
The local boundary integral equation (LBIE) and it's meshless
implementation for linear elasticity

S. N. Atluri, J. Sladek, V. Sladek, T. Zhu

Abstract The meshless method based on the local boun-
dary integral equation (LBIE) is a promising method for
solving boundary value problems, using an local unsym-
metric weak form and shape functions from the moving
least squares approximation. In the present paper, the
meshless method based on the LBIE for solving problems
in linear elasticity is developed and numerically imple-
mented. The present method is a truly meshless method,
as it does not need a ``®nite element mesh'', either for
purposes of interpolation of the solution variables, or for
the integration of the energy. All integrals in the formu-
lation can be easily evaluated over regularly shaped do-
mains (in general, spheres in three-dimensional problems)
and their boundaries. The essential boundary conditions
in the present formulation can be easily imposed even
when the non-interpolative moving least squares approx-
imation is used. Several numerical examples are presented
to illustrate the implementation and performance of the
present method. The numerical examples show that high
rates of convergence with mesh re®nement for the dis-
placement and energy norms are achievable. No post-
processing procedure is required to compute the strain
and stress, since the original solution from the present
method, using the moving least squares approximation, is
already smooth enough.

1
Introduction
Meshless methods have become very attractive and ef®-
cient for the development of adaptive methods for solving
boundary value problems because nodes can be easily
added and removed without a burdensome remeshing of
elements. The meshless LBIE approach (Zhu et al., 1998a,

b), based on the local unsymmetric weak form (LUWF)
and the moving least squares (MLS) approximation, is a
truly numerical meshless method for solving boundary
value problems. The main advantage of this method over
the widely used ®nite element method and other ``so-
called'' meshless methods [such as the diffuse element
method (Nayroles et al., 1992), the element free Galerkin
method (Belytschko et al., 1994; Organ et al., 1996; Zhu
and Atluri, 1998), and the reproducing kernel particle
method (Liu et al., 1996)], is that it does not need a ``®nite
element mesh'', either for purposes of interpolation of the
solution variables, or for the integration of the energy.

In the present work, the local boundary integral
equation (LBIE) will be developed for solving problems
in linear elasticity. As has been illustrated in Zhu et al.
(1998a, b), the LBIE method is a real meshless method,
which needs absolutely no domain and boundary ele-
ments. Only domain and boundary integrals over very
regular sub-domains and their boundaries are involved in
the formulation. These integrals are very easy to evaluate,
due to the very regular shapes of the sub-domains
(generally n-dimensional spheres) and their boundaries.
In this formulation, the requirements for the continuity
of the trial function(s) used in approximation may be
greatly relaxed, and no derivatives of the shape (trial)
functions are needed in constructing the system stiffness
matrix at least for the interior nodes. The essential
boundary conditions can be directly and easily enforced,
even when a non-interpolative approximation of the MLS
type is used.

In the present paper, by ``the support of a source point
(node) yi'' we mean a sub-domain (usually taken as a
circle of radius ri) in which the weight function wi in the
MLS approximation, associated with node yi, is non-zero;
by ``the domain of de®nition'' of a MLS approximation
for the trial function at any point x we mean a sub-
domain which covers all the nodes whose weight func-
tions do not vanish at x; and by ``the domain of in¯uence
of node yi'' we denote a sub-domain in which all the
nodes have non-zero couplings with the nodal values at
yi, in the system stiffness matrix. The domain of in¯u-
ence of a node is somewhat like a patch of elements in
the FEM, which shares the nodes in question. In our
implementation, the domain of in¯uence of a node is the
union of the domains of de®nition of the MLS approxi-
mation for the trial at all points on the local boundary of
the source point (node). We do not intend to mean these
to be versatile de®nitions, but rather, explanations of our
terminology.
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The following discussion begins with the brief descrip-
tion of the moving least squares (MLS) approximation in
Sect. 2. The local symmetric weak form and the companion
solution are developed in Sects. 3 and 4, respectively.
Section 5 deals with numerical treatment of singular inte-
grals involved. The numerical implementation of the
present method is presented in Sect. 6, and numerical ex-
amples for 2-D elasticity problems are given in Sect. 7. The
paper ends with conclusions and discussions in Sect. 8.

2
The MLS approximation scheme
Recall that the classical discretization methods are based
on the use of ®nite size elements and the local approxi-
mation by interpolation within such elements. The cou-
pling (interaction) among the ®nite number of degrees of
freedom is given by a global (integral) identity. Now, in
contrary to such classical computational methods, the
coupling in a global scale is brought by the approximation
and the LBIE can serve as the local constraint equations in
assembling the global stiffness matrix. The physical solu-
tion can be approximated in terms of a ®nite number of
degrees of freedom (which can be also ®ctitious non-
physical unknowns) de®ned at some randomly located
nodes. A variety of local interpolation schemes that in-
terpolate the data at randomly scattered points in two or
more independent variables is available.

In order to make the current formulation fully general,
it needs a relatively direct interpolation or approximation
scheme with reasonably high accuracy and with ease of
extension to n-dimensional problems. The moving least
squares (MLS) approximation may be considered as one of
such schemes, and is used in the current work.

Consider a sub-domain Xx, the neighborhood of a point
x and denoted as the domain of de®nition of the MLS
approximation for the trial function at x, which is located
in the problem domain X. To approximate the distribution
of function u in Xx, over a number of randomly located
nodes fxig, i � 1; 2; . . . ; n, the Moving Least Squares ap-
proximant uh�x� of u, 8 x 2 Xx, can be de®ned by

uh�x� � pT�x�a�x� 8 x 2 Xx �1�
where pT�x� � �p1�x�; p2�x�; . . . ; pm�x�� is a complete mo-
nomial basis of order m; and a�x� is a vector containing
coef®cients aj�x�, j � 1; 2; . . . ;m which are functions of the
space coordinates x � �x1; x2; x3�T. For example, for a 2-D
problem,

pT�x� � 1; x1; x2
� �

; linear basis; m � 3 ; �2a�
pT�x� � 1; x1; x2; �x1�2; x1x2; �x2�2� �

;

quadratic basis; m � 6 ; �2b�
and for a 3-D problem

pT�x� � 1; x1; x2; x3
� �

; linear basis; m � 4 ; �3a�
pT�x� � 1; x1; x2; x3; �x1�2; �x2�2; �x3�2; x1x2; x2x3; x1x3

� �
quadratic basis; m � 10 : �3b�

The coef®cient vector a�x� is determined by minimizing a
weighted discrete L2 norm, de®ned as:

J�x� �
Xn

i�1

wi�x� pT�xi�a�x� ÿ ûi

� �2

� P � a�x� ÿ û� �T �W � P � a�x� ÿ û� � ; �4�
where wi�x� is the weight function associated with the
node i, with wi�x� > 0 for all x in the support of wi�x�, xi

denotes the value of x at node i, n is the number of nodes
in Xx for which the weight functions wi�x� > 0, the ma-
trices P and W are de®ned as

P �
pT�x1�
pT�x2�
� � �

pT�xn�

2664
3775

n�m

; �5�

W �
w1�x� � � � 0
� � � � � � � � �
0 � � � wn�x�

24 35 ; �6�

and

ûT � û1; û2; . . . ; ûn� � : �7�
Here it should be noted that ûi, i � 1; 2; . . . ; n in Eqs. (4)
and (7) are the ®ctitious nodal values, and not the nodal
values of the unknown trial function uh�x� in general (See
Fig. 1 for a simple one dimensional case for the distinction
between ui and ûi).

The stationarity of J in Eq. (4) with respect to a�x� leads
to the following linear relation between a�x� and û.

A�x�a�x� � B�x�û �8�
where the matrices A�x� and B�x� are de®ned by

A�x� � PTWP � B�x�P �
Xn

i�1

wi�x�p�xi�pT�xi� ; �9�

B�x� � PTW

� w1�x�p�x1�;w2�x�p�x2�; . . . ;wn�x�p�xn�� � : �10�
The MLS approximation is well de®ned only when the
matrix A in Eq. (8) is non-singular. It can be seen that this
is the case if and only if the rank of P equals m. A nec-
essary condition for a well-de®ned MLS approximation is
that at least m weight functions are non-zero (i.e. n � m)
for each sample point x 2 X and that the nodes in Xx will
not be arranged in a special pattern such as on a straight
line. Here a sample point may be a nodal point under
consideration or a quadrature point.

Fig. 1. The distinction between ui and ûi
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Solving for a�x� from Eq. (8) and substituting it into
Eq. (1) give a relation which may be written as the form of
an interpolation function similar to that used in FEM, as

uh�x� � UT�x� � û �
Xn

i�1

/i�x�ûi;

uh�xi� � ui 6� ûi; x 2 Xx

�11�

where

UT�x� � pT�x�Aÿ1�x�B�x� �12�
or

/i�x� �
Xm

j�1

pj�x� Aÿ1�x�B�x�� �
ji
: �13�

/i�x� is usually called the shape function of the MLS ap-
proximation corresponding to nodal point yi. From
Eqs. (10) and (13), it may be seen that /i�x� � 0 when
wi�x� � 0. In practical applications, wi�x� is generally
chosen such that it is non-zero over the support of nodal
points yi. The support of the nodal point yi is usually taken
to be a circle of radius ri, centered at yi. This radius is
an important parameter of the MLS approximation and
the whole present meshless computational method be-
cause it determines the range of interaction (coupling)
between degrees of freedom de®ned at nodes.

The smoothness of the shape functions /i�x� is deter-
mined by that of the basis functions and of the weight
functions. Let Ck�X� be the space of k-th continuously
differentiable functions. If wi�x� 2 Ck�X� and
pj�x� 2 Cl�X�, i � 1; 2; . . . ; n; j � 1; 2; . . . ;m, then
/i�x� 2 Cr�X� with r � min�k; l�.

The partial derivatives of /i�x� are obtained as (Belyt-
schko et al., 1994)

/i;k �
Xm

j�1

�
pj;k Aÿ1B
ÿ �

ji
�pj

ÿ
Aÿ1B;k � Aÿ1

;k B
�

ji

� �14�

in which Aÿ1
;k � �Aÿ1�;k represents the derivative of the

inverse of A with respect to xk, which is given by

Aÿ1
;k � ÿAÿ1A;kAÿ1 �15�

where, � �;i denotes o� �=oxi.
In implementing the MLS approximation for the ele-

ment free Galerkin (EFG) method, and the local boundary
integral equation (LBIE) method, the basis functions and
weight functions should be chosen at ®rst. Both Gaussian
and Spline weight functions with compact supports can be
considered in the present work. The Gaussian weight
function corresponding to node i may be written as

wi�x� �
exp ÿ di=ci� �2k� �ÿexp ÿ ri=ci� �2k� �

1ÿexp ÿ ri=ci� �2k� � 0 � di � ri

0 di � ri

(
�16�

where di � jxÿ xij is the distance from node xi to point x;
ci is a constant controlling the shape of the weight function
wi and therefore the relative weights; and ri is the size
of the support for the weight function wi and determines

the support of node xi. In the present computation,
k � 1 was chosen. It can be easily seen that the Gaussian
weight function is C0 continuous over the entire domain
X. Therefore, the shape functions and the trial function are
also C0 continuous over the entire domain. Even though
the de®nition of all constants ci is more or less arbitrary,
they do effect the computational results signi®cantly.
Belytschko et al. (1994) recommended a method to chose
constants ci, however, better methods to chose these
constants should be explored.

A Spline weight function is de®ned as

wi�x� � 1ÿ 6 di

ri

� �2�8 di

ri

� �3ÿ3 di

ri

� �4
0 � di � ri

0 di � ri

(
:

�17�
It can also be easily seen that the spline weight function
(17) is C1 continuous over the entire domain X. Therefore,
the shape functions and the trial function are also C1

continuous over the entire domain.
Here, distinction between ``the domain of de®nition

of an MLS approximation for the trial function at a
point'' (herein after simpli®ed as ``the domain of de®-
nition of a point'') and the support of a node should be
noted. The domain of de®nition of a point x is a do-
main in which wi�x� 6� 0, i � 1; 2; . . . ; n and the support
of node j is a circle (sphere) of radius rj, centered at xj,
in which wi 6� 0 (see Fig. 1 and Mukherjee and Mu-
kherjee, 1997).

It is easy for the moving least squares approximation to
attain higher order of continuity for the shape functions
and the trial function by constructing a more continuous
weight function. A simple way is to use higher order spline
functions.

The size of support, ri, of the weight function wi asso-
ciated with node i should be chosen suf®ciently large to
ensure good coupling in the global scale. On the other
hand, ri should be small enough to lead to banded and
sparse system matrix.

3
The local boundary integral equation for linear elasticity
We consider the following two-dimensional linear elasticity
problem on the domain X bounded by the boundary C:

rij;j � bj � 0 in X �18�
where r is the stress tensor, which corresponds to the
displacement ®eld ui; bi is the body force; and � �;i denotes
o� �=oxi. The corresponding boundary conditions are
given as follows:

ui � �ui on Cu �19a�
ti � rijnj � �ti on Ct �19b�
where �ui and �ti are the prescribed displacements and
tractions, respectively, on the displacement boundary Cu

and on the traction boundary Ct, and ni is the unit out-
ward normal to the boundary C.

Let ui be the trial function, and u�i be the test function,
the weak form of Eq. (18) (the linear momentum balance)
can be written as,
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Z
X

rij;j � bi

ÿ �
u�i dX � 0 �20�

Integrating by parts twice for Eq. (20), one obtains the
following expression:

ÿ
Z

X
r�ij;jui dX�

Z
C

t�i ui dC �
Z

C
tiu
�
i dC�

Z
X

biu
�
i dX

�21�
Now, the test function u�i is chosen to be the solution, in
in®nite space (Kelvin's solution), of the following equa-
tion:

r�ij;j�x; y� � d�x; y�ei � 0 �22�
where d�x; y� is the Dirac delta function, and ei is the unit
load vector along the xi axis at the point y. The test
functions u�i and t�i may also be written as:

u�i � u�kiek �23a�
t�i � t�kiek �23b�
where u�ki and t�ki are the ith components of displacements
and tractions due to a unit load in the k direction.

Substituting Eqs. (22) and (23) into Eq. (20), we obtain
the following global boundary Integral (see Brebbia and
Dominguez, 1989):

ui�y� �
Z

C
u�ij�x; y�tj�x�dCÿ

Z
C

t�ij�x; y�uj�x�dC

�
Z

X
u�ijbj dX �24�

where x is the generic point and y is the source point. This
equation is known as the Somigliana's identity and gives
the value of the displacements at any internal point in
terms of the boundary values uj and tj.

If, instead of the entire domain X of the given problem,
we consider a sub-domain Xs, which is located entirely
inside X and contains the point y, clearly the following
equation should also hold over the sub-domain Xs

ui�y� �
Z

oXs

u�ij�x; y�tj�x�dCÿ
Z

oXs

t�ij�x; y�uj�x�dC

�
Z

Xs

u�ijbj dX �25�

where oXs is the boundary of the sub-domain Xs.
Similar to the treatment in solving linear potential

problems, in order to get rid of the unknown tractions on
the boundary oXs, a ``companion solution'', ~uij, is also
introduced. The companion solution is associated with the
fundamental solution u�ij, and is de®ned as the solution to
the following equation:

~rij;j � 0 on X0s
~uki � u�ki�x; y� on oX0s

�
�26�

where X0s and oX0s are the same as those de®ned in Fig. 2.
As usual, X0s is taken as a circle in the present imple-
mentation.

Using ~u�ij � u�ij ÿ ~uij as the modi®ed test function in the
integral equation (20), and integrating by parts twice,

similar local boundary integral equations, for linear elas-
ticity, can be derived as:

ui�y� � ÿ
Z

oXs

~t�ij�x; y�uj�x�dC�
Z

Xs

~u�ij�x; y�bj�x�dX

�27�
for the source point y located inside X, and

aij�y�uj�y� � ÿ
Z

oXs

~t�ij�x; y�uj�x�dC�
Z

Cs

~u�ij�x; y�tj�x�dC

�
Z

Xs

~u�ij�x; y�bj�x�dX �28�

for the source point y located on the global boundary C on
the entire domain X, where the integrals are in the sense of
Cauchy Principal Value, and Cs and Ls are the same as
those de®ned in Fig. 2.

For brevity, the above two equations can also be written
in matrix forms as:

u�y� � ÿ
Z

oXs

~t�u dC�
Z

Xs

~u�b dX �29�

for the source point y located inside X, or

au�y� � ÿ
Z

oXs

~t�u dC�
Z

Cs

~u�t dC�
Z

Xs

~u�b dX �30�

for the source point y located on the global boundary C of
the entire domain X, wherein, for 2-D elasticity,

~u� � ~u�11 ~u�12

~u�21 ~u�22

� �
; ~t� �

~t�11
~t�12

~t�21
~t�22

� �
;

a � a11 a12

a21 a22

� �
�31�

Fig. 2. Local boundaries, the supports of nodes, the domain
of de®nition of the MLS approximation for the trial
function at a point, and the domain of in¯uence of a source
point (node)
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and

u � u1

u2

� �
; t � t1

t2

� �
; b � b1

b2

� �
�32�

The constant matrix a, for 2-D elasticity, is determined by
the type of boundary point under consideration, and is
given by

a�y� � 1 0
0 1

� �
�33�

for internal points,

a�y� � 1=2 0
0 1=2

� �
�34�

for points on a smooth boundary, and

a�y� �
h

2pÿ sin 2h1ÿsin 2h2

8p�1ÿ�m�
cos 2h1ÿcos 2h2

8p�1ÿ�m�
cos 2h1ÿcos 2h2

8p�1ÿ�m�
h

2p� sin 2h1ÿsin 2h2

8p�1ÿ�m�

" #
�35�

for source points located at a corner, wherein, h is the
internal angle of the boundary corner; h1 and h2 are de-
®ned in Fig. 3, and

�m � m for plane strain
m

1�m for plane stress

�
Upon solving for the companion solutions, ~u�ij and ~t�ij, we
can solve the problem by using a numerical discretization
technique. For potential problems, the companion solu-
tion can be easily solved, as can be seen in Zhu et al.
(1998b). For linear elasticity problems, the companion
solutions can also be solved analytically. This will be dis-
cussed in the next section.

4
The fundamental and the companion solutions
The displacement and traction fundamental solutions, for
an isotropic material and for two dimensional linear
elasticity, can be solved from Eq. (22), and is given by

u�ij �
1

8pl�1ÿ �m� ��4�mÿ 3� ln rdij � r;ir;j� �36a�

and

t�ij � ÿ
1

4p�1ÿ �m�r
or

on
��1ÿ 2�m�dij � 2r;ir;j�

�
ÿ �1ÿ 2�m��r;inj ÿ r;jni�

�
(36b)

where r � jxÿ yj �
����������������������������������������������
�x1 ÿ y1�2 � �x2 ÿ y2�2

q
denotes the

distance from the source point y�y1; y2� to the generic
point x�x1; x2�; and l is the shear modulus of the material.
Obviously,

r;i � ri

r
� xi ÿ yi

r
�37�

Given the displacement fundamental solution u�ij, the
companion solutions, ~uij and ~tij can then be solved from
Eq. (26) as:

~uij � 1

8pl�1ÿ �m� �4�mÿ 3� ln r0 � 5ÿ 4�m
2�3ÿ 4�m�

��
� 1ÿ r2

r2
0

� ��
dij � rirj

r2
0

�
�38a�

and

~tij � 3rinj ÿ rjni ÿ rknkdij

4p�1ÿ �m��3ÿ 4�m�r2
0

(38b)

where, r0 is the radius of the local sub-domain Xs.
Therefore, the modi®ed test functions, ~u�ij � u�ij ÿ ~uij and
~t�ij � t�ij ÿ ~tij, become:

~u�ij �
1

8pl�1ÿ �m� �4�mÿ3� ln
r

r0
ÿ 5ÿ 4�m

2�3ÿ 4�m� 1ÿ r2

r2
0

� �� �
dij

�
� 1ÿ r2

r2
0

� �
rirj

r2

�
�39a�

and

~t�ij �
1

4p�1ÿ �m�
1

r

or

on
�1ÿ2�m�ÿ rknk

�3ÿ 4�m�r2
0

� �
dij

�
� 2

or

on

rirj

r3

ÿ 1ÿ 2�m
r2
�rinj ÿ rjni�� 3rinj ÿ rjni

�3ÿ 4�m�r2
0

�
(39b)

As in the conventional BIE formulation for solution of
elasticity problems, the fundamental solutions ~u�ij and ~t�ij
exhibit the logarithmic and 1=r singular behaviour, re-
spectively, as r ! 0. The numerical integration of such
singular integrands requires an enhanced attention.

5
Treatment of singularities
The logarithmic singularity is integrable in the ordinary
sense and it can be handled quite satisfactorily by using
the special Gauss quadrature for ln�1=r�-terms. In the
conventional BEM formulations, the strong singularity
involved in the fundamental tractions can be avoided by
using the rigid body motion idea. Since the shape function
in the present formulation is not known in a closed form
(it is evaluated digitally at each quadrature point), the
above mentioned technique is not successful in avoidingFig. 3. De®nitions of h, h1 and h2
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the 1=r-term from the integrand before applying a nu-
merical quadrature for the integration. Nevertheless, the
CPV integrals can be well treated by using the direct limit
approach with an optimal transformation of the integra-
tion variable (Sladek and Sladek, 1998).

It is known that the BIE given by Eq. (30) results from
the integral representation of displacements in the limit
when an interior point approaches the boundary. With-
out introducing the CPV integral, this BIE can be re-
written as

ui�y� � ÿ lim
D!0

Z
Cs

~t�ij�x; z�uj�x�dCÿ
Z

Ls

~t�ij�x; y�uj�x�dC

�
Z

Cs

~u�ij�x; y�tj�x�dC�
Z

Xs

~u�ij�x; y�bj�x�dX

�40�
where z � y ÿ eD with D being the distance jy ÿ zj and e is
a unique vector.

Recall that uj�x� is assumed to be known only digitally
but to satisfy the Holder continuity over Cs 3 y. The de-
tailed analysis of the limit of the above integral involving
strongly singular integrand can be found elsewhere (Sla-
dek et al., 1998) for the general case of a curved boundary
Cs. Now, we con®ne ourselves to the case when Cs is
composed of straight lines. Since, in that case,

~t�ij�x; y� � 1

4p�1ÿ �m�
1ÿ 2�m

r
eji3 ÿ 3sinj ÿ sjni

�3ÿ 4�m�r2
0

r

� �
�41�

with s being the unit tangent vector along Cs, we have

ui�y� � lim
D!0

Z
Cs

~t�ij�x; z�uj�x�dC

� h
2p

dij ÿ 1

4p�1ÿ �m� �s
�
i nÿi ��nÿi n�j ÿ sÿi s�j �

� �
uj�y�

ÿ 1

4p�1ÿ �m��3ÿ 4�m�r2
0

Z r0

0

�f �ij uj�y � qs��

ÿ f ÿij uj�y ÿ qsÿ��q dq� 1ÿ 2�m
4p�1ÿ �m� eji3

� lim
D!0

Z r0

0

uj�y � qs�� ÿ uj�y ÿ qsÿ�� � q

q2 � D2 dq

�42�
where

f �ij � 3s�i n�j ÿ s�j n�i :

Note that the superscripts ``+'' and ``ÿ'' stand, respectively
for the outgoing and incoming segments joined at y 2 Cs.

In order to avoid the quasi-singular behaviour of the
integrand in the last integral of Eq. (42) as q! 0 when
D � 0, one can use the optimal transformation of the in-
tegration variable q to m with the result (Sladek and Sladek,
1998)

lim
D!0

Z r0

0

uj�y � qs�� ÿ uj�y ÿ qsÿ�� � q

q2 � D2 dq

� lim
D!0

1

2

Z m1

m0

F�j �m� ÿ Fÿj �m�
h i

dm �43�

in which

F�ij �m� � uj�y � q�m�s��
with q�m� �

��������������
em ÿ d2
p

; m0 � 2 ln D; m1 � ln�r2
0 � D2�. The

limit approach D! 0 can be performed in numerical
computations by taking D� r0 (say D � r0 � 10ÿ7�. Note
that the free term in Eq. (42) is exactly aij�y�uj�y� with aij

being given by Eq. (35). Thus, the LBIE (40) considered at
the boundary nodal point y 2 Cs 2 C can be rewritten as

aij�y�uj�y� � Rij�uj��y� ÿ
Z

Ls

~t�ij�x; y�uj�x�dC

�
Z

Cs

~u�ij�x; y�tj�x�dC�
Z

Xs

~u�ij�x; y�bj�x�dX

�44�
where the functional Rij�uj� is given by regular integrals

Rij�uj��y� � 1

4p�1ÿ �m��3ÿ 4�m�r2
0

�
Z r0

0

�f �ij uj�y � qs�� ÿ f ÿij uj�y ÿ qsÿ��q dq

ÿ 1ÿ 2�m
8p�1ÿ �m� eji3 lim

D!0

Z m1

m0

�uj�y � q�m�s��

ÿ uj�y ÿ q�m�sÿ��dm �45�
It is easy to rewrite Eqs. (44) and (45) into the matrix
form. Sometimes it is appropriate to introduce the func-
tional operators Rt and Ru, which restrict the integration
to that over Cst 3 x � y � qs� and Csu 3 x � y � qs�,
respectively, with Cst and Csu being the portions of
Cs � Csu [ Cst over which tractions and displacements are
prescribed, respectively. Then,

R�u��y� � Ru��u��y� �
XN

j�1

Rt�/j��y�

6
Discretization and numerical implementation

6.1
Discrete equations
As to the tractions in the numerical implementation, one
may either retain the unknown tractions as independent
variables in the ®nal algebraic equations, or directly dif-
ferentiate Eq. (11) to represent the unknown tractions.
When the unknown tractions are retained as independent
variables at Cs, the companion solution has to be intro-
duced to get rid of the unknown tractions on the local
boundary, and a simple interpolation/approximation
scheme can be used. Thus both displacements, as well as
tractions at the global boundary may appear in the ®nal
algebraic equations as independent unknown variables. In
this case, special treatments are needed to evaluate the
values of displacements and stresses at the global boun-
dary, as the singular and hyper-singular integrals will be
involved in the evaluation. If the direct differentiation of
Eq. (11) is used and the tractions will not appear as in-
dependent variables at Cs, the companion solution will not
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have to be introduced. The introduction of the companion
solution in this case mainly aims at simplifying the for-
mulation and reducing the computational cost. Because
the derivatives of the shape functions are not to be eval-
uated at each quadrature point on oXs. Thus, in our de-
velopment, the companion solution is used in any case. A
rather accurate interpolation/approximation with good
approximation for derivatives may be required, and the
displacements and their derivatives can be calculated by
Eq. (11) without bothering to integrate Eqs. (27) and (28)
over the local boundary if the companion solution is em-
ployed. In the currently presented numerical implemen-
tation, the unknown tractions are not kept as independent
variables at Cs, and the ®nal algebraic equations contain
only the unknown ®ctitious nodal values û.

Substituting the MLSA approximation (11) into Eq. (29)
for interior nodes, and into (44) for boundary nodes,
imposing boundary conditions over Cs on the right hand
side, and carrying out the integrals, the following linear
equations can be obtained (we assume that both u1 and u2

are prescribed on Csu):

aiui � ÿ
Z

Ls

~t��x; yi�u�x�dC� R�u��y�

�
Z

Csu

~u��x; yi�t�x�dC�
Z

Cst

~u��x; yi�t�x�dC

�
Z

Xs

~u��x; yi�b�x�dX

� ÿ
XN

j�1

Z
Ls

~t��x; yi�/j�x�ûj dC

� ûjRt�/j��y� � Ru��u��y�

�
XN

j�1

Z
Csu

~u��x; yi�NDBjûj dC

�
Z

Cst

~u��x; yi��t�x�dC�
Z

Xs

~u��x; yi�b�x� dX �46�

or

aiui � f�i �
XN

j�1

K�ijûj; i � 1; 2; . . . ;N �47�

where, N is the total number of nodes; D is the stress-
strain matrix; and

K�ij � ÿ
Z

Ls

~t��x; yi�/j�x�dC� Rt�/j��y�

�
Z

Csu

~u��x; yi�NDBj dC (48a)

f�i � ÿ
Z

Cst

~u��x; yi��t�x�dC� Ru��u��y�

�
Z

Xs

~u��x; yi�b�x�dX (48b)

with

N � n1 0 n2

0 n2 n1

� �
(48c)

Bj �
/j;1 0

0 /j;2

/j;2 /j;1

264
375 (48d)

in which Cst and Csu are the traction and displacement
boundary sections of Cs with Cs � Cst [ Csu, �u are the
prescribed displacements at Csu, �t are the prescribed
tractions at Cst, and Ls is a part of the local boundary oXs,
which is not located on the global boundary C. For those
interior nodes located inside the domain X, Ls � oXs, and
the boundary integrals involving Csu and Cst vanish in
Eqs. (48a, b).

Similarly, upon imposing the displacement boundary
condition for ui in the left hand side of Eq. (47) for those
nodes i where u is speci®ed; or using the MLS approxi-
mation (11) to represent u for those nodes with u unknown,
we have the following nonlinear algebraic system of û:

Kû � f �49�
where the sub-matrices for K and f are de®ned by

Kij �
ÿK�ij for nodes with ui

specified at yi

ÿK�ij � ai/j�yi� for nodes with ui unknown

8<:
�50�

and

f i � f�i ÿ ai�u�yi� for nodes with ui specified at yi

f�i for nodes with ui unknown

�
�51�

Also, from Eq. (48a), it is seen that no derivatives of the
shape functions are needed in constructing the stiffness
matrix for the interior nodes and for those boundary nodes
with no essential-boundary-condition-prescribed sections
on their local boundaries. This is attractive in engineering
applications as the calculation of derivatives of shape
functions from the MLS approximation is quite costly.

In deriving Eqs. (46)±(51), we assume that both u1 and
u2 are prescribed on Csu. If only one of the u1 and u2 is
speci®ed on Csu, these equations need to be modi®ed
accordingly.

7
Numerical examples
In this section numerical results will be presented for the
meshless implementation of the LBIE method. In the ®rst
example, implementations of imposing the essential
boundary conditions by direct allocation, i.e., be setting
ûi � �ui, and alternatively, by collocation via Eq. (11) are
also considered. In all the examples, the body forces are set
to be zero. The convergence of the method is also studied.
For convergence studies, we de®ne the displacement
L2-norm and energy norm as follows:

kuk �
Z

X
uT � u dX

� �1
2

�52�
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kek � 1

2

Z
X

eT � D � e dX

� �1
2

�53�

The relative errors for kuk and kek are de®ned as

ru � ku
num ÿ uexactk
kuexactk �54�

and

re � ke
num ÿ eexactk
keexactk �55�

In the examples, all norms are computed using the same
cell structure and the same numerical integration as in the
computation of the system stiffness matrix.

Recall that the MLS approximation involves two pa-
rameters for each nodal point. These are the radius of
the support domain ri and the parameter ci (in the case of
the Gauss weight functions) which characterizes the width
of the Gauss weight distribution. From the numerical ex-
periments one can discover strong dependence of the
results (hence also accuracy of numerical computations)
on these parameters. Unfortunately, it seems that there
is no ``exact'' rule for selection of those parameters in
order to get best accuracy.

7.1
Considerations on selection of geometrical parameters
in MLS approximation
Since the local relationships (LBIE) are employed in as-
sembling the system matrix, the coupling between un-
knowns located at nodal points in different parts of a ®nite
body should be satis®ed by approximation of physical
®elds in terms of such nodal values. Thus, the approxi-
mation should have a global character and it should be
dependent on some geometrical parameters determined by
the distribution of nodal points within the geometry
considered, what is satis®ed by the MLS approximation.
On the other hand, the shape functions should not be
dependent on the mutual positions of particular nodes.
Thus, the geometrical parameters entering the shape
functions are required to have only global character and
they should be the same for all nodal points. Otherwise, we
would introduce too much free parameters into the ap-
proximation without any indication how to select them.
The last requirement is met in the case of Gauss weights by
reducing the parameters ri and ci to two independent ones
by assuming these parameters independent on the nodal
number. Thus, we have two parameters, which can be used
for controlling the accuracy of computational results. On
the other hand, the appearance of such parameters gives
rise to an uncertainty, especially if we do not know the
correct results. The absence of the knowledge how to select
properly the free parameters is a drawback of this method.
Now, we give some proposals, which can be used in as-
sessment of such parameters.

In order to ensure coupling of the i-th node with at least
m neighbouring nodes (as it is required for well de®nition
of the MLS approximation), one should take c obeying the
inequality,

pc2d � m

where d is the global density of nodal points, i.e. d � N=S,
if N is the total number of nodes and S is the area of the
domain considered. Thus,

c �
�������
mS

pN

r
�56�

The other guess, r � L=2, concerns the radius of the
support domain and ensures ``good'' interaction
throughout the body, if L is a characteristic length.

In view of these two assessments, one can get the rela-
tionship

r

c
� L

2

�������
pN

mS

r
�57�

which can be used for determination of one of the pa-
rameters, having known the other one. Note that an
improper choice of a parameter results in the instability
of the numerical solution (small changes of improperly
selected parameter evoke large ¯uctuations in the solu-
tion). Since the choice r � L=2 could be expected to be
a proper choice, one can assess the value of the c-pa-
rameter by using Eq. (57). It should be stressed that
such an assessment is very rough, bearing in mind the
empirical experience that the computational results
are more sensitive on the c-parameter than on the
r-parameter when the latter is taken from a steady zone
r 2 �L=2; L�.

There is also other way, which can be used for a more
precise determination of the c- and r-parameters, but it is
computationally ineffective. This method is based on the
use of an auxiliary solution, which is an exact solution of
the boundary value problem with the same type of boun-
dary conditions as in the problem considered. The auxil-
iary exact solution can be obtained, for instance, by
choosing the free coef®cients in a polynomial distribution
of displacements obeying the elastostatical governing
equations. In the case of the fourth order polynomial so-
lution, we have

u1 � a0 � a1x1 � a2x2 � a3x1x2 � a4x2
1 � a5x2

2 � a6x3
1

� a7x3
2 � a8x1x2

2 � a9x2
1x2 � a10x4

1 � a11x3
1x2

� a12x2
1x2

2 � a13x1x3
2 � a14x4

2 �58�
u2 � b0 � b1x1 � b2x2 � b3x1x2 � b4x2

1 � b5x2
2

� b6x3
1 � b7x3

2 � b8x1x2
2 � b9x2

1x2 � b10x4
1

� b11x3
1x2 � b12x2

1x2
2 � b13x1x3

2 � b14x4
2

with a0; . . . ; a4, a8; . . . ; a11, b0; . . . ; b4, b8; . . . ; b11 being
arbitrary and

a5 � ÿ 1

1ÿ 2�m
2�1ÿ �m�a4 � b3=2� �

a6 � ÿ 1

6�1ÿ �m� �1ÿ 2�m�a8 � b9� �

a7 � ÿ 1

3�1ÿ 2�m� 2�1ÿ �m�a9 � b8� �
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a12 � ÿ 1

2�1ÿ 2�m� 24�1ÿ �m�a10 � 3b11� �

a13 � 1

2�1ÿ �m� �2�mÿ 3�a11 � 4b10� �

a14 � 1

2�1ÿ 2�m� 2�3ÿ 2�m�a10 � b11� �

b5 � ÿ 1

4�1ÿ �m� 2�1ÿ 2�m�b4 � a3� �

b6 � ÿ 1

3�1ÿ 2�m� 2�1ÿ �m�b8 � a9� �

b7 � ÿ 1

6�1ÿ �m� �1ÿ 2�m�b9 � a8� �

b12 � ÿ 1

4�1ÿ �m� 12�1ÿ 2�m�b10 � 3a11� �

b13 � 2

�1ÿ 2�m� �mb11 � 2a10� �

b14 � ÿ 1

8�1ÿ 2�m�2 4�mb10 � ��mÿ 2�a11� �

�59�

By comparing the computational results with the auxiliary
exact solution, one can ®nd the optimal values of the c-
and r-parameters, which can be used in the computation
of the same b.v.p., but with different prescribed boundary
values.

7.2
Patch test
Consider the standard patch test in a domain of 2� 2 as
shown in Fig. 4 (Belytschko et al., 1994). This is a Dirichlet
problem for the solution

u1 � a0 � a1x1 � a2x2

u2 � b0 � b1x1 � b2x2

�
�60�

where a0, a1, a2, b0, b1 and b2 are constants. The dis-
placements are prescribed on all boundaries according to
Eq. (60). Satisfaction of the patch test requires that the
displacements of any interior node be given by the same
linear functions (60) and that the computed stresses and
strains be constant in the patch.

Since the exact solution is linear, a linear basis for the
MLS approximation is able to represent this solution. Note
that the shape functions and their derivatives from the
MLS approximation are no longer piecewise polynomials,
and the numerical integration scheme will not yield ac-
curate values for the matrices in the linear system (49).

The nodal arrangements of all patches are shown in
Fig. 4. Both Gaussian and Spline weight functions wi�x�
are tested. In all cases, ci � 1 and ri=ci � 4 are used in the
computation. In Fig. 4, the coordinates of node 5 for mesh
c1, c2, c3, c4, c5 and c6 are (1.1, 1.1), (0.1, 0.1), (0.1, 1.8),
(1.9, 1.8), (0.9, 0.9) and (0.3, 0.4) respectively.

In the computation, 9 Gauss points are used on each
local boundary Ls (a circle for internal nodes and a part of
a circle for boundary nodes in this case), and 16 points are
used on each section of Cs for numerical quadratures.

The computational results show that the present
meshless method based on local boundary integral equa-

tion (LBIE) passes all the patch tests in Fig. 4. The results
also show that the Spline weight function does not work as
well as the Gaussian weight function.

7.3
Cantilever beam
The behavior of the present LBIE formulation is also
studied in the cantilever beam problem (see Fig. 5), for
which the following exact solution is given in Timoshenko
and Goodier (1970):

u1 � ÿ P�1ÿ �m2�
6 �EI

x2 ÿ D

2

� �
� 3x1�2Lÿ x1� � 2ÿ �m

1ÿ �m
x2�x2 ÿ D�

� �
�61a�

u2 � P�1ÿ �m2�
6 �EI

"
�x1�2�3Lÿ x1� � 3�m

1ÿ �m
�Lÿ x1�

� x2 ÿ D

2

� �2

� 4� �m
4ÿ 4�m

D2x1

#
�61b�

where

I � D3

12

and

�E �
E for plane strain
�1�2m�E
�1�m�2 for plane stress

(

Fig. 4a±c. Nodes for the patch test
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The stress corresponding to Eqs. (61a, b) are

r11 � ÿ P
I �Lÿ x1� x2 ÿ D

2

ÿ �
r22 � 0
r12 � ÿ Px2

2I �x2 ÿ D�

8<: �62�

The problem is solved for the plane strain case with P � 1,
E � 1, D � 1, L � 8 and m � 0:25. Regular meshes of 52
�13� 4�, 72 �18� 4� and 92 �23� 4� nodes are used. The
local boundary integrals on oXs are evaluated by using 20
Gauss points on each local boundary Ls (a circle for in-
terior nodes and a part of a circle for boundary nodes in
the case), and 12 points on each section of Cs. The size, r0,
of the sub-domain Xs for each node is taken as 0.33 in the
computation.

Since the characteristic length is L � 8, the rough as-
sessment of the geometrical parameters is r 2 �4; 8� for all
the nodal point distributions and c 2 �0:407; 0:814�,
c 2 �0:46; 0:92�, c 2 �0:54; 1:08� for the 92, 72, and 52
nodes, respectively. As can be seen from Figs. 6±9, the
assessment for the radius of the support domain is quite
well for c � 1. Figures 10 and 11 show that the values of
the c-parameter (for r � 8) are rather underestimated.
On the other hand, the dependence of the accuracy of the
numerical solution corresponding to the auxiliary fourth
order solution on the c-parameter (for r � 7) follows
almost exactly that of the bending solution (Figs. 12 and
13). It can be seen that the accuracy is acceptable from
the engineering point of view for suf®ciently wide ranges
of r and c values.

Figure 14 shows the shear stress r12 for m � 0:25 at
x1 � L=2 � 4 for the present LBIE formulation with 92 and

72 nodes. The shear stresses are almost as same as the
exact solutions, which are generally hard to obtain for the
standard FEM. It is noted that the results for the present
formulation satisfy the traction free boundary conditions
at x2 � 0 and x2 � D � 1 almost exactly.

As can be seen from Fig. 15, the Gauss weights work
better than the Spline weights.

In this example, we have tested also the stability of the
numerical computation of the integral with 1=r-singular
term. As long as the distribution of the Gauss points on the
left and right segments is symmetric with respect to the
source point, the standard Gauss quadrature gives almost
the same results as those in the case when optimal trans-

Fig. 6. Percentage error of the displacement u1 at the point (8, 1)
versus the radius of the support domain r for c � 1 and three
various ®nite point discretizations

Fig. 7. Percentage error of the shear stress at the point (4, 0.5) for
c � 1:5

Fig. 5. Nodes for the cantilever beam with
a parabolic-shear end load

Fig. 8. Percentage error of the displacement u1 at the point (8, 1)
for c � 1:5
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Fig. 9. Percentage error of the shear stress at
the point (4, 0.5) for c � 1:5

Fig. 10. Percentage error of the displacement u1�8; 1�
versus the parameter c for r � 8

Fig. 11. Percentage error of the shear stress at the point (4, 0.5)
for r � 8

Fig. 12. 12 Percentage errors of displacements by the L2-norm
obtained in solution of two b.v.p. of the same type with using two
different sets of exact values for prescribed boundary conditions
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Fig. 13. Percentage errors of strains by the en-
ergy norm obtained in solution of two b.v.p. of
the same type with using two different sets of
exact values for prescribed boundary conditions

Fig. 14. The shear stresses at �4; x2�

Fig. 15. Percentage errors of displacements by the
L2-norm obtained by using the Spline and/or Gauss
weights �c � 1� for 92 nodes
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formation of the integration variable is used before the
numerical integration. However, when we took 12 and 13
Gauss points on the left and right segment, respectively,
the accuracy failed completely (it was decreased by 5 or-
ders). On the other hand, the results based on the use of
the advanced integration of 1=r-terms are quite insensitive
to such disturbance of the symmetry in Gauss point dis-
tribution

7.4
Infinite plate with a circular hole
We consider an in®nite plate with a central hole:
�x1�2 � �x2�2 � a2 of radius a. The plate is subjected to a
uniform tension, r � 1, in the x1 direction at in®nity. The
exact solution for stresses is

r11 � r 1ÿ a2

r2

3

2
cos 2h� cos 4h

� �
� 3a4

2r4
cos 4h

� �
�63a�

r12 � r ÿ a2

r2

1

2
sin 2h� sin 4h

� �
� 3a4

2r4
sin 4h

� �
�63b�

r22 � r ÿ a2

r2

1

2
cos 2hÿ cos 4h

� �
�3a4

2r4
cos 4h

� �
�63c�

where �r; h� are the polar coordinates and h is measured
from the positive x1-axis counterclockwise. The corre-
sponding displacements, in plane strain case, are given by

u1 � 1� �m
�E

r �1ÿ �m�r cos h� 2�1ÿ �m� a2

r
cos h

�
� 1

2

a2

r
cos 3hÿ 1

2

a4

r3
cos 3h

�
�64a�

u2 � 1� �m
�E

r ÿ�mr sin hÿ �1ÿ 2�m� a2

r
sin h

�
� 1

2

a2

r
sin 3hÿ 1

2

a4

r3
sin 3h

�
�64b�

Due to symmetry, only a part, 0 � x1 � 4 and
0 � x2 � 4, of the upper right quadrant of the plate is
modeled as shown in Fig. 16. Symmetry conditions are
imposed on the left and bottom edges, i.e., u1 � 0 is
prescribed on the left edge and u2 � 0 on the bottom

Fig. 16. Plate with a central circular hole on fourfold symmetry;
tractions at the outside boundaries are prescribed according to
the in®nite plate solution

Fig. 17a, b. Nodal point distributions in a square plate with a
circular hole: a 62 nodes, b 120 nodes
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edge, and the inner boundary at a � 1 is traction free.
The traction boundary conditions given by the exact
solutions (63a, b, c) are imposed on the right �x1 � 4�
and top �x2 � 4� edges (see Fig. 16). In the computation,
a plane stress case with E � 1000:0 and m � 0:3 is con-
sidered.

In numerical experiments, we have used two various
nodal point distributions with 62 and 120 nodes
(Fig. 17).

In this problem, the characteristic length is given as
L � ���

S
p � 4:67 and the assessment r � L=2 is con®rmed

by numerical experiments, when the steady zone has
been found for ``reasonable'' values of the c-parameter
(see Figs. 18±20). Taking r 2 �2; 5�, we obtain the fol-
lowing assessments for the c-parameter: c 2 �0:5; 1:26�
and c 2 �0:35; 0:89� for the quadratic �m � 6� and linear
�m � 3� bases, respectively, in the case of 120 nodes,
while c 2 �0:7; 1:75� and c 2 �0:49; 1:24� for the quadratic
and linear bases, respectively, in the case of 62 nodes.
The optimal values discovered in numerical experiments
are slightly lower (Figs. 21 and 22). This could be ex-
plained by the fact that the effective characteristic length
is lower than

���
S
p

due to the appearance of the hole,

where the stress concentration occurs. Also the auxiliary
solution gives a more extensive minimum of errors
(Fig. 23).

Note that in the case of stress concentrators, it is
reasonable (from both the physical and numerical
points of view) to use nodal point distributions with
graduated density. Owing to the lower density in the
remote part of the body, the invertibility of the A-ma-
trix in the MLS approximation requires such values of
the c-parameter, which are rather high for the more
dense distribution of nodes near the concentrator. This
has been con®rmed by higher accuracy for linear basis
�m � 3� than for the quadratic one �m � 6� in the case
of sparse mesh of 62 nodes, because the linear basis
admits lower values of the c-parameter than the qua-
dratic basis.

The local boundary integrals on oXs are evaluated
by using 20 Gauss points on each local boundary Ls

(a circle for interior nodes or a part of a circle for
boundary nodes in this case), and 12 points on each
section of Cs. The size, r0, of the sub-domain Xs for
each node is taken as in dependence on the density of
nodal points.

Fig. 18a, b. Percentage errors for: a dis-
placements by the L2-norm, b strains by
the energy norm, with using 120 nodes
and the quadratic basis �m � 6�
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The stress r11 at x1 � 0 obtained by the present LBIE
method with both the linear and quadratic bases are also
depicted in Figs. 24 and 25. It can be seen that the steep
stress r11 is well approximated by the present method
when 120 nodes are used.

8
Conclusions and discussions
The basic concept and implementation of a local boundary
integral equation (LBIE) formulation for solving problems
in linear elasticity have been presented in this chapter. The
numerical implementation of the approach leads to an
ef®cient meshless discrete model. The companion solution
for 2-D linear elasticity is solved analytically.

Only a simple numerical manipulation is needed for
calculating the stresses as the original approximated
trial solution is smooth enough to yield reasonably
accurate results for derivatives. The numerical results
show that using both linear and quadratic bases in the
MLS approximation can give quite accurate numerical
results.

Since the shape functions are not known in closed
forms, the 1=r-singular terms cannot be treated in the

same way as in the conventional BEM formulation and a
special advanced technique has been employed for the
numerical integration of such terms. High accuracy and
stability of that numerical integration is achieved.

Extensive attention has been paid to the selection of
geometrical parameters occurring in the MLS approxi-
mation. A lot of numerical experiments have been carried
out and two proposals are given for the assessment of such
parameters.

Compared with the other meshless techniques discussed
in literature based on Galerkin formulation (for instance,
Belytschko et al., 1994; Mukherjee and Mukherjee, 1997),
the present approach is found to have the following ad-
vantages.

� The essential boundary condition can be very easily and
directly enforced.

� No special integration scheme is needed to evaluate
the volume and boundary integrals. The integrals in
the present method are evaluated only over a regular
sub-domain and along a regular boundary sur-
rounding the source point. The local boundary in
general is the surface of a ``unit sphere'' centered at

Fig. 19a, b. Percentage errors for: a dis-
placements by the L2-norm, b strains by the
energy norm, with using 120 nodes and the
linear basis �m � 3�
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the node in question. This ¯exibility in choosing the
size and the shape of the local boundary will lead to
more convenience in dealing with the nonlinear
problems.

� Due to the fact that an exact solution (the in®nite space
fundamental solution) is used as a test function to en-
force the weak formulation, a better accuracy may be
achieved in numerical calculation.

� No derivatives of shape functions are needed in con-
structing the system stiffness matrix for the internal
nodes, as well as for those boundary nodes with no
essential-boundary-condition-prescribed sections on
their local integral boundaries.

While the conventional boundary element method is based
on the ``global'' boundary integral equations, the present
LBIE formulation is advantageous because:

� The volume integration needs to be carried out only
over a small regular sub-domain Xs of the problem in
dealing with the boundary value problems for which the
volume integral has to be present. This is true for
nonlinear problems.

� In the present LBIE method, the unknown variable and
its derivatives at any point can be easily calculated from

the interpolated/approximated trial solution only over
the nodes within the domain of de®nition of the MSL
approximation for the trial function at this point; while
this involves an integration through all of the boundary
points at the global boundary C, in the boundary ele-
ment method.

� Non-smooth boundary points (corners) cause no
problems in the present method while special attention
is needed in the traditional boundary element method
to deal with these corner points.

� It is not necessary in general to keep the unknown ¯ux/
traction on the boundary as an independent variable for
the present method.

� The stiffness matrix is banded in the present method
instead of being fully populated in the traditional BEM.

Besides, the current formulation possesses ¯exibility in
adapting the density of the nodal points at any place of the
problem domain such that the resolution and ®delity of
the solution can be improved easily. This is especially
useful in developing intelligent, adaptive algorithms based
on error indicators, for engineering applications.

The present method possesses a tremendous potential
for solving nonlinear problems and/or problems with

Fig. 20a, b. Percentage errors for: a displace-
ments by the L2-norm, b strains by the energy
norm, with using 62 nodes and the linear basis
�m � 3�
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Fig. 21a, b. Percentage errors for displacements
by the L2-norm and for strains by the energy
norm, with using 120 nodes, r � 3, and: a the
quadratic basis �m � 6�, b the linear basis
�m � 3�

Fig. 22. Percentage errors for displacements by the
L2-norm and for strains by the energy norm, with
using 62 nodes, r � 3, and the linear basis �m � 3�
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Fig. 23a, b. Percentage errors for: a displace-
ments by the L2-norm, b strains by the energy
norm obtained in solution of two b.v.p. of the
same type with using two different sets of
exact values for prescribed boundary condi-
tions. The quadratic basis �m � 6� and 120
nodes are employed

Fig. 24. Normal stress r11 at x1 � 0 for 120 nodes, r � 3, and
c � 0:44 or c � 0:54 for the quadratic basis �m � 6� and linear
basis �m � 3�, respectively

Fig. 25. Normal stress r11 at x1 � 0 for 62 nodes, r � 3, and
c � 0:65 or c � 0:47 for the quadratic basis �m � 6� and linear
basis �m � 3�, respectively
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discontinuities. Further results in using the current ap-
proach in some solid mechanics problems will be pre-
sented in a series of forthcoming papers.
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