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Abstract-In this paper, two different techniques for mixed-mode type engineering fracture 
analysis, by using the weight-function method, are presented. These two methods are (a) the virtual 
crack extension technique (VCE), and (b) the equivalent domain integral method (EDI). For 
mixed-mode weight-function evaluation, a technique of using two reference load states, both of 
which cannot be either pure mode I or pure mode II, is combined with the above mentioned 
numerical schemes. The numerical results show that the weight functions calculated by these two 
methods coincide with each other well. With the proposed techniques, it is very straightforward 
to perform fracture analysis of isotropic, orthotropic and composite materials. 

1. ~RODU~ION 

STRESS intensity factors K, and K,, are important parameters in solving fracture problem@ J. There 
are several numerical methods for evaluating the stress intensity factors. The hybrid finite element 
method[2-4], integral equation[5], and the alternating method[6] are some examples for such 
numerical schemes. 

In the practical application of fracture mechanics, the determination of weight functions is 
often more advantageous than the calculation of stress intensity factors alone: in life prediction 
studies it is indispensable to analyse the effects of cyclic load changes on a flawed structure. The 
use of weight functions can obviate the repeated computer calculations of stress intensity factors 
for given structural and crack geometries. With the weight function concept, the stress intensity 
factor is expressed as a sum of a worklike product between the applied loads and the values of 
weight functions at thier points of application. 

In a previous paper[q, the weight functions calculated by the alternating finite element method 
have been presented. In[7], only the untracked structure was modelled by the finite element method, 
while the crack was accounted for by considering the embedded crack in an infinite domain 
subjected to abitrary crack face tractions. If the material is nonhomogeneous, or if the crack exists 
in a complicated structure such as a bi-material plate or a stiffened plate, etc., the direct numerical 
modeling of the crack itself is unavoidable, in determining the weight functions. In this paper, two 
post processes (a) the virtual crack extension technique (VCE), and (b) the equivalent domain 
integral method (EDI) for fracture analysis are discussed for this purpose. 

In the following section, the weight function concept of elastic fracture mechanics is briefly 
reviewed. The virtual crack extension technique, combined with the fracture-mode d~omposition 
concept for energy release rate calculation, is presented. The equivalent domain integral method 
for weight function evaluation is then discussed. Numerical examples for certain illustrative 
problems, which encompass the above mentioned areas, are presented. 

2._WEIGHT FUNCTIONS OF ELASTIC FRACTURE 

The concept of weight functions for elastic crack problems dates back to the work of 
Bueckner[8] and Bice{9] (see also Bortman and Banks-Sills(lO]). The “weight function” may 
generally be viewed as the appropriately normalized rate of change of displacements due to a 
unit change in the crack length for a reference state of loading. The practical importance of the 
concept of the weight functions lies in the fact that, if the weight functions are evaluated from a 
(perhaps simple) reference state of loading, then the stress intensity factors for any ~bit~ state 
of loading can be computed by using an integral of the worklike product between the applied 
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tractions at a point on the surface in the arbitrary state of loading and the weight function for the 
reference state at the same point. 

As shown in[7], the stress intensity factors for any arbitrary state of loading m of a given 
cracked structure can be represented as: 
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where KP’, Kf, KY and K,R: are stress intensity factors for two reference states of loading R 1 and 
R2 add 

KR = KR’KRZ _ KFKRI . 
I II 11 7 (3) 

S, is the boundary surface where tractions ti are applied; V is the internal domain where body forces 
A are applied; ui are displacements; a is the crack length. 

For a rectilinearly anisotropic solid, 

where uV are the material constants in the relation c, = apj(i, j = 1, . . .6) and p, are the complex 
roots of the characteristic equation, a,, ~4 - 2a,,pj + (2u12 + a,& pLf - ~JZ,,/.J, + a, = 0. [See Sih and 
Liebowitz[ 111 for further details.] 

In the case of isotropy, (4) reduces to 

A 
1 

=- 
H 

+- 

c=o 
E 

H - (1 - v2) 
- - (plane strain) 

where E is Young’s modulus. 

= E (plane stress) (5) 

It is seen that for KR (Eq. 3) to be nonzero, R 1 and R2 cannot be both pure mode I or pure 
mode II. It is obvious that, to evaluate the mixed-mode stress intensity factors for any load state 
m, one only needs the appropriately normalized weight functions, (du,R’/da) and dufu/da. Two 
accurate methods for weight function evaluation (by finite difference method and by analytical 
differentiation, respectively) in conjunction with the alternating finite element method have been 
presented in[7’j. In the following we discuss two more numerical methods for weight function 
evaluation, for anisotropic or isotropic materials. 
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3. VIRTUAL CRACK EXTENSION TECHNIQUE (WE) 

Virtual crack .extension (Parks[l2], Hellen[l9) is an efficient technique to calculate stress 
intensity factors. Because of its computational efficiency, the VCE technique has been widely used 
in the evaluation of mode I stress intensity factors for 2D and 3D cracks. Sha and Yang[l4] 
extended the VCE scheme to mixed-mode fracture by using analytical separation of the crack-tip 
field parameters into mode I and mode II components, using a symmetric mesh in the crack-tip 
neighborhood. However the mode decomposition method cannot be applied to evaluate the 
mixed-mode stress intensity factors of general anisotropic bodies. 

According to Ishikawa et a1.[15-161 the field parameters (displacements, stresses, strains and 
traction) within the symmetric mesh region in the crack tip neighborhood can be analytically 
separated into mode I and mode II fracture components as follows: 

where 

(6) 

(7) 

where ( )’ denotes the value of the same field parameter ( ) at P’(x, -y) location, which is 
symmetric to point P&y) with respect to x axis (Fig. 1). 

As shown in[13], the stress intensity factors for an isotropic cracked structure can be 
represented as: 

(8) 

where { }< indicates the quantity { } in the perturbed region V, (see Fig. 2). The value K is the 
stiffness matrix and H is defined in eq. (5). 
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Fig. 1. Symmetric points of crack-tip neighborhood. Fig. 2. Virttial crack extension. 
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It is quite straight forward to evaluate stress intensity factors by using VCE in isotropic cases. 
However, there is no such relationship in isotopic cases. 

Now we consider the problem of determining the weight functions for the reference state of 
mixed-mode loading. Consider the finite element equilibrium equation for the entire cracked-struc- 
ture loaded under mixed-mode reference load: 

For a fixed loading the displacement derivatives everywhere in the structure can be derived, from 
eq. (9), as: 

(10) 

Therefore one can achieve efficiently the displacement derivatives with respect to crack length 
(a) for the entire structure from the ~rturbations of elemental stiffness of a few elements which 
have nodal perturbation as a result of virtual crack extension. The above method, for a pure mode 
I problem was presented by Parks and Kamentsky[l7& 

Now, we present a simple extension of the “stiffness-derivative” weight function evaluation 
method for ~~~e~-~o~e problems. In as much as the stiffness matrix (K) and its derivative (dK/da) 
are evaluated once and for all the structure, eq. (9) can be solved for EWO reference states R 1 unb 
R2, which are not both pure mode I or pure mode II; eq. (8) can be solved for mixed-mode 
K-factors for the two reference states, i.e. RF’, ius’, Kp and RF (for isotropic structure only). 
However, another method must be applied to evaluate the K-factors for the two reference load 
states, in anisotropic cases. 

Likewise, eq, (10) can be solved for the two different reference states, to determine (dup*/da) 
and (d~~/da) everywhere in the st~cture (i.e. at S,, in Y, and on the crack-face) as desired. For 
any other arbitrary state of mixed-mode loading, eqs (1) and (2) may be used for determining the 
mixed-mode K-factors. Note that this simple procedure leads to weight functions everywhere in the 
structure (external surface, crack-faces and within the body) as may be desired. 

On the other hand, Sha and Yang[l4] consider the following equations: 

Rdu’ dKui 
da =-da 

Note ~i(~f*) is simply a vector of approp~ate displa~ments u~~~~‘) (see eq. 7) at each node 
in the structure, which may not always be geometrically feasible (i.e. for arbitrarily shaped 
structures, for every point P, its image P’ as in Fig. 1 may lie outside the structure). 

Now, we discuss a simple way to check whether the mesh around the crack-tip is properly 
generated, or whether the numerical scheme to calculate d [a/da is correct. First of all, we assume 
the structure is subjected a loading system which introduces unit stress intensity factors, i.e. 
Kl = ru,, = 1. The asymptotic approximation of stresses around the crack-tip can be expressed 
as[l8]: 

-sin(6/2)[2 + cos(6/2) + cos(38/2)] 
cos(8/2)[1 - sin(8/2) sin(38/2)] 

sin(f?/2) cos(8/2) cos(38/2) 
(12) 
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Fig. 3. Polar coordinate system of crack-tip. 

where polar coordinates are employed as shown in Fig. 3. The associated displacements are: 

(13) 

where K = (3 - 4v) for plane strain and IC = (3 - v)/(l + v) for generalized plane stress. 
Since we assume K, = K,, = 1, we can obtain analytical stresses and displacements of mode I 

and mode II, respectively, around the crack-tip by applying eqs (12)-(13). Substituting the 
analytical displacements into eq. (8), we can obtain stress intensity factors. By examining whether 
or not K, = 1 or K,, = 1, we can decide if the numerical scheme and mesh around the crack-tip 
are correct. 

4. ENERGY RELEASE RATE EVALUATION BY EQUIVALENT 
DOMAIN INTEGRAL METHOD (EDI) 

The success of modem fracture mechanics is due, in a large measure, to the celebrated work 
of Irwin in showing that, for elastic materials, the crack-tip fields are governed by the stress-inten- 
sity factor K. Likewise, in elastic-plastic materials, the well-known work of Hutchinson, Rice and 
Rosengren shows that for stationary cracks in quasi-statically and monotonically loaded bodies 
of pure power-law hardening materials, the stress and strain fields in the vicinity of the crack-tip 
under yielding conditions varying from small-scale to full yielding are controlled by the Eshelby- 
Cherepanov-Rice J-integral[l9-211. 

These “integral’‘-type parameters are, in general, defined say for two-dimensional problems, 
as integrals over a circular path r,, with a radius L being “very small”. The integrand in these 
“crack-tip integrals” is, in general, singular ((l/c) type) within radius 6 from the crack tip. This 
renders the integral over r6 finite. This integral over r, is often sought in the form of a far-field 
integral plus a “finite domain integral”. This may be accomplished by using the divergence 
theorem. It is well known that the energy release of an elastic structure can be represented by a 
crack-tip integral. 

Concepts of fracture mechanics are increasingly being applied to study failure processes in 
composite materials, such as delamination in laminated composites, interfacial cracks at the 
matrix-fiber interface, fiber debonding, etc. From a fracture mechanics point of view, most of these 
problems are characterized as mixed-mode problems. The criteria that may govern such mixed- 
mode fracture problems include: (i) the mixed-mode energy release components 4, ‘Z$ and y,,; for 
elastic (linear or nonlinear) materials; (ii) the crack-tip parameters Jck and Tj’ (k = 1,2,3) for 
non-elastic materials. 

This section presents simple, robust, and highly accurate procedures for computing mixed- 
mode energy-release-rate components y, 4, and yi,. Earlier attempts to evaluate 4, yil and q,, 
for edge-delaminated composites have included the use of Irwin’s crack closure integral (Raju[22], 
Raju, Crews and Aninpour[23]). This approach involves integrating the work done by the forces 
at a distance A ahead of the crack-tip in undergoing a displacement equal to the crack-opening 
displacement at a distance A behind the crack-tip. Thus, this method is very sensitive to the finite 
element mesh used (since it concentrates on the information near a single node in a finite element 
mesh). Moreover, the use of Irwin’s crack-closure integral is limited to the case of linear elastic 
materials. 
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function 

Fig. 4. Concept of EDI of 3-D. 

As an alternative, we develop in this paper, an “Equivalent-Domain-Integral” (EDI) method 
for computing either mixed-mode energy release rates or other crack-tip parameters for fracture 
processes in composites, wherein the materials may be characterized .as linearly or nonlinearly 
elastic, or elastic-plastic. The ED1 method makes it possible to evaluate say 3, %j, and C!&, by 
computing certain integrals over a domain near a segment of the flaw border. Thus, the computed 
results for 3 (opening mode), 4, (sliding mode), y,, (tearing mode) are rather insensitive to the 
finite element mesh used and are reliable and robust. It is also shown (Nikishkov and Atluri[24,25]) 
that the ED1 method forms the generic basis for the popular “virtual crack extension” methods. 

In the ED1 method[24,25], the total strain energy release, under mixed-mode loading, at any 
point along a 3-dimensional flaw (i.e. the border of a delamination) for unit’flaw extension, is given 

by 

where, refering to Fig. 4 and considering a segment of the crack-front and the volume around this 
segment is a disc, V is the volume of the disc, V, is the volume of the small tube around the 
crack-front segment, A is the cylindrical surface of V, A, is the cylindrical surface of V,; and A, 
and A, are the side surfaces of V. Here S (x, , x2, x3) is an arbitrary but continuous function which 
is equal to zero on A and equal to one on V,; and f is the area under the S-function curve along 
the segment of the crack-front under consideration (Fig. 5). By using the divergence theorem, one 
may rewrite eq. (14) as 

$$=-A 
f W$%~j+‘-j-_v< [g-&(o,~)]sd?‘~. (15) 

For linearly or nonlinearly elastic materials which are homogeneous along x, and in the absence 
of body forces, the second term on the right hand side of (15) vanishes identically. The name “EDI” 
method arises from the fact that the energy release rate is being computed from a domain integral 

a b 

Fig. 5. Definition of S-functions. 
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as in eq. (15). This integral is domain-independent for elastic or inelastic materials. Whereas the 
path-independence of J integral[21] is valid only when. (a) material is elastic, (b) material is 
homogeneous along x, so that (&v/~!Jx’)(, = 0, (c) all body forces are zero. 

By decomposing the computed stress, strain, and deformation fields into mode I, II and III 
components, one may evaluate energy release rate components 4, 4’ and ‘3$‘, as: 

where 

W’= ‘,rQdc; 
s 0 

w” = s ‘ a!! &‘! 
0 0 

0 

and 

where 

(a similar decomposition for +) 

a#,, x2,x3)=~ij(x,,-x2,x3) 

L&(x,,x2,x3)=L~(x,,-x2,x3) 

u;(xI,x2,x3) = qx,, --x2,x3). 

These individual energy release rate component 3, 4, and 3”’ are physically meaningful for 
homogeneous isotropic materials only. For bimaterial or anisotropic material, S$, S$, and 4,, are 
not functions of u’ u” or u”’ , f respectively, only, i.e. 

y(u’, u”, u”‘) # s((u’) 

y,(u’, u”, u”‘) # y&4”) 

Y”(U’, u”, u”‘) # Y’(U1’)* (21) 
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In these cases, Sj, 4, and %j,, are fictitious, without significant physical interpretation. We can 
treat these components as reference values only. Nevertheless the total energy release rate 
59 = 4 + 4, + 4,, is still a meaningful quantity. We have so far, discussed the EDI for 3-dimen- 
sional structures. From now on we will constrain ourselves in 2-dimensional problems. 

Using the parametric ~presentation of displa~ments 

u. = N+‘uj I (22) 

where i is the direction of crack front coordinate system and the superscript J is the node number, 
it is possible to use such an expression for the calculation of the first terms of eqs (16), (17) and 
(18): 

Here det(j) is the determinant of the Jacobi matrix, and a = I, II or III. An effective procedure 
of computing Z$ with several types of S-functions consisting of a separate 2 x 2 x 2 integration of 
the expression 

(24) 

where RL could be defined through a scalar product: 

(q f)t=Rw. (25) 

The main difficulty is integrating the second terms of eqs (16), (17) and (18) arises from the 
fact that we have very accurate values of strain energy density, stresses, and strains, only at the 
Gauss integration points, and not at the nodal points. Hence we cannot apply the common 
derivative procedure, i.e. 

a w dN’Q -=- . 
dx, ax, 

W(L) 

Here NC‘) is the shape function at L th node, and W@) is the corresponding strain energy density. 
A possible way of integrating the derivative of such a function is to obtain the derivative at the 
center of the element and to perform a one-point integration. Let’s assume that we know the value 
of the function Fonly at the integration points as FcO(J = 1, . . . ,4 for plane stress/strain and quasi 
three-dimensional cases). Using a parametric equation, it is possible to write 

F’” = L”fiF’ (27) 

where F’ are unknown values of F at corner nodes 1 . . . 8, L’ are linear shape functions for corner 
nodes, L’(fi are values of shape functions at integration points (J). 

The inversion of eq. (27) gives 

F’ = (L”“)-IF.‘. (28) 

The coefficients of the extrapolation matrix (I;‘(“)-’ are: 

[A 3 C B1 

(L”JQ- = (29) 

where 

A=l+ 
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Fig. 6. Nomenclature for nodal points and Gauss points. 

Now, one may interpolate F over the element in terms of F’, and evaluate aF/ax, at the center 
of the element (5 = q = 0), from the relation: 

aF aL1 -=- 
ax, ax, 

(LI’Jq-If%0 (30) 

where L’ are bi-linear shape functions 

L’ = i(l + rr”)(l + tlrZN)* (31) 

Consider an integral of the type: 

Z = 
s 

Ed/t. 
ekm ax, 

(32) 

Use of eq. (30) in (32), and a one-point integration, lead to: 

z= & (qK<N - <KqN)yK(LN’q)-‘F(J)A (33) 

where A is the area of the bi-linear element defined by the corner nodes; and tK, qK are the nodal 
values of the coordinates (5, v). Use of eq. (29), and the explicit expression for A, result in the 
following expression: 

J5 I = 2 {(F”’ - F’“‘)(y* - y’) + (F’*’ - F3’)(y’ - u3)}. (34) 

The above equation is a suprisingly simple result. It is worth remembering, however, that 
superscripts imply node numbering; and superscripts in brackets imply numbering of integration 
points (see Fig. 6). 

The result in eq. (34) now enable us to give the following explicit expression for the second 
terms of the domain integral of eqs (16), (17) and (18): 

@if )2 = 
-~((~W- ~‘4’)(y*_y4)+(~(*L ~‘3’)(~‘-~3) 

-oqq- q)(y* -y’) + (g?‘- Q)oJ -J?)])SO 
rl 

where 0: and So are the average values of @ and that of SK at the center 
respectively. 

5. WEIGHT FUNCTION EVALUATION BY EDI 

(35) 

of the element, 

Another method for weight-functions which obviates the need for a finite difference evaluation 
of dK,/da is based on the equivalent domain-integral method for evaluating the energy-release 
rate[26]. Here we present a new technique for general mixed-mode weight function evaluation by 
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ED1 method. Recall that the energy-release rate per unit self-similar crack growth can be expressed 
as 

9= (36) 

where ( >( indicates the quantity { } in the region V,, V, is a small domain near the crack-tip. As 
discussed in Section 4, the energy-release rate in a 2D elastic problem can also be written as: 

(37) 

where V, is any arbitrary region near the crack-tip [V, is much smaller than the total region I’); 
S is any arbitrary but continuous function which is equal to 1 at the crack-tip, and goes to zero 
at the boundary of V,; f = 1 in two dimensional crack problems; W is the stress-work density, and 
ui are displacements. 

Suppose that the region V, in eq. (37) is taken to be the same as the region V, considered in 
eq. (36) [even otherwise, if V, is smaller than V,; since dK/da may be taken to be zero in the region 
V8--V,; one may rewrite eq. (36) as 

without loss of generality]. Suppose that one introduces a finite element interpolation: 

ui=NKuf K=l,...,N nodes iz: 1,2. (38) 

Then, 

Also, we introduce the finite element interpolations, 

S = NKSK. 

Using (3&+0-(O) in (37), one has: 

S[ fN:~fi - N;N~; OgufsLdv 
v, 1 

xr-;Tfuf K=l,,..,Nnodes i-l,2 

(3% 

(W 

(41) 

where the definition of {Qs>* is apparent. Thus, when V, - = V,; comparing eq, (41) with eq. (36), 
one has: 

(42) 

Note that {Q,}* is computed from a simple integral over V, as in eq. (41). Equation (42) shows 
that a$nite-dlfirence evaluation of (d&/da) as in eq. (36) can be avoided if the identity in eq. (42) 
is used, and the energy-release-rate can be computed using eq. (41). 



2D mixed-mode fracture analyses 945 

For a fixed reference loading (which can in general be of the mixed-mode type), the displacement 
derivative everywhere in the structure (including at the external boundary, S,, the crack-face, or 
in V), can now be obtained: 

du -_E -K-l!!!&” 
da. 

= -K-l {Q,)* 
da ‘- 

(43) 

where (QL>* is computed from the dom~n-integral over V, as apparent from eq. (41). 
Equation (43) is solved for two arbitrary reference states (not both pure mode I or pure mode 

II, with loading being either on the external boundary, or on the crack-face) to find (dz$‘/da) and 
(duP/da) and (du”/da) that are required in eqs (1) and (2) in order to compute, the mixed-mode 
K-factors for any other given arbitrary load-state. Note that in eq. (43), K is computed only once; 
and {Q,>* is computed separately for each reference state. However, examining eq. (41) it is seen 
that the only quantity that is different in integral for Q$ in the two reference states is bii in I’,, 

In order to use eqs (1) and (2) to compute the mixed-mode K-factors for any given arbitrary 
load-state, the only additional informations needed are the mixed-mode K-factors (KP’, K;R2) and 
(Kg’, A$) for the two reference states. For isotropic materials, the mode-decomposition of the 
energy-release rate of eq. (41) can be accomplished by decomposing the displacement, strain and 
stress fields in the core-region Y, near the crack-tip f V, is much smaller than V, the total domain). 
For a reference state, the individual nodal intensities are computed from: 

and 

KY2 1 -= -- S[ ~‘~_o~,““:ds df,’ 

23 f y ax, 11 ax, axj 1 w 

This completes the algorithm for determining the mixed-mode K-factors for an arbitrary given 
loading, using the weight-functions for reference states, derived from the equivalent domain integral 
method, which avoids the need for a finite-difference evaluation of the stiffness derivative (dK/da) 
as in the approaches for mode I problems given by Parks and Kamentsky[ 171. As mentioned in 
Section 4, there is no simple relationships between K-factors and $9 for anisotropic material like 
eqs (44) and (49, and hence such a scheme cannot be applied to determine K-factors for anisotropic 
materials. 

6. NUMERICAL EXAMPLES 

The use of a symmetric mesh in the crack-tip neighborhood permits analytical separation of 
displacements, stresses, strains and tractions into mode I and mode II deformations as proposed 
by Ishikawa[l5] and Ishikawa et a/.[161 within the region of symmetric mesh. Applying the VCE 
technique to the decoupling characteristics of the field parameters in the crack-tip neighborhood 
produces an efficient finite element evaluation for the mixed fracture mode of both the lu, and 4, 
stress intensity factors. Applying the “two reference states” method, one can evaluate mixed-mode 
weight functions with one VCE which is collinear with an oblique crack. 

Example I: an oblique crack in a large square plate 

The accuracy assessment of the numerical values of lu, and K,, , through the combination of 
the VCE technique with the decoupling characteristics of the crack-tip field parameters, is made 
with oblique center crack geometries oriented at different oblique angles (8) in a large square plate 
of crack length (2a) and w/2a = 20 (w = plate width). This scenario simulates the infinite medium 
solution and the plate is subjected to remote tensile loading. The FEM mesh discretization is shown 
in Fig. 7. The exact 4 and 4, solutions for an oblique center crack under remote tensile loading 
(a) in an infinite domain can be expressed analytically as 

K, = d & sin2 /3 

~~~~~~sin~cos~ 

where /I = angle between the loading axis and the inclined crack. 

(44) 
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Detailedmeshinthecradceree 

Obliquecrackwithcrack length 12a) - ‘Obliquecrack 

Fig. 7. Finite element mesh of an oblique crack in a large square plate. 

As shown in Fig. 8, the normalized numerical values of Ki and iy,, which are obtained from 
the single VCE in the direction collinear with the oblique crack oriented at different angles of 
inclination to the horizontal, are compared with the exact solution given by eq. (46). The maximum 
error is about 0.5% of true infinite medium solutions. 

The convergence characteristics of the Ki and Ku values with the VCE technique are shown 
in Fig. 9 for the oblique center crack geometries with /I = 60” and various crack-tip element sixes 
as compared with the infinite medium solution under remote tension. These results indicate clearly 
that the collinear energy-baaed VCE technique can provide accurate K, and Ktr values of the 2D 
mixed-mode fracture problems. 

An oblique edge crack, of geometry as shown in Fig. 10 is used to extensively evaluate the 
analytical capability of the explicit weight function determinations of the 2D mixed-mode fracture 
problems. The edge crack geometry with crack angle of 45”, with a/w = 0.4 and with remote tensile 
loading, is used for the detailed weight function ~lc~ations with a typical finite element mesh as 
shown in Fig. 10. The crack-face weight functions of this structure are compared with weight 
functions determined by alternating procedure and ED1 in Figs 1 I-1 8 for both isotropic as well 
as orthotropic materials. Good agreement is obtained among the three methods. Note that for 
anisotropic materials, the stress intensity factors for reference loading states (Pi and KRz) have 

VCE 

1.0 

F 
‘ VCE 

Analytical 

P(deg) P(deel 

Fig. 8. Normalized k; and K,,, vaiues as a function of obtiqw angie (fl), 
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Fig. 9. Normalized K, and K,, values as a function of singular crack-tip element sizes with B = 60”. 

to be evaluated by another technique such as the alternating method or the hybrid FEM, since 
the K-factors of the general anisotropic case cannot be determined directly by VCE technique or 
EDI method. 

We will ii~ustrate the ~efu~ness of the ELV method in the fo~~ow~~ examples. 

Example 3: central, quarter circular curved crack in a plate 

Figure 19 shows the mesh discretization for half of a plate with a central quarter circular 
curved crack. The curved crack was approximated by straight line segments of the rectangular 
elements with the crack-tip element oriented 45” to the axis of the plate. The same plate was used 
for biaxial and uniaxial loading. Atluri et al.[27] have computed the same problem by an assumed 
displacement hybrid element method. Sih et a1.[28] also presented an analytical solution for an 

a=4 

e = nl4 

_*._. -.._ “CE 

isotropic 

I I 
2 4 

r (Distance from crack tip) 

Fig. 10. Finite element mesh of an edge crack in a rectangu- 
lar plate. 

Fig. 11. Comparison of crack face weight function 
(isotropic). 
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infinite plate with a quarter curved-crack. The solution of uniaxial case[28], however, is shown to 
be incorrect[27]. A re-derivation indicates that the correct forms of stress intensity factors for 
uniaxial case are: 

’ = 2(1 + si~*(~/Z)) 
(cos(8/2) - cos[2/3 + (S/2)] 

-cos(2/3 + $0) sin4(8/2) - 2 sin(2fi + $0) sin @sin’(8/2)) 

-sin(28 +@)sin”(0]2) -2sin(28 -i-$fl)cos@ sin’(8/2)). (47) 

For the present problem of a quarter-circular crack, 8 = z/4 and fi = n/4. The values of Kr 
and K,, as calculated from the re-derived forms given in eq. (47) are: 

Ki = 0.811 and K,, = -0.906. 

The stress intensity factors are shown below. 

ED1 1271 [281 
k; A;, 4 iu,, JG 41 

IBiaxial tension 1.195 -0.518 1.231 -0.524 f.201 - 0.498 
Uniaxial tension 0.836 -0.900 0.812 -0.887 -0.811 -0.906 

The agreement between the ED1 and [26] appears to be good. 

The next mixed mode problem (Fig. 20) analysed was a bimaterial piate with a central crack 
along the interface subjected to uniform tension load of the crack face. Erdogan and Gupta[29] 
analysed this problem for an infinite plate with uniform pressure applied to the crack faces. Their 
calculated d values will be used to evaluate the present results. Because of symmetry, only one-half 
of the plate was idealized. A comparison of the computed energy release rate with those of others 
in the literature is shown below. 

Material 
1 2 

steel alumina 
aluminum epoxy 

4 %I 
(El ““(PP (1 - G,) 

tatnr 129Il0, [221,, 

I.856 0.063 1.919 1.980 I.877 
8.520 0.790 9.316 10.92 11.08 

Fig. 20. plate with a central crack (h/b = 1.5; n/b = 0.1; uniform 

h I 
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f 

Fig. 21. Boundary conditions for fiber pullout. 
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Fig, 22. Energy release rates for bc 1. 

Example 5: composite cylinder with coaxial interface crack 

This example consists of the fracture analysis of the axisymmetric fiber pullout problem due 
to tensile loading (as shown in Fig. 21). 

Young’s mod. 
Poisson’s ratio 

Radius 
Height 

Vol. Fract. 
Load 

E ~/~2) 
P (1) 

* 0-Q 
H (mm) 
V/IV (%I 

F(N) 

Fiber Sic Matrix Al 

449,300 69,650 
0.226 0.339 
5.477 10 

10 10 

&I 

Such an applied load will not only generate mode II conditions at a circular crack front of 
an axially extending interface crack, but will also induce a mode I situation due to the Poisson’s 
ratio effect of the fiber. 

The FE-discretization for this problem is based on axisymmetric elements. Buchholz et al.[30] 
have solved the same problems by using Irwin’s crack-closure integral. Their results are cited for 
compa~son. Figure 22 shows that the fiber pullout creates a mixed-mode situation, even with a 
dominating mode I situation for short crack lengths. For a/H > 0.1 mode I is decreasing, whereas 
the mode II crack tip conditions are increasing rapidly until they predominate the fracture process 
completely for a/H < 0.3. Figures 23-24 illustrate the strong effect of the actual boundary 
conditions on the fracture process. All other conditions remain unchanged (specimen, load, 
FE-discretization) and only the boundary conditions have been altered. The results of the present 
method show excellent agreement with those of[30] except when a/H > 0.7 of bc 2 and bc 3. 

Again, we must point out that the energy release rate components, 4 and q,, obtained by 
applying ED1 method, are not equal to the 4 and 4, according to virtual crack-closure integral. 

EFM Y/&K 
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Fig. 23. Energy release rates for bc 2. 
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-.__.- % 
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Fig. 24. Energy &ease rates for bc 3, 

There are no physical interpretations of 3 and $S$, (by EDI) in this bimaterial case. They could be 
inte~reted as crack-tip parameter. But the total energy release rate S&, is physically meaningful. 

Example 6: quasi three-dimensional edge-delamination analysis 

A symmetric eight-ply laminate subjected to unifo~ axial strain co in the x-direction is shown 
in Fig. 25. Delaminations at both edges are located symmetrically about the laminate midplane 
(at the -35190 interface above the midplane and at the 901-35 interface below the midplane). 
Because the laminate is along the x-direction, all x = constant planes away from the ends deform 
in the same manner. Therefore, away from the ends the displa~ments are assumed to be 

U = U(y, 2) + 60,x 

a = Y(Y,Z) 

w = WY, z> (~} 

where U, V and W am displacement functions expressed in terms of y and z alone[23]. Equation 
(48) describes a “quasi thr~-Dimensions’ problem. The modifier “quasi” is used because there 
are three displacements in the three dimensions, but the gradients of U, V and W with respect to 
the x-coordinates are zero. Thus only an x = constant plane need be analysed to obtain the stresses 
in the laminate. Figure 25(b) shows a typical x = constant plane. As a result of symmetries, only 
one quarter of this plane was analysed. The material properties used in this study were 

E,, = 19.5 x 106psi 

Ezz = ES3 = 1.48 x lE)6 psi 

Vi2 = VI3 - -0.3 

V23 = 0.49 

% = GS = 0.8 x 106psi 
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b = 60h 
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Y 

Fig. 25. Laminate configuration and analysis region. 

-8 
- 

e 
(‘J-~ q@/- -i 

(‘x1 (‘2 

Fig. 26. Typical x = constant plate and free body diagram 
showing equilibrium of top group of plies. 

where the subscripts 1,2 and 3 correspond to the longitudinal, transverse, and thickness directions 
of a zero degree ply. When subjected to axial strain, the O/f 35 ply group and the 90” located below, 
will contract by different amounts in the y direction (and the xy-plane). Therefore, to maintain 
the displacement continuity along the -35/90 interface (z = h in Fig. 26), o,, and cr_ stresses 
develop in the interior as shown in Fig. 26(b). ~~~b~urn requires that stresses crP, a,, , o, exist 
along the z = h interface. However, the interface stresses only occur near the del~nation tip. The 
interface stresses vanish on location far away from delamination tip. These interlaminar stresses 
give rise to three modes of deformation at the delamination tip. 

The total strain energy release rate, Y, was obtained from the classical laminated plate theory 
(CLT) as, ^ 

where EWM and E* are axial stiffness calculated from the CLT for the undelaminated and 
completely delaminated laminates (along one or more interfaces), respectively[31]. The n is the 
number of delaminated interfaces, and t is the total laminate thickness. The individual components 
of strain energy release rate cannot be obtained by simple formulae like eq. (49). However, these 
components can be calculated using a Q3D finite element analysis. The comparison of the present 
energy-release rate with others in[23] is shown below. 

The individual and total strain-energy release rates for a [O/f 35/90], laminate with delamina- 
tion between -35 and 90 plies as below. 

ED1 [23] A/h = 1.25 Es. (49) 

4 22.25 23.49 
Yr 76.41 77.76 
%I 0.692 -1.25 

WW,, 0.0402 0.0407 0.0407 

Good agreement is obtained among ED1 and the other methods described above. 
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Values inside bracket are K-factors calculated by weight function 

K,=1.310(1.345) 

K,,=1.297(1.264) 

K, = 1.436(1.424) K,, =0.73510.762) 

r = 1 H = 45” 

K, = 7.441 (7.4111) 

Fig. 27. Examples of weight function evaluations by EDI. 

Example 7: weight function eualuations for variorclr cracked structures 

Several cracked structures are shown in Fig. 27. All of these structures are subjected to uniform 
tension load. Also shown in Fig. 27 are the K-factors calculated from eqs (44) and (45). These 
K-factors are compared with the results from the weight function concept. Excellent agreement is 
obtained between the above methods. A comparison of weight function obtained from the 
alternating method, the VCE, and the ED1 is shown in Figs 11-18. 

7. CONCLUSION 

The general procedures of the virtual crack extension technique (WE) and the equivalent 
domain integral method (EDI) in conjunction with the two reference states method for the 
evaluation of individual energy release rate components and weight functions are developed. It is 
found that the VCE method is a very efBcient and accurate technique to calculate the stress intensity 
factors for isotropic bodies, since only the element stiffness matrix of a small perturbed zone has 
to be recalculated. However, there is no easy way to obtain the stress intensity factors of general 
anisotropic cracked structures. 

The equivalent domain integral method proposed by Nikishkov and Atluri[24,253 is extended 
to evaluate energy release rates of composite material fracture. The proposed ED1 method is rather 
insensitive to the finite element mesh used and is reliable and robust, whereas the conventional 
crack closure integral method for energy release rate calculation is very sensitive to the finite 
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element mesh used. Several composite fracture problems are examined, The results match well with 
those reported in the past literature. A,new numerical method for the mixed-mode weight function 
determination by ED1 is prdposed. The weight functions calculated by alternating finite element 
method, VCE and ED1 are presented. Excellent agreement is obtained. 

In summary, a new approach (two reference states method) is combined with two robust 
numerical schemes for weight function evaluation. With the proposed techniques, it is very 
straightforward to perform fracture analysis of isotropic, orthotropic and composite materials. The 
presented schemes arc par~cularly useful in life prediction studies, 
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