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Abstract
In this article, the 3D viscoelastic computational grains (CGs) with spher-
ical inclusions, with and without interphases/coatings are developed to
study the viscoelastic behavior of polymer-based heterogeneous materials.
Papkovich–Neuber solutions and spherical harmonics are adopted to develop
the independent displacement fields inside the grains, and Wachspress coor-
dinate is used to interpolate compatible displacement fields at inter-element
surfaces. The elemental stiffness matrices are developed with multi-field bound-
ary variational principles in the Laplace domain, after which Zakian technique
is adopted to invert both the homogenized and localized responses back to the
time domain with good accuracy and efficiency. With different kinds of models
to describe the property of the viscoelastic polymers, the generated homogenized
moduli and localized stress distributions are validated against the experimen-
tal data, simulations by commercial FE software, and predictions by composite
spherical assemblage models. Parametric studies are also carried out to inves-
tigate the influence of material and geometric parameters on the behavior of
viscoelastic composites. Finally, the viscoelastic CG is also used to study the
effect of the negative Young’s modulus of particles on the stability and loss
tangent of viscoelastic composites.
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1 INTRODUCTION

In order to deal with low stiffness, low strength, and other weaknesses of polymer materials, inorganic particulate
inclusions such as SiO2, glass, Al2O3, or Mg(OH)2 particles, are embedded into polymer matrices, making polymeric
composites extensively used in the mechanical, civil, and automotive industries. Besides, the interphases/coatings in
particle-filled composites also have burgeoning applications in recent years. Particulate fillers with interphases/coatings
enhance the physical and mechanical properties of pure polymers in several perspectives. For instance, the stiffness or
moduli is significantly improved because of the much higher properties of inorganic particles than the polymer matrix.1
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The stress transfer between the particulates and the surrounding matrix can improve the strength of composite materials.2
In addition, the thickness of the interphase also has a considerable influence on the effective properties of the composites.3

One of the most significant characteristics of polymers is their time-dependent behavior under mechanical, temper-
ature, and moisture conditions, which significantly affects the effective properties of the synthetic polymeric products
in the normal services. This phenomenon is usually referred as viscoelasticity, which was intensively studied in the past
decades. The significance of viscoelasticity of polymers also lay in the fact that they possess a capacity to both store and
dissipate mechanical energy like a combination of an elastic solid and Newtonian viscous fluid. However, the existence
of viscosity could lead to an increasing strain that causes an ultimate failure of the material even under a constant stress
condition during a sufficiently long period. Thus, viscoelastic behaviors significantly affect the durability of polymer com-
posite products in the long-term engineering service. Moreover, because of the combined stress and relaxation phenomena
of the polymers, the time-dependent stress redistribution also vary the stress concentrations at the interphases between
adjacent constituents, leading to localized failure that cannot be easily observed at the structural level. Lack of knowledge
of the viscoelastic behavior of polymeric composites could be detrimental to sustainability of engineer structures.

Besides, studies of composites with negative stiffness (NS) inclusions have received increasing attention recently. The
NS effect of NS inclusions is usually due to the energy supply by phase transformation of the inclusions.4 For example,
such effect can be observed by realizing the transformation of the vanadium dioxide (VO2) inclusions in a pure tin matrix
by controlling the experimental temperature.5 Because of the complex physics behind the negative compressibility caused
by the phase transformation, the assumption that the NS inclusion is a linear elastic material with negative Young’s
modulus is extensively employed for analytical and numerical analyses.4 Composite with NS inclusions can surpass the
classical bounds of the overall mechanical properties of composites. Experiments and simulations have shown dramati-
cally increased mechanical damping. On the other hand, the unstable NS phase can be stabilized by being embedded in
the positive-stiffness viscoelastic matrix.6 For this reason, analytical models and numerical studies have been proposed to
characterize the influences of the material parameters of the matrix and the inclusion on the overall viscoelastic properties
and stability of such composites with NS inclusions.

Unlike the elastic characteristics of composites, experimental procedures to test the viscoelastic behavior are very
laborious and time-consuming.7 Besides, the experiments can only be used for limited number of specifically designed
composites materials with certain phase volume fractions. The alternative to experiments is the micromechanical
models with analytical or numerical simulations. The earliest analytical models are the composite sphere assemblage
(CSA),8 Eshelby-based Mori–Tanaka (M-T) model9 and self-consistent model.10 The effective viscoelastic response of
particulate composites can be reasonably well predicted. However, many of the classical models ignore phase-to-phase
interactions at a certain extent, leading to inaccurate recovery of the localized stress distributions within the
microstructures.

Numerical techniques, mainly based on finite element (FE) framework, provide attractive alternatives in the study of
viscoelastic heterogeneous media. Webber11 made an early contribution by combining FE formulation and the standard
correspondence principle to bypass the solution of a Volterra integral. Based on the correspondence principle, Hilton and
Yi12 and Dave et al.13 proposed viscoelastic conventional and graded FEs in the analysis of functionally graded materials,
respectively. In the meantime, the finite-volume based technique was also implemented with viscoelasticity to generate
homogenized or localized viscoelastic responses of the three-dimensional heterogeneous media.14

The space discretization of the domains of interest generally guarantees the accuracy of the numerical techniques.
However, for the FE modeling of material models with many particle/fibers, the concomitant large-scale mesh and
matrix assembly as well as the post-processing usually significantly reduce those methods’ efficiency and engineering
practicality. In order to overcome the above shortcoming, we employ the computational grains (CGs), which are pro-
posed as giant microscopic elements, for the microscale modeling of the effective and localized viscoelastic responses of
three-dimensional composites reinforced with particulates/fibers. The concept of CGs was initially developed by Dong
and Atluri.15,16 Compared to the primal FEs that discretize the microstructures into very-fined-meshed small elements,
CGs treat each virtual polyhedral grain reinforced with one particulate/fiber as one element. By automatically segment
the material domain into several CGs, direct computation and assembly of the stiffness matrices of each CG, the direct
numerical simulation of microstructures of material can be realized. In this way, the tedious procedure of preprocess-
ing is by-passed, and the burden of large-scale FE simulation with a very-fine mesh for microstructures is significantly
reduced. For this reason, it is proposed to develop the CG for spatial discretization in the transferred Laplace domain,
and combine it with methods to invert the response back into the time domain for the study of viscoelastic behavior of
polymer composites.
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The remainder of the article is organized as follows: Section 2 gives correspondence of the governing equations for
linear elasticity and linear viscoelasticity, both in the time domain and in the Laplace domain; Section 3 establishes the
algorithmic framework of the CGs in the transferred Laplace domain; Section 4 introduces inverse Laplace transforma-
tion methods and demonstrates the inverse transformation of CG solutions by the Zakian method; Section 5 validates the
results of the viscoelastic CGs against the FE technique and CSA model, as well as some experimental data; Section 6 pro-
vides parametric studies to investigate the influence of material and geometric parameters on the behavior of viscoelastic
composites; Section 7 studies the stability and loss tangent of polymer composites with NS inclusions; finally, Section 8
concludes this presentation with some concluding remarks.

2 THE GOVERNING EQUATIONS FOR VISCOELASTIC COMPUTATIONAL
GRAINS

In the viscoelastic polymeric composites, the inclusions or interphases/coatings are usually treated as linear elastic
while the time-dependent polymer matrix is responsible for the viscoelastic responses, as shown in Figure 1(A,B). The
solutions for the linear elastic inclusion and interphase/coating (if exists) should satisfy the equilibrium equations,
strain–displacement compatibilities, as well as the constitutive relations

𝜎k
ij,j + f k

i = 0, (1)

𝜀k
ij =

1
2
(uk

i,j + uk
j,i), (2)

𝜎k
ij = 𝜆k𝜀k

mm𝛿ij + 2𝜇k𝜀k
ij, (3)

where the superscript k = c, p denotes the coating and the inclusion-particle phases, respectively. uk
i , 𝜀k

ij, and 𝜎k
ij are dis-

placement, strain, and stress components, respectively. f k
i is the body force, which is neglected in this situation. 𝜆k and 𝜇k

are the Lame constants of each phase.
However, for the viscoelastic matrix, the viscoelastic stress–strain relationship is shown in the following form:

𝜎ij(t) = ∫
t

0
Cijkl(t − 𝜏)𝜕𝜀kl(𝜏)

𝜕𝜏
d𝜏, (4)

which is different from the elastic relation of Equation (3).
Equation (4) can be turned into a much simpler form when transformed to the Laplace–Carson domain:

𝜎ij(s) = sCijkl(s)𝜀kl(s), (5)

F I G U R E 1 Two-phase (A) and three-phase (B) polyhedral computational grain and the corresponding nomenclature
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where s denotes the Laplace variable, “−” sign is used to denote the relations in the Laplace space. In the meantime, other
relations still keep the similar forms between the Laplace and time domains.

At the interphases between the adjacent constituents within each CG, the displacement continuities and traction
reciprocities are given in Table 1.15–17

The external boundary conditions of each CG can be written as:

um
i = ui at 𝜕Se

u, (6)

nj𝜎
m
ij = ti at 𝜕Se

t , (7)

(nj𝜎
m
ij )

+ + (nj𝜎
m
ij )

− = 0 at 𝜌e, (8)

where ui and ti are the prescribed boundary displacement and traction components when they exist.
The relations in the Laplace domain are much easier to be implemented in studying the linear viscoelastic behavior of

composites than the integral form of Equation (4). Thus, the idea of studying the viscoelastic response by CGs is to develop
the stiffness matrices of the CGs in the Laplace domain. Through the transformation from time space to the Laplace
domain, the displacements, strains, and stresses ui(t), 𝜀ij(t), 𝜎ij(t) in the time space can be replaced by their counterparts
ui(s), 𝜀ij(s), 𝜎ij(s) in the Laplace domain. After computing, assembly, and solve the matrices in the Laplace domain at
different frequencies, the results need to be transformed back to time domain by using Zakian method, which is shown
in Section 4.

Several functions are usually adopted in the literature to describe the behavior of the polymers: the most extensively
applied ones are the power-law model and the four-parameter model, the creep compliances of which are represented as

S(t) = S0 + S1tn (9)

and

S(t) = 1
E0

+ 1
E1

(
1 − e

− E1
𝜂1

E
t
)
+ t

𝜂2
E
, (10)

respectively, where S0 = 1∕E0. The four-parameter model is a mechanical representation consisting of a Kelvin element
in parallel with a Maxwell element, shown in Figure 2. The accuracy of the both functions is illustrated in Section 5.

Corresponding to the Laplace domain, the functions of Equations (9) and (10) can be shown as:

S(s) = S0∕s + S1Γ(n)∕sn+1 (11)

T A B L E 1 Displacement continuities and traction reciprocities in
two-phase CGs and three-phase CGs

Two-phase CGs Three-phase CGs

um
i = up

i at 𝜕𝛺p um
i = uc

i at 𝜕𝛺c

−nj𝜎
m
ij + nj𝜎

p
ij = 0 at 𝜕𝛺e

p −nj𝜎
m
ij + nj𝜎

c
ij = 0 at 𝜕𝛺e

c

uc
i = up

i at 𝜕𝛺p

−nj𝜎
c
ij + nj𝜎

p
ij = 0 at 𝜕𝛺e

p

F I G U R E 2 Mechanical representations of the four-parameter model
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and

S(s) = 1∕(sE0) + 1∕(sE1) − 1∕E1∕

(
s + E1

𝜂1
E

)
+ 1∕s2𝜂2

E, (12)

respectively. For linear elastic domains (inclusion and interface), the function in Laplace domain can be written as

S(s) = S∕s (13)

easily, where S = 1∕E is the flexibility of linear elastic domains.

3 DEVELOPMENT OF VISCOELASTIC COMPUTATIONAL GRAINS BY
THE CORRESPONDENCE PRINCIPLE IN THE LAPLACE DOMAIN

The CGs in this article are used to simulate two- or three-phase heterogeneous microstructures,15–17 shown in Figure 3,
depending on whether the coatings/interphases are considered. The two types of CGs adopt the same internal trial
displacement field and inter-element shape functions, while apply similar continuity and boundary conditions.

3.1 Boundary displacement field

In order to accommodate the arbitrarily shaped Voronoi cell discretization, Wachspress coordinate system15–17 is used to
represent the boundary displacement field as the nodal shape function on each polygonal faces (Figure 4). The coordinate
of an arbitrarily located point x on the polygonal face with vertices x1, x2, … , xn is expressed within the Wachspress
coordinate as

𝜆i(x) =
wi(x)∑n
j=1wj(x)

, (14)

with the weight function defined as

wi(x) =
Bi(xi−1, xi, xi+1)

Ai−1(xi−1, xi, x)Ai(xi, xi+1, x)
. (15)

The displacement field on each surface of the CGs is then expressed in terms of nodal shape functions for the polygon
vertices and the nodal displacements:

ũi(x) =
n∑

k=1
𝜆k(x)ui(xk) x ∈ Vn,Vn ⊂ 𝜕𝛺e. (16)

F I G U R E 3 Computational grain with (A) particulate/matrix or (B) particulate/interphase/matrix constituents
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F I G U R E 4 Definition of the
Wachspress coordinate

3.2 Internal displacement field

The internal trial displacement functions are obtained by directly satisfying the Navier’s equations:

(𝜆 + 𝜇)uj,ji + 𝜇𝛥ui = 0, (17)

in which 𝜆 and 𝜇 are the lame’s constants, and 𝜆 = Ev
(1+v)(1−2v)

, 𝜇 = G = E
2(1+v)

.
As suggested by Papkovich18 and Neuber,19 the solutions are solved in terms of series expansions with P-N potentials.

Thus, Lurie20 gave the solutions for different domains:
(1) For particles:

up = [4(1 − vp)Bp + R ⋅ ∇Bp − R∇ ⋅ Bp]∕2Gp; (18)

(2) For matrices:

um = umi + ume, (19)

with
umi = [4(1 − vm)Bmi + R ⋅ ∇Bmi − R∇ ⋅ Bmi]∕2Gm, (20)

ume = [4(1 − vm)Bme − ∇R ⋅ Bme]∕2Gm; (21)

(3) If the coatings/interphases exist:
uc = uci + uce, (22)

with
uci = [4(1 − vc)Bci + R ⋅ ∇Bci − R∇ ⋅ Bci]∕2Gc, (23)

uce = [4(1 − vc)Bce − ∇R ⋅ Bce]∕2Gc, (24)

where the inclusion only contains a non-singular solution up, while the matrix and coating (interphase) include both
non-singular umi,uci and singular solutions ume,uce. The corresponding harmonic vectors Bp,Bmi,Bme,Bci,Bce are further
represented in terms of a special form of functions that depend on the domain geometry.

In this situation, the spherical harmonics are employed to deal with the spherical shaped inclusions and coatings,
where the spherical coordinates are shown as q1 = R, q2 = 𝜃, q3 = 𝜑, related with the Cartesian coordinates by

x1 = R sin 𝜃 cos𝜑,
x2 = R sin 𝜃 sin𝜑,

x3 = R cos 𝜃. (25)

As a component of the harmonic vector B, the spherical harmonic function f , which satisfies∇2f = 0, can be separated
into two types:
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For the internal problem of a spherical domain, f is expressed as:

fi =
∞∑

n=0
Rn

{
a0

0YC0
0(𝜃, 𝜑) +

n∑
j=1

[aj
nYCj

n(𝜃, 𝜑) + bj
nYSj

n(𝜃, 𝜑)]

}
. (26)

For external problems in an infinite domain, f is expressed as:

fe =
∞∑

m=0
R−(m+1)

{
c0

0YC0
0(𝜃, 𝜑) +

m∑
j=1

[cj
mYCj

m(𝜃, 𝜑) + dj
mYSj

m(𝜃, 𝜑)]

}
, (27)

where aj
n, bj

n, cj
m, dj

m are the unknowns that need to be solved, and

YCj
m(𝜃, 𝜑) =

√
2m + 1

4𝜋
(m − j)!
(m + j)!

Pj
m(cos 𝜃) cos(j𝜑),

YSj
m(𝜃, 𝜑) =

√
2m + 1

4𝜋
(m − j)!
(m + j)!

Pj
m(cos 𝜃) sin(j𝜑), (28)

where Pk
n denotes the first associated Legendre’s functions. For details, please refer to Reference 15.

As is mentioned in References 15–17, the above displacement functions could cause the ill-conditioned systems
of equations when being used in the CGs to numerically solve a boundary value problem. Thus, the characteristic
lengths are used to scale Equations (26) and (27) to better condition the relevant matrices that arise in the Trefftz
method.

For the domain of each 3D CG, two characteristic lengths Rnon and Rsig are defined, which are, respectively, the maxi-
mum and minimum of the distance R from the center of the inclusion to any points in the matrix. Therefore,

(
R

Rnon

)n
and(

R
Rsig

)−(m+1)
is limited between 0 and 1 for any positive integers n and m. Harmonics are therefore scaled as:

fp =
∞∑

n=0

(
R

Rnon

)n
{

a0
0YC0

0(𝜃, 𝜑) +
n∑

j=1
[aj

nYCj
n(𝜃, 𝜑) + bj

nYSj
n(𝜃, 𝜑)]

}
, (29)

fk =
∞∑

m=0

(
R

Rsig

)−(m+1)
{

c0
0YC0

0(𝜃, 𝜑) +
m∑

j=1
[cj

mYCj
m(𝜃, 𝜑) + dj

mYSj
m(𝜃, 𝜑)]

}
. (30)

The values of the characteristic lengths are dependent on the geometries of the constituents, as shown
in Table 2.

Finally, the complete displacement fields within the constituents are full represented by substituting
Equation (29) into Equations (18), (20), and (23), and Equation (30) into Equations (21) and (24), respec-
tively. The detailed derivation is too complicated to explicitly expressed and can be accomplished using Wolfram
Mathematica 8.0.

Two-phase CGs Three-phase CGs

Rnon =
⎧⎪⎨⎪⎩

Rp

max(x) at 𝛺m,

at 𝛺p

at 𝛺m

Rnon =

⎧⎪⎪⎨⎪⎪⎩
Rp

Rc

max(x) at 𝛺m,

at 𝛺p

at 𝛺c

at 𝛺m

Rsig = Rp at 𝛺m Rsig =
⎧⎪⎨⎪⎩

Rp

Rc

at 𝛺c

at 𝛺m

T A B L E 2 Values of the characteristic lengths in two-phase
CGs and three-phase CGs
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3.3 Development of CGs through multi-field boundary variational principles

Assuming the displacement and stress fields in the vector forms:

ũm = Ñq at 𝜕Ωe; (31)

um = Nm𝛂 in Ωe
m,

tm = Rm𝛂 at 𝜕Ωe, 𝜕Ωe
c; (32)

up = Np𝛄 in Ωe
p,

tp = Rp𝛄 at 𝜕Ωe
p; (33)

uc = Nc𝛃 in Ωe
c,

tc = Rc𝛃 at 𝜕Ωe
c, 𝜕Ωe

p, (34)

where 𝛂,𝛃, 𝛄 are the vectors of unknown coefficients for the three constituents, q denotes the nodal displacement field.
(a) For the particle/matrix CGs, a three-field boundary variational principle is proposed15:

𝜋(ũm
i ,um

i ,up
i ) =

∑
e

⎧⎪⎨⎪⎩ ∫
𝜕Ωe+𝜕Ωe

p

− 1
2

tm
i um

i dS + ∫
𝜕Ωe

tm
i ũm

i dS + ∫
𝜕Ωe

p

tm
i up

i dS
⎫⎪⎬⎪⎭

+
∑

e ∫
𝜕Ωe

p

1
2

tp
i up

i dS − ∫
St

tiũm
i dS. (35)

Substituting Equations (31)–(33) into Equation (35) and making the first variation yield the following FE equations:

𝛿

{
q
𝛃

}T [
GT

𝛼qH−1
𝛼𝛼G𝛼q GT

𝛼qH−1
𝛼𝛼G𝛼𝛾

GT
𝛼𝛾H−1

𝛼𝛼G𝛼q GT
𝛼𝛾H−1

𝛼𝛼G𝛼𝛾 + H𝛾𝛾

]{
q
𝛄

}
= 𝛿

{
q
𝛄

}T {
Q
0

}
. (36)

(b) For the particle/coating/matrix CGs, a four-field boundary variational principle is developed
correspondingly17:

𝜋(ũm
i ,um

i ,uc
i ,up

i ) =
∑

e

⎧⎪⎨⎪⎩ ∫
𝜕Ωe+𝜕Ωe

c

− 1
2

tm
i um

i dS + ∫
𝜕Ωe

tm
i ũm

i dS + ∫
𝜕Ωe

c

tm
i uc

i dS
⎫⎪⎬⎪⎭ +

∑
e ∫

𝜕Ωe
c+𝜕Ω

e
p

1
2

tc
i uc

i dS

+
∑

e

⎧⎪⎨⎪⎩∫𝜕Ωe
p

− 1
2

tp
i up

i dS + ∫
𝜕Ωe

p

tp
i uc

i dS
⎫⎪⎬⎪⎭ − ∫

St

tiũm
i dS. (37)

Substituting Equations (31)–(34) into Equation (37) and making the first variation yield the following FE
equations:

𝛿

{
q
𝛃

}T [
GT

𝛼qH−1
𝛼𝛼G𝛼q GT

𝛼qH−1
𝛼𝛼G𝛼𝛽

GT
𝛼𝛽

H−1
𝛼𝛼G𝛼q GT

𝛼𝛽
H−1

𝛼𝛼G𝛼𝛽 + H𝛽𝛽 + GT
𝛽𝛾

H−1
𝛾𝛾 G𝛽𝛾

]{
q
𝛃

}
= 𝛿

{
q
𝛃

}T {
Q
0

}
, (38)

where the coefficient matrices are shown in Table 3.
The local stiffness matrix can be easily obtained from static condensation. It should be noted that the six rigid-body

modes in the field expressions of Equations (29) and (30) should be eliminated. By printing out the displacement and
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Two-phase CGs Three-phase CGs

H𝛼𝛼 = ∫
𝜕Ωe+𝜕Ωe

p
RT

mNmdS H𝛼𝛼 = ∫
𝜕Ωe+𝜕Ωe

c
RT

mNmdS

H𝛾𝛾 = ∫
𝜕Ωe

p
RT

p NpdS H𝛽𝛽 = ∫
𝜕Ωe

c+𝜕Ω
e
p

RT
c NcdS

G𝛼𝛾 = ∫
𝜕Ωe

p
RT

mNpdS H𝛾𝛾 = ∫
𝜕Ωe

p
RT

p NpdS

G𝛼q = ∫
𝜕Ωe RT

mÑdS G𝛼𝛽 = ∫
𝜕Ωe

c
RT

mNcdS

Q = ∫
𝜕Ωe Ñ

T
tdS G𝛼q = ∫

𝜕Ωe RT
mÑdS

G𝛽𝛾 = ∫
𝜕Ωe

p
RT

p NcdS

Q = ∫
𝜕Ωe Ñ

T
tdS

T A B L E 3 Coefficient matrices of Equation (38) in two-phase CGs and
three-phase CGs

stress expressions in matrix forms, the following modes only contributing to the total resultant forces and moments at
the source points should be taken out:

c0
0 = {1 0 0}T ,

c0
0 = {0 1 0}T ,

c0
0 = {0 0 1}T; (39)

and

c0
1 = {1 0 0}T , c1

1 = {0 0
√

2}T ;

c0
1 = {0 1 0}T , c1

1 = {0
√

2 0}T ;
c0

1 = {0 1 0}T , d1
1 = {−1 0 0}T . (40)

4 INVERSE LAPLACE TRANSFORM BY THE ZAKIAN INVERSION
TECHNIQUE

After constructing the CGs and obtaining the local or effective response in the Laplace domain, the nodal displacements,
the homogenized material parameters and the localized responses need to be inverted back to the time domain. The
inverse Laplace transform G(s) of a function g(t) is however rather complicated:

g(t) = 1
2𝜋i

lim
Ω→∞∫

p+iΩ

p−iΩ
G(s)estds, (41)

where p is an arbitrary real constant, which is greater than the real part of any singularity in the transformed function
G(s).

To calculate the inverse Laplace transform effectively, several techniques for the inverse transformation,21 such as the
Stehfest method, the Zakian method, the Fourier series method, and the Schapery method, are widely used, while each
method has its advantages and disadvantages.

The Stehfest method22 can invert back the function G(s) into the time domain by using the following equation:

g(t) = ln 2
t

n∑
i=1

ViG
( ln 2

t
i
)
, (42)

where i =
√
−1, and Vi is:

Vi = (−1)
(

n
2
+1

)min
(

i, n
2

)∑
k=

(
i+1

2

) k
(

n
2
+1

)
(2k)!(

n
2
− k

)
!k!(i − k)!(2k − 1)!

. (43)
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The Stehfest method can be numerically implemented very easily, but the parameter n needs to be optimized for its
accuracy. The error increases when the parameter n exceeds a certain value. And it fails when g(t) includes the term e−t,
which is usually used in the viscoelastic model to express the creep compliance of the viscoelastic matrix.

The Fourier series method23 can approximate the inversion by Fourier series with the use of the contour integral:

g(t) = eat

t

{
1
2

G(a) + Re
n∑

k=1
G
(

a + i k𝜋
t

)
(−1)k

}
. (44)

Despite of its accuracy for a great variety of functions, its large computational burden reduces the efficiency of the CG
program, making its numerical implementation impractical.

The Schapery method,24 as a simple approximate of the inversion transform, is given in the following equation:

g(t) ≈ [sG(s)]s= 1
𝛾t
, (45)

where 𝛾 = 1.781. Because this method is only suitable for functions which satisfy sG(s) = Asm (m < 1), it is not used in
this study for the complex viscoelastic expressions such as Equation (10).

Herein, we adopt the Zakian method25,26 in this study because it is an accurate and efficient technique which is suitable
for the complex viscoelastic models such as the form of Equations (11) and (12). The Zakian method is briefly phrased
through several essential steps (Figure 5):

1) define the time interval as several incremental steps: t = [t1, t2, t3, … , tN];
2) define the Laplace variable s(j) = 𝛼j∕tn, where 𝛼j are given as complex values (Table 4);
3) at every time step tn, substitute the Laplace variable s(j) into the theoretical development of the 3D CGs for

two or three-phase composites with particulate-shaped inclusions and generate the homogenized or localized
response;

4) use Zakian formula to generate the quantities within the time domain, that is, for effective properties: C(tn) =
2
tn

∑5
j=1Re[KjC(𝛼j∕tn)].

The value of the parameter Kj is also given in Table 4. “Re” stands for the real part of the complex variables or
functions.

5 VALIDATION OF VISCOELASTIC COMPUTATIONAL GRAINS

The viscoelastic responses of the particulate polymeric composites with/without interphases/coatings are validated in this
section. Several viscoelastic functions with parameters of different values are adopted to describe the creep compliances
or relaxation moduli of the polymers.

First, to illustrate the computational capability of the CGs, one of the creep compliances S11(t) is validated against
the experimental data of neat resin material by letting the dimension of the particle to be 0.1% of the microstructure’s
dimensions L × W × H = 200 × 200 × 200μm. The elastic Young’s modulus and Poisson’s ratio of the particulate inclu-
sion are Ep = 168.4 GPa and 𝜈p = 0.443, respectively, while both viscoelastic power-law and four parameter models are
employed for the matrix with the magnitudes of the parameters listed in Table 5. Both room and elevated temperatures
are considered.

T A B L E 4 Complex coefficients employed in the
Zakian’s inversion formula from Laplace transform to time
domain27

j Kj 𝜶j

1 −36902.08210+ 196990.4257i 12.83767675+ 1.666063445i

2 +61277.02524+ 95408.62551i 12.22613209+ 5.012718792i

3 −28916.56288+ 18169.18531i 10.93430308+ 8.409673116i

4 +4655.361138 – 1.901528642i 8.776434715+ 11.92185389i

5 +118.7414011 – 141.3036911i 5.225453361+ 15.72952905i
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F I G U R E 5 Computational grains via
corresponding principle and Zakian inversion technique

T A B L E 5 Parameters of power-law and four-parameter models of Equations (9) and (10) for neat resin under room and elevated
temperatures28

Temperature (◦C) E0 (GPa) S1 (1/GPa/min) n E1 (GPa) 𝜼
1
E (GPa min) 𝜼

2
E (GPa min)

22 4.51 0.0135 0.17 44.17 198.96 15221.9

121 3.36 0.025 0.20 20.27 222.75 7673.0

The generated results are compared in Figure 6 by power-law model, four-parameter model, as well as the experimen-
tal data, and the rapid growth of creep compliance S11(t) can be seen in the first 10 s, and the curves increase slowly later
relatively, which shows the rise of damping properties of the viscoelastic composite. In general, the power-law model
usually predicts closer results against experiments, especially at elevated temperature. In addition, the CG programs can
be easily applied to the present technique, with stable condition numbers (maximum value: 6.97e3) of the local stiffness
matrices of the CGs, guaranteeing the stability of the CGs.

Next, the relaxation moduli, C22(t) and C23(t), of a two-phase 3D composite unit cell (L × W × H = 200 × 200 ×
200μm) are compared between the normal FE technique14 and present CGs in Figure 7. The Maxwell model, a simpler
version of the four-parameter model, represented as S(t) = 1∕E0 + t∕𝜂2

E, is used for the epoxy matrix’s behavior, with the
parameters E0 = 4.082 GPa, 𝜂2

E = 159.81 GPa min, and the elastic properties of the inclusion keep the same. It should be
pointed that all of the FE analyses are performed through commercial package ANSYS with 3D quadratic solid elements.14

At least 20,000 elements are used for the microstructures with volume fractions of 10%, 20%, and 30%.
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F I G U R E 6 Model fit to neat resin experimental data at (A) room and (B) elevated
temperatures

F I G U R E 7 Relaxation moduli of (A) C22(t) and (B) C23(t) generated by both CG and
FE technique for a two-phase composite unit cell
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F I G U R E 8 Bulk moduli K generated by the CG and CSA model for a
three-phase composite

The relaxation moduli are compared within the time range of [0, 150] minutes. Because of the large parameter 𝜂2
E

adopted, both the moduli decay dramatically, to the values of almost zeros, which indicate the increase of flexibility of
the viscoelastic composite. However, good agreement is always obtained between the CGs and FE calculations.

Next, the bulk moduli generated by both CG and CSA model are compared for the three-phase composite, see Figure 8.
CSA model was derived by Wang et al.17 for the three-phase composites and is expanded in this work with viscoelastic
capability through correspondence principle. For the purpose of varieties, the power-law model is employed in this situ-
ation with the parameters S0 = 2.45 × 10−1 1∕GPa, S1 = 1.35 × 10−2 1∕(GPa min), n = 0.17. The elastic properties of the
inclusion still keep the same and the properties of the interphase are Ec = 410 GPa and 𝜈c = 0.20. The thickness of the
thin interphase is 0.5% of the radius of the particle.

Generally speaking, the predicted bulk modulus increases with the larger particle volume fraction employed.
Well-matched results are generated for the 10% and 20% volume fraction cases, and a slight difference is observed for
the 30% case. A possible explanation of the difference is that the CSA ignores the phase-to-phase interaction and cannot
accurately predict the moduli for microstructure with larger volume fractions.

In addition to the homogenized response, the local stress distribution is also compared for the three-phase unit cells
subjected to a unit hydrostatic stress loading 𝜎0 = 1 MPa between the CSA and CG models. The stress component 𝜎xx(z =
0) are normalized as 𝜎xx(z = 0)∕𝜎0. The matrix phase adopts the power-law model at room temperature listed in Table 5,
while the inclusion uses glass bead with the properties of Ep = 72.4 GPa and 𝜈p = 0.20 and the interphase are exactly
the same before. The particulate volume fraction is 0.1 and the thickness of the coating is 5% of the radius of inclusion.
Figure 9 compares the results for both initial and infinite responses. The stress component is compared at the same scale,
where similar patterns are observed at the same time points.

6 PARAMETRIC STUDIES WITH DIFFERENT MATERIAL AND
GEOMETRIC PROPERTIES

In the process of modeling viscoelastic polymeric composites, two assumptions are usually employed—either Poisson’s
ratio or bulk modulus is constant.27 In this section, we first compare the relaxation bulk and shear moduli under two
separate assumptions, see Figure 10. The comparison is made for glass bead/polymer materials, where Ep = 72.4 GPa
and 𝜈p = 0.2, and properties of the polymer matrix are described by power-law function under both room and elevated
temperatures listed in Table 5. The same unit cell (L × W × H = 200 × 200 × 200μm) in Section 5 is used, with volume
fractions of 20%. It can be shown from Figure 10 that the relaxation shear modulus matches well under two separate
assumptions, while there is a clear discrepancy in the relaxation bulk modulus.

The discrepancy of the computed relaxation bulk modulus is due to the differences of assumptions. According to the
formula K = E

3(1−2v)
, if the Poisson’s ratio of the polymer matrix is assumed to be constant, the bulk modulus of the matrix



HUANG et al. 4979

F I G U R E 9 Normalized stress
component 𝜎xx(z = 0)/𝜎0 generated by
CG (left) and CSA (right) for three-phase
composites with (A) initial (elastic) and
(B) infinite (t = 1010 min) responses

F I G U R E 10 Relaxation moduli generated by a CG under two separate assumptions of
either Poisson’s ratio or bulk modulus is constant
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will decrease due to creeping, which will thus influence the equivalent bulk modulus of the viscoelastic composite, shown
as the black and pink line in Figure 10. On the other hand, if the bulk modulus of the polymer matrix is assumed to be
constant, the relaxation bulk modulus of the composite is almost unchanged, shown as the blue and red line in Figure 10.
For the viscoelastic response of polymeric composites in time domain, the assumption of constant Poisson’s ratio is most
adopted because it agrees better with experimental results.27

Besides the viscoelasticity of matrix, the interphase between particle and matrix is sometimes treated as viscoelastic,
which may be the by-product of manufacture or design on purpose. In this section, the effect of the viscoelasticity of
interphase/coating on the homogenized response of the three-phase composites is studied. The particle is still glass bead
with Ep = 72.4 GPa and 𝜈p = 0.2. The initial properties of the interphase and matrix are Ec,m = 4.51 GPa and 𝜈c,m = 0.311,
while only the interphase is using four-parameter model under room temperature, in Table 5. Twenty percent particle
volume fraction is adopted here and the ratios of coating thickness relative to particulate radius of 1%, 0.5%, and 0.1% are
considered.

Figure 11 compares the effective bulk and shear moduli of composite materials with the three different coating
thicknesses. The upper and lower bounds of the homogenized mechanical properties correspond to the initial and final
properties of interphase/coating and a zone appears between 103 and 107 min where the effective properties vary dramat-
ically. It can be observed that the increase in the thickness of the coating only advances the time when the curve declines,
without altering the maximum and minimum magnitudes of the homogenized relaxation moduli.

We also illustrate the decay of the local stress distribution for an epoxy representative volume element (RVE) composed
of 27 glass beads, surrounded by 27 CGs, see Figure 12. The instantaneous material properties of the glass and epoxy are
as same as the last example, while the viscoelasticity of the epoxy matrix is described by using power-law model under
room temperature, in Table 5. The size of the RVE is 200 μm× 200 μm× 200 μm, and the total particulate volume fraction
is 10%. A constant strain loading 𝜀zz = 0.5% is applied at the z = 100 μm surface. The local principal stress concentrations
are illustrated in Figure 13 at the initial (t = 0) and infinite (t = 1010 min) time points. The stress concentrations initially
happen near the inclusions of heterogeneous with the maximum values along the direction parallel to the loading, and
the minimum values along the direction perpendicular to the loading. However, almost all the concentrations disappear
as the relaxation moduli of the epoxy decrease.

F I G U R E 11 Effect of the viscoelastic interphase on the homogenized relation moduli
of three-phase composites
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F I G U R E 12 An epoxy RVE composed of 27 computational
grains

It should be noted that an RVE of Figure 12 cannot be easily modeled by the normal FE method, which
employs hundreds of thousands of elements to predict the homogenized and localized response. In this situation,
only 27 CGs are required and 2.65 min are used for the execution of the program by a PC (Intel Core i5-4200M
CPU @ 2.50 GHz).

Moreover, for the prediction of the viscoelastic properties of random heterogeneous composites, it was suggested
that an RVE containing about 103 randomly distributed inclusions is appropriate.29 It should also be noted that simple
parallelization can further speed the computation by CGs, where microstructures with 10,000 inclusions are simu-
lated in around 50 min on a 16-core workstation.30 For more details of the appropriate size of the RVE, please refer to
Reference 31.

The strain energy density of the viscoelastic composites with interphases is studied by using the same RVE shown in
Figure 12, while the thickness of the thin interphase in each CG is 0.5% of the radius of the particle, respectively. The
elastic properties of the inclusion and matrix still keep the same as the last example, and the properties of the interphase
are Ec = 410 GPa and 𝜈c = 0.20. A constant tensile stress of 100 MPa is applied in the z direction. The strain energy density
at the initial (t = 0) and infinite (t = 1010 min) time points is shown in Figure 14. It can be seen that the concentrations
of strain energy density in the matrix happen near the inclusions, in the direction which is parallel to the direction of
loading. Besides, the concentrations of strain energy density are more significant with the increasing of time, for the creep
effect of the viscoelastic matrix.

7 THE STABILITY AND LOSS TANGENT OF VISCOELASTIC COMPOSITES
WITH NS INCLUSIONS

Finally, we study the influence of the negative Young’s modulus of particles on the stability and loss tangent of viscoelastic
composites. Herein, the NS inclusion is assumed to be a linear elastic material with negative Young’s modulus, which is
used extensively for numerical analyses.4

For isotropic linear elastic composites, the stability condition is to satisfy that.32

𝜇 > 0 and 𝜅 > 0, (46)

where 𝜇 and 𝜅 are the effective shear and bulk module. Equation (46) is also suitable for the viscoelastic composites in
low frequency range. A single CG is used and the particulate volume fraction is 5%. The shear module of matrix is shown



4982 HUANG et al.

F I G U R E 13 Comparison of the maximum principal stress
distributions in the RVE discretized by 27 CGs at (A) initial and (B) infinite
time points

by the model G(t) = G0 − G1(1 − exp(−t∕𝜏)), with the parameters G0 = 10 GPa, G1 = 8.42 GPa, 𝜏 = 2 s, and the Poisson’s
ratio of matrix and inclusion are 0.282 and 0.31, respectively.

Figure 15 demonstrates the equivalent shear module of the viscoelastic CG in time domain with different negative
Young’s modulus Ec of inclusion. It can be seen that when Ec ≥ −8.0 GPa, the equivalent shear module G keep positive,
which indicates that the viscoelastic composite is stable, while when Ec = −8.5 GPa or less, G drops to a negative value,
even diverges. Therefore, Ec = −8.0 GPa can be considered as the stability boundary in this situation.

For the situations that the viscoelastic composite is stable, such as the condition Ec = −8.0 GPa in Figure 15, G in
time domain still keep the same model G(t) = G0 − G1(1 − exp(−t∕𝜏)), with the global parameters G0, G1, and 𝜏. The loss
tangent can be calculated by the following equation

tan 𝛿 = Gl(Ω)
Gs(Ω)

, (47)

where

Gl(Ω) = G1
𝜏Ω

1 + 𝜏
2Ω2

, (48)
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F I G U R E 14 Comparison of the strain energy density distributions in the
RVE discretized by 27 CGs with interphases at (A) initial and (B) infinite time
points

F I G U R E 15 Equivalent shear module in time
domain with different negative Young’s modules of
inclusion
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F I G U R E 16 Loss tangent with different
negative Young’s modulus and particulate
volume fraction under stable conditions

Gs(Ω) = G0 − G1 + G1
𝜏

2Ω2

1 + 𝜏
2Ω2

. (49)

Figure 16 shows the loss tangent with different negative Young’s modulus and particulate volume fraction of 5%,
2%, 1%, and 0.5%, respectively, under stable conditions. It can be seen that the negative modulus of particle can
increase the loss tangent of the viscoelastic composite significantly for over five times, which indicates that the damping
properties can be improved dramatically. Besides, the increase of the volume fraction can achieve greater enhance-
ment of the loss tangent and damping properties, but also reduce the stable range, because of the rise of the effect
of the negative inclusion. These trends observed in the numerical simulation results are in consistency with previous
studies.33

8 CONCLUSIONS

Three-dimensional viscoelastic CGs with spherical inclusions, with or without interphases/coatings are developed in
this article, for studying the viscoelastic behavior of polymer composites. For each CG, the independent displacement
field is developed by the characteristic-length-scaled Papkovich–Neuber solutions and spherical harmonics. A compat-
ible boundary displacement field is also assumed with Wachspress coordinate as nodal shape functions on each of the
CG polygonal faces. Multi-field boundary variational principles are adopted to develop element stiffness matrices in the
Laplace domain, after which the homogenized and localized responses are returned back to the time domain using the
Zakian technique. Different kinds of models in the literature are adopted to describe the behavior of the viscoelastic
polymers.

Through numerical examples with different viscoelastic parameters of polymeric composites, we demonstrate that
the viscoelastic CGs developed in this article can be applied to predict the mechanical properties of heterogeneous
viscoelastic materials, and to explore the influence of different parameters of the constituents on the overall material
properties. Viscoelastic CGs can also be used to compute the stress concentration around spherical inclusions and the
interphases/coatings quite accurately and efficiently. We also use viscoelastic CG to show that, for viscoelastic NS com-
posites, the negative Young’s modulus and the volume fraction of particles have significant effect on the stable range and
the loss tangent, and hence the damping properties of the viscoelastic composite.

Thus, we consider that the 3D viscoelastic CGs developed in this study can be used as an accurate and
efficient micromechanical modeling tool for polymer-based heterogeneous viscoelastic materials reinforced with
particulate-shaped inclusions, with or without interphases/coatings.
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