v is Poisson's ratio. 

The complex potential function a'2(z) and its first and second derivatives are equal to: 

l ~ b ,  1 N 1 N n 
S2(z) = -  L --R.,  f 2 ' ( z ) =  ~ b.G.  1, .Q"(z)-~-271 2 , = i n  ~,=~ _ b,G'~_ v R , = a  ~ -  , (5) 

Gn_l = d~2__1 , arn_l = a(~2_1)3/2 ( ~ + n ~ x / ~ - - I ) ,  w h e r e ~ = z / a .  

3 
An alternating method for elastic fracture mechanics problems 
By using the Schwartz-Neumann alternating method it is possible to obtain the solution for an inner 
or edge crack in a finite-sized elastic solid. Consider the given problem of a finite-sized cracked body (with 
free crack faces) and subject to given far-field tractions. The problem for the uncracked body is solved 
with the help of the finite element method or boundary element method: 

{q} = [KI-I{P}, {a} = [D] [B]{q}. (6,7) 

Here {q} is a vector of nodal displacements for the uncracked body; {a} are stresses for the uncracked 
body; [K] is global stiffness matrix; {P} is external load; [D] is the elasticity matrix and [B] is the matrix 
of displacement derivatives. 

Since the crack is not modeled explicitly in the finite element solution, there are some tractions {to} 
on the crack surface, in the uncracked body solution: 

{tc} = [ , J  {~},  (8) 

where [nc] is a matrix of direction cosines. 
To remove these tractions through the use of the analytical solution (4) it is necessary to approximate 

{to} in the form (2). The usual least squares method can be used for the determination of coefficients 
b, of the approximation (2). If surface tractions {to} are calculated at points xm, rn = 1 ... M at the 
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crack line then coefficients b,, are the solution of the linear algebraic system 

n=O \ m = l  m = l  

(9) 

In the publication of Atluri and Nishioka (1986) it is proposed to perform integration instead of 
calculating the sum m = 1 ... M in the system of Eqs. (9). It is easier to increase the number of points 
M than to use special integration procedure. 

Pachner (1984) noted that the number of polynomials N sufficient for the approximation can be 
2 determined through the calculation of variances (r~ 

o~v= ~ b.U.(x~)-t(x,~ M- -N- - l )  N = I , 2  . . . .  (lo) 
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The number N is sufficient for the approximation when the increase of N no longer decreases 
cr~ significantly. 

Having the coefficients b~ it is possible to calculate stresses {G} using theoretical solution (4). The 
analytical solution for an infinite body subject to crack-face tractions, in general, lead to non-zero tractions 
at the boundary of the finite body. These boundary stresses contribute to the finite element residual 
vector {0} that can be used as the load for the next iteration of the numerical model of the uncracked body 

{0}  = -- ~ [N]r[ n] {a~}dS, (11) 

where IN] is a matrix of shape functions; [n] is a matrix of direction cosines for the finite element sides 
that lie on the boundary S. For convergence, the residual norm U 0 [[ should be small in comparison to 
the norm of applied load ]] P []. The convergence criterion can be also formulated in terms of displacement 
increment {Aq} for the current iteration and accumulated displacement vector {q} 

IlAqC~>lr < ~ Ilql[. (12) 

Here g is a user specified tolerance. 
Finally the stress intensity factors K/and Kz~ can be computed 

t4 

g~ -- iK.  = -- x / ~  ~ b~, (x = a), (:3) 
n = ]  

where b, are accumulated values of the coefficients that approximate the crack surface tractions. 
The numerical algorithm of the alternating method for the solution of elastic fracture mechanics 

problems can be presented in the form of the following pseudocode: 

Initialization: {q(O)} = {0}, {0 (~ = {P}, [b (~ = [01 

Iterating procedure: {Aq (i/} = [K]-:{0(I-1)},  {q(il} = {q(/-1)} q_ {Aq(O}, 

{Ao "(i) } = [DI [B] {kq(i)}, {t~ i)} = -- [nc] {Ar (i) } 

Approximation {t~ ~ = --[Ab] {U}, [b (~ = [b:' 1)] + [Ab(O] 

(i) Analytical solution {Aa~/)} = {Go( [Ab ])}, {0 (i/} = ~ [N]r[n] {Aa~ o } dS 
$ 

Convergence: [I Aq (i) 1[ < g II q [[. (14) 

As the end results of the iterative procedure (14), we obtain the nodal displacement field {q} for the 
uncracked body and the accumulated values of coefficients [b]. Finally the stress intensity factors can 
be calculated according to relation (13). It is also possible to determine the displacement and stress fields 
for the cracked body using the analytical solution (4) and Eq. (7). 
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4 
An alternating algorithm for elastic-plastic modeling of cracked bodies 
The initial stress method (Nayak and Zienkiewicz 1972) for the solution of elastic-plastic problems is 
an iterative scheme in which the elastic-plastic displacement and stress fields are sought as a sum of elastic 
solutions due to some artificial volume loads. The load for the first iteration is the real load increment. 
The loads for the subsequent iterations are the residual vectors {0} of the finite element stress equilibrium 
equation: 

{~} = { P }  - -  ~ [Blr{a}dV, (15) 
v 

where {P} is a current level of applied load; [B] is a displacement derivative matrix; {a} is a current 
stress level; V is a volume of the finite element discrete model. The usual initial stress algorithm for 
the solution of elastic-plastic problems can be presented in the following form: 

Initialization: {q(0)) = {0}, {0 (~ = {P}, 

Iterating procedure: {Aq (I)} = [Kl-l{O(i-ll}, {q(0} = {q(i-1)} + {Aq(il}, {~r(/)} = [Wpl [B] {q(/I}, 

{0 ( ' ) }  = {P} - S[BIT{ ( )}dV 
v 

Convergence: Ilz~q (//II < e]l q Ik. (16) 

Here {q} and {Aq} are displacement vector and its increment; [K] is a global stiffness matrix; [D ep] is 
an elastic-plastic constitutive matrix; (i) is an iteration number. 

For the sake of clarity some essential details of the initial stress method have been omitted. First, 
the algorithm (16) is presented for one step from zero load to final load. The algorithm is also suitable 
for applying load in several steps. In this case the displacement vector {q} should be treated as an increment 
for the current load step. Secondly, the operation of computing the stress increment with elastic-plastic 
constitutive matrix [D ep] is only a schematic presentation. Below we describe a possible numerical 
algorithm for this operation. 

Since the initial stress method requires only elastic solutions for the iterative procedure of elastic- 
plastic problem, it is then possible, in principle, to develop an elastic-plastic alternating method using the 
usual alternating method to provide elastic solution at each iteration. The simple logical approach is 
to replace the first line of iterating procedure (16) by the whole elastic alternating procedure (14). 
In this case the algorithm will contain two enclosed iterative loops. 

The other possibility is to perform both iterations simultaneously. Then the displacement based 
elastic-plastic alternating method can be described by the following pseudocode: 

Initialization: {q~0/} = {0}, {~(o)} = {p}, [b(0/l = [0l 

Iteratingprocedure: {A@} = [g0] -1{~(I-1)}, {q~i)} = {q~i-~l} + {Aq~i)}, 

{a~ ~ } = [D] [B] {q~'}, {t~ ~ } = -- [no] {a~ ~ } 

Approximation {t~ ~)} = - [b ('~] { U} 

O) Analytical solution {qc} = {qc( [b(')])}, { a(i) } = [ Dep] [B] (q~i)} + (q~O}), 

{ 0  (/)} = {P)  - -  S[BIT{a(o}dV 
v 

Convergence: ]]Aq (i) 11 < ~ 1[ q [I. (17) 

Here indices '0' and 'c' are used to denote quantities related to uncracked finite element model and to 
analytical solution for the infinite plate with the crack, respectively. As before, the iterative 
procedure (14) can be easily transformed to an algorithm for applying the load in several steps. 

Instead of computing the stress increments due to an increment of displacements at current iteration 
{Aq~ ~ we use displacements {q~0} that are accumulated from the beginning of iteration process. This 
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is convenient for the computer implementation and facilitates the avoidance of possible false unloading 
caused by the iteration process. 

It is worth noting that the displacements (and stresses) from the analytical solution (4) do not satisfy 
the finite element equilibrium equations inside the finite element domain (the equilibrium finite element 
fields are based on shape functions that are defined piecewise, and satisfy the equilibrium conditions in 
some integral sense). Thus even in a pure elastic case, the residuals {~(0} are nonzero at the inner nodes 
of the finite element model; and the algorithm (17) is not completely equivalent to procedure (14). 

For this reason it is also possible to formulate the stress-based elastic-plastic alternating method. 
In this method an analytical solution for stresses in an infinite cracked body is used to calculate additional 
stresses at finite element integration points. The pseudocode of the stress-based elastic-plastic alternating 
method is presented below: 

Initialization: {q~0)} = {0}, {if(o)} = {p}, [b(0)] = [0] 

Iterating procedure: {Aq~/)} ~. [ K 0 ] - i  {~//(i-1)}, {q~i)} ~, {q~i-1)} .~_ {Aq~i)), 

{o'~ i) } = [D] [B] {q~i)}, {t~il} = _ [n~] {o-~ i/} 

Approximation {t~ i)} = -- [b (i)] {U} 

Analytical solution {a~ ') } = {@( [b(i)])}, {a (~ } = [D ~p] [D]--1 {0.~i)) _~_ {G.~i)} ), 
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{~(i)} = {P} -- ff [BIT{or (i)) dV 
v 

Convergence: Ilmq le) rl < ~ rJ q Jr. (18) 

Algorithms (17) and (18) are not identical. In the stress based alternating method (18) the analytical 
solution for stresses {ac} is computed directly at element integration points. These stresses are not 
equal to the stresses that can be computed through elasticity matrix [D] and displacement derivative 
matrix [B] in the displacement based elastic-plastic alternating method. 

5 
Computing the elastic-plastic stress increment 
Suppose the material obeys the plastic flow theory with Mises yield surface: 

F(~ ,gP)=~- -  Y(gP)=O, ~ =  sos O, so=aO--60~ak~,d  - d~od ~j, (19-22)  

where 8 is equivalent stress; dgP is an increment of equivalent plastic strain; Y is instant flow stress; 
s 0 are deviatoric stresses. 

One possibility for computing the elastic-plastic stress increment is to use elastic-plastic constitutive 
matrix [D ep ]: 

{Aa} = [DeP]{A~}, [D ep] = [D] [D]{a}{a}r[D] {a} = ~0F~, 
H' + 3~ ' ( ~ J  (23-25) 

where {Ae} is an increment of mechanical part of strain; # is a shear modulus; H' = d6ldg p is a slope 
of material deformation curve; all quantities are related to the beginning of the increment. 

To obtain sufficient accuracy with the use of Eq. (23) it is necessary to divide the strain increment 
into small subincrements and possibly to apply stress correction at the end of each subincrement. 

The oilier approach to the integration of the elastic-plastic constitutive relations is the midpoint 
integration algorithm (Ortiz and Popov 1985; Nikishkov and Atluri 1993). According to the midpoint 
integration algorithm, the plastic strain increment {Ae p} is calculated using the vector of derivatives 
of yield function {a} at the beginning and at the end of the increment: 

{mE p) ~- .)~ [(1 - (~) {a(o-o) ) -~- o ~ { a ( o i ) ) h  0 1 : o 0 -[- Ao-, (26) 

Here r162 is integration parameter (0 < ~ < 1); {a} are stresses at the beginning of the increment and {Act} 
is stress increment. For c~ > 0 the integration scheme is implicit. 
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An unknown parameter 2 is determined from the consistency equation: 

Nikishkov and Atluri (1993) showed that the parameter 2 is a solution of a nonlinear equation: 

F(2) = N/~ [I s~ l[ -- 3/led -- r(~P0 + AfiP) = 0, (28) 

{s~} = {so} + 2ff{Ae} - 2/12(1 - ~){a(cr0)}, (29) 

3 f. . . .  2 
Ag p = 2 II (1 - ~){a(a0)} + ~ 2 ii s~ll II, (30) 

where {So} are deviatoric stresses at the beginning of the increment; {Ae} is an increment of deviatoric 
part of strains. An operation of computing the norm for tensor quantities artificially arranged in vectors 
is as follows: 

il s It = (S~l 3v s~2 -it- s~3 -~- 2322) 112, (31) 

The Eq. (28) can be easily solved using a Newton-Raphson iteration procedure. Finally, the deviatoric 
stresses at the end of the increment are given by the relation: 

(32) {sl} = 1 + 3 # e 2 / r ( ~  + AgP)" 

The precision of the midpoint integration algorithm is higher than the precision of stress increment 
calculation using elastic-plastic constitutive matrix. Usually it is not necessary to divide strain increment 
into subincrements. 

6 
Equivalent domain integral method for J-integral calculation 
The fracture mechanics parameter that is most often used for the assessment of structural integrity of 
elastic-plastic structures is the ]-integral (Cherepanov 1967; Rice 1968) 

j = ~ ( W n l _  Ou~ \ F a,,~x nj)d , (33) 

where x~ is the crack-tip coordinate system; u~ are displacements; a 0 are stresses; nj are components of 
a vector that is normal to the contour F and W is the stress-working density 

W = ~ (Tijdseij. (34) 

Consider two contours around the crack tip F 1 and F2 (F2 is larger than/'1). With the help of equivalent 
domain integral method (Nikishkov and Atluri 1987) the ]-integral for the contour F1 can be computed 
as the area integral: 

/ 8s 8u~ 8s \ 

where s is some arbitrary function which is equal to s = 1 on f'~ and s = 0 on F2;A ~ and A2 are areas 
inside contours Fx and/'2. 

In general it is necessary to have/"1 small compared to the crack size in order to quantify properly 
the severity of the crack-tip stress and strain fields. However, if the elastic-plastic cracked body is loaded 
monotonically and proportionally and the body forces and thermal stresses are zero then it is possible 
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to use any F~ and/~2 for defining integration area since the contour J-integral (33) is path- 
independent. 

In this particular case the J-integral can be computed as the following sum over finite elements inside 
integration area (A~ A2) 

! e [ W  af~x~ - %  Ox~ Oxj 
(36) 

where N ~ is a shape function for a finite element node K; u~ are nodal displacements; s K are nodal 
values of s-function; A~ is an area of a finite element e. 

7 
Numerical solutions 
The performance of elastic-plastic alternating method is investigated through the following problems: 

(1) a tensile plate with a central crack (Fig. la); 
(2) a tensile plate with an edge crack (Fig. xb); 
(3) a tensile plate with two symmetrical cracks emanating from a central circular hole (Fig. lc). 
Every problem is solved using (a) finite element method with explicit modeling of crack and (b) the 

presently proposed elastic-plastic alternating method. Since no analytical solutions is available for 
elastic-plastic fracture mechanics problems, the finite element solutions with explicit crack modeling 
are used as reference solutions for the evaluation of elastic-plastic alternating method. 

For all problems, the following deformation curve and material properties were selected: 

t7 
- -  = 1 + kaP; 
Gy 

E = 500 ay; V = 0.3; k = 0.05 E / a  r, 

where a is the uniaxial/equivalent stress; crr is yield stress; k is hardening coefficient; ~P is the uniaxial/ 
equivalent plastic strain; E is Young's modulus and v is Poisson's ratio. Plane strain conditions were 
adopted in all cases. 

The elastic-plastic alternating algorithm was developed as a supplement to the existing finite element 
program, using a C compiler. All problem solutions were performed on an IBM personal computer with 
a 80386 microprocessor. 

7.1 
Tensile plate with a central crack 
A tensile plate of width 2W, height 2H with a central crack of length 2a is presented in Fig. la. The 
ratios a/W = 0.5 and H/W = 2.5 are adopted. 

Because of the double symmetry only one quarter of the specimen of Fig. aa is considered. The finite 
element mesh for the explicit crack modeling is shown in Fig. 2a. It consists of 96 quadratic isoparametric 
elements and 319 nodes, Intensive mesh refinement and singular quarter-point elements are used near 
the crack tip. The ratio of crack-tip element size to the crack length is equal to 0.04. The mesh for elastic- 
plastic alternating method (Fig. 2b) consists of 48 quadratic isoparametric elements and 173 nodes. The 
ratio of smallest element size to the crack length is equal to 0.25 for this mesh. The mesh consisting of 
16 quadratic isoparametric elements (4 x 4) is also used for elastic solutions by the alternating method. 

First, different methods are compared based on the solution of the elastic problem for the central 
cracked plate. The results of calculation of elastic stress intensity factor K~ are presented in Table 1. 
The following abbreviations are used for denoting different methods: 

FEM--finite element explicit crack modeling, J-integral calculation by the equivalent domain integral 
(EDI) method; 

ALT-B =-usual elastic alternating method (14) with boundary residuals, calculation of the stress 
intensity factor K~ by Eq. (13); 

ALT-D--displacement-based alternating method (17), J-integral calculation by the EDI method; 
ALT-S--stress-based alternating method 08), J-integral calculation by the EDI method. 
In all cases lo points on the crack line are used for the approximation of crack-face tractions by 

6 Chebyshev polynomials (N = 6 in Eq. (2)). 
From the comparison of calculated stress intensity factors with the reference solution (Murakami 

et al. 1987) it can be seen that the performance of the stress-based alternating method ALT-S is very close 
to the usual elastic alternating method ALT-B. The displacement-based alternating method ALT-D gives 
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Figs. 1- 3. 1 Tensile plate with a central crack (a); tensile plate with 
an edge crack (b); tensile plate with two symmetrical cracks emanating 
from a central circular hole (c). 2a, b Finite element meshes for the 
explicit crack modeling a and for the elastic-plastic alternating 
method b used for the solution of a central crack problem. The 
integration area for the alternating crack modeling is shown by 
green color. 3a-c Mises equivalent stress 8 for a tensile plate with 
a central crack obtained by the explicit crack modeling (left) and 
by the elastic-plastic alternating method (right) 
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Table L N o r m a l i z e d  stress  in tens i ty  f a c t o r s / ( r  = K x / ( a x l e )  for the  cen t ra l  c r acked  plate a~ W = 0.5 

Method Number of elements Number of iterations /(i Percent difference 

R e f e r e n c e  - -  - -  l .  189 - -  

(Murakami 1987) 
FEM 96 - -  1.186 - -  0.2 

ALT-B  16 4 1.188 - 0.1 

ALT-B  48 4 1.187 - 0.2 

A L T - D  16 8 1.075 - -  9.5 

A L T - D  48 10 1.130 - -  5.0 

ALT-S  16 4 1.195 0.5 

ALT-S  48 4 1.189 0.0 
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larger errors for the stress intensity factor and the convergence of this method is slower. Henceforth 
we will use only the stress-based alternating method due to its better convergence properties. 

Elastic-plastic solutions for the central cracked plate are performed using the finite element explicit 
crack modeling (FEM) and the stress-based alternating method (ALT-S). A comparison of computed 
fields for Mises equivalent stress tY for load levels trlcr r = 0.5, 0.6 and 0.675 is shown in Figs. 3a-c. Here 
and further on the picture on the left in every figure presents a field obtained by the finite element 
explicit crack modeling, and that on the right presents a field computed by the analytical-numerical 
alternating method. An elastic-plastic boundary corresponds to the value ~/a r = 1 (light red color). 
Stress and displacement fields for the load level a/try = 0.6 are presented in Fig. 4a-e. While there are 
some differences in stress and displacement fields obtained by explicit and alternating crack modeling, it 
is quite clear that in general the elastic-plastic alternating method is suitable for modeling elastic- 
plastic fields in cracked bodies. 

The J-integral values in both explicit and alternating crack modeling are calculated by the equivalent 
domain integral method. The integration area for the alternating crack modeling is shown in Fig. 2b 
by green color. The elastic-plastic stress intensity factor is calculated as 

K ep = 1 - -  ] 12" 

The results for the normalized elastic-plastic stress intensity factor 

gee "= K ee/(tTY N/~aa ) 

are presented in Fig. 5. The loading history for the explicit finite element crack modeling and for 
the alternating incremental method is GAry = 0.5, 0.55, 0.6, 0.65, 0.675. The alternating solution 
with the full load being applied in one step, is also shown in Fig. 5. The alternating incremental 
solution and alternating solution with the full load being applied in one step practically coincide. 
Considerable difference between the explicit FEM and alternating solution is observed only for high 
load levels where the plastic zone covers the whole net section of the specimen. It is known that 
the usual finite element solution is not very reliable for such load levels. 

7.2 
Tensile plate with an edge crack 
A schematic of a plate with H/W = 2.5, with an edge crack a/W -- 0.25, subjected to remote tensile stress 
tr is shown in Fig. lb. The finite element meshes for the explicit and alternating crack modeling are 
presented in Fig. 6a, b respectively. The finite element mesh of Fig. 6a includes 96 quadratic isoparametric 
elements and 319 nodes. The crack tip is surrounded by singular quarterpoint elements. The size of 
crack-tip elements is equal to o.o4 of the crack length. The mesh for the elastic-plastic alternating method 
(Fig. 6b) consists of 76 quadratic isoparametric elements and 261 nodes. Two elements cover the crack 
region. The integration area for the calculation of the l-integral by EDI method is marked by green 
color. In alternating algorithm 12 points for the whole crack and 8 Chebyshev polynomials were used 
for the approximation of crack-face tractions. The crack-face tractions for the fictitious half of the crack 
were supposed constant and equal to the value at the surface of the plate. 

The reference value (Murakami 1987) of the stress intensity factor KI : K i / ( ~  ~- 1.494 was used 
for elastic testing of methods. The explicit crack modeling gave K I = 1.497 (0.2% difference) and the 
alternating method provided K I = 1.492 ( -- 0.2% difference from the reference solution). 
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Fig. 4a-e. Stress and displacement fields for a tensile plate with a central crack obtained by the explicit crack modeling 
(left) and by the elastic-plastic alternating method (right) 
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Figs. 5-7. 5 Normalized elastic-plastic stress intensity factor for a tensile plate with a central crack. 6 Finite element meshes 
for the explicit crack modeling (a) and for the elastic-plastic alternating method (b) used for the solution of an edge crack 
problem. 7a-d Mises equivalent stress 6 for a tensile plate with an edge crack obtained by the explicit crack modeling 
(/eft) and by the elastic-plastic alternating method (right) 
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Figs. 8, 9- 8a-e Stress and displacement fields for a tensile plate with an edge crack obtained by the explicit crack modeling 
(left) and by the elastic-plastic alternating method (right). 9 Normalized elastic-plastic stress intensity factor for a tensile 

plate with an edge crack 
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Fig. lo, n. loa, b Finite element meshes for the explicit 
crack modeling (a) and for the elastic-plastic alternating 
method (b) used for the solution of a problem for a tensile 
plate with two symmetrical cracks emanating from 
a central circular hole. na-d Mises equivalent stress 
a for a tensile plate with two symmetrical cracks 
emanating from a hole obtained by the explicit crack 
modeling (left) and by the elastic-plastic alternating 
method (right) 
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Figures 7a -d  show elastic-plastic fields of Mises equivalent stress ff for the load levels 
akry = 0.6, 0.7, 0.8 and 0.9 and Fig. 8a-e  show stress and displacement fields for the load level 
alcTr = 0.8. 

The values of the elastic-plastic stress intensity factor/(ep calculated by the EDI method are presented 
in Fig. 9. In contrast to the central crack problem the alternating solution for the edge crack is slightly 
lower than the finite element solution with explicit crack modeling. 
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7.3 
Two cracks emanating from a circular hole 
A tensile plate with two symmetrical cracks emanating from a central circular hole is shown in Fig. lc. 
The details are as follows: R/W = 0.25, a/R = 0.75, tt/W = 2. Figures loa, b present finite element meshes 
for the explicit and alternating modeling of crack. The mesh for the alternating crack modeling 
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Figs. 12,13. 12a-e Stress and displacement fields for a tensile plate with two symmetrical cracks emanating from a hole 
obtained by the explicit crack modeling (left) and by the elastic-plastic alternating method (right). 13 Normalized elastic-plastic 
stress intensity factor for a tensile plate with two symmetrical cracks emanating from a hole 
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(Fig. lob) is composed of 67 quadratic isoparametric elements and 238 nodes. Three elements cover the 
crack tip region. The integration area used for the calculation of the J-integral by the EDI method is 
shown in green. This mesh was transformed to the mesh for explicit crack modeling (Fig. loa) by deleting 
8 elements near the crack tip and inserting a fragment of a polar mesh with singular quarter-point 
elements around the crack tip. The mesh of Fig. loa includes 99 elements and 332 nodes. 

In the alternating iteration procedure 2o points and 8 Chebyshev polynomials were used for the 
representation of crack-face tractions. The crack-face tractions for the imaginary part of the crack inside 
the circular hole was considered constant and equal to the value at the hole boundary. 

The elastic values of the stress intensity factors computed by explicit and alternating crack modeling 

are compared to the reference solution (Newman 1971)/(i = Ki/(aJ-~cc) = 1.240 (c = R + a). A difference 
of - o.2% was noted with the use of the explicit FEM. The alternating method gave the / ( i  value with 
a 2% error. 

A comparison of elastic-plastic solutions by explicit FEM and alternating method is shown in 
Fig. l l a - d  for the Mises equivalent stress ~ and in Fig. 12a-e for the stress and displacement fields. The 
results for the normalized elastic-plastic stress intensity factor K'~v are presented in Fig. 13. The alternating 
solution is higher than the explicit FEM solution. 

8 
Conclusion 
A new analytical-numerical alternating method for the modeling of elastic-plastic crack problems is 
proposed. Alternating technique is used to incorporate the combination of the finite element solution 
for the finite uncracked body and the analytical solution for the crack in an infinite elastic body in the 
iteration procedure of the initial stress method for the solution of elastic-plastic problems. It is shown that 
the alternating method based on the stress solution has better convergence properties than the alternating 
method based on the displacement solution. 

The method was implemented on an IBM personal computer. Equivalent domain integral method was 
used for the calculation of the elastic-plastic ]-integral. The results obtained for the central cracked plate, 
for the edge cracked plate and for symmetrical cracks emanating from the circular hole demonstrate the 
possibility of computing reasonable values of the elastic-plastic J-integral without explicit crack modeling. 

Advantages of the proposed method are that it leads to a reduction of human effort and computer 
time since no mesh refinement is necessary near the crack tip, and it allows to consider several 
crack sizes without changing the finite element mesh. 

The proposed analytical-numerical technique is general and can be used for the solution of three- 
dimensional and mixed mode elastic-plastic crack problems. Such extensions are currently underway at 
Georgia Tech. 
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