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Abstract. A 4-noded membrane element with drilling degrees of freedom is developed. A functional for the linear problem, in 
which the drilling rotations are introduced as independent variables, is obtained from the functional for the corresponding 
nonlinear problem, initially derived by Atluri. A careful examination of the Euler equations shows that the Allman-type 
element falls to pass a one-element patch test with a minimum number of constraints. A 4-noded element, which passes the 
one-element patch test without constraining the drilling rotations, is proposed here with the use of the separate kinematics 
variables of displacement and rotation. Detailed numerical studies show the excellent performance of the element. 

1 Introduction 

A drilling rotation is defined as an in-plane rotation about a normal to the plane of the element. 
The motivation for introducing the drilling rotation into a shell element is to avoid the problem 
of singularity in the stiffness matrix and also to improve the accuracy of numerical results. The 
use offictitious rotational stiffness has been proposed by Zienkiewicz (1987) to avoid the problem 
of singularity. The fictitious rotational stiffness does not take into account the coupling between 
the drilling rotation and the displacements. Therefore, the drilling rotation obtained by using the 
fictitious rotational stiffness has no physical meaning. 

Numerous efforts have been made to determine a real rotational stiffness, in which the coupling 
between the drilling rotation and the displacements is taken into account. The existing approaches 
to develop a shell element with a real rotational stiffness may be placed into the three categories: 
(1) to derive a displacement function in which a corner rotation is taken as an independent degree 
of freedom (Allman 1984, 1988; Bergan and Felippa 1985; Bergan and Nygard 1986; Cook 1986, 
1987; Lee and Yoo 1988; MacNeal and Harder 1988; Sabir 1985; Yunus 1988; Yunus et al. 1989); 
here the rotational degrees of freedom actually induce inplane deformations, (2) to derive a 
functional in which the drilling rotations are introdur as independent variables (Amara and 
Thomas 1979; Arnold et al. 1984; Atluri 1979, 1980, 1984; de Veubeke 1972; Naghdi 1964 and 
Reissner 1965); here the rotational degrees of freedom are independent of the inplane deformation, 
and (3) to utilize the so-called higher-order theory (Herrmann 1983; Suzuki and Kaneko 1982). 

Early attempts in the 1960's and 70's, based on the approach (1), were unsuccessful. We refer 
to the literature (Allman 1984; Bergan and Felippa 1985; MacNeal and Harder 1988) for a com- 
prehensive review of these early papers. An efficient triangular element has been developed by 
Allman (1984) and Bergan and Felippa (1985), using quadratic displacement functions along 
each element edge. After these papers were published, a variety o] membrane elements has been 
proposed to improve the performance of elements. Most of the elements have been developed on 
the basis of the conventional displacement-based variational principle of minimum potential 
energy. A functional, based on the approach (2), includes the drilling rotation as independent 
variables. Therefore, a rotation field can be determined independently of a displacement field. In 
most of the existing functionals, the independent variables are the displacements, the rotations, 
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the strain tensor and the stress tensor. When the strain energy function is expressed in terms of 
the symmetric strain tensor only, it is difficult to eliminate the skewsymmetric strain tensor from 
the functional. Therefore, to develop a displacement-type functional, a special care must be taken 
in the expression of the strain energy function. While the use of approach (3) enables one to develop 
a shell element with drilling DOF, less attention has been paid to this approach because of the 
substantial increase in cost of a couple-stress elasticity analysis as compared to a conventional 
analysis (Herrmann 1983). 

In this paper, the approach (2) is employed to develop a 4-noded membrane element with 
drilling DOF. A functional, which is a basis of the present linear finite element formulation, is 
obtained from the functional for a large strain rate problem, derived by Atluri (1979, 1980). The 
original functional of Atluri (1979, 1980) includes the velocity, the stretch tensor, the unsymmetric 
(Piola) stress tensor and the spin tensor as independent variables. Eliminating the stretch tensor 
and the unsymmetric stress tensor leads to the displacement-type functional. The independent 
shape functions for displacement and rotation fields play an important role in the performance of 
elements. Ibrahimbegovic et al. (1990), using the approach (2), have employed the Allman-type 
shape function for displacement field. They have interpolated the rotation field in terms of the 
corner rotations. Since the corner rotations introduced by Allman (1984) are not the true drilling 
rotations, it is not a straight matter to satisfy the compatibility conditions at the nodal lines of 
shell elements. It is shown in this paper, furthermore, that the Allman-type element fails to pass a 
one-element patch test with a minimum number of constraints. Additional constraints are required 
for the element to pass the patch test. For an in-plane bending problem,.however, the Allman-type 
element shows a good performance. We develop, therefore, a membrane element by using the 
Allman-type shape function also. The rotation field used is interpolated in terms of the drilling 
rotations which are exact only at the nodes. The proposed element gives an excellent numerical 
result especially for an in-plane bending problem. 

In order to have an element which passes the one-element patch test with a minimum number 
of constraints, we might have to abandon the use of the Allman-type shape function. A new 
membrane element is developed herein by employing the separate kinematics variables of displace- 
ment and rotation. Since the drilling rotations used are the physical rotations, the compatibility 
conditions at the nodal lines of shell elements are satisfied easily by using the usual transformation 
rule for the rotations. It is well known that the use of the conventional 4-noded element, called as 
Q4 (see MacNeal and Harder 1988), leads to severe locking problems. A variety of methods has 
been proposed to remedy the locking problem. In this paper, we introduce an incompatible 
function into the displacement field. The rotation field is interpolated, with the use of a bilinear 
function, in terms of the true drilling rotations. It is found through numerical studies that the 
present element passes a one-element patch test and also shows a good performance in an in-plane 
bending problem. 

An outline of the remainder of this paper is as follows. In Sect. 2, on the basis of the functional 
for a large strain rate problem developed by Atluri (1979, 1980), we derive a functional in which 
displacement and rotation fields are independent of each other. In Sect. 3, we show that the 
Allman-type element does not give an exact solution when one square element is subjected to an 
uniform tension with a minimum number of constraints. This fact holds even if we employ a 
conventional variational principle. A new element which passes a one-element patch test with a 
minimum number ofconstraints is proposed in Sect. 4. Some numerical results are shown in Sect. 5. 
Concluding remarks are given in Sect. 6. 

2 Formulation 

Omitting for the sake of brevity a discussion of boundary conditions, the functional for a large 
strain rate problem, obtained by Atluri (1979, 1980), is expressed as 

H(vl; Difi W~j; iij) = ~ [(~(D~j) - f lv i  + iji [v,,j - D~j - Wij] - z~ Wj, - z~Wiy 

+ [surface integral], (1) 
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where vi is the velocity, Dij the stretching tensor, Wij the spin tensor, iij the unsymmetric stress 
(Piola) rate, f~ the .body force and z~ the true stress tensor at the Nth incremental configuration; 
the rate potential Q is defined by 

1 1 
O(Dij) = ~ DijLijklDkl -- ~-(~,ijDij) -- ~ rijDikDkj , (2) 

where LUk I is a tensor ofelastic moduli, ~ = 1 or 0 according to whether 2~jD~j is positive or negative 
and 2 o. is a tensor normal to the hyperplane interface between elastic and plastic domain in the 
strain-rate space; while g is a scalar related to the measure of rate of hardening due to plastic 
deformation. Applying the above functional into a linear isotropic plane-stress elasticity [i.e., 
setting. y  z.u. = 0 , u  D j = eij , W12 = - - 0 ,  W21 = 0, etc.] with an unit thickness, we have the 
followlng functlonal 

II,(uy ecu, 0, ty = y vZ)(q, + e22 + 2re 1 le2z) + #(e~z + e221) 

+ tll(U1,1 --/311 ) -'[- t22(U2, 2 --/322 ) -'[- t21(Ul, 2 -- ~312 + 0) 

+ t l~ (U~,~  - ~~~ - o) - f y  + [surface integral], (3) 

where E is the Young modulus, v the Poisson ratio and # the shear modulus. Eliminating the strain 
tensor ey from H~, we have 

E 1 2 2 1 2 I-[2(uy ta“ ~ -- ~ ( t l l  "+ t22 -- 2Vtllt22) -- ~ ( t12  + t21)+ t l lUl ,  1 "-[-t22u2, 2 -[- t21(Ua, 2 + 0) 

+ t1:%,1 -0)-fy171 + [surface integral]. (4) 

Taking a variation of / /2 ,  we have the Euler equations for stress tensor in the form as 

( t22--  Vttl)  O, u1 .2+0 - t 2 1  O, - -0  t12 = 0. (5 -8 )  ( t l l  -- vt22) = 0, /'/2,2-- -- = U2,1 -- 
Ul'I E E 2p 2p 

Substituting Eqs. (5-8) into Eq. (4) to eliminate ty from //2, we obtain the displacement-type 
functional expressed as 

BE / V2)(U12,1 ..[ 2 ~(Ul,2 2 H3(u y 0) = 2(1 - u2'2 + 2vul'1u2'2) + + u2,0 

2(1 1)2 ] + ~ 0 + ~ul, 2 - ~u2,1 - fy171 dV+ [surface integral], 

where y = 4. Taking a variation o f / 7  3, we have the Euler equations expressed as 

E +~u,,2)] +fl=O(:~Ul ) 
,2 

Au )1 + ~ 1,2 + f2 = 0(:6U2) 
,1 

[ ~( 1 
1 - Y  2(u1'1AvYU2'2)'I -~- ~ (Ul '2"~-U2 ' l )+2  # 0--2/A2.l  

1 - ~  2(/'/2'2 71- VUI,I),2 + ~(Ul, 2 q- U2,1) - -~~ O--~U2,1 

y O-lu~ 2,1 + lu~  1,2) ---- 0(-'(~0). 

(9) 

(10) 

(11) 

(12) 

It should be noted that the angular momentum balance condition (AMB) or the definition of 
drilling rotation, expressed by Eq. (12), is recovered from the Euler equation irrespective of the 
value of y # 0). Therefore, there is no reason to fix y as 4. The value of y will be determined so 
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that the present formulation gives a best performance of element. The present numerical study 
indicates that the formulation is insensitive to the value of y as long as y is less than 102. 

Making a comparison between Eqs. (10-11) and the conventional elasticity theory, the stress 
components a* y162 seem to take the form as 

E E 
(7* - -  "-{- VU2,2) , 0"* --  + VUl,1) (13, 14) tl 1-  v 2(u1"1 22 1 - v  2(u2'2 

~ (  1 1 ) ~ (  1 1 ) 
%=ml.2+u2,0+~~ O-~u2 l +~u,,2 , ~~~=~(ul,~+u2,)-~~ o-~~~�9 +~ul, ~ 

(15, 16) 

The normal stresses a*l and a* 2 take the same form as that of classical elasticity theory, while the 
form of shear stresses ~r~2 and a,~ is different from that of classical elasticity theory. It should be 
noted that the last terms of the shear stresses denote the AMB condition. Therefore, the shear 
stresses a~2 and a*~ take the same form as that of classical elasticity theory as long as the strong 
form of the present elasticity theory holds. It is worth noting that, from computational point of 
view, the last terms of shear stresses may play an important role to avoid the shear locking problem. 

The Reissner-type variational principle is derived with the help of Eq. (9) in the form as 

[ 1 2  l(t12+t21) 2 2  --~\1 (t12--t2t) 2 I7*(u,,O,ty I -~-~(t,1 + t22- 2vtx,t22)-2# \ 

(I12 + t21)(Ul ,  2 + tllUl, 1 + t22U2,2 -~ + U2,1) 
2 

- t21)( O + ~ut.2 -~u2.1)- f~u~ldV + [surface integral]. (17) 2 ( q 2 ~  

The Euler equations of/7* are the linear momentum balance LMB and AMB conditions and the 
constitutive equations. The Hu-Washizn type variational principle is written, with the use of 
Eq. (17), in the form as 

2 g12 - -  'g21 E . g2 + 2 812 nr- g21 _{_ 
Fl*(uy171171 2 ( 1 -  822 + 2V811822) + 2 2 

+ /:11(U1,1 - -  g l l )  + t22(R2,2 - -  822) -t- t l 2  "}- t 2 ~ 1  (Ul, 2 -Il- U21 - -  (812 "1- 821)) 
2 

2t12--t21(O+~ul~ ,2 -- ~U2,1 

where there are no subsidiary conditions. 

e12 2 e21)- f y171 + [surface integral], 
(18) 

3 Allman-type shape function 

In this section, we show that the Allman-type element (Allman 1988) does not pass a one-element 
patch test with a minimum number of constraints. We select the uniform tension problem for the 
patch test and, for the sake of brevity, consider a square element. 

According to Cook (1986), the 8-noded isoparametric element is transformed into the 4-noded 
element with corner rotations by 

{u~8)} = IT] {u(y (19) 

where {u~8)} = {Ul, vt .... , us, VB}V, {u(4~} = {Ul, vr, a)l,.. . ,  u4, v,, coy v and [Tl is the transforma- 
tion matrix proposed by Cook (1986). In the case of a square element, the shape functions for 
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displacement field, originally developed by Allman (1984), take the forms as 

u = N i u ,  - ~(1 - 4)(1 - /72) ( ( -01  - 604) - ~(1 + ~)(1 - ~/2)(60 2 - 603) qt_ (1 - -  42)(1 - r/2)u5 

21) /) = N i / ) i  - 1( 1 - 42)( 1 - ~)(601 - -  6 0 2 )  - -  ~(1 - ~2)(1 +/'/)(603 - -  6 0 4 )  -~- (1 - 42)(1 - r/ ) 5, 

where 

(20) 

(21) 

N'  = �88 + 4'y + q ' q ) .  (22) 

The last terms in Eqs. (20) and (21) are absent from the Allman-type shape functions. These terms, 
called as bubble functions, are in t roduced by Ibrahimbegovic et al. (1990) to reflect the superior 
performance of the 9-noded Lagrangian element over that  for the 8-noded serendipity element. 
Fol lowing Ibrahimvecobic et al. (1990), we assume that  the shape function for rotat ion field takes 
the form as 

0 = Ni60i. (23) 

In t roducing the above shape functions into the functional/-/3, expressed by Eq. (9), and integrating 
over the element, we obtain the stiffness matrix of the element. To compare  the existing results with 
the present one, we use the one-point  Gaussian quadrature  in the third term o f / / 3 .  The other 
terms i n / / 3  are integrated exactly. 

In order to examine whether  or not  this element passes a one-element patch test, we consider 
the Euler equations associated with 6o93 and 6604. As a patch test, we consider the uniform tension 
problem of one single element, as shown in Fig. 1, where a min imum number  of constraints may 
be written as Ul = u4 = 0 and_v t = 0. The loading condit ion yields the consistent forces applied at 
the nodes 2 and 3 such that  Pz = 153 = 3th2 = - 3 t h 3  = P o .  Assuming that  the Poisson's ration is 
zero, we obtain the Euler equations associated with c560 3 and 6604 in the form as 

E UU2 -'~- U3 /)2 - -  /23 - -  /24 601 - -  602 "~ 603 - -  6 0 4 ]  

( 1 - v 2 ) E  12 t 12 q 15 

+ y  

I)2 - -  /)3 -[- /-)4 601 - -  603 4 -] u 2 - u 3  + - -  + - r s )  
12 12 6 ~(u�87 A 

U 2 - - U 3  • + / ) 3 - - V 4  

8 8 

(Dl q- 602 q- 603 "]- 6047 

+ 4 J rh3 0( :6603) ,  (24) 

E [ u2+u3 v~-v3-/), 60~-60~+603-60,] 
(1 - v z )  12 12 15 

[U2--U3V2--/23-t-V4602--604;(U5 ; 
+ # 12 -~ 12 ~ 6 - -  + - rs) 

[ U2 - -  b/3 /)2 "~- /)3 - -  /)4 601 "~- 602 -'~- 603 -~- 6041 = 0( :~604) ,  

+ y 8 8 t 4 
(25) 

where 

5# 
u5 - 32(D + #) ( - v 2  +/)3 - -  /)4 -]- 601 "t- 602 - -  603 - -  (D4), 

5p 
v5 - 32(D + #) ( - u 2  + u3 - 601 + 602 --~ 603 - -  604)" (26,27) 

Note  that  the use of the conventional  variational principle leads to the Euler equations obtained 
by put t ing y = 0 in Eqs. (24) and (25). The use of Allman-type shape functions wi thout  the bubble 
functions leads to the Euler equations derived by put t ing u�87 = v 5 = 0 in Eqs. (24) and (25). 
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Figs. 1 and 2. 10ne-element patch test. 2 Loading 
and boundary conditions (o rotation ~s free; �9 rota- 
tion is fixed) 

At first, we consider Eq. (25). In the case of uniform tension problem, the displacement should 
be uniform so that we have u 2 = u3 = constant. Introducing this condition into Eq. (25), we have 
a nonhomogeneous equation for vj and coj. This fact implies that we have nonzero values for vj 
and co j, the magnitude of which is the same as that of u 2 or u3. Since the exact solution leads to 
vj = coj = 0, the above discussion indicates that this element does not pass the patch test. To pass 
the patch test, the Euler equation (25) must vanish. Since this conclusion also holds at node 1, at 
least the additional constraints such that 0)1 = 0)4 = 0 must be introduced to pass the patch test. 

Next, we consider Eq. (24). When the external moment/~3 is set to be zero, which is the case 
in most of the existing literature, we have the same conclusion as that of Eq. (25). Therefore, to 
pass the patch test, the additional constraints such that 0)1 = 0) 2 = 0)3 ~ -0 )4 -=  0 must be introduced. 
When the consistent external moments rfi 2 and rfi 3 are applied, the Euler equation may be satisfied 
by the zero values for vi and co i. In this case, therefore, the element may pass the patch test by 
introducing the additional constraints such that 0)1 = 0)4 = 0. Table 1 shows whether or not this 
element passes the patch test depending on the various conditions, as shown in Fig. 2. Note that 
the above conclusion holds also in the case of y = 0 or u5 = v�87 = 0: the use of the conventional 
variational principle or the exclusion of the bubble functions from Eqs. (20) and (21) leads to the 
same conclusion as that stated before. 

Next, we consider the use of the Reissner-type functional, expressed by Eq. (17). The shape 
functions for displacement and rotation field is expressed by Eqs. (20), (21) and (23). The shape 
functions for stress field should be determined so that the LBB condition is satisfied (see Xue et al. 
1985). However, the explicit form of the shape function for the stress field is not necessary in 
this discussion. Let us consider an uniform tension problem of one square element, as shown in 

Table 1. Results of patch test (Figs. 1 and 2) 

Case Result Case Result 

A 1 Fail B 1 Fail 
A2 Fail B2 Fail 
A3 Fail B3 Pass 
A4 Fail B4 Pass 
A5 Pass B5 Pass 
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Fig. 1. Then we have the Euler equat ions for ami a n d  a / t l 2  / -- t21} \ expressed as  
\ 2 / 

L '{ t22 q- 2 t2')(Si�9 T i r  -~T',r dA=O 

c~#\ 2 

where 

S i = --  1(1 -}- ~i~)(1 - -  y/2), 

(1 0 %  _ u4) 
u,,~- 4 

+v _2oldA__o (~or~(t,2-'l)),~_ 

T i = -- ~(1 + r/'r/)(1 - y 

(for &o,) 

(28) 

(29) 

(30,31) 

(1 + (1 - (1 + 
O(u2 - Ua) + r -- 0)4) + r - r (32) 

4 4 4 

Since the uniform tension is applied at the edge of element, the nonzero stress tl 1 is constant.  
It follows from Eq. (30) that  SIr includes the constant  term. Therefore, the first term of Eq. (28) 
does not  vanish. At first we assume that  fiti -- 0 and that  the symmetric stresses except t~ ~ are zero. 
Then, it follows from Eq. (28) that  the skewsymmetric  stress (t~z - t2a)/2 can not  be zero to satisfy 
the Euler equat ion (28) associated with &o v Since the boundary  and geometry condit ions implies 
that  ua = u4 = 0 and u 2 = U 3 = constant,  the nonzero value for ( t 1 2 -  t21)/2 yields the nonzero 

valuesforviore)itosatisfytheEulerequation(29)associatedwith a(t12-t2x) . This fact shows 

that  this element does not give the exact solution which yields v~ = co~ = 0. In order to pass the 
patch test, addit ional  constraints such that  co~ = 0 must  be introduced. When the consistent 
external moment s  fit E and fit3 a r e  applied, at least the constraints such that  0) 1 = 09 4 = 0 are 
necessary to pass the patch test. 

As discussed before, the Allman-type element does not  give the exact solution when orte element 
is subjected to an uniform tension with a m in imum number  of constraints. This element, however, 
performs weil in the case of in-plane bending problems. As stated before, the corner rotations o9~ 
are not  true drilling rotations. Therefore, the compatibil i ty conditions at the nodal  lines of shell 
elements are not  satisfied by the usual t ransformation rule for rotat ion fiel& Keeping in mind this 
fact, we modify the shape function for rotat ion field in the following form 

0 = NiO *, (33) 

where 

=l(~?v Ou) (34) 
O* 2\ax ~ ~=~,,�9249 

The shape functions for displacement field are chosen as the same form as that  of Eqs. (20) and (21). 
Those shape functions are in t roduced into the functional H a expressed by Eq. (9). Using the 3 x 3 

Table 2. Displacements and rotations of simply supported beam (Fig. 3) 

Mesh Exact Ibrahimbegovic et al. (1990) Taylor and Simo a Present 

Vert. displ. Regular 1.5 1.5 1.5 1.5 
End. rot. Regular 0.6 0.6 1.2 0.6 
Vert. displ. Distorted 1.5 1.14185 1.14195 1.37020 
End. rot. Distorted 0.6 0.57255 1.10485 0.56572 

These values after Ibrahimbegovic et al. (1990) 
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Figs. 3 and 4. 3 Simply supported beam subjected to bending moments. 4 Thick cantilever beam 

Gaussian quadrature, we obtain the stiffness matrix of the element. In the following examples, the 
parameter y is taken as 1. 

For  a one-element patch test or an uniform tension problem, we obtain the same results as 
those of Table 1. For a higher-patch test, we consider a pure bending problem, as shown in Fig. 3. 
The material properties are E = 100 and v = 0, and the numerical results are shown in Table 2. In 
this problem, we constrain the rotation at the bot tom hode in the center of the beam, denoted by 
R in Fig. 3. It is shown in Table 2 that the exact solutions are obtained by the present element in 
the case of regular mesh. For  comparison, numerical results of Ibrahimbegovic et al. (1990) are also 
shown in Table 2. 

A thick cantilever beam subjected to a parabolically distributed force, as shown in Fig. 4, is a 
popular problem to examine the performance of element. The material properties are E = 30000 
and v = 0.25. In this case, we constrain the rotation at the upper node at the fixed end of the beam, 

Table 3, Tip displacements of thick cantilever beam (Fig. 4) 

Mesh Allman (1988) MacNeal and Harder (1988) Ibrahimvegovic et al. (1990) Present 

4 • 1 0.3026 0.3409 0.3445 0.3432 
8 • 2 0.3394 - -  0.3504 0.3521 

16 • 4 0.3512 - -  0.3543 0.3547 
Distorted - -  0.2978 0.3066 0.3410 
Exact 0.3553 0.3553 0.3553 0.3553 

Table 4. Normalized displacements of thin cantilever beam (Fig. 5) 

Yunus ~ (Mixed AT) Yunus" (Mixed AQ) Allman" Pian and Sumihara a Cook ~ Present 

0.50 0.85 0.21 0.16 0.82 0.89 

These values after Yunus (1988) 

Table 5. Tip displacements of Cook's problem (Fig. 6) 

Mesh Allman (1988) Ibrahimvegovic et al. (1990) Present 

1 x 1 - -  14.066 25.509 
2 • 2 20.27 20.683 23.365 
4 • 4 22.78 22.993 23.897 
8 • 8 23.56 23.668 23.998 
Converg. dispL 23.9 23.9 23.9 
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Figs. 5 and 6. 5 Thin cantilever 
beam. 6 Cook 's  problem 

denoted by B in Fig. 4. The tip displacement of the beam at point  A is compared  with the analytical 
answer of 0.3553 and is summarized in Table 3. It should be noted that  the present element is less 
sensitive to the element distort ion than the existing elements. 

A thin cantilever beam subjected to an end moment ,  as shown in Fig. 5, is analyzed. This 
example has been used to evaluate the element capabilities for presenting the pure bending under  
sever geometric distortion. The material  properties are E = 3 x 107 and v = 0.3. The tip displace- 
ment,  normalized against the analytical solution of 1.8 x 10-*, is shown in Table 4. It is observed 
that  the performance of the present element is excellent in the bending problem. 

The Cook  problem, as shown in Fig. 6, is also popular  one for testing the sensitivity of the 
element distortion. In this beam with the material  properties E = 1 and v = 1/3, we constrain the 
rotat ion at the upper  node of the fixed end of the beam. Table 5 shows the tip displacement of the 
beam. An exact solution for this problem is not  available so that  the reference solution is taken 
to be 23.9 quoted  in the reference (Cook 1987). It is noted that  the error is only 6.7% even in the 
case of using one single element. Al though the present solution oscillates in this problem, it 
converges to the reference solution. 

4 The new membrane elements 

To develop an element which passes a one-element patch test, we might  have to abandon  the use 
of the Allman-type shape functions. Since the proposed  functional includes the separate and 
independent  kinematic  variables of displacement and rotation, the displacement field does not 
need to contain the corner rotations. Keeping in mind this fact, we choose the shape functions in 
the following form 

u = N ~ u j  + uy v = N J v j  + Vc, 0 = NJOj,  (35-37) 

where uy and vy denote the incompatible  functions which are int roduced to improve the perfor- 
mance of element. 

The advantage of using the above shape functions is that 0j is a true rotat ion at each node. 
Since 09 i, used in the Allman-type shape function, is not  a true rotation, it is not  so easy to satisfy 
the compatibil i ty condit ions at the nodal  lines of shell elements. On the other hand, in case of 
using 0�87 the compatibil i ty condit ions are satisfied automatically by using the usual t ransformation 
rule for rotation. As incompatible  shape functions, we consider the following functions 

[Ml - type ]  

uy = (1 - ~2)u�87 + (1 - q2)u 6 + (1 - ~2)(1 - q2)u 7 (38) 

vy --- (1 - (2)v 5 + (1 - ~2)V 6 -]- (1 - ~2)(1  - - / 1 2 ) ~ 7  (39) 

[M2-type] 

uy -- {42 + 2(r~ - sr l )}u  5 + {t/z - ~(r~ - sr/)}u6 + (1 - ~2)(1 - ~Ta)u7 (40) 

Vy ~- {~2 _{_ 2(?. ~ __ S/~)}/25 q_ {/~2 __ 2(F ~ __ S/~/) }/96 ..1.. ( l  - -  4 2 ) ( [  - -  , 2 )U7 ,  (41) 
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where 

r = (axb2 - bxa2)/(a3bx - b3ax), s = (a2b 3 - b2aa)/(a3bl - b3al), 

al = ( - x l  + x2 + x3 - x4)/4, az = (xl - x2 + x3 - x4)/4, 

a 3 = ( - x x - x 2  + Xa + X4)/4, b 1 = ( - 2 1 + Y 2 + Y 3 - 2 4 ) / 4  

b2 = (21 - 22 + 2 3  - -  24)/4, b3 = ( - 2 1  - Y2 + 23 + 24)/4, 

(42, 43) 

(44,45) 

(46, 47) 

(48,49) 

in which xj and yj denote the nodal coordinates of the element. The first two terms of uy and vy in 
the M2-type element have been introduced by Pian and his coworkers (see Pian and Wu 1991). 
The last terms of uy and vy are employed to reflect the superior performance of the 9-noded element 
over that of the 8-noded element. The coefficients for the incompatible functions may be eliminated 
at the element level by static condensation. It is needless to say that another incompatible functions, 
proposed by Pian and Wu (1991), can be employed in the present formulation. 

5 Numerical examples 

Simple example problems are solved to test the performance of the new 4-noded elements 
developed in Sect. 4. The displacement-type functional, expressed by Eq. (9) is employed and the 
parameter c~ is taken as 1. The stiffness matrix is integrated by the 3 x 3 Gaussian quadrature. The 
eigen-value analysis shows that the stiffness matrix has a correct rank. 

5.1 Patch test 

A first, we consider an uniform tension problem, as shown in Fig. 7. The element is constrained 
by a minimum number of conditions so that no drilling rotations are constrained. Both of the 
Ml-type and M2-type elements give the exact solution not only for a square element but also for 
a trapezoidal element. 

The second test is a pure shear problem, as shown in Fig. 8, where two displacements and one 
rotation at one nodal point are constrained to prevent a rigid body motion. The exact solution is 
obtained by using both of the M 1-type and M2-type elements. 

The next patch test is shown in Fig. 9, where a square plate subjected to an uniform tension 
consists of the four distorted elements. The M2-type element gives the exact solution for this patch 
test. The M 1-type element, however, fails to pass this patch test; the horizontal displacements at 
the points A, B and C, as shown in Fig. 9, are 104%, 109% and 98%, respectively, of the exact 
solution. 

5.2 A pure bending problem 

A simply supported beam subjected to a pure bending, as shown in Fig. 3, is considered as a 
higher-order patch test. Unlike the previous case in Sect. 4, no drilling rotations are constrained 
herein. The material properties are E = 100 and v = 0; the numerical results are shown in Table 6. 
It is found that both of the Ml-type and M2-type elements give the exact solutions for the tip 
displacement and rotation in the case of regular mesh. 

5.3 A cantilever beam 

We consider a cantilever beam subjected to a parabolically distributed force, as shown in Fig. 4. 
The material properties are E -- 30000 and v -- 0.25. A fixed boundary condition is idealized by 
constraining the displacement components only. The tip displacements for regular and distorted 
meshes are summarized in Table 7. For the regular mesh, both of the M 1-type and M2-type 
elements give the identical values. Once the element is distorted, however, the Ml-type element 
gives better results than the M2-type element. 
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Figs. 7-9. 7 Uniform tension problem. 8 Pure shear problem ( 0  rotation is fixed). 9 Patch test 
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Table 6. Displacements and rotations of simply supported beam (new elements) 

Mesh Exact Ibrahimbegovic et al. (1990) Ml-type M2-type 

Vert. displ. Regular 1.5 1.5 1.5 1.5 
End. rot. Regular 0.6 0.6 0.6 0.6 
Vert. displ. Irregular 1.5 1.14045 1.091 1.049 
End. rot. Irregular 0.6 0.57247 0.498 0.488 

' 2P 

Table  7. Tip displacements of thick cantilever beam (new elements) 

Mesh Ibrahimvegovic et al. (1990) M 1-type M2-type 

4 • 1 0.3445 0.3494 0.3494 
8 x 2 0.3504 0.3515 0.3515 

16 • 4 0.3543 0.3543 0.3543 
Distorted 0.3065 0.3252 0.3148 
Exact 0.3553 0.3553 0.3553 

Table  8. Tip displacements of Cook's problem (new elements) 

Mesh Ibrahimvegovic et al. (1990) M 1-type M2-type 

1 x 1 14.065 17.928 12.802 
2 x 2 20.682 21.916 20.092 
4 x 4 22.984 23.360 22.904 
8 • 8 23.626 23.778 23.662 
Converg. displ. 23.9 23.9 23.9 

5.4 Cook's problem 

As a final example, we consider the Cook problem, as shown in Fig. 6. This problem is a good 
exercise of element's ability to model membrane  situations with distorted meshes. The material 
properties are E = 1 and v = 1/3. The tip displacements without constraining drilling rotations are 
shown in Table 8. In this case, unlike the previous case in Sect. 4, the numerical solutions converge 
monotonously  to the reference value. 

6 Concluding remarks 

A functional is presented for developing a membrane element with drilling DOF. Since the present 
functional includes the drilling DOF as independent variables, any type of shape functions may 
be used. It is pointed out that the Allman-type shape function fails to give an exact solution when 
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one single element is subjected to an uniform tension with a minimum number of constraints. The 
additional constraints are necessary for the element to pass the one-element patch test. 

A set of new 4-noded membrane elements which pass the one-element patch test with a 
minimum number of constraints is proposed. From the numerical study, the elements developed 
herein have been found to be excellent. When the elements are combined with a bending element, 
a shell structure can be solved without having a problem of singularity in the stiffness matrix. 
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