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Abstract. The fatigue growth of multiple cracks, of arbitrary lengths, emanating from a row of fastener holes in a bonded, 
riveted, lap joint in a pressurized aircraft fuselage is studied. The effects of residual stresses due to a rivet misfit, and of plastic 
deformation near the hole, are included. A Schwartz Neumann alternating method which uses the analytical solution for a 
row of multiple colinear cracks in an infinite sheet (the crack-faces being subject to arbitrary tractions), is developed to analyze 
this MSD problem on a personal computer. It is found that for a range of crack lengths, a phenomena wherein the shorter 
cracks may grow faster than longer cracks may exist. 

Introduction 

The phenomenon of Multiple Site Damage [MSD], defined for the present purposes, as that of 
multiple cracks of arbitrary lengths emanating from a row of fastener holes in a bonded, riveted 
lap joint in a pressurized fuselage of a class of airplanes, has been the object of a number of studies 
in assessing the structural integrity of aging airplanes (Atluri et al. 1991, 1992). 

In this paper, a simple and efficient computational method to study the fatigue growth of MSD 
cracks is presented. This method can be implemented on a modern personal computer. It relies 
on the Schwartz-Neumann alternating method (Atluri 1986). The key ingredient in this method, 
viz., the analytical solution for the problem of multiple collinear cracks in an infinite sheet, the 
crack-faces being subject to arbitrary tractions, is discussed here. 

The effect of the initial radial pressure induced near a hole in the skin due to a rivet misfit; and 
the effect of the plastic deformation near the hole due to rivet misfit, are both considered. These 
effects alter the range of stress-intensity-factor imposed on a crack-tip during cyclic loading; and 
thus affect the fatigue crack growth rates. It is shown that these effects are responsible for a 
phenomenon whereby the shorter cracks near a row of fastener holes, may, in certain specific 
situations, grow faster than longer cracks. 

As the cracks grow under fatigue, the situation eventually arises when the uncracked ligament 
between two crack-tips may fully yield; leading to a crack-link up. This link up of MSD cracks, 
especially if they are ahead of a single dominant crack, may result in unarrested fast fracture. 

These issues are the focus of the present paper. 

1 Multiple-site-damage near a row of fastener-holes in a bonded fuselage-lap-joint 

The problem is schematically represented in Fig. 1. It is assumed that an arbitrary number of 
cracks, of arbitrary lengths, emanate from the fastener holes in the upper-row. In the initial phases 
of fatigue, corner surface cracks may emanate from the counter-sunk rivet holes in the skin. At 
later stages, these surface cracks evolve into through-the-skin cracks. The central issues to be 
analyzed are: 
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Figs. 1 and 2. 1 A schematic representation of mutliple cracks emanating from the upper-row of fastener holes in a bonded 
lap-joint in a fuselage. 2 MSD ahead of a single dominant crack in a fuselage 

1. If cracks of unequal lengths emanate from the fastener holes, is there a mechanism by 
which the shorter cracks may grow faster than the longer cracks, thus involving a "catch-up 
phenomenon"? 

2. Can a simple analytical methodology be developed to predict the fatigue growth of these 
MSD cracks and their link-up, especially when MSD-cracks are present ahead of a single dominant  
crack as in Fig. 2? 

The primary aim of this paper is to attempt to answer these questions. 

2 Problem definition, assumptions, and modus operandi of the solution 

1. The hoop stress in the fuselage may vary in the longitudinal direction, between flames, as shown 
in Fig. 3. 

2. The rivet flexibility, as shown in Fig. 4, is accounted for. 
3. The fuselage lap splices are assumed to be adhesively bounded. 
4. The contact stresses between the rivet and the hole, due to the external load carried by the 

rivets, are accounted for. 
5. The residual stresses in the skin, due to the misfit of an oversized rivet in the fastener hole, are 

accounted for. 
6. Even though mode II crack behavior is present for cracks near pin-loaded fastener holes the 

mode II component  is assumed to be small in comparison to the mode I component. 

The key steps in the presently developed solution procedure are: 

1. To isolate the free-body diagram of each skin (the inner and the outer) as shown in Fig. 5. For 
instance, the inner skin shown in Fig. 5 is subject to hoop stress o-00, longitudinal stress aLL; 
fastener-reaction loads Pi in the ith row of fasteners, and adhesive shear stresses Z,o. 

2. A finite-element stiffness analysis, with a very coarse mesh as in Fig. 6 (wherein the fasteners and 
fastener-holes are modeled as points) is used to analyze the load transfer through the rivets and 
the adhesive. The cracks near the fastener holes are modeled with unconnected finite elements, 
eventhough the crack-tip stresses are not modeled at this stage. 

3. From the analysis in Step (2) above, the inner (or outer) skin is isolated as in Fig. 7. From this, 
the row of fastener holes with cracks is isolated, as in Fig. 8. 

4. Figure 8 represents a strip of the fuselage with a row of fastener holes with MSD. The strip is 

subject to hoop stress aoo at one longitudinal edge and a hoop stress ~00 - at the other 
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Figs. 5 and 6. 5 A free body diagram of the inner skin in a fuselage lap-joint. 6 Coarse grid for a load-transfer analysis to 
determine rivet forces on the cracked sheet 
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edge. Here, P1 is the load carried by each fastener in this row, W is the rivet-spacing, and t is 
the skin thickness. The longitudinal stress is aLL. 
The fastener-load P1 is distributed along the periphery of the hole, by using the analytical 
solution for the contact problem between the rivet and the hole. In the present paper, however, 
for simplicity, the fastener load P1 is distributed as shown in Fig. 8. 
The problem in Fig. 8 is solved by using the Schwartz-Neumann alternating method as 
sketched in Fig. 9. This involves two solutions as follows: 
(a) An analytical solution for a row of cracks, each of arbitrary length, in an infinite sheet; the 

crack-faces are subject to arbitrary self-equilibrating point forces as shown in Fig. 9A. 
(b) A numerical (finite element or boundary element) solution for a strip with a row of holes, 

but without cracks, subjected to the loading system as shown in Fig. 9B. 
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Figs. 7 and 8. 7 The isolated sketch of a strip containing a row of fastener holes with MSD. 8 A strip with a row of fastener 
holes and MSD, subject to far field stresses and rivet contact stresses. (1) Unequal lengths of cracks emanating from each hole, 
in general. (2) If cracks are all of equal length, analyze only one hole/crack set, by importing "PERIODIC BOUNDARY 
CONDITIONS" 
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Fig. 9. Schwartz-Neumann alternating method, alternation between A and B. A: The analytical solution for the above problem 
has been generated. B: Finite element solution for a finite plate with a row of circular holes (NO CRACK) 

Fig. 10. Finite element mesh of uncracked body (540 DOF) 

(c) The finite element model for the uncracked strip with holes is shown in Fig. 10. Since the 
cracks are not numerically modeled, this finite element model remains the same irrespective 
of the lengths of the cracks. Thus, as cracks grow during the fatigue-crack-growth process, 
the finite element mesh remains the same. Thus, the entire fatigue-crack-growth analysis of 
the MSD problem, including the analysis of link-up, can be performed on a personal computer. 

The details of this alternating method for fatigue-crack growth of MSD cracks are further 
elaborated upon later in the paper. 

3 Analysis of load transfer through fastener and adhesive bonding 
in a fuselage lap-splice joint 

The methodology fo account for the effect of the flexibility of the fastener on the load transfer 
through the fasteners has been discussed in detail in Park et al. (1992). Here we discuss briefly the 
additional effect of the adhesive bonding of the skins on the load transfer between the two skins 
in the lap joint. 
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The total strain-energy of the lap-joint, with flexible fasteners and flexible adhesive bonding, 
in linear-elastic deformation, is given by: 

1 , , ,  u e u e  l l t e t  ~ l f (uu-lu)2 l u 
W = s~-~u a g (  qsk)( Ksk)(qSk) + ~,,~ a g( qSk)(Ksk)(qSk) + ;'~k2e, F d A  + NZ 2 K s (  q s k -  'qsk) 2 

e l e  = Sk  N s k  

where "qSk is the vector of nodal displacements of the upper-skin; ~qSk is the vector of nodal displace- 
ments of the lower skin; K e is the stiffness matrix of the skin element, K s is the stiffness of the Sk 
fastener, and F is the flexibility of the adhesive layer (as discussed in Park et al. 1992); Uu and ~u 
are the vectors of inplane displacement in the upper and lower skins respectively. 

Following the details as given in Park et al. (1992), the global stiffness equations for the present 
case can be derived as: 

[ ("Kskq-IKsk+KF+Ka) --(KF + K a ) l ~ U q S k ~ = F " Q s k ] .  (1) 

- -  (K R q- Ka) (UKsk -}- IKsk q- K s + K~) ( lqs k J [_ los k I 

From Eq. (1), the fastener and adhesive layer forces on the skin can be determined to be: 

P F a  = (KF + Ka)("qsk -- lqSk). (2) 

The effect of cracks, near the upper row of fastener holes on the loads carried by the rivets is 
accounted for, in the present analysis. The cracks are modeled simply by unconnected finite 
elements, while the crack-tip singularities themselves are not modeled by any special finite 
elements. If there are no cracks in the upper row of fastener holes, this row of fasteners in a lap 
joint can be expected to carry more load than the middle row. In the presence of cracks, however, 
load shedding from this row may be expected to occur. 

The solution for Pra enables one to draw the free-body diagrams for one of the skins as in Fig. 5. 
Thus, one is in a position to consider the problem shown in Fig. 8. 
As mentioned before, the problem in Fig. 8 is solved by using the Schwar tz -Neumann  

alternating method, which relies on the two solution steps outlined in Fig. 9. These two solution 
steps are discussed below: 

4 Analytical solution for collinear multiple cracks, each of arbitrary length, in an infinite plate; 
crack faces subject to arbitrary tractions 

Consider the problem when collinear multiple cracks exist in an infinite isotropic plate along the 
x axis, and arbitrary normal  and shear tractions are applied on the crack surfaces. Each crack is 
of an arbitrary length. This problem can be solved if the fundamental  solution to the problem 
shown in Fig. l 1 is known. In Fig. 11, a normal point force of magnitude P and a shear point force 
of magnitude Q are applied at a point x = c on the upper surface of the kth crack and two point 
forces - P, - Q are applied at the point x = c on the lower surface of the same crack• By using 
this solution as a Green function, the stress intensity factor (SIF) values and stress fields can be 
obtained for any arbitrary tractions on the crack-faces. In order to solve this fundamental  problem, 
the results given in Muskhelishvili (1953) are used. Let o -+, o -+ be stresses applied on the upper 

• y x y  

crack surface, and o--, o-- be stresses apphed on the lower crack surfaces. Then the complex stress 
• . y x y  . 

functions for this problem can be obtained as follows: 

e.(z) e.(z) 
q~(z) = ~0(z) + - -  - ~, ,Q(z) = -Qo(Z) + + c~ (3, 4) 

X(z) X(z) 

where 

~o(Z) = 1 X+P(t )  l sq ( t )d t ,  1 X+p( t )  1 q(_~t)dt, (5,6) 
2z~iX(z~) I dt  + n o ( Z ) -  - -  I dt  - 5 L ~ -- Z 2rti L t -- Z 2zt iX(z)  L r -- Z 2rti L t -- Z 
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r I s I r 2 s 2 r k 0~7~ pS k r n s.x Fig. 11. Collinear multiple cracks in an infinite body, subject to 
arbitrary crack-face tractions 

and 

X(z)= f i  ~ x / / Z - - S k ,  P , ( z )=CoZ"+ClZ  " - 1 + . . . + c .  (7,8) 
k = l  

_ i  + = ~ [ a + ( t ) - - a ; ( t ) ]  ~[axy( t ) - -aL( t ) ] .  (9,10) p ( t ) = ~ [ a ~ ( t ) + a ~ ( t ) ]  ~[ay( t )+a~y( t ) ] ,  q(t) _ i  + 

In Eqs. (5) and (6), the integration path L consists of n segments L 1, L2,. . . ,  L , , . . .  and L,. The 
segment L k is from r k to s k along the x-axis, r, and s k being the end-points of the kth crack. The 
complex constants a in Eqs. (3) and (4), and c o in Eq. (8) are related to the stresses and rigid body 
rotation at infinity. If there is no stress and no rigid body rotation at infinity, ~ and Co must be zero. 

The coefficients in the polynomial of Eq. (8) can be determined from the condition of the single 
valuedness of displacements as follows: 

K ~ ~(z)dz  - ~ Q(~)d~ = 0 i = 1, 2 , . . . ,  n. (11) 
Fi F~ 

Here F~ is the contour which surrounds the ith crack in counterclockwise direction, and ~c = 3 - 4v 
for plane strain condition and g = (3 - 40/(1 + v) for plane stress condition, where v is the Poisson's 
ratio. 

Once the complex stress functions of Eqs. (3) and (4), are determined, the stresses and displace- 
ments can be obtained from: 

~rx + ~y = 2 [ ¢ ( z )  + aS(z)], ay - i~x, = ~ ( z )  + ~2(e) + (z - e ) ~ ' ( z ) ,  

2~(u + i v )  = ~ ( z )  - ~o(~)  - ( z  - ~ ) ~ ( z ) .  

(12, 13) 

(14) 

Here ~(z) = ~0'(z), .Q(z) = ~o'(z) and/~ is the shear modulus. 
For the problem of Fig. 11, p(t) and q(t) in Eqs. (9) and (10) are given as: 

p(t) = - P 6 ( t  - c) + iQb(t - c), q(t) = O. (15, 16) 

Here 6 is Direc's delta function. 
Substituting Eqs. (15) and (16) into Eqs. (3) and (4), we can obtain, 

~(z)=y2(z)=-P +iQ 1 IX(c) +i[c,z._ ~ +Czz,_Z +...+c,]}" (17) 
2hi X(z)  ( c - z 

In order to obtain the coefficients in Eq. (17) we consider the condition of Eq. (11), which can 
be reduced to: 

~ t ~- i dt ~ t"- 2dt ~' ~ X(c) dt 
. . . .  cl +c2  X(t) + + c . S  dt = i l  (18) 

,, X(t)  ,i X(t)  c -- t 

Each integrand contains 1/x/~ singularities near the end points of the integration path. For i ~ k, 
by using suitable numerical integration formula, the integration can be performed numerically 
without difficulty. For i = k ,  the right-hand side of Eq. (18) contains (I/t) singularity in the 
integrand. In order to remove the difficulty in numerical integration, the following relation is used: 
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! ,it at dt 
- -  + . . .  + + . - .  + - - - 0 .  (19) 

X ( t )  c --  t ;k X ( t )  c --  t ;, ~ c --  t 

This relation can be obtained by considering a contour  integral with integrand of ~o, along the 
integration path: from - oo to s, on x ÷ axis; small clockwise circular path near x = s,; s, to - 
on x -  axis and a counter clockwise circular path with infinite radius to form a contour. 

By using Eq. (19) the right-hand side of Eq. (18) can be expressed with the integrals which 
contain only integrable singularities. So from Eq. (18), we can obtain n linear equations, from 
which the coefficients cl, c2,. . .  , c, can be calculated. 

F rom Eq. (13) the SIF at the tips of multiple cracks can be obtained. For  the crack tup at x = rk, 

K I - iK11 = lim X/2rc(rk --  x ) [ a y  -- iaxy],  
x - ~  r k  

Here 

, / e -  rk 
(20, 21) 

m= l,m=/=k m= l m= l,mg=k m= l 

All square root  functions must be intepreted as complex functions. And for the crack tip at x = Sk, 

K1  --  i K "  = x~sklim x/2~(x -- Sk) [ay -- iax ,] ,  = (P  --  iQ) x / ~ X 4  [_ ~ =___ c P,(Sk) • (24, 25) 

Where 

X 3  : f i  ~ - r m  F I  N / c - - s i n  , 
m= l m= l,m~=k m = I  m= l,mg:k 

By using the solutions of this problem as Green functions, we can obtain the stress fields and 
SIF's collinear multiple cracks, each of arbitrary length, and each being subject to arbitrary crack 
surface tractions. 

5 The finite e lement alternating method for M S D  near a row of  fastener holes 
(problem sketched in Figs. 8 and 9) 

A general and detailed description of the finite element alternating method (FEAM) can be found 
in Atluri (1986). In order to analyze the present problem of MSD near a row of fasteners, the 
conventional F E A M  is modified as follows. 

1. Consider the problem of a section of the fuselage panel, with a row of fastener holes with 
MSD cracking. Let the number  of fastener holes be arbitrary. Let the lengths of the cracks 
emanating from each hole be arbitrary. 

2. Using the analytical solution for the problem of an infinite sheet containing a single hole, 
but no crack, and subjected to far-field stresses as well as the sine pin-loading (Muskhelishvili 
1953), obtain the residual tractions at the boundaries of the finite sheet, the other hole-surfaces, 
and at all the locations of the cracks. However, for fastener holes that are far removed from the 
presently considered hole, the residual tractions from the present solution are nearly zero. 

3. To create the traction-free crack-surfaces, erase the stresses, as found in Step (2), on the 
crack-surfaces, using the analytical solution for an infinite sheet containing multiple collinear 
cracks, as obtained in Sect. 4 of the present paper. Determine the SIF at each of the crack-tips of 
each of the cracks. Let the x coordinate of the center of the ith hole be x~. Let the x coordinates 
of the tips of the left and right cracks emanating from the ith hole be x ~ and x'  respectively. Then i i 
the integration to obtain the SIFs from the Green's functions is performed in the range of 
x! < x < (x. h - R) and (x. h + R) < x < x'. Suitable Gaussian type integration formulae are used in 

[ ! l Z" 

the presence of a 1/x/t  type singularity. 
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4. Corresponding to the solution in Step (3) determine the residual tractions at the surfaces of 
all the holes, as well as at the outer boundaries of the finite strip of the lap-splice joint. 

5. In order to satisfy the given traction boundary conditions at the outer boundaries of the 
finite strip as well as at the surfaces of all the fastener holes, reverse the residual tractions at these 
surfaces, as calculated from both Steps (2) and (4). Using the finite element method, calculate the 
equivalent nodal forces at the finite element nodes on these surfaces. A typical finite element mesh 
is shown in Fig. 10. 

6. Using the finite element method, obtain the stresses at the location of the crack, correspond- 
ing to the nodal forces as calculated in Step (5). 

7. Erase the residual stresses on all crack-surfaces, as computed in Step (6), by repeating 
Step (3). 

8. Continue this iteration until the increments in SIF resulting from Step (7) are vanishingly 
small. 

9. By summing all the appropriate contributions, compute the total SIF for each of this tips 
of each of the cracks. 

6 Multiple site damage near a row of fastener holes 

6.1 Problem description 

Consider a typical multiple site damage problem illustrated in Fig. 12. Twelve cracks of different 
lengths emanate from six equally spaced fastener holes. Let the lengths of the cracks (as measured 
from the holes surfaces) be al, a2,. . ,  and a12 respectively. A cyclic hoop stress, varying from zero 
and o- 1 = 82.74 MPa (12 ksi) is assumed to exist in the fuselage skin (see Fig. 1). We assume that 
three rows of rivets carry this applied load in the fuselage lap joint (see Fig. 1) and that MSD 
exists in the top row of rivets. While a load-transfer analysis for each of the rows of the rivets, per 
se, is not included here, it is clear that the top row of rivets will carry more load than the middle 
row if there are no cracks near the top-row of fastener holes. However, as cracks develop and grow 
near this top row of holes, the load carried by the fasteners in this row will be reduced. We focus 
our attention on only the strip of the fuselage containing the top row of rivet holes and the MSD 
cracking. We assume that the upper surface of the strip containing the top row of rivet holes be 
subject to a cyclic load of a o, and the bot tom surface to a cyclic load of o h. Thus, cyclic load 
varying between zero to o- 0 = 55.16 MPa (8 ksi) is assumed to be applied on the lower surface of 
the strip. At the maximum applied loading state, the contact stresses due to the fastener, on the 
hole surface are described as: 

4W 
o-,-  ~ ( o -  1 -O-o)lsin01 - r e < 0 < 0 .  (28) 

7zR 

Here Wis the half of the distance between the holes, and R is the radius of the holes. In this problem 
W =  H = 12.7 mm (0.5 in) and R = 2.045 mm (0.0805 in) are used. 

Since the loads applied on the strip are not symmetric in the y direction, mode II SIF as well 
as mode I SIF exists. However, we assume that the magnitude of mode II SIF is small compared 
with mode I SIF. Thus, only the mode I SIF is considered in this study. The mode I SIF can be 
obtained by superposition of two symmetric problems. One is the problem when only uniform 

+ + + ; 
G1 

Fig. 12. MSD (multiple cracks of unequal lengths) near a row of 
fastener holes 
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Fig. 13. Finite element mesh 

normal stresses are applied on the outer boundaries and the other is when only the symmetric pin 
loads are applied on the hole surface. 

The finite element model used in this problem is shown in Fig. 13, where one third of total 
mesh is shown. Here 264 8-node isoparametric elements and 981 nodes are used to analyze the 
problem with six holes. And the material is assumed as 2024-T3 aluminium alloy with Young's 
modulus E -- 78500 MPa and Poisson's ratio v -- 0.32. 

6.2 Fatigue crack growth 

The fatigue growth of the twelve cracks shown in Fig. 12 is obtained as a function of loading cycles. 
In order to take into account the stress ratio effect, Forman's  crack gorwth equation (Forman 
et al. 1967) is used. This equation is given by: 

da C(AK)" 
- -  - . ( 2 9 )  

dN ( 1 - R ) K  c - A K  

Here AK is the stress intensity factor range and R is the stress ratio in cyclic loading. For 2024-T3 
aluminum alloy, the values of Kc = 83,000psi x /~ ,  C = 3 x 10-3 in and n - - 3  are used as given 
in Forman et al. (1967). 

In this study, the crack length increments are calculated at each 500 cycle interval, a constant 
rate of crack growth is assumed during the interval. 

6.3 Multiple "symmetric" cracks near a row of fastener holes 

Consider the fatigue crack growth of multiple symmetric cracks emanating from fastener holes. 
Here "symmetric cracks" implies that the lengths of the two cracks emanating from the same hole 
are equal, but the cracks emanating from different holes can have different lengths. Initial crack 
lengths are assumed as follows: 

al = a 2 = a 9 = a l o = a ~ l  =a12 = 0 . 0 3 i n = 0 . 7 6 2 m m ,  a 3 = a 4 = 0 . 0 4 i n =  1.016mm, 

a5 = a6 = 0.06 in = 1.524 mm, a7 = as = 0.05 in = 1.270 mm. (30) 

Figure 14 shows the fatigue growth of each crack. First, we examine the cracks excluding a~, a 2, 
al l  and a~2. It can be noticed that the longer crack always grows faster than the shorter crack. 
Thus, the difference in length between the longer crack and the shorter crack always keeps 
increasing with an increasing number of loading cycles. In some specific case, the SIF of the shorter 
crack subject to only the pin loading can be greater than that of the longer crack. However, in 
this problem, the ratio of pin loading to the total external loading is such that there is no possibility 
that the SIF of the shorter crack is larger than that of the longer crack. We also find that the crack 
growth curves of the two cracks with the same length, coincide with each other. In the later loading 
cycles, however, the separatidn between crack growth curves increases gradually, due to the 
interaction effect of adjacent cracks. 

From Fig. 14, we notice that the growth rates of a~, a 2, aa~ and a~2 are greater than those of 
the interior cracks with the same length. As expected, positive axial stress, a x may produce negative 
ay stress along the x axis near the hole, and this negative ay stress will reduce the SIF values of 
the cracks near the holes. 
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Figs. 14 and 15. 14 Fatigue growth of equal length multiple cracks near a row of fastener holes, without considering the effects 
of residual stresses. 15 Fatigue growth of unequal length multiple cracks near a row of fastener holes, without considering the 
effects of residual stresses 

6.4 Multiple "unsymmetric" cracks near a row of fastener holes 

Here the term "unsymmetric" implies that the lengths of the two cracks emanating from the same 
fastener hole are unequal. Initial crack lengths are assumed as follows: 

a l = a 2 = a 6 = a l o = a l l = a l z = O . O 3 i n = O . 7 6 2 m m ,  a 3 = a 8 = 0 . 0 4 i n = l . 0 1 6 m m ,  

a4 = a9 = 0.06 in = 1.524 mm, as = a7 = 0.05 in = 1.270 mm. (31) 

Figure 15 shows the fatigue growth of each crack. We can observe the "catch-up" phenomenon 
for the two cracks emanating from the same hole. For  example, consider a 3 and a+. Initially 
a 3 = 1.06 mm and a+ = 1.524 mm, so the difference in the crack lengths is 0.408 mm. After 25,000 
loading cycles, a 3 becomes 9.455 mm and a 4 becomes 9.690mm. So the difference is reduced to 
0.235 mm from 0.408 mm. This is because the SIF of a 3 is greater than that of a4 during the whole 
loading cycles. The same phenomenon can be observed also in the other cracks emanating from 
the same hole. 

7 Effect of residual stresses in the fastener hole 

In a riveting process, since the fastener hole surface is expanded by plastic deformation, there are 
residual stresses near the fastener hole. In this paper we employ a simplified model to account for 
these residual stresses. Assuming that the rivet is rigid, and that its radius is larger than that of 
the hole by an amount  v o, the residual stress due to the riveting process is considered to be 
equivalent to a constant residual radial pressure on the hole surface. Thus the likely partial 
separation between the rivet and the hole surface is not  considered, and the effect of friction is not 
included. 

When the applied far-field loads are such that, the radial displacement at the hole surface is 
greater than v o, the radial pressure on the hole surface will reduce to zero, as there is not longer 
a misfit between the hole and the rivet. Thus, the actual radial pressure on the hole surface, due 
to the rivet misfit, is taken to depend on the applied far-field load, and hence on the displacement 
v (in the y direction) at the upper most  point in the y direction (see Fig. 12) of each hole. This is 
done as follows. 

For  a single hole in an infinite sheet (Muskhelishvili 1953), i fa rivet of radius (R + %) is inserted 
into a hole with a radius R, the relation between the radial pressure on the hole surface and its 
radial displacement Vo is given by: 

po (32) 
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Eq. (32) assumes that there is no crack present near the hole; k0 is the "stiffness" of the hole in an 
infinite sheet for purposes of the initial stresses. 

We assume that the rivet misfit is equal to v0 for all the fastener holes in a row; and that the 
initial radial pressure on each hole in a row of fastener holes, without cracks and without any far 
field loading, is equal in magnitude to Po as in Eq. (32). 

Assuming once again that the rivets are rigid, and a rivet radius misfit of Vo, when cracks are 
present near the holes, the initial radial pressure on the hole will be a function of the crack-length, 
in the absence of any other far-field loading. Thus, 

(33, 34) 

These initial radial pressures pl may be solved for, using the finite-element-alternating method 
described earlier. 

The stiffness k~ in Eq. (33) would depend on the lengths of the cracks emanating from the ith 
hole. 

Corresponding to the initial radial pressure Pi at each hole, and in the absence of external 
loading, let the K factor at the rth crack emanating from each hole be given by Kr °. We now 
assume that once the stiffness ki of the ith hole is determined from Eq. (34), the residual radial 
pressure on the ith hole is determined solely by the maximum y displacement vi at the ith hole, in 
the presence of MSD near the holes. Let the applied far-field stress be ax, and let the maximum v 
displacement at the ith hole due to o h alone be designated as v~. Clearly vgl, which is determined 
from the alternating method described earlier, is a function of the lengths of the cracks emanating 
from the ith hole. If v~ is greater than Vo, there is no longer a radial pressure exerted by the fastener 
on the hole due to fastener-misfit. Thus, the radial pressure exerted due to initial fastener-misfit, is 
given during the course of far-field loading, by: 

pix=-ki]vil-Vol whenvil <Vio, = 0  whenvil>Vio (35,36) 

where k~ is given by Eq. (34). 
If, for a specified applied loading aa, P~I # 0, the effect of the non-zero p~l on the SIF for the 

crack near the ith hole must be computed. 
It is clear from the discussion in this section, even at zero far-field applied load, there is a 

non-zero SIF at each of the crack-tips; and for a non-zero far-field applied stress a~, the stress- 
intensity factors at each crack-tip must be computed by accounting for not only a~ but also the 
radial pressure pi~ at each hole, as determined from Eqs. (35) and (36). Thus it is clear that the 
stress-intensity range AK that affects the fatigue crack-growth rate, is affected by the initial stresses 
due to fastener misfit. 

7.1 An example of a residual stress effect 

Residual stresses can affect fatigue crack growth by two factors: one by reducing the SIF range 
AK, and the other, by increasing the stress-ratio R. 

We illustrate these effects now by considering the case when radial cracks of equal lengths, of 
magnitude a i, emanate from either side of the ith hole. Let the cyclic load be a far-field zero-to- 
tension load, say 0 to al at the upper edge; and 0 to o- o at the lower edge. 

Ki: Be the SIF at the crack at the ith hole, due to far-field 
[al and a o at the upper and lower edges] alone. 

K~o: Be the SIF at the crack at the ith hole, due to the initial 
(at zero far-field tension) radial pressure due to fastener misfit. 

Kil: Be the SIF at the crack at the ith hole, due to the residual pressure p~ 
as defined in Eqs. (34, 35) when the applied far-field stress is (a 1 and ao). 
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Consider  the case when Po = 3o1, where a 1 is the higher of the far-field tensions as shown in 
Fig. 12. [Recall that  for the results presented in Figs. 14 and 15, o- 1 = 12 psi and a o = 8 psi]. 

Figure 16 shows the values of Ki, Kio, and Kil ,  (for the cracks emanat ing from the 3rd hole 
as in Fig. 12) as a function of the length of the crack, (a/R). It is seen that  K~I decreases rapidly 
after its m a x i m u m  value and becomes zero at aiR = 1.46, while K~0 decreases gradually from its 
max imum value. K I, on the other hand,  as expected, becomes a monotonical ly  increasing function 
of(a/R). 

The actual SIF at the m a x i m u m  applied load a l ,  is seen to be (K i + Kil ) at the ith crack, and 
that  at the m i n i m u m  (i.e. zero) applied load is seen to be Kio. Thus  the SIF range is (K i + Kil - Ki0 ). 
If Kil decreases more  rapidly than the increase of (K i - Kio ), AK i will decrease with crack growth. 
F r o m  Fig. 16, it can be noticed that  AK decreases in the range of 0.2 < (a/R) < 1.46. For  crack 
lengths when K 11 = 0, AK increases rapidly. Thus, if cracks of different lengths are present in the 
range 0.2 < (a/R) < 1.46, then the "catch-up" p h e n o m e n o n  can happen.  

Figure 17 shows another  set of results for Ki, Ki0, and K~I, when Po = 4al .  The magni tudes  of 
Ki0 and K~ have increased as compared  to those in Fig. 6, but  the trends are similar. In this case, 
the value of (a/R) where Kix becomes zero is larger than  that  in Fig. 16. Thus, the range of (a/R) 
values for which the "catch-up" p h e n o m e n o n  is possible, is widened. 

Figure 18 shows the variation of stress ratio, R, with (a/R) when Po/al = 3 and 4. As the residual 
stress increases, so does the stress ratio. As the crack extends, the stress ratio increases to a 
max imum value, and then decreases gradually. 

7.2 Effect of plastic deformation due to cold-workin9 

The rivet misfit (or cold-working) generally induces a plastic deformation near the hole. In this 
section, the effect of this plastic deformat ion on the fatigue crack growth is estimated. In order to 
simplify the analysis, it is assumed that  the plastic deformat ion is caused solely by cold-working of 



J. H. Park, S. N. Atluri: Fatigue growth of multiple-cracks 201 

the fastener-hole; and that the applied far-field hoop stress does not produce any plastic deforma- 
tion. The material is regarded to be elastic-perfectly-plastic. 

When the radial pressure, P0, applied on the hole surface is small, the material deforms 
elastically; and the stress-field near the hole can be expressed as: 

art = - P 0  , a00 = P0 (37, 38) 

where r is the distance from the center of a hole of radius R. 
As the pressure Po is increased, the material near the hole begins to deform plastically. Let the 

region, R _< r _< ry deform plastically and let the region outside this deform elastically. The stress 
field inside and outside the plastically deforming region can be obtained easily by solving the 
corresponding field equations, with the simple Tresca yield condition. For the region R _< r _< ry, 
the stresses are given by: 

and 

o-,,= 2 \ r /  r > r ; ,  

R<_r<_ry, aoo=(ays-po)+aysln(R) R<_r<_ry (39,40) 

r > ry. (41, 42) a00 2 \ r / 

Here ay s is the yield-strength of the material and ry is the radius of the plastic-region, which is 
related to Po as: 

Po = ~ + In . (43) 

The residual stress-field can be obtained by subtracting the elastic stress field of Eqs. (37 and 38) 
from the stress fields of Eqs. (39 to 42). Figure 19 shows the distribution of this residual stress field 
along the radial direction from the hole-surface, for various values of initial pressure, (po/ays). 
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Figs. 21 and 22. Fatigue growth of multiple cracks 21 of equal length, and 22 of unequal length emanating from a row of 
fastener holes, with the effect of the residual stresses being accounted for 

Let a crack exist in the compressive residual stress-field near the fastener-hole surface. Then 
this crack will not  open until the SIF due to the applied far-field load reaches a certain threshold 
value. Let this value be Kop. If a far-field cyclic loading is applied on the cracked sheet, and the 
SIF due to the applied minimum load is less than Kop, the compressive residual stress field will 
thus decrease the effective SIF range, and reduce the crack-growth rate. We examine the effect of 
the residual stress field by obtaining Kop values for various values of the lengths of a crack in 
relation to the radius of the plastic zone near the hole due to cold-working. We consider again the 
case of the MSD situation depicted in Fig. 12. It is assumed that each hole has the same residual 
stress field as in Fig. 20. The yield stress of the material is taken to be: ay s = 414 M P a  (60 ksi). 

Let the value of Kop for the ith hole be designated as Kio p. Figure 20 shows the values of Kiop 
for i = 3, for various values of Po, as a function of the crack-length (a/R). It is seen that, initially, 
Kop increases rapidly as the crack-length increases upto a certain value of (a/R), and decreases 
very rapidly. 

As discussed in Sect. 7.1, when there is a rivet misfit, because of the presence of the initial radial 
pressure pi, the SIF at the ith crack at zero applied far-field loading is not zero, but of magnitude 
K,o. However, in that analysis, the effect of plastic deformation near the hole surface was not 
considered. However, the effect of plastic deformation alone is characterized by the value of Kio p 
that is needed to open the crack. Thus, in accounting for the effect of rivet misfit, the values of K~o 
and K~op must be superposed, in order to determine the value of SIF at zero far-field load. However, 
if we compare the Kio p values in Fig. 21 with the Kio values of Fig. 16 [(plats ) = 0.6 is equivalent 
to P0 = 3ao] and of Fig. 17 [(p/ar~) = 0.8 is equivalent to Po = 4a0], it can be noted that the K~o p 
values are much smaller than the K~o values. It means that the effect of the plastic deformation 
near the hole surface due to a rivet misfit is not  significant in reducing the effective stress intensity 
range, as compared to the effect of the initial radial pressure on the hole surface, but treating the 
problem within the theory of elasticity. 

It should be noted that in the present discussion, the effects of crack-closure due to crack-tip 
plasticity are not  accounted for. The interaction of the effects of initial-stress and residual plasticity 
near the hole-surface and crack-closure, along the lines as discussed in Atluri et al. (1979) will be 
discussed in a future publication. 

7.3 MSD fatigue growth under residual stress effect 

The effect of residual stress on the fatigue crack growth of symmetric multiple cracks is examined. 
In order to compare with the case of no residual stress, the same crack lengths as given in Eq. (30) 
are used. Figure 21 shows the fatigue crack growth when Po = 3o1, and al  = 12 psi, and Oo = 8 psi 
as in Fig. 12. F rom Fig. 21, we can notice that the growth rate of each crack is much reduced as 
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compared with the case without residual stress (see Fig. 14). Thus, the residual stress may have a 
beneficial effect on the fatigue crack growth. We can see also that the shorter crack grows faster 
than the longer crack, until the longer crack grows to air = 1.46. Thus, the difference between the 
growth rates of the longest crack and the shortest crack decreases until about 30,000 cycles. It is 
an example of the "catch-up" phenomenon. 

Next we consider the effect of residual stress on multiple unsymmetric cracks near holes. In 
order to compare with the case of no residual stress, the same crack lengths as given in Eq. (31) 
are used. It can be also noticed from Fig. 22 that the fatigue crack growth rate of each crack is 
much reduced as compared with the case of no residual stress. Also the "catch-up" phenomenon 
is observed as in multiple symmetric crack case. 

8 Conclusion 

By implementing the analytical solution of collinear multiple cracks in a conventional finite 
alternating method, an improved finite alternating method is developed. It is found that this 
presented FEAM is very effective in analyzing the fatigue crack growth of the multiple cracks 
emanating from loaded fastener holes (the MSD problem). A residual stress model is considered, 
and it is found that the "catch-up" phenomenon may exist in a particular crack length region. The 
"catch-up" phenomenon can be observed also in multiple unsymmetric cracks near fastener holes. 
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