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Abstract The essential features of the Meshless Local
Petrov-Galerkin (MLPG) method, and of the Local Boun-
dary Integral Equation (LBIE) method, are critically ex-
amined from the points of view of a non-element
interpolation of the ®eld variables, and of the meshless
numerical integration of the weak form to generate the
stiffness matrix. As truly meshless methods, the MLPG and
the LBIE methods hold a great promise in computational
mechanics, because these methods do not require a mesh,
either to construct the shape functions, or to integrate the
Petrov-Galerkin weak form. The characteristics of various
meshless interpolations, such as the moving least square,
Shepard function, and partition of unity, as candidates for
trial and test functions are investigated, and the advan-
tages and disadvantages are pointed out. Emphasis is
placed on the characteristics of the global forms of the
nodal trial and test functions, which are non-zero only
over local sub-domains XJ

tr and XI
te, respectively. These

nodal trial and test functions are centered at the nodes J
and I (which are the centers of the domains XJ

tr and XI
te),

respectively, and, in general, vanish at the boundaries oXJ
tr

and oXI
te of XJ

tr and XI
te, respectively. The local domains

XJ
tr and XI

te can be of arbitrary shapes, such as spheres,
rectangular parallelopipeds, and ellipsoids, in 3-Dimen-
sional geometries. The sizes of XJ

tr and XI
te can be arbi-

trary, different from each other, and different for each J,
and I, in general. It is shown that the LBIE is but a special
form of the MLPG, if the nodal test functions are speci®-
cally chosen so as to be the modi®ed fundamental solu-
tions to the differential equations in XI

te, and to vanish at
the boundary oXI

te. The dif®culty in the numerical inte-
gration of the weak form, to generate the stiffness matrix,
is discussed, and a new integration method is proposed. In
this new method, the Ith row in the stiffness matrix is
generated by integrating over the ®xed sub-domain XI

te
(which is the support for the test function centered at node
I); or, alternatively the entry KIJ in the global stiffness
matrix is generated by integrating over the intersections of
the sub-domain XJ

tr (which is the sub-domain, with node J

as its center, and over which the trial function is non-
zero), with XI

te (which is the sub-domain centered at node
I over which the test function is non-zero). The generality
of the MLPG method is emphasized, and it is pointed that
the MLPG can also be the basis of a Galerkin method that
leads to a symmetric stiffness matrix. This paper also
points out a new but elementary method, to satisfy the
essential boundary conditions exactly, in the MLPG
method, while using meshless interpolations of the MLS
type. This paper presents a critical appraisal of the basic
frameworks of the truly meshless MLPG/LBIE methods,
and the numerical examples show that the MLPG approach
gives good results. It now apears that the MLPG method
may replace the well-known Galerkin ®nite element
method (GFEM) as a general tool for numerical modeling,
in the not too distant a future.

1
Introduction
The development of approximate methods for the nu-
merical solutions of partial differential equations has at-
tracted the attention of engineers, physicists and
mathematicians for a long time. In recent years, meshless
methods, as alternative numerical approaches to eliminate
the known drawbacks in the well-known ®nite element
method, have been developed to solve problems, without
the human-labor intensive process of constructing geo-
metric meshes in a domain. Meshless methods may also
alleviate some other problems associated with the ®nite
element method, such as locking, element distortion, re-
meshing during large deformations, and others. Moreover,
nodes can be easily added or removed, as the deformation
progresses, and more accurate solutions for the solution
variables, as well as their spatial gradients, can, in general,
be obtained using meshless methods. Several meshless
methods (Smooth Particle Hydrodynamics (SPH) by Gin-
gold and Monaghan 1977; Element Free Galerkin (EFG) by
Belytschko et al. 1994; Reproducing Kernel Particle
Method (RKPM) by Liu et al. 1995; the Partition of Unity
Finite Element Method (PUFEM) by Babuska and Melenk
1997; hp-cloud method by Duarte and Oden 1996; Natural
Element Method (NEM) by Sukumar et al. 1998) have been
developed to solve boundary value problems. The major
differences in these meshless methods come only from the
interpolation techniques used. In particular, the above
cited meshless methods are ``meshless'' only from the
point of view of the interpolation of the ®eld variables, as
compared to the usual ®nite element method. Although
special approaches to interpolate a function, using ran-
domly scattered data have been investigated for a long
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time, a proper meshless interpolation technique is still
needed to make meshless methods stable and robust, with
simple computations. Popular interpolation schemes used
in the meshless methods are the Moving Least Square
(MLS) proposed by Lancaster and Salkauskas (1981), and
the Partition of Unity (PU) proposed by Babuska and
Melenk (1997). In this paper, these meshless interpolation
schemes, including the Shepard functions, are studied
from the points of view of the intrinsic characteristics of
nodal shape functions (i.e. the non-zero functions over
each XI

tr) generated by these schemes, and of the dif®-
culties in the numerical integration of the weak forms
associated with these nodal shape functions. We assess the
reasons also why it is not adequate to integrate the weak
form, using only small numbers of Gaussian-quadrature
integration points in the domain of integration. Most
meshless methods in prior literature have used back-
ground cells, to integrate a global Galerkin weak form.
These kinds of background cells for integration of the
global weak form do not make for a truly meshless
method. On the other hand, the Meshless Local Petrov-
Galerkin (MLPG) method by Atluri and Zhu (1998a, b,
1999) proposed a new integration method in a local do-
main, based on a Local Symmetric Weak Form (LSWF).
Consequently, the MLPG method introduced a new con-
cept in the ®eld of meshless methods. It should be em-
phasized that the MLPG method is based on a local weak
formulation; and any non-element interpolation scheme
such as the MLS, the PU, or Shepard functions can be used
as trial and test functions. Integrating the weak form in a
local domain may be a natural choice, considering that the
local sub-domains in the MLPG method can be chosen to
be circles, ellipses, or rectangles in 2-D; and spheres,
rectangular parallelopipeds, and ellipsoids in 3-D. There-
fore, the MLPG method is a truly meshless method, and all
other meshless methods can be derived from it, as special
cases, if the trial and test functions and the integration
methods are selected appropriately. Furthermore, the
MLPG method with different spaces for test and trial
functions has a generality and an advantage over other
meshless methods, especially for ¯uid mechanics prob-
lems. In addition, the MLPG method does not require an
``assembly'' process in the course of forming the ``stiffness
matrix''. Another promising meshless method, for solving
boundary-value problems, is the Local Boundary Integral
Equation (LBIE) method (Zhu et al. 1998a, b). This
method requires no domain and/or boundary ``elements''
to implement the formulation. However, singular integrals
appear in the local boundary integral equation, to which
special attention should be paid. It is shown in the present
paper that the LBIE approach can be treated simply as a
special case of the MLPG approach.

In summary, the MLPG is a truly meshless method that
involves not only non-element interpolation (such as MLS,
PU, or Shepard function), but also non-element integra-
tion (i.e. all integrations are always performed over regu-
larly shaped sub-domains such as spheres, parallelopipeds,
and ellipsoids, in 3-D, or their intersections). In general, in
MLPG, the nodal shape functions for trial and test func-
tions are non-zero only over regular-shaped (such as
spheres, parallelopipeds, and ellipsoids) sub-domains,

with the concerned node being the center of the sub-do-
main. In the following, we consider XJ

tr to be the sub-
domain, with the node J as its center, and over which the
nodal-trial-shape function is non-zero; and XI

te to be the
sub-domain, with the node I as its center, and over which
the nodal-test-shape function is non-zero. These nodal
trial and test functions can, in general, be different (i.e. the
nodal trial function may correspond to any one of MLS,
PU, or Shepard interpolations; and the nodal test function
may be totally different, and corresponding to any one of
MLS, PU, Shepard, or a special form of the fundamental
solution to the differential equation in XI

te). Furthermore,
the sizes of the sub-domains over which the nodal trial and
test functions are, respectively, non-zero, i.e. the sizes of
XJ

tr and XI
te may be different. In these general situations,

the MLPG method leads to non-symmetric ``stiffness
equations''. On the other hand, if the nodal trial and test
functions both correspond to the same non-element-in-
terpolation scheme, and if XJ

tr and XI
te are of the same size

for each I and J, the MLPG method leads to symmetric
stiffness equations. These concepts are clearly illustrated
in this paper.

In the present work, the various features of the MLPG
approach are illustrated through solving elasto-static
problems. Essential boundary conditions are enforced
while using the meshless approximations, either approxi-
mately by using a penalty formulation as in (Zhu et al.
1998), or exactly by using a new but elementary method
developed in this paper. It is much easier to employ the
penalty method than using the Lagrange multiplier tech-
nique, because additional equations and non-positive
de®nite matrices can be avoided. Various non-element
interpolation schemes, such as MLS, PU and Shepard, are
critically reviewed with an emphasis on the characteristics
of the resulting nodal shape functions. Special attention is
paid to the derivatives of nodal shape functions, in con-
nection with the numerical integration of the attendant
Petrov-Galerkin weak forms. The interpolation-error-es-
timate for meshless interpolations, as a general concept, is
studied, through a numerical approach. Fundamentally,
the bound for the interpolation error in meshless inter-
polations affects the numerical results in the MLPG
method, even if the weak form is evaluated exactly. Un-
fortunately, however, the nodal shape functions from
meshless interpolations, such as MLS, Shepard, PU, or hp-
clouds, are highly complex in nature, which makes an
accurate numerical integration of the weak form highly
dif®cult. We present here new integration methods, for
integrating the local symmetric weak form of MLPG over
each sub-domain XI

te (circle, rectangles, and ellipses in 2-
D; and spheres, parallelopipeds, and ellipsoids in 3-D) or
over intersections of such sub-domains (XI

te and XJ
tr) to

compute the global stiffness matrix directly, without the
usual ``assembly'' as in the Galerkin ®nite element method.
To perform the integrations for local sub-domains XI

te that
intersect with global boundary C, a technique to map the
domain of intersection into a unit-circle (in 2-D) is used.
We show some numerical results for the rates of conver-
gence in problems of a cantilever beam, and of a plate with
a hole. Moreover, we show that elliptical shaped sub-do-
mains XI

te and XJ
tr, for problems with different nodal
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spacing along the x- and y-directions, respectively, give
better solutions than circular shaped sub-domains. The
numerical examples in Sect. 6 illustrate the performance of
the MLPG method, in two-dimensional elasticity prob-
lems. We show that the basic framework of the MLPG
method is very versatile indeed, and holds a great promise
to replace the ®nite element method, as a method of
choice, someday in the not-too distant future.

2
The Global Weak Form; Galerkin Finite Element Method;
Global Forms of nodal trial & test functions;
and the symmetric stiffness
Consider the problem of two-dimensional linear elasticity
in a global domain X, bounded by C, where the equations
of equilibrium are given by

rij;j � bi � 0 in X �1�
where rij is the stress tensor, bi are the body forces, ��;j
denotes o��=oxj, and a summation over a repeated index is
implied. The boundary conditions are assumed to be:

ui � �ui at Cu ; �2a�
rijnj � �ti at Ct : �2b�
Assuming linear-elastic behavior, one has:

rij � Eijklu�k;l� �3�
where

u�k;l� � 1
2 uk;l � ul;k

ÿ �
: �4�

The Galerkin Finite Element Method (GFEM) is based on
the Global Symmetric Weak Form (GSWF):Z

X
Eijklv�i;j�u�k;l� ÿ bivi

� �
dXÿ

Z
Ct

�tivi dC � 0 �5�

for all trial functions ui that are continuous in each ele-
ment, as well as at the interelement boundaries, and satisfy
the essential b.c. at Cu a priori; and for all test functions vi

that are continuous in each element as well as at the inter-
element boundaries, and satisfy the condition vi � 0 at Cu,
a priori. Under these conditions, Eq. (5) may be written as:X

m

Z
Xm

�
Eijklv�i;j�u�k;l� ÿ bivi

� �
dX ÿ

Z
Ctm

�tivi dC

�
� 0

�6�
where the sum extends over all ®nite elements Xm, and
their boundaries Ctm. In the usual ®nite element method,
one assumes the trial and test functions over each element,
as:

ui�x� �
X

a

/a�x�ua
i ; �7�

vi�x� �
X

a

/a�x�va
i �8�

where the summation in (7) and (8) extends over all the
element nodes a, and where the nodal values of the trial
and test functions are va

i and ua
i . Thus /a�x� in (7) and (8)

may be called the ``element-nodal shape functions'', and

each has a value of unity of the node a. From (6)±(8) it is
immediately evident that the usual Galerkin Finite Element
Method (GFEM) introduces elements and element meshes,
not only for interpolation purposes (7) and (8), but also
for integration of weak form (6) purposes. If the element
that is used, say in a two dimension, is a triangle, in the
elasticity problem (6), the element-nodal shape functions
for trial as well as test functions are linear.

On the other hand, the ``global-nodal-shape functions'',
for the elasticity problem in 2-D, are clearly functions such
that they have a value of unity at the node in question, and
go to zero at all the immediately surrounding nodes, as
well as at the boundary of the star XJ

tr surrounding the
node J in question, as shown in Fig. 1. The global weak
form (6) may be alternatively written, in terms of the
global-nodal-shape functions, as:X

I;J

Z
XI

te

�
Eijkl/

I
;jv

I
i/

J
;lu

J
k ÿ bi/

IvI
i

�
dXÿ

Z
CI

t

�ti/
IvI

i dC � 0

�9�
where /J are the global-nodal-trial-shape functions cen-
tered at node J (and have values of unity at node J) and are
non-zero only over XJ

tr, and /I are the global-nodal-test-
shape functions centered at node I and are non-zero only

a

b

Nodal test function

Nodal trial function

I

J

Fig. 1. a Test function centered at node I, non-zero in XI
te and

vanishes at oXI
te; trial function centered at node J, non-zero in XJ

tr
and vanishes at oXJ

tr. b The intersection of test function in XI
te,

and the trial function in XJ
tr, contributes to the stiffness term KIJ
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over XI
te, as shown in Fig. 1. Further, uJ

k are the nodal
values of the trial function uk, and vI

i are the nodal values
of the test function vi.

It is immediately clear from Eq. (9) and Fig. 1, that the
entry KIJ in the global stiffness matrix is such that:

KIJ � 0 �10�
unless the node J is an immediate neighbor of node I, i.e.
node J is a vertex of the star XI

te surrounding the node I.
This is the reason for the banded-symmetric nature of KIJ

in GFEM. It is also important to note, to compare and
contrast the GFEM with the MLPG, later in this paper, that
the non-zero KIJ is the result of integrating an integrand
which is non-zero only over the intersection of the do-
mains XJ

tr and XI
te surrounding nodes J and I, respectively,

as shown in Fig. 1. In reality however, in GFEM, the weak
form is integrated over all contiguous ®nite elements, and
the respective `nodal contributions' are assembled, to form
the global stiffness matrix.

3
Local Symmetric Weak Form; the Meshless Local Pet-
rov-Galerkin method; and the Local Boundary
Integral Equation method
In a conventional Galerkin ®nite element formulation, the
global weak form is used to solve the boundary value
problem numerically. However, the MLPG method starts
from a weak form over a sub-domain, or a patch, XI

te

inside the global domain X as shown in Fig. 2. Let XI
te

� 	
be

a system of overlapping patches which covers the global
domain X, where I (� 1; 2; . . . ;N) indicates a node, and N
is the total number of nodes. We implicitly introduce the
concept of nodes with local domains. The sub-domain XI

te
is thus called the local domain of node I. In the present
work, the sub-domain XI

te is taken to be a circle, a rect-
angle, or an ellipse in two dimensions [or a sphere, a
parallelopiped, or an ellipsoid in three dimensions], but it
can be extended to any kinds of geometry as shown in
Fig. 3. A generalized local weak form of the equilibrium
equation is written as:

Z
XI

te

rij;j � bi

ÿ �
vi dXÿ a

Z
CI

su

ui ÿ �ui� �vi dC � 0 �11�

where CI
su is the intersection of Cu and the boundary oXI

te
of XI

te; vi is the test function, and a is a penalty parameter.
If the sub-domain XI

te is located entirely within the global
domain X, and there is no intersection between the local
boundary oXI

te and the global boundary C, the boundary
integral over CI

su vanishes. In non-element types of inter-
polation schemes, it is not easy to implement the essential
boundary conditions, as the interpolation schemes do not
have the property that /I�xJ� � dIJ where /I�x� is the
shape function for node I. In many researches, a Lagrange
multiplier technique has been used to impose the essential
boundary conditions. However, this technique produces a
non-banded and a non-positive de®nite stiffness matrix. In
some cases, meshless interpolations and FEM shape
functions have been combined (Belytschko et al. 1995),
which leads to complexities in the regions of intersection
of FEM and meshless shape functions. One of the prom-
ising methods to enforce the essential b.c. in meshless
methods is the penalty parameter technique as developed
by Zhu and Atluri (1998). This penalty technique is used in
Eq. (11). Later in this paper, we present a new and ele-
mentary technique to satisfy the essential boundary con-
ditions exactly, while using a meshless interpolation
scheme, without the need for either a penalty approach or
a Lagrange multiplier approach. Using the divergence
theorem in Eq. (11), we obtain the following form:

Node I

Fig. 2. A schematic representation of the sub-domain XI
te,

with node I as its center and oXI
te as its boundary. The global

domain is X, with a global boundary C, where displacements
are prescribed at Cu, and tractions are prescribed at Ct

x

(supports for nodal trial functions)

(supports for nodal test functions)

A region bounding all the nodes in      , which influence the
interpolation at a generic , in a meshless interpolation
such as MLS, PU, or Shepard functions

x

x

(supports for nodal trial functions)

(supports for nodal test functions)

A region bounding all the nodes in      , which influence the
interpolation at a generic , in a meshless interpolation
such as MLS, PU, or Shepard functions

x

Fig. 3. A schematic illustrating various shapes for XI
te, XJ

tr,
and the region bounding all the nodes in X which may in¯uence
the interpolation at a genetic x, in a meshless approximation,
such as MLS, PU, or Shepard functions
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Z
oXI

te

rijnjvi dCÿ
Z

XI
te

rijvi;j ÿ bivi

ÿ �
dX

ÿ a
Z

CI
su

ui ÿ �ui� �vi dC � 0 �12�

where nj is the outward unit normal to the boundary oXI
te:

In the following development, the Petrov-Galerkin
method is used. Unlike in the conventional Galerkin
method in which the trial and test functions are chosen
from the same space, the Petrov-Galerkin method uses the
trial functions and test functions from different spaces. In
particular, the test functions need not vanish on the
boundary where the essential boundary conditions are
speci®ed. Also, in order to simplify the above Eq. (12), we
deliberately select the test functions vi such that they vanish
over oXI

te, except when oXI
te intersects with the global

boundary C. This can be easily accomplished in the MLPG
method by using the nodal-test-shape function whose value
at the local boundary oXI

te is zero, as long as oXI
te does not

intersect with C. The schematic descriptions for the trial
and test functions in the MLPG are shown in Fig. 4. Using
these test functions in Eq. (12), we obtain the following
Local Symmetric Weak Form (LSWF) in linear elasticity:Z

XI
te

rijvi;j dX� a
Z

CI
su

uivi dCÿ
Z

CI
su

tivi dC

�
Z

CI
st

�tivi dC� a
Z

CI
su

�uivi dC�
Z

XI
te

bivi dX �13�

where ti � rijnj, and CI
st is the intersection of Ct and the

boundary oXI
te of XI

te. The MLPG method, based on the
local formulation (11) makes the basic concepts for inte-
grating the local weak form (13), and the generation of the
global stiffness matrix to be quite different from the used
Galerkin FEM. The MLPG formulation enables us to use
different interpolations for trial and test functions. Fur-
thermore, the sizes and shapes of the sub-domains which
are as supports (i.e. the sub-domains XJ

tr and XI
te over

which the trial and test functions are, respectively, non-

zero) of trial and test functions do not need to be of the
same size or shape in the MLPG formulation. Therefore,
the MLPG method can include all other meshless methods
as special cases. The MLPG method is schematically illus-
trated in Fig. 5. XI

te is the sub-domain (in this illustration,
a circle) over which the test function, centered at the node
I in non-zero. XJ

tr is the sub-domain (in this illustration,
also a circle, but with a radius which is different from that
of XI

te) over which the trial function, centered at node J, is
non-zero. Note, however, that the value the trial function
at each point x inside XI

te is in¯uenced by a set of (perhaps
®ctitious, as in MLS) values of the function at an arbitrary
number (as determined, for instance, by the radius of the
weight function in an MLS interpolation) of nodes in the
vicinity of each x. Thus, Eq. (13) leads, for each XI

te, to the
Ith equation in the system stiffness matrix, involving all
the J nodes, whose sub-domains XJ

tr intersect with XI
te,

such that the integrand in Eq. (13) is non-zero. It is seen
that if the radius of XJ

tr and XI
te are the same for each J and

I, and further, if the trial and test functions centered at
node J and I are the same for each J and I, the global
stiffness matrix will be symmetric; otherwise not.

The contrasting features of the MLPG method and the
usual Galerkin Finite Element Method can be understood
by comparing Figs. 1, 6, and 7. In Fig. 1a, in GFEM, there is
a mesh; and in the elasticity problem, the test function in
XI

te is a pyramid, and each equation in GFEM corre-
sponding to each Iarises out of the non-zero value of the
weak form, in XI

te, as this pyramid test function `intersects'
with a piecewise linear trial function (see also Fig. 7a). It is
well known that in the GFEM, that this equation for each I
implies a weak form of not only the differential equation of
equilibrium in XI

te, but also the weak forms of the traction
reciprocity conditions at all the inter-element boundaries
meeting at the node I (see Fig. 7a). On the other hand, in
Figs. 4 and 7b, in MLPG, there is no mesh; the nodal test
function in a non-element interpolation, such as MLS, is a
`smooth tent', and each equation in MLPG corresponding
to each node I arises out of the non-zero value of the weak
form, in XI

te, as this `smooth tent' intersects with a

I
teTest function in Ω

J
trTrial functions in Ω

Fig. 4. Intersections of trial functions in
XJ

tr�J � 1; 2; . . . ; n� with the test function
XI

te. Illustrations is for circular shapes for
both XJ

tr and XI
te, but with different radii.

How many XJ
tr intersect with the speci®c

XI
te depends on the nodal spacing, and

the radii of XJ
tr and XI

te
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Fig. 5. Schematics of the MLPG and the
LBIE methods

)( xJφ

J
trΩ

J

I

I
teΩ

)( xIψ

MLPG :

LL

Shepard

PU

MLS

Trial

LL

Shepard

PU

MLS

Test

LL

Ellipse

Rectangle

Circle

Shapes

: Weak form

∫ ∫ ∫Ω Γ Γ
Γ−Γ+ΩI

te
I
su

I
su

dvtdvudv iiiijiij ασ , ∫ ∫ ∫Γ Γ Ω
Ω+Γ+Γ= I

st
I
su

I
te

dvbdvudvt iiiiii α

LBIE :

LL

Shepard

PU

MLS

Trial



Solution

Fundamental
Test

LL

Ellipse

Rectangle

Circle

Shapes

: Weak form

∫ ∫∫∫ Γ ΓΩΩ∂
Γ+Γ+Ω+Γ−= I

st
I
su

I
te

I
te

dvtdvtdvbdutu iiiiiillIl
****)(x

Fig. 6. The region of intersection of XI
te

and XJ
tr, wherein the local symmetric

weak form, involving the derivatives of
wI�x� and /J�x� is non-zero. Only this
non-zero integrand contributes the entry
of KIJ in the global stiffness matrix
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`smooth' trial function. Thus, in MLPG, in general, each
equation for each node I is more likely to imply the weak
form of only the differential equation in XI

te. Thus, the
performance of the MLPG method may be expected to be
superior to that of the GFEM.

We again emphasize that, in Eq. (13), test functions in
XI

te vanish at oXI
te as long as oXI

te does not intersect with C;
and inside XI

te they can be derived from anyone of: MLS,
PU, Shepard or other meshless interpolation strategies.
Likewise, the trial function in each XJ

tr vanishes at oXJ
tr; and

inside XJ
tr, they can be derived from any one of: MLS, PS, or

Shepard or any other meshless interpolation strategies.
We now consider a further novelty when the test

function in XI
te not only vanishes at oXI

te as long as oXI
te

does not intersect with C; but inside XI
te, it is also a fun-

damental solution to the differential equation inside XI
te

(in the elasticity problem, it is a singular solution corre-
sponding to a point load at the node I). In this case also,
we consider that the trial functions, however, in each XJ

tr
vanish at oXJ

tr as long as oXI
te does not intersect with C;

and inside XJ
tr, they can be derived from anyone of: MLS,

PS, or Shepard function or any other meshless interpol-
ation strategies. For this purpose, we note that:Z

XI
te

rijvi;j dX �
Z

XI
te

uk;l�Eijklvi;j�dX

�
Z

oXI
te

Eijklvi;j

ÿ �
nluk dC

ÿ
Z

XI
te

Eijklvi;j

ÿ �
;l
uk dX : �14�

Let v�i be the fundamental solution to the differential
equation:

Eijklv
�
i;j

� �
;k
�dl xÿ xI� � � 0 �15�

where dl xÿ xI� � is a point load along the cartesian di-
rection xl at the node I, with the location xI . Further, it is
important to note that v�i is chosen, such that:

v�i � 0 at oXI
te : �16�

Let

t�l � Eijklv
�
i;j

� �
nk at oXI

te : �17�
Using Eqs. (15)±(17) in Eq. (14), one obtains:Z

XI
te

rijv
�
i;j dX �

Z
oXI

te

t�l ul dC� ul�xI� : �18�

Substituting Eq. (18) in Eq. (13), one obtains:

ul�xI� � ÿ
Z

oXI
te

t�l x; xI� �ul x� �dC�
Z

XI
te

bi x� �v�i x; xI� �dX

� a
Z

CI
su

�ui x� � ÿ ui x� �� �v�i x; xI� �dC

�
Z

CI
st

�ti x� � v�i x; xI� �dC�
Z

CI
su

ti x� � v�i x; xI� �dC :

�19�
If oXI

te intersects with the overall boundary C of the global
domain X, the two last terms in Eq. (19) may be retained.
However, since Eq. (19) is valid everywhere in XI

te, and on
oXI

te, including at the intersection of oXI
te with Csu, the

essential b.c. can be directly imposed on ul�xI�. Thus, the
penalty term, i.e. the 3rd term on the right-hand-side of
Eq. (19) is super¯uous, and may be dropped. Thus, the
unsymmetric weak form governing the LBIE based mesh-
less method can be written as:

ul�xI� � ÿ
Z

oXI
te

t�l x; xI� �ul x� �dC�
Z

XI
te

bi x� �v�i x; xI� �dX

�
Z

CI
st

�ti x� �v�i x; xI� �dC�
Z

CI
su

ti x� �v�i x; xI� �dC :

�20�
The kernel t�l x; xI� � is singular; and regularization proce-
dures can be employed, as usual (see Sladek et al. 1999).

The modus operandi of the LBIE method can be un-
derstood from Figs. 4±6. Equation (20) relates the values of
displacements ul at the node I, to the values of ul on oXI

te

Trial function

Trial function

Physical domain

Physical domain

Test function

I

I

a

b

Test function

Fig. 7a,b. Comparison of the basic concepts (a) in the General
®nite element method, and (b) in the MLPG method
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as well as to the values of ul inside XI
te (for nonlinear

problems, and for problems with inertial and body forces).
The values of u at every x on oXI

te (and inside XI
te) are

in¯uenced by all the neighboring nodes whose nodal-trial-
shape functions (and hence the nodal weight functions) do
not vanish at the x in question. Thus, Eq. (20) involves, for
each I, all the nodes J whose sub-domains XJ

tr intersect
with XI

te. The system of Eq. (20) is necessarily non-sym-
metric, in general, in the LBIE method.

To obtain the discrete equations from the MLPG for-
mulation (13), based on meshless interpolations, which are
explained in the next section, the following interpolations
are used. The forms of interpolations for the trial and test
functions, respectively, are similar to those used in FEM,
and can be written as:

uh
i �x� �

XN

J�1

/J�x�ûJ
i ; �21a�

vh
i �x� �

XN

I�1

wI�x� v̂I
i �21b�

where /J�x� and wI�x� are the nodal shape functions for
trial and test functions centered at nodes J and I. In gen-
eral, in meshless interpolations, v̂I

i and ûJ
i are ®ctitious

nodal values in meshless interpolations. Substitution of
Eq. (21) into the MLPG formulation (13) leads to following
discretized system of linear equation:XN

J�1

Z
XI

s

BI
v

ÿ �T
DBJ ûJ dX� a

XN

J�1

Z
CI

su

VI/J ûJ dC

ÿ
XN

J�1

Z
CI

su

VINDBJ ûJ dC

�
Z

CI
st

VI �t dC� a
Z

CI
su

VI�u dC�
Z

XI
s

VIb dX �22�

where in two-dimensional space,

BI
v �

wI
;1 0

0 wI
;2

wI
;2 wI

;1

2664
3775; BJ �

/J
;1 0

0 /J
;2

/J
;2 /J

;1

2664
3775;

N � n1 0 n2

0 n2 n1

� �
; VI � wI 0

0 wI

" #
; ûJ � ûJ

1

ûJ
2

( )
;

D �
�E

1ÿ �v2

1 �v 0

�v 1 0

0 0 �1ÿ �v�=2

264
375

with

�E � E
E

1ÿv2

(
and �m � m for plane stress

m
1ÿm for plane strain:

(
In the above equations, �n1; n2� is the normal vector at the
boundary, and E and v are the Young modulus and Pois-
son's ratio, respectively. The local symmetric weak form in
Eq. (22) makes the ``stiffness'' entries KIJ , which is the

stiffness matrix in multi-dimensional space, in the row
corresponding to the node I, and to the nodes J, depending
on the non-zero values of the integrands in the weak form,
only in the intersection of XI

te and XJ
tr. Then, the global

equation can be written as:XN

J�1

KIJ ûJ � f I �23�

where

KIJ �
Z

XI
s

BI
v

ÿ �T
DBJ dX� a

Z
CI

su

VI/J dCÿ
Z

CI
su

VINDBJ dC ;

f I �
Z

CI
st

VI�t dC� a
Z

CI
su

VI �u dC�
Z

XI
s

VIb dX :

Therefore, in the MLPG method, the usual assembly pro-
cess is not required to form a global stiffness matrix.
Theoretically, as long as the union of all local domains
covers the global domain, the equilibrium equation and
the boundary conditions will be satis®ed in the global
domain X and its boundary C, respectively.

4
Meshless interpolation schemes
The interpolation schemes for randomly scattered data
have been investigated for a long time. Recently, several
meshless interpolation schemes have been proposed and
applied for solving partial differential equations. The
necessary condition for convergence in the Galerkin or
Petrov-Galerkin formulation is the completeness of the
interpolations for trial and test functions. The funda-
mental requirement for completeness, to represent a
constant-valued ®eld, is as follows:XN

I�1

/I�x� � 1; x 2 X �24�

where /I�x� is the nodal shape function from a meshless
interpolation. This is the so-called partition of unity
(Babuska and Melenk 1997) which reproduces a rigid body
®eld exactly. Most meshless interpolations belong to the
partition of unity family, and have similar features.

The Moving Least Square (MLS) method is generally
considered as one of the schemes to interpolate data with a
reasonable accuracy. Nayroles et al. (1992) was the ®rst to
use the MLS interpolation in a Galerkin formulation, which
they called the ``diffuse element method''. The MLS inter-
polation does not pass through the nodal data, as shown
Fig. 8. This section reviews the construction of interpolat-
ions using the MLS, in order to show that the characteris-
tics of the MLS interpolation lead to some dif®culties, in the
usual Gaussian quadrature based numerical integration of
the weak forms (either the symmetric weak form as in
MLPG, or the unsymmetric weak form as in LBIE).

We consider the approximation of a function u�x� in a
local region centered at ~x in a domain X. The moving
least-square approximation starts from a local approxi-
mation in the neighborhood of ~x, such as:

ulocal�x; ~x� � pT�x� a�~x�; 8 x 2 B�~x� �25�
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where B�~x� is a sphere centered at ~x, pT�x� � p1�x�;�
p2�x�; . . . ; pm�x�� is a complete monomial basis of order m;
and a�~x� is a vector containing the coef®cients
aj�~x�; j � 1; 2; . . . ;m which are functions of the space
coordinates x � x; y; z� �T. The commonly used bases in 2-
D problems are the linear basis:

pT�x� � 1; x; y� � �26�
or the quadratic basis:

pT�x� � 1; x; y; x2; xy; y2
� �

: �27�
The coef®cient vector a�~x� is determined by minimizing a
weighted discrete L2-norm with respect to nodal points,
de®ned as:

Y�~x� �
XN

I�1

wI�~x� pT�xI�a�~x� ÿ ûI
� �2

� P � a�~x� ÿ û� �T�W�~x� � P � a�~x� ÿ û� � �28�
where wI�~x� is a weight function de®ned in a sub-domain
XI

tr, with the node I as its center; and with wI�~x� > 0 for all
~x in the support of wI�~x� and wI�~x� � 0 at the boundary of
XI

tr, xI denotes the value of x at node I, and the matrices P
and W are de®ned as:

P �
pT�x1�
pT�x2�

. . .
pT�xN�

2664
3775

N�m

; �29�

W�~x� �
w1�~x� . . . 0

. . . . . . . . .
0 . . . wN�~x�

24 35
N�N

�30�

and

ûT � û1; û2; . . . ; ûN
� �

: �31�
Here it should be noted that ûI ; I � 1; 2; . . . ;N are the
®ctitious nodal values. In fact, only those neighboring
nodes J, whose sub-domains XJ

tr intersect with the sub-
domain XI

tr of node I, have an in¯uence in constructing
the shape function for node I. For convenience, ~x in the
above relations is replaced by x, because a local point ~x can
be extended to all points in whole domain. This is the basic
concept of ``moving'' procedure, and we can ®nally obtain

a global approximation. The conceptual explanation for
MLS is given in Fig. 8.

The stationarity of Y�x� with respect to the coef®cients
a�x� leads to the following relation:

A�x�a�x� � B�x�û �32�
where the matrices A�x� and B�x� are given by

A�x� �PTWP �
XN

I�1

wI�x�p�xI�pT�xI� ; �33�

B�x� �PTW � �w1�x�p�x1�;w2�x�p�x2�; . . . ;

wN�x�p�xN�� : �34�
The approximation uh�x� can then be expressed as:

uh�x� �
XN

I�1

/I�x�ûI �35�

where the nodal shape functions are given by

/T�x� � pT�x�Aÿ1�x�B�x� : �36�
In the traditional Galerkin FEM, the `nodal shape func-
tions' have a value of unity at the respective node, and an
approximation of the type of Eq. (35) would involve the
directly the `nodal value' of the ®eld variable. However, in
the present MLS interpolation, ûI are ®ctitious, and are not
exactly equal to the nodal values of the ®eld variable (see
Fig. 8). Inspite of this, it is instructive to call /I�x� in
Eq. (35) `a nodal shape function'. The MLS interpolation is
well de®ned only when the matrix A is non-singular. A
necessary condition for a well-de®ned MLS interpolation
is that at least m weight functions are non-zero (i.e.
N � m) for each sample point x 2 X. A smaller size of the
weight function domain produces a relatively complex
shape function due to the almost singular shape of the
weight function. The partial derivative of /I�x� can be
obtained as follows:

/I
;k �

Xm

j�1

pj;k

ÿ
Aÿ1B

�
jI
� pj Aÿ1B;k�Aÿ1

;k B
� �

jI

� �
�37�

in which Aÿ1
;k � Aÿ1� �;k represents the derivative of the

inverse of A with respect to x, which is given by

Aÿ1
;k � ÿAÿ1A;kAÿ1 �38�

and the index following a comma indicates a spatial de-
rivative. Considering that /I�x� � 0 whenever wI�x� � 0,
the support sizes for the nodal shape function and the
weight function have the same value. The nodal shape
functions obtained by the MLS interpolation with mth
order basis can reproduce any mth order polynomials g�x�
exactly (Belytschko et al. 1996), i.e.XN

I�1

/I�x�g�xI� � g�x� : �39�

Equation (24) indicates that the nodal shape function is
complete up to the order of the basis. The smoothness of
the nodal shape function /I�x� is determined by that of the
basis and of the weight function. The choice of the weight

x
xlx~

uh x( )
u I^

u x,x x xlocal T( )= ( ) ( )p a~ ~

Fig. 8. Conceptual explanation of the moving least squares
method
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function is more or less arbitrary as long as the
weight function is positive and continuous. The follo-
wing weight function is considered in the present work:

wI�x� � 1ÿPp
k�1

ak
dI

rI

� �k
0 � dI � rI � qIhI

0 dI > rI � qIhI

8<: �40�

where dI � xÿ xIj j is the distance from node xI to point x,
hI is the nodal distance, qI is the scaling parameter for the
size of the sub-domain XI

tr, and p is the order of spline
function. The coef®cients ak are obtained by taking the
following boundary conditions:

wI�dI=rI � 0� � 1; m0 � 0
om0 wI�dI=rI�0�

oxm0
� 0; m0 � 1

(
and

wI�dI=rI � 1� � 0; m1 � 0
om1 wI�dI=rI�1�

oxm1
� 0; m1 � 1

( �41�

where p � m0 �m1 � 1. The form of the weight functions
may be changed by the geometry of the sub-domain XI

tr
over which the weight function is non-zero as shown in
Fig. 9. Figure 10 illustrates the case when the weight
functions, and hence the nodal trial functions and nodal
test functions, have a rectangular support. In this case, the
intersection of XI

te and XJ
tr, both of which are rectangular

(but with different size), is also rectangular. Again, the
intersection of wI�x� in XI

te, and /J�x� in XJ
tr, produces the

stiffness term KIJ . In this paper, we use a circle and an
ellipse as the shapes for the sub-domains XI

tr (over which
the weight function, and hence the nodal trial shape

J
trΩ

Fig. 9. Different shapes of the weight functions in XJ
tr

)( xJφ
I
teΩ

)( xIψ

J
trΩ

JI

Fig. 10. Intersection of XI
te and XJ

tr,
both of which are rectangular, but with
different sizes. Again, the intersection
of wI�x� and /I�x� produces the
stiffness term KIJ

Weight function (1st order) Weight function (2nd order)

Weight function (3rd order) Weight function (4th order)

Weight function (5th order) Weight function (10th order)

Weight function (1st order) Weight function (2nd order)

Weight function (3rd order) Weight function (4th order)

Weight function (5th order) Weight function (10th order)

Fig. 11. Spline-type weight functions, with a circular base, in
an MLS approximation
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function are non zero), as well as for the sub-domains XI
te

(over which the test functions are not zero), to examine the
MLPG method in two-dimensional problems. In general,
the size of XI

te need not be equal to the size of XI
tr. Figure 11

shows some weight functions, generated by changing the
order of the spline by increasing m0 and m1, sequentially.
Since the weight function is a type of a polynomial, the
``nodal shape function'' given in Eq. (36) has the charac-
teristics of a rational function. One can easily obtain a
global Cl continuity up to a desired order l if the order of
spline is changed. Therefore, the Cl continuity depends
upon value of m0 and m1 in Eq. (41), i.e. /�x� 2
Cmin�m0;m1�. It is very important to preserve the smoothness
of the derivatives of shape functions, because discontinu-
ities and vertices in the derivatives of the shape functions
make numerical integration dif®cult. Figure 12 illustrates

the derivatives of the nodal shape functions, depending on
the order of weight function, in two-dimensional prob-
lems. We can easily observe that discontinuities in deriv-
atives can be produced if the order of the spline is not
suf®cient to keep the continuity at the boundary of sub-
domains. In addition, unwanted oscillations in nodal
shape functions are produced, when a high order of spline
function is used as a weight function. For linear elasticity
problems, the smoothness of the ®rst derivatives of shape
functions is very important to evaluate the energy cor-
rectly. From the result shown in Fig. 12, we choose a 4th
order spline function as a weight function.

We obtain an explicit form for the nodal shape functions,
with a linear basis, in a two-dimensional problem, in order
to better understand the characteristics of the nodal shape
functions. The nodal shape functions can be written as:

Nodal shape function
(4th order weight)

Nodal shape function
(5th order weight)

Nodal shape function
(10th order weight)

Derivative
(4th order weight)

Derivative
(5th order weight)

Derivative
(10th order weight)

Nodal shape function
(1st order weight)

Nodal shape function
(2nd order weight)

Nodal shape function
(3rd order weight)

Derivative
(1st order weight)

Derivative
(2nd order weight)

Derivative
(3rd order weight)

Fig. 12. Nodal shape functions and their derivatives, when different-ordered weight functions are used, in an MLS approximation
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/I�x; y� � wI�x; y�
b�x; y� c0�x; y�; c1�x; y�; c2�x; y�� �

1
x
y

8<:
9=;
�42�

where

c0�x; y� � a11�x; y� � a12�x; y�xI � a13�x; y�yI ;

c1�x; y� � a21�x; y� � a22�x; y�xI � a23�x; y�yI ;

c2�x; y� � a31�x; y� � a32�x; y�xI � a33�x; y�yI ;

a11�x; y� �
XN

J�1

x2
J wJ�x; y�

XN

J�1

y2
J wJ�x; y�

ÿ
XN

J�1

xJyJwJ�x; y�
 !2

;

a12�x; y� � a21�x; y� �
XN

J�1

xJyJwJ�x; y�
XN

J�1

yJwJ�x; y�

ÿ
XN

J�1

xJwJ�x; y�
XN

J�1

y2
J wJ�x; y� ;

a13�x; y� � a31�x; y� �
XN

J�1

xJwJ�x; y�
XN

J�1

xJyJwJ�x; y�

ÿ
XN

J�1

x2
J wJ�x; y�

XN

J�1

yJwJ�x; y� ;

a22�x; y� �
XN

J�1

wJ�x; y�
XN

J�1

y2
J wJ�x; y�

ÿ
XN

J�1

yJwJ�x; y�
 !2

;

a23�x; y� � a32�x; y� �
XN

J�1

xJwJ�x; y�
XN

J�1

yJwJ�x; y�

ÿ
XN

J�1

wJ�x; y�
XN

J�1

xJyJwJ�x; y� ;

a33�x; y� �
XN

J�1

wJ�x; y�
XN

J�1

x2
J wJ�x; y�

ÿ
XN

J�1

xJwJ�x; y�
 !2

;

b�x; y� � a11�x; y�
XN

J�1

wJ�x; y� � a12�x; y�
XN

J�1

xJwJ�x; y�

� a13�x; y�
XN

J�1

yJwJ�x; y� ;

Equation (42) shows that the shape function has a rational
form. The values of c0�x; y�; c1�x; y�; c2�x; y� and b�x; y�
depend on the location of �x; y� in the intersection regions
of sub-domains XJ

tr; J � 1; 2; . . . ;N with sub-domains XI
tr

as shown in Fig. 13. This is because of the fact that the
values of the weight function wJ�x; y� corresponding to the
node J, which control the interpolation at any point x; y� �,
are different at each x; y� � in XI;k

tr , and different numbers of
weight functions wJ�x; y� are nonzero at different loca-
tions, for example x1 and x2 in Fig. 13. In other words, the
nodal shape functions /I�x� consists of a different form of
rational function in each small region XI; k

tr indicated in
Fig. 13, as:

/I�x� �
[

k

/I; k�x�; /I; k 2 XI; k
tr : �43�

Although the smoothness of /I�x� can be achieved if a
suf®cient order of spline function is used as a weight
function, it is dif®cult to make the shape function /I�x� to
be a rational polynomial in the sub-domain XI

te. Unfor-
tunately, it seems to be impossible to ®nd smooth enough
weight functions possessing the same properties in each
small region XI;k

tr , and this causes a dif®culty in the nu-
merical integration of shape functions even if many
numbers of Gaussian-quadrature integration points are
introduced.

Requiring that the nodal shape functions be complete
only to represent a globally constant function, i.e. m � 1,
we obtain the so-called Shepard function (Shepard 1968)
given by

/I
0�x� �

wI�x�PN
J�1 wJ�x�

: �44�

The Shepard functions satisfy the zeroth order complete-
ness. Although the Shepard shape functions have a simpler
structure than the higher order MLS shape functions, the
forms of functions in each small region XI; k

tr are not the
same. The shape of the Shepard function, which is also a
rational function, depends on the type of weight function,
and the attendant complexity of the nodal shape function
leads to dif®culties in numerical integration. The Shepard
function in the MLS interpolation is one of the partition of

x1

x 2

Node I

x1

x 2

Node I

Fig. 13. The nodal shape function /I�x�, from MLS interpolation,
which is nonzero in XI

tr, has a different form in each small region
XI;k

tr , which is the intersection of XI
tr and XJ

tr
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unity functions. The partition of unity (PU) method
(Bauska and Melenk 1997) has developed another ap-
proximation for meshless methods, by multiplying poly-
nomials, such as:

uh�x� �
XN

I�1

Xm

j�1

/I
0�x�pj�x�bjI �45�

where pj�x� are the polynomials, and bjI are the coef®-
cients. The consistency in the above shape function de-
pends on the order of polynomials. In the MLPG
formulation, the above shape function requires an addi-
tional degree of freedom, per each node, to be solved for.
Duarte and Oden (1996) modify the partition of unity
concept, from the MLS shape function of order k, which
they call the hp-cloud method. The shape function in an
hp-cloud method is given by

uh�x� �
XN

I�1

/I
k�x� uI �

Xm

j�1

pj�x�bjI

 !
�46�

where /I
k�x� is the MLS shape function of order k. The

partition of unity and the hp-cloud methods have also
different characteristics in each small region XI; k

tr as shown
in Fig. 13, because the weight functions in the Shepard and
the MLS shape functions are not the same in each small
region.

5
A simple & elementary method to satisfy essential B.C.
exactly; & Interpolation errors in meshless interpolations
In this section we express the interpolation relation from
meshless approximations such as MLS, Shepard, and PU
methods, in terms of the actual nodal values of the in-
terpolant, rather than certain ®ctitious values. As ex-
plained before, meshless approximations, in general, do
not pass through the nodal data, which are ®ctitious val-
ues at nodes. This is the reason why, according to folklore
in prior literature (Belytschko et al. 1994; Liu et al. 1995),
the essential boundary conditions cannot be imposed di-
rectly in meshless methods. However, meshless approxi-
mations can be reinterpreted from the point of view of an
interpolation, which passes through the actual nodal val-
ues. The schematic description about the interpolation in
terms of the ®ctitious nodal values ûI and the actual nodal
values ~uI � uI is shown in Fig. 14. We now derive the
relation between the ®ctitious nodal values ûI and the
actual nodal values ~uI to impose the essential boundary
conditions directly. Consider the following meshless ap-
proximation:

~u�x� �
XN

I�1

/I�x� ûI �47�

such that

~uJ �
XN

I�1

/I�xJ� ûI �48�

where ~uJ are the actual nodal values at nodes J, i.e. ~uJ � uJ ,
of the interpolant ~u�x�. Then we have:

ûI �
XN

J�1

RIJ ~uJ �49�

with

RIJ � /J�xI�
� �ÿ1

: �50�
The transformation matrix RIJ in Eq. (50) can be obtained
explicitly, because the nodal shape functions /I can be
simply evaluated at the nodes in the domain. Therefore, it
is possible that a meshless approximation can be reinter-
preted by using the nodal values ~uI , as:

~u�x� �
XN

I�1

XN

J�1

/I�x�RIJ ~uJ �
XN

J�1

uJ�x� ~uJ �51�

where uJ�x� de®ned in Eq. (51) have the property that
uJ�xI� � dJI . The above Eq. (51) only involves a linear
transformation RIJ form the ®ctitious nodal values ûI to
the actual nodal values ~uI . Thus, the essential boundary
conditions may be easily imposed in meshless methods, by
using this linear transformation. If the discretized global
system of equations can be written, the ®ctitious nodal
values ûJ as:XN

J�1

KIJ ûJ � f I : �52�

Then, the global system of equation for the actual nodal
values ~uJ may be written as:XN

J�1

~KIJ ~uJ � f I �53�

where

~KIJ �
XN

K�1

KIKRKJ �54�

In the above equation, RKJ is the transformation matrix in
multi-dimensional space. On the other hand, if the test
functions are also rewritten as:

~v�x� �
XN

I�1

wI�x�v̂I �
XN

I�1

XN

J�1

wI�x�TIJ ~v
J �55�

Interpolation

Node I

Exact function u(x)

ûI
~u =uI I

Fig. 14. An illustration of `interpolation' in meshless schemes.
ûI is the ®ctitious nodal data at node I and ~uI is the exact
nodal values at node I for interpolation
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where wI�x� are the nodal test shape functions, and

TIJ � wJ�xI�
� �ÿ1

: �56�
Then the global system of equations can be recast byXN

J�1

~~KIJ ~u
J � ~fI �57�

where

~~KIJ �
XN

K�1

XN

L�1

Tÿ1
IK KKL RLJ and ~fI �

XN

J�1

Tÿ1
IJ f J :

�58�
In the above equations, TIJ is the transformation matrix in
multi-dimensional space based on the nodal test functions
wI�x�, and KKL and f J are given in Eq. (23). Although the

bandwidth of the stiffness matrix ~KIJ or ~~KIJ in either Eq.
(54) or Eq. (58) is larger than that of the original stiffness
matrix KIJ , we can directly impose the essential boundary
conditions in the transformed Eq. (53) or Eq. (57).

Moreover, the size of stiffness matrix ~KIJ or ~~KIJ in this
approach may not cause a serious problem, because there
are many re®ned techniques for solving the simultaneous
linear equations. Note that the following properties hold:XN

I�1

XN

J�1

/I�x�RIJ � 1 ; �59a�

XN

I�1

XN

J�1

/I�x�RIJ xJ
ÿ �q� xq; q � m :

To impose the essential boundary conditions, we do not,
in general, need to transform all ®ctitious nodal values ûI

to the actual nodal values ~uI . In order to circumvent
computational burden for dealing with a large size of the
stiffness matrix, only a partial transformation involving
data close to the boundary may be used, as:

~u
�I

� 	
ûIf g

� �
� /J�x�I�

dIJ

� �
ûJ
� 	 �60�

where �I denotes the nodes with prescribed essential boun-
dary conditions. The remainders of procedures, using this
transformation (60) are the same for the case of a full
transformation explained in the above. As a result, we can
easily and exactly impose the essential boundary conditions
using this transformation technique. The numerical results,
in Sect. 7, obtained with this method to impose the essential
boundary conditions show very satisfactory results.

We compare three meshless interpolations: Shepard
function, Partition of Unity (PU), and Moving Least
Square (MLS) methods with the 4th order wieght function.
We take a linear basis for PU and MLS methods. To ex-
amine the characteristics of these meshless interpolations,
we use 9� 9 nodes with h � 1:0 in a rectangular domain.
The size of sub-domain XI

tr is de®ned by qh, where q is a
scaling parameter, and h is the nodal distance. The nodal
shape functions and their derivatives, with q � 2:0, are
shown in Figs. 15 and 16. For the nodal shape functions of
the PU method, the two shape functions corresponding to

the b0I and b1I in Eq. (45) are plotted in Fig. 16, respec-
tively. Although the derivatives of the Shepard and MLS
nodal shape functions show similar forms in Fig. 15, the
characteristics of interpolations using Shepard and MLS
methods may be quite different because these two methods
do not have the same order of completeness. It is noted
that the derivatives of nodal shape functions shown in
Figs. 15 and 16 show smooth patterns in a global sense.
However, the derivatives of the nodal shape functions, in
general, have very complex natures in a local sense as
explained in the previous section. To examine the char-
acteristics of these interpolation methods (Shepard, PU,
and MLS), we interpolate the following function:

u�x; y� � 1
500 x� y� �4ÿ�xÿ y�4� �

; ÿ4 � x; y � 4 :

�61�
The derivatives of the function (61) are used to solve for
unknowns b1I and b2I in Eq. (45) to ®nd a PU interpol-
ation, because a linear ®eld can be reproduced exactly by
this assignment, i.e.

uh�x� �
XN

I�1

/I
0�x�û�xI� �

XN

I�1

/I
0�x��xÿ xI� oû�xI�

ox
:

�62�
In these three interpolations, the nodal values of the re-
spective interpolating function are made to coincide with
the nodal values of the speci®ed function (61), by using the

a2 b2
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Y
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Z

Y

X

Z

Fig. 15a,b. Nodal shape functions and their derivatives,
corresponding to; a Shepard, b MLS methods
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transformation (49) to rede®ne the undetermined param-
eters in these interpolations in terms of the actual nodal
values. For the PU interpolation, the derivatives of inter-
polations also coincide with the derivatives of the given
function (61) because the derivatives of the function (61)
are assigned to ®nd the relation between b̂jI and ~bjI in
Eq. (45).

In these analyses, we use two sizes of sub-domains:
q � 2:0 and q � 3:0. In Fig. 17, the interpolations for u�x�,
using the three methods (Shepard, PU, and MLS), show
good agreements with the exact function, even though
small oscillations or indentations are observed. In fact, the
derivatives of interpolations are important to examine the
characteristics of methods, because derivatives of the
nodal shape functions are directly related with the inte-
grand for the global stiffness matrix. Figure 18 shows the
unwanted waves in the derivatives of interpolations using
these methods for the cases of q � 2:0 and q � 3:0.
Compared to the interpolations in Fig. 17, the derivatives
of interpolations have relatively large oscillations or in-
dentations. It should be noted that a smaller size of the
sub-domains may induce larger oscillations or indenta-
tions, in the nodal shape functions derived from meshless
interpolations. Particularly, the derivatives of interpolat-
ions using the PU method show larger oscillations or in-
dentations than those in the other meshless interpolations.
These characteristics of the interpolations are directly re-
lated to the dif®culties in the numerical integration for the
global stiffness matrix.

Next, the interpolation errors in meshless interpolat-
ions are studied by numerical approaches. Since the
meshless interpolations satisfy the completeness condi-
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Fig. 16a,b. Nodal shape functions and their derivatives,
corresponding to PU; a the ®rst nodal shape function,
b the second nodal shape function
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Fig. 17a±f. Meshless interpol-
ations for u�x; y� using a
Shepard �q � 2:0�, b PU
�q � 2:0�, c MLS �q � 2:0�, d
Shepard �q � 3:0�, e PU
�q � 3:0�, f MLS �q � 3:0�
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tions, given in Eq. (59), the shape functions based on these
interpolations give convergent characteristics. In other
words, the numerical solutions for a partial differential
equation should converge to exact solutions as the nodal
distance tends to zero. Therefore, the errors in numerical
results in the MLPG method will depend on the inter-
polation errors. The best approximation theorem may
enable us to have an error estimate for elliptic boundary-
value problems. In meshless interpolations, the rates of
convergence may depend upon the nodal distance h as
well as the size of sub-domain de®ned by qh, where q is
the scaling parameter for the size of sub-domain XI

tr.
Supposing that the interpolation-error-estimate may have
the h-convergence as in Galerkin ®nite elements, the fol-
lowing interpolation-error-estimate may be assumed to be
preserved:

uÿ ~uk kk� Gq; k hm�1ÿk uj jm�1 �63�

where Gq;k is a function of q and k, �k kk is the norm in the
Sobolev space, and m indicates the order of the complete
polynomial in the interpolation function. In our numerical
analyses, we show the tendencies of interpolation errors in
meshless interpolation through a numerical approach.

The function (61) is used to examine the characteristics
of interpolation using meshless interpolations. In our
computations, the linear transformation (49) and the MLS
interpolation with 4th order weight functions are used to
interpolate the function (61). We use the relative error r1

for H1-norm de®ned by

r1 � uÿ ~uk k1

uk k1

: �64�

We change two parameters; nodal distance h and the
scaling parameter q for the size of sub-domain XI

tr. As
shown in Fig. 19, the rates of convergence for the inter-
polation errors show linear relationships in a logarithmic
scale, which means that Eq. (63) represents a good relation
between the interpolation errors and the nodal distance. It
should be noted that the rates of convergence in these
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Fig. 18a±f. The derivatives of
meshless interpolations for
u�x; y� using a Shepard
�q � 2:0�, b PU �q � 2:0�,
c MLS �q � 2:0�, d Shepard
�q � 3:0�, e PU �q � 3:0�,
f MLS �q � 3:0�
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calculations are about two times larger than that in
Eq. (63). These results indicate that the meshless inter-
polations may have much better convergent characteristics
than the interpolation in the conventional ®nite element
method. As the sizes of sub-domains increase, the inter-
polation errors decrease as shown in Fig. 20. In fact, the
interpolation errors with the sizes of sub-domains may
depend on the type of exact solution. However, usually, we
can obtain a better solution if a larger size of sub-domain
is introduced. In the next section, we show that the trends
in the interpolation error (63) give a good prediction for
numerical solutions in the MLPG method.

6
Numerical integration
As mentioned in the introduction, the numerical integra-
tion plays an important role in the convergence of nu-
merical solutions of meshless methods. The numerical
integration in the usual ®nite element method is not a
serious problem, because the energy for the stiffness ma-
trix may be exactly integrated by using Gauss quadrature.
However, it may be dif®cult to integrate the energy for the
stiffness matrix in meshless methods due to complexity of
the integrand. In this section, the dif®culties in the nu-
merical integration are described, and a new method to
integrate within each sub-domain or over intersections of
sub-domains is presented.

Although background cells for integration in other
meshless methods such as EFG, RKPM and PU methods
preserve symmetry of the sampling points, too much of an
under integration may not give accurate solutions.
Figure 21 shows the schematic features of three integration
methods in meshless methods. The ®rst method (a) in
Fig. 21 is the integration using background cells. These
kinds of integration cells have been used in many previous
researches (Belytschko et al. 1994; Liu et al. 1995; Duarte
and Oden 1996), but this method inevitably requires a
mesh for integration. As a matter of fact, the background
cell integration does not lead to a truly meshless method as
mentioned before. In the present method, we use the other
integration methods (b) and (c) in Fig. 21. The integration

over a sub-domain or over an intersection may be a nat-
ural choice in the sense of the local support in the MLPG
method.

To obtain the full rates of convergence in meshless
methods, the energy in the weak formulation needs to be
evaluated exactly. It is important to understand the nu-
merical integration errors in meshless methods, because
meshless interpolations have a complex feature as ex-
plained before. Insuf®ciently accurate numerical integra-
tions may cause a deterioration and a rank-de®ciency in
the numerical solutions. In fact, the shape functions from
meshless interpolations have a different form in each small
region XI;k

te , as shown in Fig. 13, and so the derivatives of
shape functions in meshless interpolations have an oscil-
lation or an indentation, a peak and a discontinuity in a
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Fig. 20. Convergence of the interpolation error (energy-norm)
with the size of sub-domain, XI
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Fig. 21. Integration methods in meshless methods; a background
cell, b integration over sub-domain, XI

te, for each J to evaluate KIJ ,
c integration over only the intersection of XI

te and XJ
tr, to evaluate

KIJ
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local sense. Furthermore, rational polynomials used as a
basis, and the chosen weight functions, produce complex
forms of nodal shape functions in the sub-domains XI

te.
Considering the fact that the shape functions based on
meshless interpolations are not simple polynomials, it may
not be desirable to integrate over the whole area of a sub-
domain XI

te each time, using simple Gaussian quadrature,
as shown in Fig. 21b, to obtain each KIJ for each value of J
whose XJ

tr intersects only partially with XI
te. In fact, it may

be necessary to recourse to a numerical quadrature sepa-
rately in each small region XI;k

te , as shown in Fig. 13. It
seems to be impossible to divide domains for integration
with alignments of the boundaries of the small regions
XI;k

te , as shown in Fig. 13. Moreover, we found through
numerical experiments that many small partitions in a
domain of integration, such as a sub-domain XI

te, or even
an intersection of XI

te and XJ
tr, give better solutions, than in

the cases of integrating over a whole domain of integration
with a large number of integration points. Therefore, we
use small partitions distributed in the domain of integra-
tion. The other dif®culty in the integration for two-di-
mensional or three-dimensional problems is to integrate
over the region intersecting with the global boundaries,
which produces polygonal shapes of intersection, for in-
tegration, as shown in Fig. 22. One possible way to inte-
grate these kinds of geometry, enclosed by circular arcs
and straight lines, is to use a transformation from the
domain of integration into a unit circle, which is a one-to-
one and nonsingular transformation. The point n on a unit
circle is de®ned by

n � xÿ x0

x1 ÿ x0j j �65�

where x0 is the nodal position or the center of intersection,
and x1 is a position at the boundary of a sub-domain or an
intersection to the direction xÿ x0, as shown in Fig. 22.
The small partitions for integration are divided regularly
on a unit-circle. This algorithm can be extended to three-
dimensional problems along the same lines. Hence, the
integration in the sub-domain XI

te can be written as:Z
XI

te

f �x�dX �
Z

Xc

f ��n�J dX� �66�

where J is the Jacobian corresponding to the coordinate
transformation, and Xc indicates a unit circle. Then the
numerical integration becomes:Z

XI
te

f �x�dX �
XM

k�1

Xnl

l�1

AlJlf
�

l

 !
k

� RM �67�

where M denotes the total number of partitions for inte-
gration, Al are the weights for numerical integration, and
RM is the error for the numerical integration in the sub-
domain XI

te. The integration for an intersection of XI
te and

XJ
tr can be evaluated by the same procedures. The inte-

gration error RM depends on the number of partitions and
integration points, and on the characteristics of shape
functions, such as the size of sub-domain XI

te and the type
of weight function wI�x�. If there is a discontinuity or a
vertex in the nodal shape functions in XI

te, the integration
error increases, because a polynomial approximation im-
plicit in the Gaussian integration produces mismatches
between the nodal shape function in XI

te, and an approx-
imation for integration. In this paper, we use circles and
ellipses as the shapes of sub-domains XI

te; an investigation
of the case of rectangular sub-domains for XI

te will be
presented in our forthcoming papers.

To examine the effect of the types of weight functions,
the numerical integration inside a generic intersection of
XI

te and XJ
tr is performed by using Gaussian quadrature.

The following is a generic integrand in the evaluation of
the local weak form in XI

te, when the nodal trial function
and nodal test functions are identical:

E1 � o/I�x; y�
ox

o/J�x; y�
ox

� o/I�x; y�
oy

o/J�x; y�
oy

;

�68a�

E2 � o/I�x; y�
ox

o/J�x; y�
oy

� o/I�x; y�
oy

o/J�x; y�
ox

:

�68b�
Figure 23 shows the shapes of the integrands E1 and E2,
arising from the MLS interpolation in a sub-domain, for
the case when I � J in Eqs. (68a) and (68b). We change the
order of weight function wI�x� to observe the shapes of
integrands E1 and E2 in the stiffness matrix of MLPG
formulation. From these ®gures, it is clear that a numerical
integration may be very dif®cult if a proper order of the
weight function is not chosen. As explained in the Sect. 4,
we choose a 4th order weight function, in order to give
smoothness to the derivatives of the shape functions.
However, small oscillations or indentations in the deriva-
tive of the shape functions, due to different forms of
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Fig. 22a,b. Mapping onto a unit-circle (a) from a sub-domain XI
te

and (b) from an intersection of XI
te and XJ

tr. x0 is the center of
sub-domain or intersection, and x1 is the point at the boundary
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functions in each small region as shown in Fig. 13, force
the numerical integration process to require many parti-
tions and integration points. We examine the convergence
of integration for a generic intersection region shown in
Fig. 24. The shapes of the integrands E1 and E2 in the
region of intersection between XI

te and XJ
tr are shown in

Fig. 25. The exact integration is assumed to be a value
obtained by using a trapzoidal integration with 400� 1200
points. Figure 26 shows the convergence of integration of
E1 and E2 by using Gaussian quadrature, with partitions.
In this calculation, we use 3� 3 integration points for each
partition, and the number of partitions along the radial
direction in a unit-circle is varied. The numerical inte-
gration does not show uniform convergence, as the num-
ber of partitions increases, which may be due to the
complexity of shape functions. However, we can say that
the errors in numerical integrations decrease, albeit with a
¯uctuation, as the number of partitions increases. There-
fore, integration with partitions may be a proper approach
to evaluate energy for the stiffness matrix, in the present
Petrov-Galerkin formulation.

7
Numerical experiments
The numerical results of the MLPG method as applied to
problems in two-dimensional elasto-statics, speci®cally a
cantilever beam and a plate with a hole as shown in Fig. 27,
are now discussed. The Young modulus and the Poisson's

E1  (1st order weight)

E1  (2nd order weight)

E1  (3rd order weight) E2  (3rd order weight)

E2  (2nd order weight)

E2  (1st order weight) E1  (4th order weight)

E1  (5th order weight)

E1  (10th order weight) E2  (10th order weight)

E2  (5th order weight)

E2  (4th order weight)E1  (1st order weight)

E1  (2nd order weight)

E1  (3rd order weight) E2  (3rd order weight)

E2  (2nd order weight)

E2  (1st order weight) E1  (4th order weight)

E1  (5th order weight)

E1  (10th order weight) E2  (10th order weight)

E2  (5th order weight)

E2  (4th order weight)

Fig. 23. The shapes of E1 and E2 with changing the order of weight functions. MLS shape functions are used
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ratio are E � 1:0� 1010 and m � 0:25, respectively. The
penalty parameter chosen in the analyses is
a � 1:0� 105 E, and the new method, using transforma-
tion from ®ctitious nodal values to actual nodal values, for
imposing the essential boundary conditions is also im-
plemented for some examples. We perform numerical in-

tegration either in the entire XI
te each time, or only in an

intersection of XI
te and XJ

tr; and in each case, partitions are
used, as explained before. In our computations, the body
forces bi in Eq. (1) are set to be zero. We use the energy
norm de®ned as:

ek k � 1

2

Z
X

eTDe dX

� �1
2

: �69�

The relative error for ek k is de®ned as:

re � eexact ÿ enumk k
eexactk k : �70�

7.1
Cantilever beam
We ®rst consider a cantilever beam problem as shown in
Fig. 27a. The exact solution for this problem is given in
Timoshenko and Goodier (1970) as:

u1 �ÿ P

6EI
yÿD

2

� �
�3x�2Lÿ x� � �2� m�y�yÿD��� ;

�71a�

u2 � P

6EI

"
x2�3Lÿ x� � 3m�Lÿ x� yÿD

2

� �2

�4� 5m
4

D2x

#
�71b�

where

I � D3

12
:

The stresses corresponding to the above are
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r11 � ÿ P

I
Lÿ x� � yÿ D

2

� �
; �72a�

r22 � 0 ; �72b�

r12 � ÿPy

2I
yÿ D� � : �72c�

We use regularly distributed 24 (6� 4), 77 (11� 7), 160
(16� 10) and 273 (21� 13) nodes for a model with
L � 5:0 and D � 3:0. Integration only over the intersec-
tions of XI

te and XJ
tr, along with partitions, is used to solve

this problem; and 3� 3 Gaussian quadrature is used to
integrate the energy in each small partition. The nodal
shape functions in these examples are taken from the MLS
interpolations with 4th order weight functions. We report
here results for various values of the number of partitions,
various values of the sizes of sub-domain XI

te�� XJ
tr�, and

various values of the nodal distances. As the nodal dis-
tance h decreases, for the scaling parameters of radius of
XI

te of q � 2:0 and q � 3:0, the relative errors for the en-
ergy norm decrease as shown in Fig. 28. It is observed
from this ®gure that a monotonic convergence cannot be
obtained if suf®cient numbers of partitions are not intro-
duced. Particularly, the numerical solutions deteriorate as
the nodal distance decreases, if the numerical integration
is not accurate enough to evaluate the energy for the
stiffness matrix. In other words, the more nodes are added
in the domain, the more partitions or integration points
are required to achieve the accuracy corresponding to a
smaller nodal distance. These kinds of dif®culties are
caused by the complexity of the shape functions in
meshless methods. It should be noted that the rates of
convergence in these numerical examples are about 2.0,
which is higher than the value in the Galerkin ®nite ele-
ment method. The effect of the size of sub-domain is
shown in Fig. 29, in which the relative errors for the energy
norm decrease as the size of sub-domain XI

te�� XJ
tr� in-

creases. This trend is similar to the results for the inter-
polation-error-estimate in Sect. 6 (see Fig. 20). The

comparison of numerical and exact deformations, as well
as stress distributions r11, are shown in Fig. 30. In the
previous examples, we used the penalty parameter tech-
nique to impose the essential boundary conditions. As a
simple and elementary method introduced in Sect. 6 to
impose the essential boundary conditions, the new method
using linear transformation is applied to these examples.
The MLPG solutions with this method of enforcing the
essential boundary conditions show very satisfactory re-
sults as shown in Fig. 31. We also change the nodal shape
functions corresponding to the Shepard and partition of
unity interpolations. As explained in Sect. 4, the Shepard
shape function is the most simple shape function in the
MLS interpolation. Therefore, the numerical results with
3� 12 and 6� 24 partitions are similar, as shown in
Fig. 32, which implies that the numerical integration for
Shepard function is much easier than for a MLS function.
This advantage is due to the simpliticity of the shape
function, which makes numerical integration easier.
However, the relative errors for the energy norm are large,
and the rates of convergence are slow. Figure 33 shows the
results with partition of unity interpolations, in which the
numerical solutions using small number of partitions
(3� 12 partitions) do not converge as the nodal distance
decreases.

We examine a long beam example, to investigate the
effect of the shape of sub-domain XI

te�� XJ
tr� for three

models having different nodal distances in the x- and y-
directions, as shown in Fig. 34. In these analyses, we use
sub-domain integration with partitions as shown in Fig.
22a. The beam dimensions are L � 40:0 and D � 4:0. We
change the shape of the sub-domain to ellipses, by ad-
justing the nodal distances in the x- and y-directions. The
results are shown in Fig. 35, in which the relative errors for
the energy norm for elliptical supports XJ

tr are lower than
the errors in the cases with circular supports XJ

tr. In this
®gure, h1 indicates nodal distance in the x-direction. It is
observed from these results that the quality of the nu-
merical solutions may be improved, when elliptical sup-
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ports are used for a model with irregularly distributed
nodes.

7.2
Infinite plate with a circular hole
Next, we consider an in®nite plate with a central hole of
radius a. The plate is subjected to a uniform tension,
r � 1, in the x-direction, at in®nity as shown in Fig. 27b.
The exact solutions for stresses are:

r11 � r 1ÿ a2

r2

3

2
cos 2h� cos 4h

� �
� 3a4

2r4
cos 4h

� �
;

�73a�

r12 � r ÿa2

r2

1

2
sin 2h� sin 4h

� �
� 3a4

2r4
sin 4h

� �
; �73b�

r22 � r
a2

r2

1

2
cos 2hÿ cos 4h

� �
ÿ 3a4

2r4
cos 4h

� �
�73c�
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Fig. 30. Comparison of the MLPG and the exact solutions for a
cantilever beam problem. The penalty method is used to impose
the essential boundary conditions
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cantilever beam problem. The new transformation technique is
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where r; h� � are the polar coordinates, and h is measured
from the positive x-axis in a counterclockwise direction.
The corresponding displacements, in the plane strain case,
are given by

u1 � 1� m
E

r

 
1

1� m
r cos h� 2

1� m
a2

r
cos h

� 1

2

a2

r
cos 3h

1

2

a4

r3
cos 3h

!
; �74a�

u2 � 1� m
E

r

 
ÿ m

1� m
r sin hÿ 1ÿ m

1� m
a2

r
sin h

� 1

2

a2

r
sin 3hÿ 1

2

a4

r3
sin 3h

!
: �74b� Due to symmetry, only a part, 0 � x � 4 and 0 � y � 4,

of the upper right quadrant of the plate is modeled as
shown in Fig. 27b. Symmetry conditions are imposed on
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Fig. 34. A Comparison of the MLPG and the exact solutions for a
long cantilever beam, using elliptical supports
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the left and bottom edges, i.e. u1 � 0, t2 � 0 is prescribed
on the left edge and u2 � 0, t1 � 0 on the bottom edge, and
the inner boundary at a � 1 is traction free. The traction
boundary conditions, as given by the exact solutions, are
imposed on the right (x � 4) and top (y � 4) edges. The
sub-domain integration with partitions, as shown in
Fig. 22a is used to evaluate the energy for the stiffness
matrix. We use three models as shown in Fig. 36 to observe
the rates of convergence using circular as well as elliptical
sub-domains XI

tr. Figure 36 compares the MLPG and the
exact solutions, for the stress distribution r11, when el-
liptical supports are used. Similar to the cantilever beam
problem, the relative errors for the energy norm are lower
for elliptical supports than in the solutions with circular
supports, as shown in Fig. 37. In this ®gure, �h indicates the
average nodal distance.

7 Concluding remarks
We have presented a very critical appraisal of the MLPG
and LBIE methods, which are truly meshless methods, for
solving elasto-static problems. We explained that the
MLPG method, based on a local formulation, can include
all the other meshless methods based on global formula-
tion, as special cases. A standard Galerkin procedure can
be obtained if the trial and test functions in the MLPG
method are chosen from the same space. In the MLPG
method, absolutely no meshes are needed either for in-
terpolation or for integration, while other meshless
methods require background cells. Integration of the local
weak form over a sub-domain XI

te or an intersection of XI
te

and XJ
tr, is a natural choice in the MLPG method, and a

new method for integration in a local domain has been
proposed, which can be extended to three-dimensional
problems. The dif®culty in the numerical integration due
to complexity of shape functions from meshless approxi-
mations was studied in this paper, by changing the order
of weight function wI�x� in the MLS interpolation. Along
with the MLS interpolation, the use of Shepard and Par-
tition of Unity functions as interpolation functions in
conjunction with the MLPG paradigm was studied in this

paper. We proposed a new and simple method to impose
the essential boundary conditions exactly by using a linear
transformation from ®ctitious nodal values to actual nodal
values. Some numerical experiments for a cantilever beam,
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and a plate with a hole have been carried out using the
MLPG method. The MLPG results were in good agreement
with exact solutions for these problems, while using MLS,
Shepard and PU interpolations. Particularly, elliptical
supports XI

te, for models with different nodal distances in
x- and y-directions, showed better results.

Compared to other meshless methods, the MLPG
method has many advantages. Indeed the MLPG method
possesses a tremendous potential for solving linear and
nonlinear boundary value problems without any mesh,
and may be expected to replace the Galerkin Finite Ele-
ment Method in the near future.
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