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Al~tract--Some important aspects associated with the transformation induced plasticity in AI:O3-ZrO2 
are analyzed using a computer simulation based on Finite Element Method (FEM). These aspects 
include (i) an estimation of the residual stress in the second phase, arising during post fabrication 
cooling, which affects the critical stress for transformation, (ii) the constitutive behavior of the 
material during the dilatational transformation of ZrO 2 and (iii) the crack deflection due to 
the transformation. This simulation study was conducted for angular as well as spherical shapes of 
second phase particles and also for varying volume fractions of the second phase, using a master 
finite element mesh. Apart from this numerical experiment, analytical expressions were derived for 
the residual stress and the constitutive behavior, assuming spherical shape for the second phase 
particles. The analysis of the constitutive behavior mainly consists of an estimation of the composite 
modulus and of the irreversible strain due to the transformation. The comparison of t h e  analytical 
solutions with the results obtained through the simulation shows a very good agreement. Using the 
simulation of crack deflection, the increase in crack surface area due to the transformation was 
computed, to approximately estimate the improvement in fracture toughness due to the crack deflection 
mechanism. 

R6smn6----Quelques aspects importants de la plasticit6 induite par la transformation de AI203-ZrO 2 
ont 6t6 analys6 par la methode des 61dments finis. Ces aspects sont: (i) une estimation de la 
contrainte residuelle en deuxidme phase nait pendant la refroidissement aprds la fabrication, ce qui 
influe la contrainte critique de la transformation; (ii) la lois de comportement pendant la transformation 
de ZrO 2 par dilatation; (iii) la deviation de la fissure ~i cause de la transformation. Cette simulation 
numerique ont 6t6 effectu6 pour les particules spheriques ainsi que angulaire du second phase en 
utilisant une malllage "m6re" des elements finis. A part cette simulation num6rique, expressions 
analytiques de la contraintes residuelles et de la loi du comportement ont 6t6 donn6es. La loi du 
comportement deriv6 consiste ~. une estimation de la module de la melange et celle de la deformation 
residuelle ~i cause de la transformation. Les resultats analytiques sont en bonne concordance avec 
celle de la simulation num6rique. En introduisant la deviation de la fissure, l'augmentation de la 
surface de la fissure due ~i la transformation ont 6t6 calcul6e pour obtenir une estimation de l'am61ioration 
de la resistance ~i la rupture ~. cause de la deviation de la fissure. 

Zusammeafassung---Einige wichtige Aspekte im Zusammenhang mit der durch die Kristall- 
strukturaenderung bedingten Plastizitaet von AI203-ZrO 2 werden auf der Grundlage einer Finite- 
Element-Formulierung untersucht. Die Ergebnisse beinhalten erstens eine Abschaetzung des Eigenspan- 
nungszustands in der zweiten Phase, bedingt durch die nachtraegliche Abkuehlung, zweitens die 
konstitutiven Beziehungen des Materials waehrend der Volumendilatation des ZrO 2 und drittens die 
sich daraus ergebende Ablenkung der Rissverlaufs. Die numerische Simulation wird fuer Einschluesse 
polygonaler und kugeliger Gestalt mit unterschiedlichen Volumenanteilen auf der Grundlage einer 
Grunddiskretisierung ausgefuehrt. Unabhaengig von der numerischen Berechnung werden fuer 
kugelige Einschluesse analytische Berziehunge fuer die Eigenspannungen und das konstitutive Verhalten 
angegeben. Die Untersuchungen zum konstitutiven Verhalten umfassen im wesentlichen eine Approxi- 
mation der elastischen Materialdaten des Verbundmaterials und eine Schaetzung der verbleibenden 
Verzerrungen nach der Kristallumwandlung. Der Vergleich zwischen den analytischen Beziehungen 
und den numerischen Ergebnissen zeigt eine sehr gute Uebereinstimmung. Die Berechnung der Ablenkung 
der Rissfront und damit der Zunahme der Rissoberflaecbe infolge der Volumenaenderung wird 
ausgefuehrt, um die Verbesserung der Bruchzaehigkelt als Folge der Rissablenkung naeherungsweise 
abschaetzen zu koennen. 
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1. INTRODUCTION 

It is well known that the fracture toughness of certain 
ceramic materials can be enhanced by stress induced 
martensitic transformation. Such an improvement in 
ceramic matrices with ZrO 2 as the second phase has 
been studied extensively in the past. Zirconia under- 
goes an allotropic transformation from tetragonal to 
monoclinic crystal structure when it is subjected to 
hydrostatic tensile stress above a critical level. This 
transformation results in a volume expansion of ZrO2 
which in a constrained condition, leads to the gener- 
ation of compressive and shear stresses. The shear 
stress has only a short range effect as the sense of 
shear in successive twin bands is opposite to each 
other resulting in a significant reduction of the shear 
from the nucleus of transformation. On the other 
hand, there is no such sharp annulling effect in the 
case of the compressive hydrostatic stress. Therefore, 
invariably, majority of the investigations consider 
only the effect of hydrostatic stress. A comprehensive 
overview on this topic has been provided by Evans 
and Cannon [1] and a fairly detailed description is 
presented in Lange [2]. 

Essentially, three mechanisms are considered to be 
responsible for the transformation toughening [1] and 
they are constrained dilatation, microcracking and 
crack deflection. These are apparently not indepen- 
dent of each other. The first one corresponds to the 
stress induced dilatation of the constrained crack tip 
zone, generating compressive stresses which oppose 
the crack opening. The effect of this dilatation is 
further enhanced by the microcracking arising due 
to it. Both these mechanisms reduce the crack tip 
stress intensity, whereas, the contribution of the crack 
deflection mechanism is different, in the sense that, it 
creates more fracture surface that too with significant 
kinking. 

One of the important aspects of the constrained 
dilatation mechanism is the nonlinear nature of the 
deformation at the crack tip. The linear relationship 
between the shear strain and the shear stress is 
considered to be unaffected by the transformation 
as the transformation induced shear stress has only 
a short range effect. But the constitutive relationship 
between the volume strain and the corresponding 
pressure is nonlinear as shown in Fig. 1. The segment 
AB corresponds to the behavior prior to the onset 
of the transformation and CD corresponds to the 
behavior subsequent to the completion of the trans- 
formation. Both AB and CD are linear, with the 
slopes being equal to the effective bulk modulus 
of the composite (K,). McMeeking and Evans [3] 
and Budiansky, Hutchinson and Lambropoulos [4] 
treated the slope of BC as a constant. Nevertheless, 
Budiansky et al. [4] categorized the transformation 
as sub-critical critical and super-critical as per the 
inequalities K ~ > - 4 G d 3 ,  K'~=-4Gd3 and K~< 
-4G¢/3 where K~ is the slope of BC in Fig. 1. 
Hypothetically, an entire volume fraction of the 
second phase, in an infinite matrix, undergoing trans- 
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I. Schematic representation of the constitutive 
behavior. 

formation corresponds to the critical condition. If the 
critical stress for the transformation is not the same 
for all the particles or the transformation is only 
partial, the resulting condition would be sub-critical. 
Also the assumption of an infinitely large matrix 
implicitly neglects the interaction between the par- 
ticles and in a finite matrix the behavior should 
be always sub-critical, shown as BF in Fig. 1. The 
present study aims at understanding the effect of 
the interactions on the overall nonlinear nature of 
the deformation, using numerical experiments. Along 
with this slope K~, the span of AE, which is nothing 
but the overall irreversible volume strain (E~) due to 
the transformation, also affects the nature of BC. 
The aforementioned investigations [3, 4] use the fol- 
lowing equation to calculate E'v 

E~=0~T (1) 

where 0 is the volume fraction of the second phase 
and *T is the transformation volume strain in the 
second phase. Equation (1) is valid only when the 
elastic constants of the matrix and the second phase 
are the same, whereas the method employed here 
allows us to assign different moduli to the matrix and 
the second phase. Another important aspect of this 
transformation, as pointed out by Becher [5], is that 
of the residual stress developed in the second phase 
particles. In A1203-ZrO2 system, as ZrO2 has a higher 
coefficient of thermal expansion compared to A1203, 
tensile residual stress develops during post fabri- 
cation cooling and assists the transformation. There 
may even be auto-transformation of the second phase 
during the post fabrication cooling itself, if the critical 
stress for transformation is lower than the residual 
stress. Therefore the assessment of the effects of the 
additives such as ceria or yttria, which are added to 
AI2Oa-ZrO 2 system to alter the critical stress for 
transformation, needs prior estimation of the residual 
stress. This study makes an attempt to compute this 
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residual stress with the aid of finite element method 
and also derive an expression for the residual stress 
as a function of material properties and the volume 
fraction of the second phase for spherical geometry. 
Though the first two of the three mechanisms listed 
above, namely the dilatation and the microcracking, 
can be studied treating the two phase material as 
a statistically homogeneous continuum, the very 
nature of the crack deflection mechanism will not 
permit such a route. Faber and Evans [6] studied 
crack deflection processes in a two phase material 
based on the solutions suggested by Cotterel and Rice 
[7] for slightly kinked cracks, but to the authors' 
knowledge no work has been published so far in the 
context of transformation toughening. A numerical 
simulation would be one of the choices in such cases 
and the present investigation makes an attempt to 
study the crack deflection using the finite element 
method. 

2. SIMULATION 

The simulation of transformation induced tough- 
ening can be carried out by a variety of numerical 
techniques. In this investigation Finite Element 
Method (FEM) is chosen for this purpose. Being a 
versatile and fairly well developed numerical tech- 
nique, FEM appears to be ideally suitable for the 
simulation of microscopic deformation of any two 
phase structure of complex geometry. In FEM, the 
structure to be analyzed is subdivided into a number 
of small elements of regular geometry and the 

behavior of each element is established. Subsequently 
the elemental behavior is numerically integrated to 
obtain the overall behavior under appropriate bound- 
ary conditions. In this simulation we have used a 
master mesh comprised of constant strain triangles 
and quadrilaterals, as shown in Fig. 2, to generate 
different microscopic morphologies, by assigning the 
material properties of the second phase to a few 
elements and that of the matrix phase to the rest of 
the elements. Using this procedure, the shape of the 
second phase as well as the volume fraction could be 
altered easily for the purpose of the analysis. In this 
investigation we have considered volume fractions 
of 5, 10, 20 and 30% for both angular and spherical 
particles. To ensure random distribution of the 
second phase particles, they are located in such a 
way that, the volume fraction is the same irrespective 
of planar or axi-symmetry (over X or Y axis) 
conditions. 

Essentially the FEM procedure employed rests 
on the following set of equations [8] which are 
solved incrementally with appropriate equilibrium 
corrections 

[K] {D} = {R} (2) 

where 

[ K ] = ~ [ k ]  and { R } = { P } + ~ { r } .  (3) 
| I 

Here, [K] and [k] are global and element stiffness 
matrices respectively, {D} is global displacement 

Fig. 2. Master mesh for generating different microscopic morphologies. 
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matrix and {P} is nodal load matrix; [k] and {r} are 
given as 

[k] = f, [B]"[E][B] dV (4) 

{r} = fv [BIT[E] {E°} dV - fv [B]T{~r°} dV (5) 

where {E} = [B]{d} and {G} = [E]{E}; a and ~ arc 
stress and strain respectively and with the subscript 
"0" they represent initial conditions; {d} is element 
displacement matrix; n corresponds to the number of 
elements. The details about these equations can be 
found in any standard text book on FEM. The term 
{E0} includes both the thermal strains and the trans- 
formation strains. For plane strain condition it is 
given as 

{E0} T = (1 + v) {~AT + e; ~AT + e; 0} (6) 

and for plane stress condition 

{E0} v = {=AT + e; ~AT + e; 0}. (7) 

Here v and = correspond to Poisson's ratio and 
coefficient of linear thermal expansion respectively; 
AT is the temperature difference involved; e is one 
third of the dilatational transformation volume strain 
(e=ET/3 in the second phase and e = 0  for the 
matrix). Equation (4) and (5) represent element 
behavior and therefore the material properties such 
as Young's modulus, Poisson's ratio, coefficient of 
thermal expansion etc can be different for different 
elements and depend on the material type (matrix or 
second phase) assigned to each element. 

The entire transformation toughening process is 
simulated in steps. In the first step all the boundary 
nodes are set free except those required to be fixed 
to avoid rigid body modes, as shown in Fig. 3. 
The temperature difference experienced by the com- 
posite during the post fabrication cooling process is 
assigned to AT in equation (7). The difference in the 
thermal expansion coefficients of the second phase 
and the matrix phase gives rise to the residual stress. 
In the present case, the coefficient of thermal expan- 
sion of the second phase being higher than that of the 
matrix, the residual stress would be tensile in nature. 
The computation of the residual stress is carried out 
in plane stress condition and not plane strain con- 
dition as the latter would result in unrealistic thermal 
stresses due to the thickness constraint. On the 
contrary, the simulation of the transformation is 
carried out in plane strain condition as the constraint 
condition would more appropriately represent a 
transforming zone. 

{a0} for the first step is initialized to zero and in 
the subsequent steps it is assigned stress values {a} 
obtained in the previous step. Once the residual stress 
is computed, ATis set to zero for the rest of the steps. 
Then a displacement boundary condition is imposed 
under plane strain condition, as shown in Fig. 3. 
A search for the particle which has the highest tensile 
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Analysis of constitutive behavior 

(plane strain condition) 
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Analysis of crack propagation 

(a) without transformation 
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A 

(b) with transformation 
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Fig. 3. Boundary  condit ions. 

hydrostatic stress is made. If  the hydrostatic stress in 
that particle exceeds the critical stress required for 
transformation, for all the elements of  that particle, 
e in equation (6) is assigned the value of one third 
of the dilatational transformation volume strain. No 
particle is allowed to partially undergo transform- 
ation as per the experimental evidence [4]. Only one 
particle is allowed to undergo transformation in 
one step. It will be improper to let all the particles, 
which satisfy the critical stress condition, to trans- 
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form in a single step. This is because, the transform- 
ation of a particle generates significant compressive 
stresses in its vicinity and this may preclude the 
transformation of the neighboring particles. There- 
fore, whenever a particle transforms, it becomes 
necessary to dedicate a numerical step to obtain the 
new state of equilibrium with the distribution of  the 
stresses introduced into the system by the trans- 
formed particle and then search for the next candi- 
date particle for transformation. This step is carried 
out holding the boundary nodes in their respective 
locations, as shown in Fig. 3. If no particle satisfies 
the condition for transformation at the end of this 
step, the tensile force on the boundary is raised in 
increments, by imposing incremental displacements 
(refer Fig. 3) until the search for the candidate 
particle for transformation is successful. The afore- 
mentioned steps are repeated until all the particles 
transform. The procedure followed is provided in the 
form of a flow chart in Fig. 4. 

There is an additional feature incorporated in 
the program to study the crack propagation during 
transformation of the particles. This feature allows 
a crack to be designated by two adjoining nodes of 
an element and automatically propagates the crack 
tip, depending on the conditions set for the propa- 
gation. In each step, a node which has the highest 
value of ~oox/r (where r is the distance between the 
concerned node and the crack tip) among all the 
nodes connected to the crack tip node, is selected 
and broken into two nodes by assigning a new node 
number to the second node. The condition for 
the propagation is set based on the maximum of 
aoox/r and not a00 itself, in order to eliminate the 
effect of the mesh size. This step is followed by a 
renumbering scheme to keep the bandwidth as low 
as possible. Whenever the crack propagates in a 
particular step, the next step is dedicated purely to the 
unloading and redistribution of stresses for the new 
equilibrium. 

Displacement = 0 
(for all the 

boundary nodes) 

I Reassign 'e' of 
all the elements I 
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to be zero I 
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Initialization I 
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Fig. 4. Flow chart for the simulation. 
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3. RESULTS AND DISCUSSION 

Using the simulation procedure outlined in the 
previous section, a number of cases was analyzed, 
varying the volume fraction and shape of the second 
phase. Volume fraction is varied from 5 to 30%. 
Both angular and spherical shapes of particles were 
considered. Young's moduli of AI203 and ZrO2 
are taken as 390 and 210 GPa respectively and the 
Poisson's ratios of both the materials are taken as 
0.25. The transformation volume strain in ZrO2 is 
assumed to be 5%. The results are categorized and 
presented in the following sections. 

3.1. Residual stress analysis 

The analysis of residual stresses in the second phase 
particles becomes particularly relevant in the case of 
transformation toughening of A1203-ZrO2 system as 
the tensile residual stresses generated in this case 
advance the onset of the transformation. The critical 
stress for the transformation, ideally, should be just 
above the residual stress level so that the transform- 
ation is triggered only while loading and not during 
the post fabrication cooling itself [5]. Otherwise the 
useful contribution of the transformation to the 
improvement of the fracture toughness is nullified. 
The desirable critical stress can be maintained by an 
appropriate addition of yttria to the system which is 
a stabilizer of tetragonal ZrO2 [5]. An equation for 
the residual stress in the second phase, arising due to 
the mismatch of the thermal expansion coefficients 
of the matrix and the second phase, can be derived 
assuming a spherical model shown in Fig. 5. The 
derivation is given in Appendix A. The equation is 
expressed in the following form 

PO" R = (3 A~ A t) 

(g~ 0 3 )-1 
x + (1 - 0)--------'~m + 4(1 "~-o)a  m (8) 

where Act = am - % and A T = T f -  Ti; subscripts m, 
p, f, i represent "matrix", "particle", "final" and 
"initial" respectively; K and G are bulk and shear 
moduli of the materials; 0 is the volume fraction of 
the second phase. The equation derived in [9] for the 
residual stress in metal matrix composites, using the 
Eshelby tensor, also reduces to equation (8) for the 
case of spherical inclusion and the equation presented 
in [5] becomes a special case of equation (8) for 0 = 0. 
Though this equation describes the residual stress 
reasonably well at very low volume fractions of the 
second phase, its accuracy decreases with the increase 
of the second phase. This is basically due to neglect- 
ing the interaction between the spheres (Fig. 5). 
To take the effect of interaction into account, the 
boundary condition given in Appendix A is slightly 
modified as following: the radial stress at the outer 
boundary of the sphere which was equated to zero in 
this derivation to represent radial stress-free bound- 
ary, is now equated to the negative of the hydrostatic 
component of the stress to take into account the 

Fig. 5. Assembly of spherical models. 

equilibrium between the spheres assembled. The 
shear interactions are neglected here. With this 
modification, the equation (8) is modified to 

Pa R = (3AaAT) 

x -~ (1 -- ~ )K m ÷ 4(1 ---q~)G (9) 

where 4~ = 0/2. For  obtaining the average residual 
stress in the second phase using the finite element 
program, it is first validated by comparing the results 
obtained in the case of a circular matrix with a 
concentric circular second phase at the center under 
plane stress condition with the analytical solution 
similar to equation (8). Then the average residual 
stress in the second phase is obtained for various 
cases considered in this analysis. To adapt the result 
of plane stress case to three dimensional case, a 
modulating factor is used which is nothing but the 
ratio of the residual stresses calculated for spherical 
and circular cases. The results obtained using FEM 
are presented along with the analytical solutions of 
equations (8) and (9) in Fig. 6. The residual stresses 
predicted by equation (9) agree well with the modified 
FEM results for spherical second phase. The residual 
stress in the angular particles is lower than that of 
the spherical ones; for a volume fraction of 30%, the 
difference is about 15% and this difference reduces 
with the reduction in the volume fraction of the 
second phase. The results corresponding to the angu- 
lar particles appear to fit the equation (8) well. But 
this could be because of the compensating effect of 
the shape factor over that of the interaction between 
the particles. No significant effect of the particle size 
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or its relative location could be observed. Also, no 
significant variation of residual stress in a particular 
particle could be seen even in the case of angular 
ones. 

3.2. Constitutive behavior of  the dilatant transform- 
ation toughening 

In an unconstrained material, the transformation 
of the second phase results in a shear strain of 
about 16% and a dilation of about 5%. When 
a particle embedded in a matrix undergoes this 
transformation, a number of shear bands is formed 
with the sense of shear in each band opposing that 
of the neighboring bands in an alternating fashion. 
Therefore the total average shear strain arising 
due to the transformation is much less than 16%. 
On the other hand, the sense of dilatant transform- 
ation strain is the same in the successive bands and 
therefore the total average dilatant strain in the 
particle is about 5% itself. It is, this aspect of the 
transformation made Budiansky e t a l .  [4] and 
McMeeking et al. [3] consider only the dilatant 
transformation strain neglecting the shear effects and 
in the present study also, the transformation shear 
strain is neglected. 

A schematic representation of the constitutive 
behavior is given in Fig. 1 and its attributes are 
described in Section 1 along with the limitations 
of the earlier investigations. We have assumed the 
chemistry of the second phase particles to be the same 
and consequently the critical stress at which they 
transform also should be the same. The procedure for 
establishing the constitutive relationship is already 
explained in Section 2. The results are presented in 
Figs 7-9. A close look at the serrated nature of the 
curves in these figures would reveal that each kink is 
similar to the neighboring one and differs only in size. 
Each kink comprises of a vertical drop of hydrostatic 
stress followed by a linear increase of this stress 
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4.0 8.0 12.0 16.0 

Volume strain X IE3 

Fig. 7. Constitutive behavior corresponding to two different 
critical stresses for transformation for A1203-30%ZrO 2 

(I--~c, t = 1GPa; II--¢cnt = 0.0). 

with the strain and with the slope equal to the 
composite bulk modulus. The vertical drop is associ- 
ated with the compressive stresses generated by the 
transformed particle reducing the net far-field 
tensile stress. From the lowermost state of this 
vertical drop, the far-field stress is to be raised to 
just exceed the critical stress level in the next 
potential transforming particle and this process con- 
tinues. The size of the kink is dictated by the volume 
fraction of the second phase that undergoes trans- 
formation in that step. In the real situation the 
serrations shrink as the number of particles involved 
is much higher than what has been considered in the 
simulation, resulting in smoothing of the constitutive 
curve. 

A comparison is made between the constitutive 
behaviors corresponding to two different critical 
stresses for transformation in Fig. 7. From the begin- 
ning to the ending of the transformation, the overall 
behavior is identical to each other, even though the 
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Fig. 11. Comparison of the analytically predicted composite 
moduli [10] with the FEM results of the present study. 

local serrations differ slightly implying a marginal 
difference in the order in which different particles 
transform. This aspect could possibly be due to the 
type of numerical operations or the type of mesh 
used. This indicates that the irreversible strain pro- 
duced during the transformation depends only on the 
volume fraction of the second phase and is indepen- 
dent of the critical stress for transformation. Another 
similar comparison is made in Fig. 8 to examine the 
difference between two materials having angular and 
spherical shapes of ZrO 2 keeping the volume fractions 
of the second phase to the same. It is found that there 
is no difference, as such, in the overall behavior. But 
there is a difference in the local serrations which is 
attributed to the difference in the particle size, shape 
and distribution. The third comparison is made to 
observe the difference in the effect of varying the 
volume fraction of the second phase and is shown in 
Fig. 9. The strain softening seems to reduce with the 
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Fig. 10. Volume fraction of the transformed ZrO 2 as a 
function of the volume strain for different overall volume 
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reduction in the volume fraction. An important ob- 
servation made in this work is that the slope of the 
stress-strain curve at the beginning of the transform- 
ation appears to be equal to -4Gc/3 which implies 
that the transformation is always sub-critical (as per 
the definition in [4]) and the limiting critical condition 
exists only at the beginning of the transformation. In 
Fig. 10, the cumulative volume fraction of the second 
phase which has undergone transformation is plotted 
against the far-field volume strain. Interestingly, the 
relationship appears finear and also independent of 
the total volume fraction of the second phase. 

The two parameters which mainly characterize the 
constitutive behavior, namely the composite modulus 
and the irreversible strain, estimated in this study 
were compared with analytical predictions too. The 
comparison with the composite modulus derived by 
Budiansky [10] based on self consistent method is 
shown in Fig. 11. Okada [11] derived an expression 
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Fig. 12. Comparison of the anlytically predicted irreversible 
strain due to transformation [11] with the FEM results of 

the present study. 
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for the irreversible strain for the transformation 
which is also based on the self consistent method and 
is given as 

E'~ - O'{KpK¢ + ( I / 3 ) K p ( K  m - Kc)~}E T (10) 
K¢{Kc - (1/3)(K¢ -- Kp)q~ 

- -  (1 /3 )O(Kp  - Km)qb } 

where q~ = (l + v~ )/(1 - vc); K is bulk modulus, v is 
Poisson's ratio; 0'  volume fraction of ZrO 2 trans- 
formed. The subscripts p, m and c correspond to 
"particle", "matrix" and "composite" respectively. 
The comparison of the irreversible strain estimated in 
the present study with the equation (10) is given 
in Fig. 12. Both the comparisons show an excellent 
matching. 

3.3. S i m u l a t i o n  o f  c r a c k  p r o p a g a t i o n  

The actual methodology employed for simu- 
lating the crack propagation is already described in 
Section 2. This part of the simulation aims at obtain- 
ing the graphic outputs of the microscopic crack 
morphology during the propagation of the crack so 
that a comparison could be made between the case 
involving transformation and one without. This com- 
parison is made for different volume fractions of the 
second phase and the graphic outputs are shown in 
Fig. 13. One particular case of spherical particles is 
considered and shown in Fig. 14. In the case of crack 
propagation in the two phase material which does not 
involve transformation, the crack does not show any 
preference to any of the phases for propagation. It 
must be noted that the interface has been assumed to 
be perfectly coherent and therefore it does not play 
a role here and incorporating the effect of interfaces 
would be difficult in this analysis. In contrast to this 
case, when the transformation takes place, crack 
chooses to propagate in the matrix phase as the 
second phase generates high compressive stresses, in 
and around it, resulting in significant deflections 
of the crack path. These deflections are expected 
to independently contribute to the improvement in 
fracture toughness of the material apart from that of 
the dilatation and microcracking. The ratio of the 
crack surface area created when there is transform- 
ation, to that without transformation, approximately 
characterizes the improvement in fracture toughness 
due to crack deflection. But an accurate description 
of the crack deflection toughening would involve the 
characterization of the kinks also, which calls for 
a thorough statistical analysis. According to this 
investigation, the total surface area created appears 
to be independent of the volume fraction of the 
second phase when there is no transformation. On 
the other hand, there is an increase in the surface 
area created if the transformation takes place and 
it depends on the volume fraction. This variation is 
shown in Fig. 15. It can be seen that the surface area 
created increases rapidly with the volume fraction 
and below 15% of volume fraction it is nearly a 
constant. For a volume fraction of about 30% ZrO2, 

the increase in the surface area created is about 40% 
compared to the case without transformation. The 
energy release rate being proportional to the square 
root of the stress intensity factor, the increase in the 
fracture toughness in the above case can be roughly 
estimated to be about 20%. Accurate prediction 
would call for a rigorous analysis. 

4. SUMMARY 

Based on FEM, a procedure for carrying out 
the computer simulation of the transformation 
induced plastic deformation has been established. 
AlzO3-ZrO2 system was chosen for the purpose 
of simulation. Using a master mesh, microstructural 
two phase geometries corresponding to different 
volume fractions (5 30%) as well as different shapes 
of particles (spherical and angular) of ZrO2 were 
generated ensuring a random distribution of the 
particles. The simulation was carried out to study the 
following aspects: 

(1) residual stress in the ZrO2 particles arising 
during the post fabrication cooling due to the 
difference in the thermal expansion coefficients 
of the matrix and the second phase. 

(2) constitutive behavior of the two phase system 
during dilatational transformation of the 
second phase. 

(3) crack deflection due to the transformation. 

Apart  from these simulation studies, analytical 
expressions were derived to represent the residual 
stress in the second phase and the constitutive behav- 
ior, both for spherical shape of the second phase 
and the analytical solutions were found to agree well 
with the results of the simulation. Residual stress in 
the angular particles was found to be about 10% 
lower than that of the spherical ones. On the other 
hand, the constitutive behavior appeared to be nearly 
the same for both the spherical and the angular 
particles for an identical critical stress for transform- 
ation. The results of the simulation showed the 
irreversible strain produced due to the transform- 
ation to be independent of the critical stress for 
transformation and hence depends only on the vol- 
ume fraction of ZrO:. More interestingly, a plot 
between the cumulative fraction of the ZrO2 trans- 
formed and the volume strain experienced by the two 
phase system showed not only a linear relationship 
but also the transformed fraction for a given volume 
strain to be independent of the total volume fraction 
of the second phase. 

With the simulation of crack propagation in 
the two phase system, the microscopic crack mor- 
phologies could be obtained in the form of graphic 
outputs. A comparison of the surface areas created by 
the propagating crack in the two phase system with 
transforming and non-transforming second phases 
was made. Though the difference in surface areas was 
marginal for smaller volume fractions of ZrO2, the 
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Fig. 13. Crack morphologies generated by the FEM study for different overall volume fractions of 
angular ZrO2 (a--without transformation; b--with transformation). 
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(a) 

(b) 
Volume fraction of ZrO 2 = 0.3 

Fig. 14. Crack morphologies generated by the FEM study 
for spherical ZrO 2 (a--without transformation; b--with 

transformation). 

difference increased significantly with the volume 
fraction. For  a volume fraction of  30%, this increase 
was about  40% compared to a non- t ransforming 
case and therefore the improvement  in the fracture 
toughness due to crack deflection in this case may 
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Fig. 15. The surface area created by the propagating crack 
as a function of volume fraction of ZrO 2 (1--without 

transformation; 2--with transformation). 

be about  20%. However  an accurate prediction of  
this value would call for a more rigorous statistical 
analysis. 

Acknowledgements--The results reported herein were 
obtained during the course of investigation supported by 
the U.S. Army Research office. This support is gratefully 
acknowledged. Also, the authors are thankful for the valu- 
able discussions they had with Professor J. S. Epstein, 
Georgia Institute of Technology. 

REFERENCES 

1. A. G. Evans and R. M. Cannon, Acta metall. 34, 761 
(1986). 

2. F. F. Lange, J. Mater. Sci. 17, 225 (1982). 
3. R. M. McMeeking and A. G. Evans, J. Am. Ceram. Soc. 

65, 242 (1982). 
4. B. Budiansky, J. W. Hutchinson and J. C. Lambro- 

poulos, Int. J. Solids Struct. 19, 337 (1983). 
5. P. F. Becher, Acta metall. 34, 1885 (1986). 
6. K. T. Faber and A. G. Evans, Acta metall. 31, 565 

(1983). 
7. B. Cotterell and J. R. Rice, Int. J. Fract. 16, 155 (1980). 
8. R. D. Cook, Concepts and Applications o f  Finite Element 

Method, 2nd edn. Wiely, New York (1981). 
9. R. J. Arsenault and M. Taya, Acta metall. 35, 651 

(1987). 
10. B. Budiansky, J. Mech. Phys. Solids 13, 223 (1965). 
1 I. H. Okada, Ph.D. thesis, Georgia Inst. of Technology 

(1990). 
12. S. P. Timoshenko and J. N. Goodier, Theory o f  

Elasticity, 3rd end. McGraw-Hill, New York (1983). 

APPENDIX 

Consider an assembly of spheres with the second phase 
located concentrically in each sphere as shown in Fig. 5. 
It can be argued that by choosing different such spheres of 
varying sizes, but of the same volume fraction of the second 
phase, the overall volume fraction can be maintained the 
same. For a spherical system, the radial and tangential 
stresses as a function of radius from the centre is expressed 
as [12] 

m a  r = C l - -  C2/r 3 (A1) 

mg t = C I + CJ2r  3 (A2) 

Pa r = Pa t = C 3 (A3) 

and the corresponding strains as 

mE r = CI/3Km - C2/2Gm r3 + ctmAT (A4) 

mE t = C J 3 K  m + C2/4Gm r3 + ctmAT (A5) 

Pe  r = PE t = C3/3K o + ctpAT (A6) 

where "m" and "p" correspond to matrix and particle 
respectively. By imposing the continuity of radial stress and 
the tangential strain at the interface of the second phase and 
the matrix as 

m a  r = PO" r and mE t = PE t for r = b (A7&8) 

and also a radial stress free outer boundary 

mo" r = 0 for r = a (A9) 

the residual stress in the particle can be shown to be 

Pa R = (3ACtAT) -~ (1 - -  O)K m ~ 4(1 -~O)G (AI0) 

where Act = ctm- ctp and volume fraction 0 = b3/a 3. 
The above derivation does not take into account the 

interaction between the spheres in the assembly. To incor- 
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porate that effect, the pressure exerted by the neighboring 
spheres on the sphere of  interest need to be considered 
instead of  assuming a radial stress free outer boundary. This 
can be done by modifying equation (A9) as 

m0"r= - - C  t for r = a  (Al l )  

and with this modification the residual stress in the particle 
can be rewritten as 

1 ~ + (A12) 
P~R = (3A~tAT) ~ (1 - ~ ) ~ m  4(1 - ~b)G 

where ~b = 0/2. 


