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FINITE SOLID BODIES 
WEIGHT FUNCTIONS FOR 3-D SURFACE FLAWS IN 

C. Y. LIAO* AND S. N. ATLURI' 

Center for Computational Mechanics, Georgia Institute of Technology, Atlanta, GA 30332-0356, U.S.A. 

SUMMARY 
An efficient method, based on the Schwarz-Neumann alternating technique, is presented for computing 
weight functions of a general solid (3-D as well as 2-D), with embedded or surface-flaw configurations. The 
total rate of change of the crack-opening displacements, due to simple perturbations of crack-dimension 
characteristics, is conveniently decomposed into the infinite-domain and boundary-correction parts. The 
former is determined from available analytical solutions of ideal-shaped cracks, whereas the latter is 
computed numerically by imposing nil boundary-traction requirements for the displacement field corres- 
ponding to the weight functions. Numerical examples, with solutions for 3-D weighted-average and local 
stress intensity factors, indicate that the proposed method is very accurate and efficient. 

1. INTRODUCTION 

In the past two decades, a variety of numerical methods has been developed for computing 
fracture mechanics parameters such as the stress intensity factors and the energy release rates, etc. 
These methods have matured over time and the numerical results often showed good accordance 
with laboratory observations. From an engineering design/analysis standpoint, much of the 
recent interest has been focused on improving the efficiency of the existing computational tools. A 
remarkable method in this regard is the weight-function technique proposed by Bueckner', and 
Rice3 for linear elastic fracture analysis. This technique is most useful when repetitive analyses are 
required for the same structural and crack configurations under various applied loadings. 

The 'weight function' may be regarded as a generalized Green's function for linear elastic crack 
problems. The importance of this concept is that the weight function, once computed for a simple 
reference state of loading, may be used to compute the stress intensity factor variation along the 
front of a three-dimensional crack for an arbitrary loading by an energy-like product involving 
the loading and the known weight function. The difficulties of applying the weight-function 
method to practical crack problems are twofold. First, because of the geometrical and loading 
complexities, closed-form analytical weight functions are available only for cracks in an infinite 
domain. (In particular, Rice,4 Gao and R i ~ e , ~ . ~  Bueckner7 and Nishioka and Atluri' have 
developed analytical weight functions for some important classes of 3-D cracks in linear elastic 
infinite domains.) Secondly, the numerical calculation of finite-body weight functions has to deal 
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with higher-order singular fields near the crack front, e.g. the 1/,,h asymptote in the rate of 
change of crack-opening displacements with respect to changes in crack dimensions. For 2-D 
cases, Paris and McMeeking' have developed a finite element procedure for computing weight 
functions by removing a small cylinder of material centred at the crack tip, and solving an 
auxiliary boundary-value problem for this new geometry. Parks and Kamenetzky lo applied the 
virtual crack extension technique to compute weight functions. Recently, Sham and co- 
workers". developed a general finite-element procedure for computing 2-D and 3-D weight 
functions based on a variational technique for solids of unbounded strain energy. Efforts for 
developing weight functions, using boundary element analysis, were made by Rooke and 
Aliabadi.' Despite these efforts (see also Vainshtok and Varfol~meyev'~), a robust and efficient 
method for computing weight functions for general 3-D crack configurations, especially for the 
important class of surface-jaw problems, has not been developed so far. 

In this paper, a numerical procedure to calculate the finite-body weight functions is developed, 
in the framework of the Schwarz-Neumann alternating method," for 3-D as well as 2-D crack 
configurations. Based on a knowledge of the crack-tip elastic fields, the finite-body weight 
function is decomposed into its infinite-domain and 'finite-correction' components. The former is 
evaluated by known and derived analytical formulae, whereas the latter is computed by an 
alternating procedure involving an iteration in the rate of change of crack-surface displacements 
(per unit change in the crack dimensions) due to a rate of tractions at the boundaries of the finite 
body, until all tractions at the boundaries reduce to zero. For convenience, the discussion is 
confined to the mode-I solution only, and the validity of this method is demonstrated by 
numerical examples of idealized 3-D cracks. Examples of computations of 3-D local and 
weighted-average stress intensity factors using the proposed weight-function method suggest that 
the proposed method is very accurate and efficient, provided that the prescribed loadings do not 
differ very drastically from the reference state of loading. 

2. WEIGHT-FUNCTION THEORY FOR ELASTOSTATIC CRACK PROBLEMS 

The weight-function theory for linear elastic crack problems is reviewed and summarized in this 
section, based on the work of Rice.3 Both 2-D and 3-D cases are discussed for the sake of 
completeness. To start, the weight-function equation for a 2-D line crack, undergoing self-similar 
crack extension, may be expressed as3 

where H equals E for plane stress and E/(1 - v2)  for plane strain. If system 1 is viewed as the 
reference state of loading, then the crack-tip K-factor for an arbitrary loading system 2 can be 
obtained by evaluating equation (1) with known values of the stress intensity factor K;') and the 
rate of change of displacement with respect to crack length, au,,,/aa, and the prescribed body 
forces and surface tractions of system 2. 

For 3-D problems, the perturbation of a flat crack front involves more difficulties than its 2-D 
counterpart. Since the crack front is a continuous contour rather than a point, the crack front is 
advanced by an infinitesimal amount 61 in a direction locally normal to r,, where 61 is a smooth 
function defined along the crack front rc. Rice3 showed that the energy balance relation for this 
crack-front change results in a modification of equation (1): 

dTc = (2) 
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where a,( . . . ) denotes the first-order variation in the quantity ( . . . ) due to a change in the crack 
front. a,( . . . ) is viewed as a function of the crack position and other variables, and H usually 
takes on the plain-strain value. Similar to the 2-D case, Kl'), Sq,), c2) and$,, are the known 
quantities in this equation, and Kf2) is to be determined. However, because of the difficulties in 
determining ICYz) as a point-wise function of crack-front geometrical parameters, Kl') is often 
computed in a weighted-average sense. The weighted-average stress intensity factor, defined by 
Besuner16 and denoted by KI (see also Figure 1), is defined by 

r r  

LOCAL 

K Z l  = K&l, 0) 

K12 = KI(O, 

WE IG HTE D-AVERAGE 

? 

t x2 

(a) Embedded crack 

x2 

t 

(b) Surface crack 

XZ 

(c) Corner crack 

Figure 1. Two types of 3-D weight functions 
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where 

6A = 6E(s)ds s, 
and s is the arc-length parameter measured along the crack front. Using the above definition, the 
left-hand side of equation (2) can be expressed in terms of the weighted-average stress intensity 
factors as follows: 

where the Cauchy-Schwarz inequality has been used in the derivation. Substituting this equation 
into equation (2), and rearranging, yields 

where c > 1. The constant c is due to the 'angle' between Kilt and KIZ), and thus is not known a 
priori. Therefore, if c is set to be 1 indiscriminately, equation (5 )  is exact only for the case of two 
'parallel' loadings. In summary, according to Bueckner' and Rice,3 the 'weight function' for 
elastostatic crack problems may be defined as 

CH 
h =  2(6A)Kil) 6,u(,)  (3-D weighted average) (7) 

Also, throughout this paper, for simplicity and without loss of generality, the elastic body is assumed 
to be loaded on the fracture surfaces (upper and lower) only, without the presence of body forces. 
Thus, the weight-function equations, i.e. equations (1) and (2), become 

Kf2) = 21s: t(zt hdS (2-D) 

XI2) = 21s, t(,,hdS ( 3 - 0  weighted average) 

(8) 

and 

(9) 

in which S: represents the upper crack face, and the symmetric conditions of mode-I loadings 
have been applied. Subsequent discussions of weight functions will be based on these equations. 
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3. FIRST-ORDER VARIATIONS OF DISPLACEMENT FIELDS FOR CIRCULAR 
AND ELLIPTICAL CRACKS IN AN INFINITE SOLID 

The key issue in applying the weight-function method to crack analysis is the accurate evaluation 
of the displacement perturbations, 6, utl), etc. Algebraic difficulties have limited the availability of 
analytical forms of such perturbations for arbitrary advances 6, of the crack front. Thus, our 
attention is restricted to first-order variations of displacement fields for idealized 3-D cracks, i.e. 
3-D circular and elliptical cracks, due to some simple forms of crack-front advances 6,. As needed, 
the analytical solutions of circular and elliptical cracks are summarized in Appendices I and 11, 
respectively, based on previous work of Kassir and Sihl’ and Vijayakumar and Atluri.ls 2-D 
crack problems can be handled in a similar fashion. 

For a flat circular crack, the simplest form of change in geometry is a unit extension of crack 
radius as shown in Figure 2(a). Also, the only displacement component relevant to the mode-I 
deformation is normal to the fracture surfaces. This leads to a displacement perturbation of the 
following form: 

where u3 ( = u, in r, 6, z co-ordinates) is the normal component and a is the crack radius. From 
equation (33), on plane z = 0, the mode-I displacement variation is expressed by 

Thus, the task of evaluating the displacement perturbation relies upon the calculation of aip1/i3a. 
In effect, once this partial derivative is known, the stress derivatives (with respect to ‘a’) as well as 

x2 

A 
‘6a 

a. Circular Crack 

X1 

b. Elliptical Crack 

Figure 2. Simple perturbations of crack geometries 
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the displacement derivatives of mode-I deformation can be readily evaluated by the formulae 
given in Appendix I. To accomplish this, applying the Leibnitz rule of differentiation to 
equation (36), one may derive 

where 

in which k,, = dA,,/aa and k:, = dA:,/da. It is not difficult to see that the first terms on the 
right-hand sides of equations (13) and (14) result in a 1/& type displacement-rate asymptote 
near the crack front, and hence correspond to the effect of an infinite-domain weight function of 
the circular crack problem. The second terms in the equation contribute to only a regular rate 
of displacement in the solid and represent the 'boundary corrections' of the cracked solid, which 
are indeterministic in the analytical solution and must be computed numerically along with 
proper boundary conditions. These terms can be dropped completely for the present case, since 
dA,,/da = dAr,/da = 0 for infinite-domain problems. 

For the case of the elliptical crack problems, the treatment of the crack solution in Nishioka 
and Atluri' is expanded here so that the finite-body effect can also be discussed. For simplicity, 
only the mode-I solution is considered, and the elliptical crack is perturbed in the length of the 
major axis (2~2,) or the minor axis (2a2),  respectively, as shown in Figure 2(b). 

To begin with, consider the crack-face displacement u3 due to the mode-I normal loading 
applied on the same surface. From Appendix 11, the displacement field is written in terms of 
Segedin'~'~ potential functions as follows: 

= UT.C (16) * 

Each component in the vector U can be evaluated by equations (45) and (49) using k, = 2k - 21 
+ i, I ,  = 21 + j, rn, = 1. This can be expressed by 

( -  up 
q = o , = l  (2k + i + j + . l  - p ) !  ( p  - q ) !  

(2p - 2q)! (2p - 2r)! Z k + i + j + l  p 

U , =  - 2 ( l - v ) ( 2 k + i + j + l ) !  c c 
,,=o (q - r)!  

(zr)! x 2 ( ~  -4 - k + 1 )  - i x ; ( q - r - I ) - j  x 2 r - 1  

(17) 1 3 
X- J p - q .  q - r ,  r(O) ( I ) !  (2Cp - q - k + E )  - i } !  (2(q - I - 1 )  - j}!(2r - l)! 

n = l , 2 , 3  , . . . ,  N ;  

k = 0 , 1 ,  ..., M ;  j=O,1; i = O , l  

where 
I=O, l ,  . . . ,  k 
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Note that the term with r = 0 was eliminated in the above equation, since ax:/ax, = 0. To 
evaluate au,/aa,, equation (15) is rewritten, using the relation between the coefficients A in the 
crack-face tractions and the coefficients C in the potential functions [i.e. A = B-C] as 

u3 = UTB-’A (18) 
where B and A are defined in Appendix 11. Differentiating both sides of the equation with respect 
to a, (a = 1,2) yields 

where the identity 

has been used in the derivation. Similar to circular crack problems, the last term in equation (19) 
accounts for ‘boundary corrections’ and can be dropped for the application in this section to an 
infinite body. The weight function for an elliptical crack in an infinite domain is composed of the 
first two terms in this equation. Each component of aB/du, and aUT/aa,, which is equivalent to 
Fkl, has been given in Nishioka and Atluri* and is not repeated here. The partial derivatives 
associated with stress fields corresponding to the ‘weight-function displacement fields’ are derived 
and summarized in the following, for later use. 

Third-order partial derivative 

where 

in which a3 = 0, and 
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Fourth-order partial derivative 

where 

1 ( I  - w o  - 2)VO - 3) + kO(k0 - 1)&(Eo - 1) 

I ( I  - l ) r n O ( r n O  - 1) + rno(mo - W O & O  - 1) 

+ 0 °  

+ 0 °  

8PZ X 4  4p1 pZ x: 4 

~PZP~X$X; 4P3 PI x:x: 1 s = t 3  

ko = k + 61, + 61, + dl8 lo = l + 62, + 62, + 62, rno = 63, + d3y + 63s 
k ,  = ko + 2dIs 1 ,  = lo + 26,, rn, = rno 

The notations used in equations (20) to (22) are consistent with those used in Appendix 11, and the 
evaluation of the partial derivatives, aF&,/aa,, a2F&y/dxaaaa, aCo /dab, is discussed in Appen- 
dix 111. In summary, the infinite-domain, or full-space, weight functions (in weighted-average 
sense) of circular elliptical cracks are as follows: 

Regardless of the values of coefficients A1,, AT, and A, the weighted-average stress intensity 
factors computed from equations (23) and (24) always correspond to those for the same arbitrary 
crack-face loadings applied to a cracked injinite solid. 

4. AN ALTERNATING METHOD FOR COMPUTING FINITE-BODY 
WEIGHT FUNCTIONS 

The alternating method may be regarded as a solution technique which solves a complex problem 
in terms of several convenient elementary solutions. The method has been applied to the solution 
of elasticity problems of multiply-connected regions2' and linear fracture rnechanic~,'~ etc. The 
underlying concept of this method is best demonstrated by the Neumann's equation" as follows: 

P A + B  -+ P A  + PB(Z - P A )  + PA[(Z - P B ) ( Z  - P A ) ]  + . * + (25) 
where PA,  PB and P A + B  are the orthogonal projections onto the closed subspaces A and B, and 
their sum A + B, and Z is the identity mapping. Figure 3, where the components of a vector in a 
2-D skew co-ordinate system are found by the alternating procedure, provides a geometric 
interpretation of this equation. For fracture mechanics applications, PA usually represents a 
finite-element solution of the uncracked solid, and PB is the analytical solution of the crack 
embedded in a linear elastic infinite domain. The iterative alternating process is continued until 
the residual norms become negligible. An alternating method based on a formal 'differentiation of 
the iterative process' has been investigated by Chen and AtluriZ2 for computing weight functions 
for 2-D mixed-mode fracture. However, terms in the method lack physical significances, and 
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/ 
Figure 3. Geometric interpretation of alternating method 

hence make it very difficult to implement for a general case. A more palatable approach is hence 
desired. 

Consider the generic problem of a finite body, containing a circular or elliptical flaw, wherein 
the only applied loads are on the crack faces (i.e. the outer boundaries of the finite body are 
traction-free). To solve this problem using the alternating method, the finite body is replaced by 
an infinite body, with stresses going to zero at injinity. From the prescribed crack-face tractions 
given in the finite-body problem, the coefficients A1,, AT,, (in equation (35)) or coefficients A (in 
equation (41)) are evaluated as if the problem is for an infinite body. The resultant far-field stresses 
given in (34) or (45) for the infinite body do not satisfy the zero-traction conditions at the 
boundaries of the given finite body. Thus, the residual tractions at the boundaries of the finite 
body are erased, by first solving an uncracked body with these residual boundary tractions, and 
then erasing the tractions at the location of the crack in the uncracked body. This last problem of 
erasing crack-face tractions is similar to the first problem that one started out with. This iterative 
loop is continued until the analytical solution (for the infinite body) satisfies also the zero-traction 
conditions at the boundaries of the finite body. It is seen that, in this iterative process, the 
coefficients A1,, AT, and A of the infinite-body solution are continually updated until the infinite- 
body solution also satisfies the zero-traction boundary conditions of the finite body. 

Once the converged values of the coefficients A1,, A:,, (for a circular crack) and A (for an 
elliptical crack) are determined from the above described alternating method, the weight 
functions for the injinite body can be determined as explained in the previous section, by using 
equations (23) or (24). 

The ‘finite-body’ corrections to these weight functions are necessary, because, the traction field 
corresponding to the ‘infinite-body weight-function displacement field’ does not vanish at the 
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boundaries of the finite body, as the original problem for the finite body demands. These 
boundary corrections can be seen to lead to additional terms of the type aA,,,/aa; dAT,,/aa and 
dA/aa, for thefinite body. This has the following physical explanation. Suppose A1,, AT,, and A 
(through a converged alternating procedure) are the coefficients in the crack-face traction field for 
the infinite body, in order to enforce the traction-free condition at the finite boundaries. Suppose 
now that the crack dimensions, say for an elliptical crack, are perturbed by 6a,. Thus, the 
coefficient A must be changed by an additional amount, (aA/aaa)6a, in order to ensure that the 
traction field at the boundaries of thefinite body, corresponding to the weight-function displacement 
field, is zero. 

Let S, be the crack face, and S, be the outer boundary of the finite body. The given problem is 

L(u) = 0 in V ;  ~ ( u )  = t at S,; ~ ( u )  = 0 at S, (264 
where V is the domain of the finite body. In the alternating method, the problem is re-cast, in an 
iterative fashion, as 

L(u) = 0 in V,; B(u) = ?) at S,; and B(u) = t7," at S, (2W 
where (i) denotes the ith iteration, V, is the infinite domain. The iteration continues until E) = 0. 
Let t7" be the converged value at S,, corresponding to which Aln, AT,, and A are determined, and 
hence the infinite-body weight functions are determined. 

Let the displacement rate corresponding to the weight functions be denoted by ti, where 

zi = (au/aa)da for circular cracks, 

= (au/aa,)&z, for elliptical/part-elliptical cracks 

The weight-function field for the finite body should satisfy the equations 

L(ti) = 0 in V;  B(ii) = 0 at S, and B(ti) = 0 at S, (274 
One may again use the alternating method and re-cast the problem in an iterative fashion as 

L(6) = 0 in V,; B(u) = ?i) at S, and B(ti) = 5) at S, (27b) 
The iteration is continued until ?:) = 0 at S,. Let 3') be the converged value at S, ,  corresponding 
to which kin ,  and A (where k,, = (aAl,/aa)6a . . . , and A = (aA/aaa)6a,) are determined. 

To determine tt) at S, in the above iterative process, the displacement field corresponding to 
the weight functions is substituted into the stress-displacement relations of the type (34) for a 
circular crack (wherein (a#,/aa) is used instead of or of the type (45) for an elliptical crack 
(wherein terms of the type (af,/da,) are used instead off,). 

Thus, the alternating method for computing finite-body weight functions is summarized as 
follows: 

Step 1 :  Use the alternating method as described in equation (26b) until it converges. 
Step 2: Based on the accumulated crack-face tractions, after convergence is established, deter- 

mine the coefficients Ax,, A:,, or A, and compute the corresponding infinite-body weight 
functions. 

Step 3: Based on equation (27b), determine a residual traction rate, 5) at S,, using the infinite- 
body weight functions. 

Step 4: Erase c) at S,, and use the alternating method as described in equation (27b) until 
convergence is established. 

Step 5: Sum up the displacement rates (ti = (du/aaa)6a,) from Step 2 (infinite domain) and Step 4 
(boundary corrections) to obtain finite-body weight functions. 
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Note that the displacement rates involve (l /f i)  type asymptotes near the crack front. The 
traction field corresponding to this will thus involve ( r - 3 / 2 )  type behaviour, which is a potential 
source of difficulty for surface-flaw problems wherein the crack front intersects a free surface. For 
the present study, however, the effect of this hyper-singularity is ignored, based on the assumption 
that its effect is limited to a very thin layer near the free surface, according to studies of this 
boundary-layer effect by several authors.23, 24 The present numerical results also justify this. 

5. NUMERICAL EXAMPLES AND DISCUSSION 

The weight functions for elliptical and circular cracks, in embedded as well as surface-flaw 
configurations, are computed here to check the validity of the analytical formulae and the 
proposed alternating procedure. For elliptical crack problems, a local I(-factor approach’ is 
presented in addition to the weighted-average method. For the local approach, an attempt is 
made to extract the weight functions for the local stress intensity factors at points 1 and 2 shown 
in Figure 1. For this purpose, a trial function for the normalized stress intensity factor, 
Fl(6) ( = Kf2)(6)/Kf’)(6)), is written in terms of its values at points 1 and 2, and denoted as Ff:’ 
and Fig) ,  respectively, as 

where N,(6) (a = 1,2) are some assumed shape functions which have a unit value at point a ( E  = 1 
or 2) and zero at the other point, and 6 is the elliptic angle (6 = 0 at point 1 and 0 = 71/2 at point 
2). Introducing equation (28) into equation (2), the following linear equations may be obtained. 

where 

and ~ , ( O ) ( E  = 1,2) is the ‘pattern’ of the infinitesimal perturbation SZ, defined along the crack 
front, due to variations in the lengths of the major and minor axes, as given by 

and 
Sl,(O) = Sa,f,(6) (no sum on a, a = 1 or 2) 

f i  (6) = u2 cos2 6/(u: sin2 6 + a: cos2 @ ) l i 2  

Equation (29) can be solved for F $ ) .  Noting that (Fig)  = Kfg) /K i f ) ;  j? = 1,2), one has 
P 

J s: 

where h,, (a = 1,2) are the weight functions for the local stress intensity factor at point a (a = 1,2). 
More details are described in Nishioka and Atluri.’ 
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Example 1: Circular and elliptical cracks in an infinite solid 

The analytical solutions for the derivatives of crack-face displacements with respect to the 
lengths of the major and minor axes of an elliptical crack, and the radius of a circular crack, were 
implemented in a computer program to calculate the infinite-domain weight functions discussed 
in Section 3. For the reference load of uniform crack-face pressure, the local as well as the 
weighted-average stress intensity factors are computed. The crack face is assumed to be subjected 
to four ‘arbitrary states of loading’ including (i) C& = - p o ,  (ii) 0:3 = - p o x 1 ,  (iii) C T : ~  = 
- poxz and (iv) cr$3 = - po(l - 2xz/t) which is the pure bending load distribution of the 
surface-flaw problem. The circular crack has a unit radius (a = 1.0) and the elliptical crack has a 
major axis of 1.0 (coinciding with the x1 axis) and a minor axis of 0.6 (coinciding with the x2 axis). 
These configurations, as well as a Poisson’s ratio of 0.3, are used throughout the subsequent 
example problems. Also, the integrals in equations (9) and (31) are evaluated by integrating over 
the first quadrant of the upper fracture surface only, to avoid cancellation due to symmetries in 
the reference and arbitrary loadings. The results are then multiplied by appropriate magnifying 
factors. To begin with, comparison of the weighted-average stress intensity factors of the circular 
crack problem is shown in Table I. 

The weighted-average stress intensity factors are computed by a singular Gaussian quadrature 
with 10 sampling points.24 It is seen that the weighted average of the tensile loading recovers the 
exact value and the values corresponding to the bending loads have about 6 per cent errors. This 
is a direct result from the ‘angles’ between stress intensity variations corresponding to the 
reference and arbitrary states of loading. Note that if the weight-function integrals are carried out 
over the full upper fracture surface (including four quadrants), the computed weighted averages 
for problems (ii) and (iii) would have been zeroes. This is because the uniform tension and pure 
bending variations are ‘perpendicular’ to each other, and thus results in infinite c in equation (5). 
A similar comment may be applied to the weighted-average results for the elliptical crack 
problem, which are as shown in Table 11. 

The results of the local stress intensity factors for the elliptical crack problem are shown in 
Table 111. Several different types of interpolations have been tested for the N ,  (6) and Nz (0) 

Table I 

Problem (i) Problem (ii) Problem (iii) 
b(o) 33 - - - p o  us”?= - p o x 1  & =  - - p o x ,  

K (exact) 1.1284 0.5319 0.5319 
R (computed) 1.1284 05642 05642 

Table I1 

Problem (i) Problem (ii) Problem (iii) 
a(o) 33  - - - po d? = - p o x ,  o g =  - p o x ,  

R,  (exact) 0.9085 0.5826 0.2034 
R, (computed) 0.9085 05994 0.2044 
R ,  (exact) 1.0271 0.3695 0,3781 
K2 (computed) 1.0271 0.3852 0.3684 
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Table 111. Local K-factors for elliptical crack embedded in infinite elastic space 

Problem (i) Problem (ii) Problem (iii) 
33  - P O X 2  33 - POX1 

@) - - (+O) - - &O) - __ 
33  - Po 

Exact solution 1.OOOO 1~oooO 0.75938 OQOOOO 0-00000 0.46021 
(1 - 20/K)/(20/K) 0.99995 1@000 0.89548 0.17579 011433 0.45219 
cos(O)/sin(Q) 0.76253 0.80333 0.75201 0.08672 0.05473 0.38884 
COS* (e)/sin2(e) 099996 1.oooO 0.82698 0.24416 0.14649 0.42009 
f i  l.6 in eqs. (30b, c) 1.0235 1.0110 0.89165 0.27754 0.12871 041029 
cos3 (e)/sin3(0) 1.2047 1.1609 093129 0.33569 0.20702 046317 
cos4(0)/sin4(e) 1.3874 1.3002 1.0345 0,40496 0.25624 0.50515 

functions in equation (28), and the results are compared with the exact values in Table 111. In 
general, the local stress intensity factors for the bending problems, i.e. problems (ii) and (iii), are 
not very accurate because of the big ‘angles’ between the reference and arbitrary states of loading. 
The solution for the tension problem, i.e. problem (i), can be obtained accurately provided that 
proper shape functions are used. In summary, for infinite-domain crack problems, the errors of 
the computed weighted-average stress intensity factors are within the acceptible range, but further 
refinements are needed for the local stress intensity factors. 

Example 2: Circular and elliptical surface Faws in jinite bodies 

The surfaceflaw problems for circular and elliptical configurations are computed here using 
the alternating procedure proposed in Section 4. The same crack dimensions are preserved from 
the last example. The crack-depth to plate-thickness ratio is assumed to be 0-2, and the plate 
width and height are set to be at least 5 times the crack radius, or the major axis. The weighted 
averages for the circular surface flaw are listed in Table IQ. 

The ‘exact’ values are obtained by integrating the stress intensity variation from the finite- 
element alternating solution, using a 4 x 4 x 4 mesh of the same surface-flaw problem. The 
alternating procedure for boundary corrections is also carried out by the same finite-element 
mesh. It is seen in the above that the precision is within 1.5 per cent for both tension and bending 
problems. For the elliptical crack problem, results for the weighted-average method are given in 
Table V. 

The computed results are generally within 5 per cent error of the exact values which are 
obtained from integrating a 4 x 4 x 4 alternating solution of the elliptical crack. The error may be 
reduced by in corpora tin^ finer meshes in the boundary-correction problem. The results for the 
local approach are given in Table V1. The accuracy of the computed local stress intensity factors 
for the bending load shows much i ~ p r o v e ~ e ~ t  from the infinite-domain problem. This may be 

ii: (exact) 1.2389 1 .@I92 
~ ~ o ~ p ~ ~ e d )  1.2505 1,0209 
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Table V 

Problem (i) Problem (iv) 
@) - - 

33 - Po @'3"3 = - PO(1 - 2XZ/t) 

R ,  (exact) 1.0753 0.9 190 
R ,  (computed) 1.0245 0.8743 
R,  (exact) 1.1689 0.9153 
I f ,  (computed) 1.1558 0.8933 

due to the smaller 'angle' between the stress intensity distributions for tension and bending loads 
in the surface-flaw problem. The results in Table VI also suggest that fi and f i ,  as defined in 
equations (30b) and (304, are the best shape functions for the surface-flaw problem. The local 
stress intensity factors derived from such interpolation are within 6 per cent error for both tension 
and bending problems. 

Example 3: Circular and elliptical cracks embedded in Jinite solid 

For completeness, weight functions for embedded circular and elliptical flaws in a finite elastic 
body are presented. The crack-depth to plate-thickness ratio is assumed to be 0.8, and only the 
weighted-average method is considered. The results for the circular crack problem are sum- 
marized in Table VII. 

Table VI. Local K-factors for elliptical surface flaw with a/c = 0.6 and 
a/t = 0.2 

Problem (i) 
($0) - - 
33 - Po 

FII  FIZ 

Exact solution 
(1 - 2@/4/(2@/4 
cos(@)/sin(@) 
cosz (@)/sin2(@) 
h / f i  in eqs. (30b, c) 
cos3(6)/sin3(@) 
cos4(@)/sin4(@) 

1*oooo 1~OOoO 
0.92365 1.0148 
0.70190 0.81614 
093236 1.0061 
0.94808 1.0136 
1.1245 1.1677 
1.2939 1.3096 

0.89567 074919 
0.85237 0.72918 
066696 057158 
084061 0.74090 
0.86723 075491 
099588 0,87422 
1.1356 098852 

Table VII 

Problem (i) 
(p) - - 

33  - Po 

K (exact) 1.2279 
K (computed) 1.2213 
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Table VIII 

Problem (i) 
(+o) - __ 

33  - Po 

R,  (exact) 
K, (computed) 
R ,  (exact) 
K, (computed) 

1,0431 
1.0415 
1,2344 
1.22 17 

Similar to Example 2, the exact value cited in the above is obtained by integrating the stress- 
intensity variation from the finite-element alternating solution using a 4 x 4 x 4 mesh. The results 
for the elliptical crack problem are given in Table VIII. From these results, it is concluded that the 
finite-body weight functions for embedded circular and elliptical cracks may be obtained very 
accurately by the alternating procedure, provided that the prescribed loadings are not drastically 
different from the reference state of loading. The same conclusion may be applied to the two- 
dimensional problems. 
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APPENDIX I 

Summary of mode-1 circular crack solution 

following mixed-boundary-value problem (see Figure 4 for the co-ordinate system). 
For a penny-shaped crack embedded in an infinite 3-D elastic body, we need to solve the 

Mode I 

o,,(r, 8,O) = ogz(r, 8,O) = 0 

@,,@, 850) = P1 (r, 8) O < r < a  0 < 0 < 2 z  (32) 
u,(r, 8,O) = 0 r > a  Od88271 

r 2 0 0<88227E 

(a is the crack radius) 
where p1 is a given function describing the normal load applied to the crack face. An appropriate 
solution for the above boundary-value problem can be obtained by expressing the displacement 
components in terms of a harmonic function 41, as 

(33) 
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Figure 4. Co-ordinate system for circular crack solution 

The corresponding stress components are given in the following: 

o,, = 2p [ - - + z ~ ]  

a241 a241 a34 orr = 2p (1 - 2v)- - 2v- + [ ar2 az2 ar2az 

a3& ar2 = 2pz- a d z 2  

The above stresses are the physical components in the cylindrical co-ordinates. In order to define 
arbitrary loadings, the applied crack-face tractions P ,  (r, 8 )  are represented by a Fourier series as 
follows: 
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in which the Fourier coefficients are determined from 

Alo(r) = - Pl(r, 8)d8 : 1: 
7 Pn 

Pl(r, 8)cosn8d8, n = 1’2,.  . . 

ATo(r) = 0 

AT,,@) = - Pl(ry 8)sinned€J, n = 1,2, . . . : 1: 
The technique of Fourier-Hankel transform” is used to represent the potential functions. This 
gives 

where J,, is the Bessel function of the first kind of order n and the functions C,,,(s) and CTn(s) are as 
yet unknown. Substitution of equations (33) to (36) into the boundary conditions, i.e. (32), and 
applying the solution of dual integral equations yields the final results. 

where the stress intensity factor K,  is defined in the following manner: 

K ,  = lim [2n(r - a)]”2 nzz(r, 8,O) 
r + a +  

For more details, the readers are referred to Kassir and Sih,” on which the above derivation 
is based. 

APPENDIX I1 

Summary of mode-I elliptical crack solution 

elliptical crack and xg is normal to the crack plane such that 
As shown in Figure 5, suppose that x1 and x z  are Cartesian co-ordinates in the plane of the 

( x 1 l a 1  )z + ( X z l a 2 ) 2  = 1 a1 ’ Q2 (39) 
describes the border of the elliptical crack of aspect ratio (a, /a2 ). The necessary ellipsoidal co- 
ordinates te (a = 1,2,3) are defined as the roots of the cubic equation 
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Figure 5. Elliptical crack in an infinite solid 

where 

so that the interior of the ellipse is given by c3  = 0 and its boundary by t2 = t3 = 0. Let the 
normal tractions along the crack surface be expressed in the form 

00 > t 3 2 0 2 t 2 2  - a ; 2 t 1 >  - a ,  2 

so that the values of ( i , j )  specify the symmetries of the load with respect to the axes of the ellipse. 
M is an arbitrary integer which is related to the order of the polynomial. According to Shah and 
K ~ b a y a s h i , ~ ~  the solution corresponding to the load expressed by equation (41) can be assumed 
in terms of the potential functions 

where 
ds a 2 k + i + j  

1 2 

+ i + j +  1 - 
JQO F 2 k - 2 1 + i , 2 1 + j  = a X 2 & - 2 1 + i a X 2 1 + j  (43) 

and Q(s) = s(s + a:)(s + a;). Based on Trefftz’s formulation, the components of displacement ui 
and stress oij in terms off3 are given by 
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and 

(r31 = 2Px3f3,313 

(732 = 2Px3f3, 323 

where ,u and v are the shear modulus and Poisson's ratio. By successive differentiation, it can be 
shown ffom (43) that, since w(t3)  = 0, 

wherein (2k - 21 + i )  and (21 + j )  in equation (43) are replaced by k and 1 in the above equation 
and k, = 2k - 21 + i; 1, = 21 + j ,  and m, = 0; the notation 8; implies the jth partial derivative 
with respect to x,. 

The first-order partial derivatives of Fk, with respect to x, (B = 1,2,3), which are needed in the 
evaluation of crack-face displacements, can be expressed by 

where 
k, = k + S,, 

and S,,, etc., are the well-known Kronecker deltas. In the case of the second- and third-order 
partial derivatives, there can be derived 

1, = 1 + a,, m, = S3, 

where 

k, = k + S,, + Sly 1, = 1 + S,, + S 2 ,  m, = S3, + S3y 
a2w 

- 

in which a3 = 0, and 

2/(a,2 + s) c i  = I, 2 ,3  

where 

ko = k + S1, + Sly 

k, = ko + S16 
1, = 1 + S,, + S2y  m, = S3, + 

1, = 1, + S26 m, = m, + S3, 
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The partial derivatives of FEtsy in equation (49) are given in Appendix 111. Note that the above 
derivatives, i.e. equations (47)-(49), are needed in satisfying the boundary conditions on the crack 
face, and in evaluating the stress and displacement fields in the solid. The numerical kernel arising 
in equations (47)-(49) is a generic integral of the type 

Expanding cok+'+l out in terms of x," and differentiating term by term yields 

where 

Also, in order to evaluate the stress and displacement fields due to prescribed crack-face tractions, 
the A coefficients for the crack-face tractions in equation (41) must be correlated to the C 
coefficients for the potential functions in equation (42). For mode-I solution, Nishioka and 
AtluriZ6 have derived the relation between crack-face tractions and potential functions as follows: 

where 
L,  = (m - n + k - 1 + i )  L,  = n + E +  j 

(2k + i + j + l)! (2L, + 26,,)! (2L, + 26,,)! 
- (ff = 4 2 )  = 

( k  - m)! ( L ,  + (L, + d,,)! 

Or, in shorthand notation, 

A = B * C  
N x l  N x N  N x l  

where N is the total number of coefficients in A or C. 
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APPENDIX I11 

Systematic procedure for evaluation of the partial derivatives in analytical solution of 
elliptical crack 

To evaluate the stresses and stress rates of change at a given point x,, xz, x3,  due to a loaded 
elliptical crack in the solid, the partial derivatives in equations (49) and (20) to (22) must be 
properly computed. A systematic algebraic procedurez6 to carry out this task is one of the key 
steps in the successful implementation of the crack solution. To do this, F&, is written in the 
following form: 

FkqSy = (k  + 1 + l)! TI Tz . . . T9 

5 - 3 2 T6 = P:'(53); T7 = p t ( 5 3 ) ;  T8 = pY(53);  T9 = Jrn 

(55)  

where 
T, = 1/(t3 - 5,); Tz = l/(t3 - tz); T3 = x:'; T4 = x t  

T - p i .  

The parameters k , ,  1, and m, are the constants defined in equation (49) but their values are 
inconsequential to the present derivation. Employing the chain rule of differentiation, the 
derivatives of FkqSy w.r.t. xd can be evaluated by 

9 aT, 
ax, n = l  ax, 

-_ aFkqay - ( k  + I + l)! -Rn 

in which did, etc., are the Kronecker deltas, and Q'(s) and P'(s) indicate, respectively, the 
derivatives of Q(s) and P(s)  defined as follows: 
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Following the same procedure, the partial derivatives aF&,:,/da,, d2 F$8u/dxa aa, and aCo/Ba, 
may be evaluated provided that the following partial derivatives are known. 

where 
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